Math 211
10-2-2020

Review Problems for the Final

These problems are provided to help you study. The presence of a problem on this handout does not
imply that there will be a similar problem on the test. And the absence of a topic does not imply that it
won’t appear on the test.

1. Compute the following integrals.

(a) / e’ cos2x dzx.

22
522 — 62 —5
(c) /—(x TPy dz.

(d) /(sin 42)3(cos 4x)? du.
(e) /(sin 42)?(cos 4x)? du.

1
0 | e

32+ T7r+1
(g)/(:v+2)(x2+1) d.

(h) /(:17 +1)%e5 da.
) 21/2 _ p1/4
(i) / 21/2 £ g1/4 dz.
1

1
2. Determine whether the integral / — dz converges or diverges. Find the value of the integral if it
1T

converges.
oo

3. Prove by comparison that / —— dx converges.
1 ot 41

4. The region between the z-axis and y = 22 from x = —1 to & = 1 is revolved about the line x = —4. Find
the volume generated.

5. Let R be the region bounded above by y = x + 2, bounded below by y = —22, and bounded on the sides
by x = —2 and by the y-axis. Find the volume of the solid generated by revolving R about the line z = 1.

6. Find the area of the region which lies between the graphs of y = 22 and y = x + 2, from z = 1 to . = 3.
7. Find the area of the region between y =x+3 and y =7 — = from z = 0 to z = 3.

8. The base of a solid is the region in the x-y-plane bounded above by the curve y = e*, below by the z-axis,
and on the sides by the lines x = 0 and x = 1. The cross-sections in planes perpendicular to the z-axis are
squares with one side in the z-y-plane. Find the volume of the solid.
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9. A tank built in the shape of the bottom half of a sphere of radius 2 feet is filled with water. Find the
work done in pumping all the water out of the top of the tank.
10. Does the following series converge absolutely, converge conditionally, or diverge?

1 4 n 9 16
2 2241 341 4341

11. Determine whether the series Z(—l)”“

1
g j__ converges absolutely, converges conditionally, or di-
n

n=1
verges.

[e%S) 3
1
12. Does the series E (—1)"+1 ( ) converge absolutely, converge conditionally, or diverge?

vn+1

n=1

13. Find the sum of the series
5.5 5
27 81 243 '

O] Ut

14. In each case, determine whether the series converges or diverges.

(a) 1;2 n(lnn)4/3'
2 2.5 2.5-----(3n—1)
O R o 5.----(4n—3)

15. Find the values of x for which the following series converges absolutely.

= (n!)? n
Zl 5271))!(“’_5)

n=

o0
16. The series Z(—l)’”l converges by the Alternating Series Test. Determine the smallest value

1/3
Pt k/3 42
. . _ k_;’_l . . .
of n for which the partial sum ,;_1( 1) Ve approximates the actual sum to within 0.01.



17. (a) Find the Taylor expansion at ¢ = 1 for 7.

(b) Find the Taylor expansion at ¢ =1 for . What is the interval of convergence?

3+

18. (a) Use the Binomial Series to write out the first three nonzero terms of the series for — =
(1—t2)~1/2,
(b) Find the first three terms of the Taylor series at ¢ = 0 for sin~* 2 by integrating the series you got in (a)

fromt =0 to x = z.

19. Use the Remainder Term to find the minimum number of terms of the Taylor series at ¢ = 0 for
f(x) = €5® needed to approximate f(x) on the interval 0 < z < 0.3 to within 0.00001 = 10~5.

00 _3)n
20. Determine the interval of convergence of the power series Z %
n-’m
n=1
. . . = (z—3)"
21. Find the interval of convergence of the power series Z o
n=1 n(2n)
" 5 tnd Y oang TV
22. Ifx=t+e andy=t+1°, find — and —5 at t = 1.
dz dz?

23. Consider the parametric curve
r=1t"4+t+1, y=t>—-5t+2.

(a) Find the equation of the tangent line at ¢t = 1.

d2
(b) Find d—z att=1.
X

24. Find the length of the loop of the curve

r=1t, y=t- g
25. Find the length of the curve y = %xz +2for0 <z <1.
26. Let
x:?t% yzt—%t?’.

Find the length of the arc of the curve from ¢t = —2 to ¢t = 2.

2 1
27. Find the area of the surface generated by revolving y = §x3/2 — 51,'1/2, 1 < <4, about the z-axis.

1
28. Find the area of the surface generated by revolving y = §x3, 0 <z <2, about the z-axis.
29. (a) Convert (z — 3)% + (y + 4)? = 25 to polar and simplify.
(b) Convert r = 4 cosf — 6sin 6 to rectangular and describe the graph.

30. Find the slope of the tangent line to the polar curve r = sin 26 at 6 = %

31. Find the slope of the tangent line to r =2+ cosf at § = %



32. Find the values of 6 in the interval [0, 27| for which the polar curve r = cos 26 — sin 26 passes through
the origin.

33. Find the length of the cardioid r =1 + sin 6.
34. Find the area of the intersection of the interiors of the circles

2?4+ (y—-1%=1 and (z—V3)2+4y*=3.

