Math 211
10-2-2020

Review Problems for Test 1

These problems are provided to help you study. The presence of a problem on this sheet does not imply
that a similar problem will appear on the test. And the absence of a problem from this sheet does not imply
that the test will not have a similar problem.

1. Compute /x3e4m dz.

2. Compute /e‘” cos2x dzx.

3. Compute /(:c2 +x+1)coszdz.
4. Compute / cos 3x sin 2z dx.

5. Compute /ln(ac2 +5)dz.

6. Compute /Fﬂ(cos z)? (1 + (sina:)l/z) dx.
0

7. Compute /(cos 7x)* d.

8. Compute /[sin(:v + 3)]?[cos(z + 3)]? dz.

9. Compute /(sec 32)° tan 3z d.

10. Compute /(tan:c)4 dx.

11. Compute /(csc 2x)*(cot 2x)* du.

12. Compute /\/ﬁd:ﬂ

13. Compute /xzmm@.

14. Compute /x\/25—7:1:2dx

2

xT
15. Compute /mdw

2
x
16. Compute /7da:.
P VaZz+1

—r+18
17. Compute/m X



—3x2 4+ 47z — 150
18. C t d
ompute / =02 12) T

2 3
19. Compute/3+4x+5x +3 dx
x?(x + 3)

1
20. Compute / T2 1 71 dx.

1
21. Compute /de

22. Compute / . dx.
V7 + 6z — x2
1

23. Compute | ——— da.
‘mme/ﬂ+mmw4x

xr— 2
24. Compute | ———2 4
Ommle/?ﬂ—8x+25x

3
25. Compute S . S dz.
V—12—6x—8

1 d
—  dz
222 + 8z + 10

623 — 2422 + 16z + 4
27. Compute/ PR Sy dx.

423 + 222 + 162 + 11
28. C t dx.
ompute / @+ D@2+ ) T

222 — 11
29. Compute /%dm

26. Compute /

2(z —2)2
xt(z? 4 4)3
you don’t need to solve for the parameters.)

30. How would you try to decompose using partial fractions? (Just write out the fractions —

31. What is wrong with the following “partial fractions decomposition”?

5% _ A B?

@12+ @—12 a4l

32. What is wrong with the following “partial fractions decomposition”?

7 A B C
=—+—+

zz—1) = =z ax-1

33. Find the partial fractions decomposition of

-3zt + 23— 622 -3
x(x? +1)2

—2? + 8z —4
34. (3) Compute / m dx.



(b) Calvin Butterball tries to use the antiderivative from (a) to compute

1/2 2 8r — 4
/ TS dx.

1 z(x?4+2x-2)

He gets
1 1
2|z +In|z — 1] — 4In|z + 27 = (211[15 +1n 5 —41n32) —(2In1+1n2—4In1) ~ —4.39445.

Does this computation make sense? Why or why not?

35. Find the area of the region under y = 5 from z =0 to co.

@+ 1)

6
1
36. Compute —dx.
P /4 Va1

0
37. Compute/ ze® da.

— 00

38. Compute/ re 3% d.
0

39. Compute/ cos3x dz.
0

i 244
40. Comput L Y
Omp“e/l B2z +1 "

i 2+ 4
41. C t ———dx.
ompue/1 CEESVIESIE i

11 1
42. Compute/ 5 dx.
2 r—3

oo o0
43. Prove that / e~ da converges. [Hint: Compare the integral to / e *dx.
0 0

(sinx)?
x2+1

o0
44. Prove that / dz converges. [Hint: Use comparison, starting with the fact that (sinz)? < 1.]
0

45. (a) Show that the following integrals both diverge:

%) 0
/ rdxr and / z dx.
0 —00

(It follows that / x dz diverges as well.)

— 00

b
(b) Show that lim 2 dx converges. (This is called the Cauchy principal value of the integral; this

b—o0 —b
b S
problem shows that lim x dz is not the same as / zdx.)
b—o0 —b — 00

Solutions to the Review Problems for Test 1
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1. Compute /x3e4m dz.

