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Complex Numbers

A complex number is a number of the form a + bi, where a and b are real numbers. a is called the
real part and b is called the imaginary part; the notation is

re(a +bi) =a, im(a+bi)="0.
You add, subtract, and multiply complex numbers in the obvious ways:
(a+bi)+ (c+di) = (a+c)+ (b+d)i,

(a+bi)— (c+di) = (a—c)+ (b—d)i,
(a + bi)(c+ di) = (ac — bd) + (ad + bc)i.

The conjugate of complex number is obtained by flipping the sign of the imaginary part. The conjugate
of a + bi is denoted a + bi or sometimes (a + bi)*. Thus,

a+bi=a—bi.

You can divide by (nonzero) complex numbers by “multiplying the top and bottom by the conjugate”:

c+di c+di c—di 2+ d2

a+bi  a+bi c—di (ac+bd)+ (—ad+be)i

With these operations, the set of complex numbers forms a field.

Example.
24—-5i)4+ (3—2i) = (8—10¢) + (3 —2i) = 11 — 124.

(7 + 2i)(5 — 4i) = 35+ 10i — 28i — 8i> = 35 — 18i — 8(—1) = 43 — 18i.
5-2 5-2 3-4i 15-6i—20i+8> 15—26i+8(—1) 7 26i

34+4i 3+4i 3—4i 9 — 1632 o 9-16(-1) 25

i517:i516'i: (i2)258'i: (_1)258.2': IZ:Z I:l

The norm of a complex number is

la + bi| = Va? + b2,

Note that
(a+bi)(a+bi) = (a +bi)(a—bi) = a® + b* = |a + bi|]*.

When a complex number is written in the form a + bi, it’s said to be in rectangular form. There is
another form for complex numbers that is useful: The polar form re*. In this form, r and # have the same
meanings that they do in polar coordinates.

DeMoivre’s formula relates the polar and rectangular forms:

e = cosf + isiné.
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This key result can be proven, for example, by expanding both sides in power series. It’s really useful,
as you’ll see in the examples below.

Observe that ‘
le?| = | cosf + isinf| = /(cos )2 + (sinfh)2 = 1.

Thus, €? is a complex number of norm 1.

Example. Convert 3 + 44 to polar form.

. 4 344 .

3
(or cos™* g) Then

(SRR

Let 6 = sin™!

34 4i =5(cosf +isinf). O

Example. (A trick with Demoivre’s formula) Find (1 4 i/3)3.
It would be tedious to try to multiply this out. Instead, I'll try to write the expression in terms of
cosf + isin 6 for a good choice of 6.

8
1 V3 s , |
(1+iV3)s =28 <§ + z%) — 256 (cosg +isin g) = 256(e™/3) = 256¢57/3 =

8 8 2 2 1 3
256 <cos % +isin %) — 256 <cos % +isin %) — 256 (—5 1 z%) — 128 +128iv/3. O

Example. (Proving trig identities) Prove the angle addition formulas:

cos(a + b) = cosacosb — sinasinb.

sin(a + b) = sina cosb + sin b cos a.
I have . o
e(a+b)z _ eazebz

cosa +isina)(cosb + isinb)

cos(a + b) +isin(a +b) = (
= (cosacosb — sinasinb) + i(sinacosb + sinbcos a)

cos(a + b) +isin(a +b)

Equating real and imaginary parts on the left and right sides, I get

cos(a+ b) = cosacosb —sinasinb (real parts).

sin(a + b) = sinacosb+ sinbcosa (imaginary parts). [

Example. (Computing integrals) Compute /e23E cos 3z dx.
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Note that cos 3z = re(e3*?). Thus,

. . . 1 .
/62:6 cos 3z dx = /ezx re(e3*") do = re/ezxegm dx = re/e(ugl)z dx =re me(ﬂgl)z +c=
i

1
e?® re(2 — 3i)(cos 3z +isin3x) + ¢ =

2—3
re —Zezm(cos 3x +1isin3z) +c = G

13
1

1
ﬁeh re ((2cos 3z + 3sin3x) +i(2sin3z — 3cos 3z)) + ¢ = E6‘4’90(2 cos3r + 3sin3z) +c. O
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