35. Find the area of the region inside the cardioid » = 1 + cos 6§ and outside the circle r = 3 cos#.

36. Let A be the region inside r = sin# and let B be the region inside 7 = v/3cosf. Find the area of the
intersection of A and B — that is, the area of the region common to A and B.

Solutions to the Review Problems for the Final

1. Compute the following integrals.

(a) / e’ cos2x dzx.

522 —6x — 5
(C)/(x—1)2(x+2) de.

(d) /(sin 42)3(cos 4x)? du.
(e) /(sin 42)?(cos 4x)? du.

1
0 | e

32+ T7r+1
(g)/(;v+2)(x2+1) d.

(h) /(;v +1)%e’ da.

. 212 _ p1/4
(i) /$1/2+I1/4 dz.
(a)
i /d,T
dzr
+ e cos2zx

B sin 2x

r = ——cos2
+ e 4cosgc



1 1 1
e cos2xdr = —e*sin2x + ~e* cos2z — = [ €” cos2xdx,
2 4 4
5 1 1
1 /ex cos2x dr = 56”” sin 2x + Zez cos 2z,

2 1
/ex cos2x dx = gez sin 2z + gez cos2z +C. O

(b)
x? 4(sin 0)? 4(sin 0)? / 5
dr = | ———=—=2co0sfdf = | ——==2cosfdf =4 [ (sinf)*df =
/ V4 — a2 v /4 — 4(sin0)? v/4(cos6)? (sin6)

[ =2sin0, dzr=2cos6dl)

4-x2

1 1
2/(1—00529)d9:2 <9— 551n29> +C:2(9—51n90059)+0=2sin71g—Ex\/él—x?—i—C. 0

(c)
522 —6x —5 a b c

C-12@+2) o-1 @-12 z+2
522 —6x — 5 =a(x — 1)(x +2) +b(z +2) + c(z — 1)%

Setting x = 1 gives —6 = 3b, so b = —2.
Setting © = —2 gives 27 = 9¢, so ¢ = 3.
Therefore,
522 —6x —5=a(z — 1)(z+2) — 2(z +2) + 3(z — 1)

Setting x = 0 gives =5 = —2a — 4+ 3, s0o a = 2.

Thus,

522 — 62 — 5 2 2 3 2

—— T dr = — dr =21 -1+ —+31 2|+ C. O
/(3:—1)2(3;4-2) r /(x—l (x—1)2+x+2> L n|x |+x—1+ nlz+ 2|+

(d)

/(sin 42)3(cos 4x)? dr = /(sin 42)?(cos 4x)?(sin 4x dz) = / (1 — (cos4z)?) (cos4x)?(sindz dz) =

T —4sindx

du 1 1/1 1
2\ 2/ - - 4 _ .2 — | Z,5 .3 —
/(1 u?)u®(sindx) <7—4sin4x) 4/(u u®) du 1 <5u U > +C

1/1 .1 ,
Z<5(COS4I) —g(cos4x) >+C. 0

[u = cosdx, du= —4sindxdr, dxr= diu]

(e)
/(sin4:1:)2(cos 4x)* dx = /%(1 — cos 8z) - %(1 + cos8z)dx = i/ (1 — (cos82)?) dx = i/(sin8x)2 dzx =

5



1 1 1
g/(l—coslfix)dx: 3 <x—ﬁsin16x) +C. O

—4
(f) T need to complete the square. Note that 5 = —2 and (—2)? = 4. Then
—3—dr—2"=—-(2"+42+3)=—-(P+dz+4-1)=—[(z+2)° -1 =1— (z+2)%

So

1 1 1 1
/ e r—T dr = / TSCEDBEE dr = / A= emo)e (cosfdl) = /7(005 g (cosfdb) =

[ +2=sinf, dx=cosfdb)

6

«/1-(x+2)2
1 _ 2 . _ x4 2

—31724—73:—0—17 a bx +c

C+2@+1) 142 241
322 +Tx+1=a(x®+1)+ (bx +c)(z +2)

Let x = —2. T get
—-12—14+1=5a, —-25=5a, so a= -b.

Then
322+ 7z +1= -5+ 1)+ (b +c)(z +2).

Let x =0. T get
0+0+1=-542¢c, 6=2c, so c=3.

Then
322+ Tr+1= -5 +1)+ (bx +3)(z +2).

Let x =1. 1 get

—3474+1=-10+b+3)3), 5=-10+3b+9, 6=3b, so b=2.

Thus,

=322+ Tz +1 -5 2z 3

— —  _dx = dr = =51 9 1 241 3tan—! C o
/<x+2><x2+1> ! /(x+2+x2+1+x2+1) r==5Inlz+2/+In(a® + 1) +3tan"" w+

(h) ;
— d
dx / v

+ (I + 1)2 651

1

- 2(z+1) 5655”
1 5z

+ 2 2—56

1

_- Loz
125°¢



1 2 2
/(CE +2)%e5 do = g(x +1)%e5 — %(x +1)e® + E{)ef’m +C. O
(i)

xt/? — g/ u? —u 3 u—1 ud— 0B
/$1/2+$1/4d~’17:/u2+u~(4u du):4/u+1'u du:4/ )
[x=u4, dac:4u3du]

Use long division to divide u* — u® by u + 1:

du.

u-2u? +2u-2
utrllut -

-ut +ud
A
- -2ud - 2u?
2u?
- 20 + 2u
-2u
_2u-2
2

Thus,

4 3 2
4/” udu—4/<u3—2u2—|—2u—2—|——) du =
u—+1 U

+1
La_ 23, o
4 74~ 3 +u®—2u+2nju+1|)+C=

1 2
4<Z$_ 5903/44-;61/2—2x1/4+21n|x1/4+1|) +C. O

1

2. Determine whether the integral / — dz converges or diverges. Find the value of the integral if it
1z
converges. !

1 0 1 a 1

1 1 1 1 1
/ —da::/ —d33—|—/ —dr = lim —dx + lim —dr =
_1./1: 1./,[; 0 xr

a—0- J_1 T

b—0t p T
lim [In|z]]*, + lim [n|z|]; = lim (Inja| —In1) + lim (In1—1In|b|) = lim 1 lim (—In|b]).
Jim [lnfz]]Z, + lim [In|z]], = lim (In|e| —1nl)+ lim (In1—In|b)) = lim In|e|+ lim (~In[b])
lim Inla| =
a—0—

—oo and lim (—1In |b]) = 400, so the integral diverges. O
b—0t

o0
1
3. Prove by comparison that / pranE] dx converges.
1 x

Sin 0< < for >1
ince [ — for x
= 7 1= 4 - 4

3

= lim (— +
1T a—oo 33 ;a0 3a3 3

>~ 1 1 | 11° 1 1 1
Og/ d;vg/ —dxr = lim —dzr = lim |——= =
1 at+1 .t a=00 4

oo
Since / —; dx converges, the original integral converges as well. [
1 J;




4. The region between the z-axis and y = 22 from 2 = —1 to = 1 is revolved about the line x = —4. Find
the volume generated.

Use shells. The height of a shell is h = 22, and the radius is r = 4 + . The volume is
1 4} Y 16n
1

1 1

4

/ 21(4 4 x)(2?) dz = 27r/ (42® 4+ %) dx = 27 [gxg‘ +37 —~ ~16.75516. O
—1 —1 _

5. Let R be the region bounded above by y = = + 2, bounded below by y = —z2, and bounded on the sides
by x = —2 and by the y-axis. Find the volume of the solid generated by revolving R about the line z = 1.

x=1
h=(x +2) +x2 dx
2!
<+»r | —>
-X 1
>
r=1-x

Most of the things in the picture are easy to understand — but why is r =1 — 27

Notice that the distance from the y-axis to the side of the shell is —z, not x. Reason: z-values to the
left of the y-axis are negative, but distances are always positive. Thus, I must use —z to get a positive value
for the distance.

As usual, r is the distance from the axis of revolution x = 1 to the side of the shell, which is 1+ (—z) =
1—ux.

The left-hand cross-section extends from z = —2 to x = 0. You can check that if you plug z’s between
—2 and 0 into r = 1 — x, you get the correct distance from the side of the shell to the axis x = 1.

The volume is

0

V=/0227T(1—x)((;v+2)+x2)dx:4w:/ 5 1

1 0
27r(2—;v—x3)d;v=27r[2x——x2——x} =
2 2

207 ~ 62.83185. 0O

6. Find the area of the region which lies between the graphs of y = z? and y =z + 2, from z = 1 to 2 = 3.
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10

1 2 3 4

As the picture shows, the curves intersect. Find the intersection point:
P=r+2, 2*-2-2=0, (z-2)(z+1)=0, 2=2 or z=-1
On the interval 1 < z < 3, the curves cross at £ = 2. T’ll use vertical rectangles. From x =1 to z = 2,

the top curve is y = = + 2 and the bottom curve is y = x2. From z = 2 to = = 3, the top curve is y = 22
and the bottom curve is y = x + 2. The area is

A=/12((:L'+2)—932) dw~|—/23(x2—(:r~|—2)) dr=3. O

7. Find the area of the region between y =+ 3 and y =7 — z from x = 0 to x = 3.

-1 1 2 3 4

As the picture shows, the curves intersect. Find the intersection point:
r+3=T—2z, 20=4, x=2.

T’ll use vertical rectangles. From = = 0 to x = 2, the top curve is y = 7 — x and the bottom curve is
y =+ 3. From z = 2 to « = 3, the top curve is y = z + 3 and the bottom curve is y = 7 — z. The area is

2 3 2 3
/0((7—1')—(93+3))d93+/2 ((x+3)—(7—x))dx:/0(4—2x)dx+/2(2x—4)d:r:

[4z — 2]} + [¢® —4a], =4+1=5. O




8. The base of a solid is the region in the x-y-plane bounded above by the curve y = e*, below by the z-axis,
and on the sides by the lines x = 0 and © = 1. The cross-sections in planes perpendicular to the z-axis are
squares with one side in the z-y-plane. Find the volume of the solid.

e
/%

y

S

The volume is

1

1 1
1 1

V= / (e®)?dx = / e dx = |:—€21:| = —(e? = 1)~ 3.19453. O
0 0 2 0 2

9. A tank built in the shape of the bottom half of a sphere of radius 2 feet is filled with water. Find the
work done in pumping all the water out of the top of the tank.

y
X
y 2
r
‘\-/ dy
-2
I’'ve drawn the tank in cross-section as a semicircle of radius 2 extending from y = —2 to y = 0.

Divide the volume of water up into circular slices. The radius of a slice is r = 1/4 — 32, so the volume of
a slice is dV = nr? dy = m(4 — y?) dy. The weight of a slice is 62.47(4 — y?) dy, where I'm using 62.4 pounds
per cubic foot as the density of water.

To pump a slice out of the top of the tank, it must be raised a distance of —y feet. (The “-” is necessary
to make y positive, since y is going from —2 to 0.)

The work done is

0

0
1
(y® — 4y) dy = 62.47 [Zy‘l - 2y2] =
-2

0
W= /_2 62.47(—y)(4 — y?) dy = 62.47T/

—2

249.67 =~ 784.14153 foot — pounds. 0O

10



10. Does the following series converge absolutely, converge conditionally, or diverge?

1 4 n 9 16 n
2 2241 33+1 4341
1 4 9 16 > n?
Z_ — R _q)ntl 2
5 P11 P41 Bl ;( ) nd+1
The absolute value series is
>
3
—=n +1
Note that when n is large,
n? 1
n+1 " n
Hence, I'll compare the series to >~~~ | —.
n
n2
=T 3
lim 2L o
n—o00 L n—oo n° + 1
n

1
The limit is finite (# oo) and positive (> 0). The harmonic series > -, — diverges. By Limit Compar-
n
2
n
ison, the series > 7 B diverges. Hence, the original series does not converge absolutely.
n
Returning to the original series, note that it alternates, and
2

lim —— =

0.

2
FESER Then

n3 +

Let f(n) =
n(2 — n?)

f/(n):m <0 for n > 1.

Therefore, the terms of the series decrease for n > 2, and I can apply the Alternating Series Rule to
conclude that the series converges. Since it doesn’t converge absolutely, but it does converge, it converges

conditionally. 0O

n+1 . .
”HL converges absolutely, converges conditionally, or di-

11. Determine whether the series Z(—l) 21

n=1
verges.

Vn+1

n2+1"

oo
The absolute value series is E
n=1

3 2 3/2
lim 22l gy AP
n—o00 1 n—o00 TL2+1
n3/2



o0

1 - . . 3

Z ——= converges because it’s a p-series with p = = > 1.
f n3/2 2

n—

The absolute value series converges by limit comparison.

The original series converges absolutely. 0O

00 1 3
12. Does the series z:(—l)”le (ﬁ) converge absolutely, converge conditionally, or diverge?
n

n=1

%) 3
1
Consider the absolute value series g ( ) .
n=1

vn+1
()
NaES! 1\? I vz \°
lim % = lim n%/?2. = lim (n'/?)3. = lim [ —— ) =13=1.
n3/2

o0

3
Z —3j5 converges, because it’s a p-series with p = 3 > 1. Hence, the absolute value series converges
n
n=1
by Limit Comparison.

Therefore, the original series converges absolutely. 0O

13. Find the sum of the series

5 5 .5 5

9 27 81 243
5 5,5 5 5/ 1,1 1 N 5 1 53 5 |
9 27 81 243 9 39 27 9 4 12

= 1
(a);n(lnn)4/3'

2 2.5 2.5..... (3n—1)
B T+15 7 1-5-----(4n —3)

n=1

2 5 11
D3-5+3 1
() i 3n?+4n+2

— Vn®+16

5+ cos(e™)
G phuse:

n=1

12



(g) Z ne 2",

() = k+Vk

31 (_1)k
= k4 (=1)
(a) Apply the Integral Test. The function f(n) = W is positive and continuous on the interval

n(lnn

[2, +00).

Note that

4 1

') == 3n2(lnn)7/3  n2(lnn)4/3’

It follows that f’(n) < 0 for n > 2. Hence, f decreases on the interval [2, +00). The hypotheses of the
Integral Test are satisfied.
Compute the integral:

/médn—lim p¥dn—
5 n(lnn)4/3 7 pooco f, n(lnn)d/3 T

I SR R L ! ! 5
im |—3———=%| = -3 lim — = .
pooo | (Inn)i/3 ], pooo \(Inp) /2 (In2)1/3 ) ~ (In2)'/

1
(To do the integral, I substituted « = lnn, so du = — dn.)

n
Since the integral converges, the series converges by the Integral Test. 0O

(b) Apply the Ratio Test. The n'" term of the series is

Hence, the (n + 1)-st term is

Ap4+1 =

Hence,

Unp1 25 (3n—1)-Bn+1)—=1) 1-5----. (4n—3) 3(n+1)—1) 3n+2
an 15 -(An—3)-(4n+1)—3) 2-5----- (Bn—1) 4(n+1)—3) 4n+1

The limiting ratio is
3n+2 3

nvedn+1 4
The limit is less than 1, so the series converges, by the Ratio Test. 0O

(c) Apply the Root Test.

The limit is

1 —-n 1 ny —1 1 ny —1
lim (1+—) = lim {(1+—) } z{lim (1+—) } =e L
n— oo n n— oo n n— oo n
1

1
Since e = — < 1, the series converges, by the Root Test. 0O
e

13



(d) Note that
2+3n 3

im = -
n—oo 3+ 5n 5

3
It follows that lim, .o @, is undefined — the values oscillate, approaching :I:g. Since, in particular, the

limit is nonzero, the series diverges, by the Zero Limit Test. 0O

(e) Apply Limit Comparison:

3n?+4n+2
I Vnb + 16 . 3n/2 4 4n3/2 4 2nl/?
im —Y——"— = lim =
n—o00 1 n—o00 \/no® + 16

n

oo
1
The limit is finite and positive. The series Z diverges, because it’s a p-series with p = 3 < 1.

1
n=1 \/ﬁ
Therefore, the original series diverges by Limit Comparison. 0O

(f)

-1 < cos(e” < 1
4 < 5+4cos(e") < 6
4 < 5 + cos(e™) < 6
n n n
>4 > 5 n
Z — diverges, because it’s 4 times the harmonic series. Therefore, Z m diverges by Direct
n n
n=1 n=1

Comparison. 0O

(g) The series has positive terms.
f(x) = ze=2* is continuous for z > 1.
Compute the derivative:
fl(x) = —2ze ™ 472 = (1 — 2z)e ",

e™2* > 0 for all z, and 1 — 2z < 0 for > 1. Therefore, f/(x) < 0 for x > 1. Hence, f(z) decreases for
x> 1.

The three conditions for applying the Integral Test are satisfied. Compute the integral:

& @ 1 1 “
re 2 dz = lim re 2 dr = lim |——ge 2® — Ze7 27| =
1 a—oo [y a—00 2 1

. I 5y 1 50 1 5 1 5\ 3 o 3 o
ali>nolo( 2ae 46 +2€ —|—4e =0 0+4€ —46 .

Here’s the work for the integral:

+ T 6—21
> 1
- 1 —56_2:”
1
+ O 1672x
1
/xe 22y = ——ge2® e 40



Here’s the work for the two limits. I used L’Ho6pital’s Rule to compute the first limit.

1 5 1. a 1 1

alim —§a67 = —5 ahm 62_‘1 = —5 all]ll 262‘1 = 0
1 1
1 —_ _2a = — 1 R ip—
ahm e 1 ahm o2 0.

Since the integral converges, the series converges by the Integral Test. 0O

(h) This is not an alternating series, even though it contains a (—1)*!

1
The series looks like 2 for large k; use Limit Comparison. The limiting ratio is

. k34 (1) . k3 4 k5/2
lim =1 =
k— 00 1 k—oo k3 + (—l)k
k2
=1
The limit is nonzero and finite. Z = converges, because it’s a p-series with p = 2 > 1. Therefore,
k=2

oo

k
Z = + \/— - converges by Limit Comparison. 0

15. Find the values of « for which the following series converges absolutely.

:E—5

Apply the Ratio Test:

(DY s

ni1| _ 2(n+1D)! _((n+1)!>2 @2n)! |z -5 (n41)? =5
an (n!)? 5P B n! (2n+2)! |z -5  (2n+1)(2n+2) ’
(2n)!

The limiting ratio is
) (n+1)2 1
im — Ty 5=z — 5
B o) Ll L

1
The series converges absolutely for Z|:1: —5| <1,ie for 1 <z <9. The series diverges for z < 1 and

for x > 9.

You’ll probably find it difficult to determine what is happening at the endpoints! However, if you
experiment — compute some terms of the series for x = 9, for instance — you’ll see that the individual
terms are growing larger, so the series at x = 1 and at x = 9 diverge, by the Zero Limit Test. 0O

16. The series Z(—l)k"’l
k=1

of n for which the partial sum Z(—l)kH
k=1

PYER) converges by the Alternating Series Test. Determine the smallest value

Ve approximates the actual sum to within 0.01.

15



< 1
The error in approximating the exact value of the sum by Z(—l)k"’l PYER) is less than the (n + 1)t
k=1

1
term, which is —————. So I want
(n+1)1/3 42

1
w7z -

100 < (n+1)'/3 2
98 < (n+1)'/3
941192 < n + 1
941191 < n

Take n = 941192. O

17. (a) Find the Taylor expansion at ¢ = 1 for e®.

1
(b) Find the Taylor expansion at ¢ =1 for 312 What is the interval of convergence?

(a)
22 -1 2 23 -1 3
2% = 2@ DF2 — 2.2(2-1) — 2 (1 +2(x—-1)+ (:172' ) + ($3' ) + .- ) .0
(b)
r 1 1 1 1 1
= — = — . 7_1 = — . —_ =
3+ 4+(x—-1) 4 142 4 1_(_:10 1)
4 4
Lf, z-1 (z—1 > fr—1 3+
4 4 4 4
. z—1 .
The series converges for —1 < I <1, ie for -3 <z <5 0O
1
18. (a) Use the Binomial Series to write out the first three nonzero terms of the series for =

1—-1¢2
(1—¢2)-1/2,

(b) Find the first three terms of the Taylor series at ¢ = 0 for sin~! z by integrating the series you got in (a)
fromt =0 to z = zx.

(a)

1
(1—t2)*1/2:1+§t2+gt4+~-.

(b)

w * 1 3 1 3
so—1 _ 2\—1/2 _ 2 4 3 5
= 1—-1t dt = 1+’ +-t*+.. . dt=o+ =2+ —2°+.--. 0O
e /O( ) /0 ( 2 8 ) . Gx 40$

19. Use the Remainder Term to find the minimum number of terms of the Taylor series at ¢ = 0 for
f(x) = €°® needed to approximate f(x) on the interval 0 < z < 0.3 to within 0.00001 = 1075.

16



First, I'll find the Remainder Term.
fl(z) =5e>,  f"(x) =52, ..., fM(z) =5,
Hence, for some z between 0 and x,

5n+165z ntl
Fn(@:0) = s

I want | R, (x;0)] < 1075,
Since 0 < z < 0.3, I have
|z|" T < 0.37

Moreover, since z is between 0 and x and 0 < x < 0.3, I also have 0 < z < 0.3. So

c o o
ININIA

a

Therefore,
5n+165z 11 5n+161.5

[Baa0)| = el < gy

Therefore, I want the smallest value of n such that

(0.3)"+1,

5n+161.5

m(0.3)"+1 <107°.

This inequality can’t be solved algebraically, due to the factorial in the denominator. So I have to do
this by trial and error.

n+1,1.5
n %(0.3)“1
7 00284 . ..
4.74788...-107*
9 7.12182...-107°
10 9.71157...-1076

The smallest value of n that works is n = 10. 0O

00 _3)n
20. Determine the interval of convergence of the power series Z Q
n-rm
n=1
|.’II _ 3|n+1
. (n+1).-7tt 1 n 1
n- 7"

1
By the Ratio Test, the series converges for ?|,’E — 3| < 1. Hence, the base interval is : —4 < z < 10.

o0
1
At x = 10, the series is E —. It diverges, because it’s harmonic.
n

n=1

17



X 1\n
At x = —4, the series is Z (—) It converges, because it’s alternating harmonic.
n
n=1

The interval of convergence is —4 < x < 10. 0O

o0 _ 3 n
21. Find the interval of convergence of the power series Z H
n=1 n(2")
Apply the Ratio Test to the absolute value series:
|$ _ 3|n+1
. (n+1)(2nt1)3 . n 2 |z — 3|"* 1 1
1 — = - = — 3 = = - 3 .
nheo |z — 3|7 nooen+1\20 ) [z 3" abeon+1 glv—3l=glz -3l
n(zn)3

1
The series converges for §|:1c —3|<1,1ie for =5 <z < 11.

At z = 11, the series is

It’s harmonic, so it diverges.
At x = —b, the series is

This is the alternating harmonic series, so it converges.
Therefore, the power series converges for —5 < x < 11, and diverges elsewhere. 0O

d?y

X

d
22. Ifx=t+e' andy:t—kt?’,ﬁnd% and

dy @ 1438
dr  dr ~ 1+et’
dt
4
1+e’

When t =1, @ =
dx

d (dy d 1+ 3t
y_d (a\_(ay(d(a)y_@i\dr)  @Tee _
dz?  dx \dx ) \dz dt \ dz - dx T 14et

dt
(14 e (6t) — (1 + 3t2)(e')
(1+¢€t)2 (e (6t) — (1 +3t%)(e")
1+et N (1+4¢et)3 )
d? 6 + 2e
When t =1, d_xz; = (116)3.

23. Consider the parametric curve

z=t?+t+1, y=t3—5t+2.

18



(a) Find the equation of the tangent line at ¢ = 1.

2
(b) Find % att=1.
X

(a)
dy
dy g 3t2 -5
de  dv  2t+1°
dt
dy 2 . .
Whent=1,2 =3, y = -2, and 3 The equation of the tangent line is
x
2
y+2=—=(z—-3). O
3
(b)
d (dy d (3> =5 (2t +1)(6t) — (3t — 5)(2)
Py dt \dz) dt \2t+1) (2t +1)2 _ 62+ 61410
de2 dz 241 2t + 1 (2t 41)3
dt
d*y 22
hent=1, — = —.
Whent =1, 705 = 5

24. Find the length of the loop of the curve

0.6
0.4
0.2

-0.2
-0.4
-0.6

T’ll do the easy part first, which is to find the integrand for the arc length. It is

da\” dy\* 2 22 2 1 2 v 2 1 44 272 2
(E) +<E> =22+ (1 —2)2 =42 + (A —22 1) =1+ 222+t = /(1 +12)2 = 1 + 2.

(Note that since (t2 —1)? = t* — 2¢2 + 1, you know that t* +2t2 + 1 = (¢t +1)2.)
To find the limits of integration, I have to find two values of ¢t which give the same values of z and y.
The loop is traced out between these limits.

2
Note that x = ¢2 is the same for ¢t and —t, because of the square. Note also that y =t (1 - g), SO

y =0 for t = 0 and t = £1/3. Therefore, the values t = +1/3 make y = 0, and since they’re negatives of one
another they give the same z-value. In other words, they give the same point on the curve. Thus, the loop

is traced out from t = —v/3 to t = V/3.



The length is
V3

V3 1
L= / (1+t%)dt = [t + —tﬂ = 4V/3 ~ 6.92820. O
3 1 s

1
25. Find the length of the curve y = 5332 +2for0<z<1.

25/
2

1.5
1

0.5

The length is

_ V2 %1n(\/§+ 1) ~ 1.14779.

1
o 2

1
1 1
L:/ V14a2de = [590 1+x2+§ln|\/1+x2+x|}
0
Here’s the work for the integral:

/\/1 +a2dx = /\/1 + (tan 0)2(sec 0)? df = / V/ (sec 0)2(sec0)? df = /(sec9)3 do =

x =tanf, dr = (sec)?db
[ (sect)

1 1 1 1
§se09tan9+§1n|sec6‘+tan9|+C:590 1+x2+§ln|\/1+x2+x|+C. 0

26. Let 3

3 1

= —"¢? =t— -1
et Y 4

Find the length of the arc of the curve from ¢t = —2 to t = 2.

dr dy 3,

20



Hence,

dz\? [dy\® 3.\ 3 9 3 9 3.\
= =) =3¢ 1—5¢2) =3224+1 -2+ 2t =14+ 282+ ¢t = 1+ 2¢2) .
<dt> +<dt> +< 4 > + 2" T 16 MEHRET: *1

dz\? dy\? 3,
() (2) e e
2 2
/ <1+§t2) dt = [t+1t3] =8 O
s 4 4,

2 1
27. Find the area of the surface generated by revolving y = §x3/2 — 55[:1/2, 1 <x <4, about the x-axis.

Therefore,

The length is

y/ — 1/2 _
Hence,
1+ ( ’)2—x+1+L
YO mET T e
1
Notice that this is just (y’)? with the sign of the middle term changed. But (y/)? was z'/? — w2
x
squared, so 1+ (y')? must be /2 + squared:
Axl/2
1 \2
ne _ [ .1/2
1+ () = (:z: +43:1/2) .
Thus,
1+ (y')? =g/? 4 L
Qpl/2”
The area is
4 4 3 2 4
- 2 3/2 1 1/2 1/2 1 - 2 2 1 1 - 2x X X -
S—/127T<§JI —§$ x +4$1/2 d(E—27T1 gfﬂ—gfﬂ—g d(E—Q’]T ?—F—gl—

S?TW ~ 69.90044. O
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1
28. Find the area of the surface generated by revolving y = §x3, 0 <z <2, about the z-axis.

The derivative is
dx

2
@*xz, SO (d_z) +1=+vaz*+1.

1
The curve is being revolved about the z-axis, so the radius of revolution is R =y = §x3. The area of

the surface is

2 17 17 17
1 2w du T |2
S= [ 2n (=) Vot + 1de =L 1/2.3_:_/ V2 gy = T 1282 —
/0 7r<3x> x*+ ldx 3/1 U x 123 6/, U U 6 3u )
d
{u:x‘*—i—l, du = 42> dx, d;zc=4—u3; r=0,u=1, x=2,u:17}
T

g (173/2 - 1) ~24.11794.a O

29. (a) Convert (z — 3)% + (y + 4)? = 25 to polar and simplify.
(b) Convert r = 4 cosf — 6sinf to rectangular and describe the graph.

(a)
(x =32+ (y+4)2=25 2>-6x+9+y>+8y+16=25 2%+ y* =6z —8y,

r?2 = 6rcosf — 8rsinf, r=6cosf —8sinf. [

(b)

r=4cosf —6sinf, r>=4drcosf—6rsinf, z>+y>=4r—6y, z>—4z+y>+6y=0,
o —do+4d+y? +6y+9=13, (z-2)+(y+3)?=13.
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The graph is a circle of radius v/13 centered at (2,—3). O

30. Find the slope of the tangent line to the polar curve r = sin 26 at 6 = %

T T V3 dr T dr T
h =_— r=sin— = —. Si — =2co0s20, when § = —, — =2 —=1.
When 6 6’T sm3 5 Since 70 cos 20, when 5 cos3
The slope of the tangent line is

\/g \/g 1
dr Y= y- Z
dy rcos@—l—sinﬁ@ ( 2 > ( 2 >+ (2) (1) 5.3

= = = ~ 2.88675. O
3

dx ] dr
_7‘Sln6‘+COS9@ <_\/7§> (%) + <§> (1)

31. Find the slope of the tangent line to r = 2 4 cosf at § = —.

First, % = —sinf. When 0 = %, r=2+4+-—and — = ——.

Therefore,

y et (DO

= = ~ —1.19615. O

da —rsin6‘+(cos6‘)d_% _ <2+§> (%) N <\/7§> <_%) V3+2

32. Find the values of 6 in the interval [0, 27| for which the polar curve r = cos 26 — sin 26 passes through
the origin.

-0.5

Set r = 0:
cos20 —sin20 =0, cos20 =sin20, 1= tan26.

T’ll solve tanu = 1. Since the argument of the equation above is 26, I need solutions in the range
0 <u <227 =4nw. By basic trigonometry,

5 9 13
tangzl, tan%zl, tan%:l, tanTﬂzl.
Thus, the solutions are
T s 9 137
A



Set u = 20 and solve for 6:

T % 97 137
29—1, 29—7, 29—7, 29—T,
T 57 97 137

0 8’ 0 8’ 0 8’ 8

33. Find the length of the cardioid r = 1 4 sinf.

de
By the double angle formula,

d 2
r? + (—T) = (1+sin6)? + (cos#)? =1+ 2sind + (sinh)? + (cos #)? = 2 + 2sin 6.

A PR
<sm 5) = 5(1 + sin )
0\ 2
4 (sin 5) = 2(1 4 sin )
o\ 2
4<sin§) =2+ 2sinf

Thus,

The length is

34. Find the area of the intersection of the interiors of the circles
4+ (y—-12=1 and (z—V3)2+y>=3.

Convert the two equations to polar:

24+ —2y+1=1, 2>+y?>=2y, r>=2rsinfh, r=2sinb.

(x—\/§)2+y2:3, x2—2\/§x+3+y2:3, x2+y2:2\/§x, r? = 2v3rcosh, r=2v3cosh.

1.5
1
0.5
U
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Set the equations equal to solve for the line of intersection:

2sinf = 2v/3cosf, tanf =3, 0=

w3

The region is “orange-slice”-shaped, with the bottom/right half bounded by r = 2sin from 6 = 0 to
0= g and the top/left half bounded by r = 2v/3 cosf from 0 = g to 6 = g Hence, the area is

/2 /2

/3 w/3
A:/ l(2sin6‘)2 d9+/ l(2\/§c059)2 df = 2/ (sin )2 d9+6/ (cos0)? df =
0 2 /3 2 0 /3

1 /2
+3[9+—sin20] =
2 /3

/2 /3

/3 T 1
/ (1—cos29)d9+3/ (1+ cos20)do = [9+—sin20}
0 /3 2 0

%w —V/3~0.88594. O

35. Find the area of the region inside the cardioid » = 1 + cos 6 and outside the circle » = 3 cos#.

0=n/3

r=3 cos 6

Find the intersection points:

1
3cosf =1+ cosf, 2cosf =1, cos0:§, sz:g.

T’ll find the area of the shaded region and double it to get the total. The shaded area is

™

(cardioid area from g to 7r) - (Circle area from g to 5) .

The cardioid area is

T

/ %(1+cos€)2d6‘: %/ (14 2cosf + (cos0)?) df = %/ <1+2C089+%(1+COS29)> do =

/3 /3 /3
1 1 1 g ™ 9
— |04+ 2sinf+ = [0+ =sin20 =— - —V3.
2{ + 2sin +2< +2sm >L/3 5 16\/5
The circle area is
/2] 9 [7/2 9 1 2 3r 9
—(3cosh)?dh = = 1 20)df = = |6 + = sin20 = - V3
/Tr/3 (3cosb) 4/ﬂ/3( + cos 20) 4[ +2sm L/3 T 16
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Thus, the shaded area is
T 9 37 9 T
<§_E‘/§)_(§_E 3>—§-

~ (0.78540. O

T m
The total is2:—=—
e total areais 2 o = -

36. Let A be the region inside r = sin# and let B be the region inside r = v/3cos. Find the area of the
intersection of A and B — that is, the area of the region common to A and B.

A 0=mn/3

r=sin6

v

r={3cos 0

Find the intersection point:

™

sinf = V3cosh, tanf=+3, 0=—.

w

(The circles also intersect at the origin, but they pass through the origin at different values of 6.)
The shaded area is the sum of the area inside r = sinf from 6 = 0 to 8 = % and the area inside

T:\/gcosﬂfromezgtoezg:

/3 /2 /3 /2
A:/ 1(silr19)2d6‘—i-/ l(\/50089)2(19:1/ 1(1—cos29)d€—|—§/ 1(1—|—cos26‘)d6‘:
, 2 s 2 2/, 2 2 )5 2

/3 /2 5 1

3 1
210+ Zgin26 =—m—-v3~x0.22149. O
+ 1 [ + 5 sin ]ﬂ/g i 4\/_

PN

[6‘ - 1 sin 26‘}
2 0

The best thing for being sad is to learn something. - Merlyn, in T. H. White’s The Once and Future King
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