1 3 6 6
/x3e4m dx = 1;10364z — Sty e - — ™4 0. D

2. Compute /(x2 +x+1)coszdr.

d
— d
dx / v

+ 224z+1 coszx

— 20+ 1 sin x
+ 2 —Ccosx
— 0 —sinz
/(ac2 +ax+1)coszdr = (2° + 2+ 1)sinz + (22 4+ 1) cosz — 2sinz + C. O
3. Compute /64‘z cos2x dzx.
d
— d
dx / v
+  cos2x et
> 1
—  —2sin2x Ze“
v
—4cos2r — —et*
+ cos 2x 166
4z 1 4z 1 4z _: 1 4z
e**cos2xdr = Ze cos2x + —e*sin2x — — [ e** cos2zx dz,
4x 1 4x 1 4x 1 4z _: 1 4x 1 4
e cosQ:z:d:z:—i—Z e cos2xdxzze cos2x+§e sm2;z:—Z e cos2xdx+1 e** cos2x dr,

5 1 1
1 /64”” cos2zx dx = 1641 cos 2z + ge‘” sin 2z,

4



4 1
et cos 2z 4 — - ge"‘z sin 2z,

(SRR
B~ =

(SRR,
| Ot

/ e*® cos 2z dx =

1 1
/641 cos2xdr = 3641 cos 2z + 1—0641 sin2x+ C. 0O

4. Compute / cos 3z sin 2x dzx.

d

+ cos 3z sin 2x
¢

— —3sin3dx ~5 cos 2z

pY

+ —9cosdx — —Zsin2:z:

1 3 9
/cos 3rsin2x dr = —3 cos 3x cos 2x — 1 sin 3z sin 2z + 1 /cos3:z: sin 2z dx,

1
—g /cos3:z:sin2xdx =3 cos 3x cos 2x — gsin3xsin2:z:,

2 3
/cos 3xsin2x dxr = E cos 3x cos 2x + 3 sin3zsin2x +C. 0O

5. Compute /1n(x2 +5)dz.

d
— d
dx / v

+ In(2? +5) 1
N\
2x
245 o

222 10
/1n(x2+5)dx:x1n(x2+5)—/xzi5dx:xln(x2+5)—/(2—m) dox =
xln(w2+5)—2x+£tan_li+0

V5 Vi

The second equality comes from dividing 222 by 22 + 5 (long division). Alternatively, you can do this:

207 222410-10 222410 10  2(2+5) 10 10

= = - = - 9 .
245 245 245 245 245 245 245

/2
6. Compute / (cosz)3 (1 + (Sinx)1/2) dx.
0
I'll do the antiderivative first:
/(cos:z:)3 (1 + (sin:z:)l/2) dx = /(cosar:)2 (1 + (sin:z:)l/2) coszdx =

5



/ (1 — (sinz)?) (1 + (sinx)l/z) cosxdr =

. du
u=sinz, du=coszxdr, dr=
cos T

2 1 2
/(1—u2)(1+u1/2)du:/(1+u1/2—u2—u5/2)du=u+ §u3/2—§u3—?u7/2+02

2 1 2
sinz + = (sinz)%? — Z(sinz)® — Z(sinz)"/? + C.
3 3 7
Therefore,

/2 9 1 2 /2 99
/ (cosz)? (1 + (Sinx)l/z) dz = |sinz + = (sinz)*? — Z(sinz)® — =(sinz)"/? =—_.
0 3 3 7 , 2

7. Compute /(cos 7z)* d.

/(cos 7x)t de = /(cos 7x)*(cos Tx)? dx = /

1 1 1
1 / (14 2cos 14z + (cos 142)?) do = 1 / <1 +2cosldz + 5(1 + cosQ&z:)) dx =

1
(14 cosl4x) - 5(1 + cos 14x) dx =

N~

1 1 1 1
- = sin == Sin .o
1 (;v—i— 781 14z + - (x+2881 2896)) +C

8. Compute /[Sin(:zc + 3)]?[cos(z + 3)]? dx.

1

/[Sin(:z:+3)]2[cos(:z:+3)]2d:z:—/(;[1—c0s2x+3 )( 1—|—c0s2x—|—3)]> do =
Z/(1—[cos2(gc+3>]2) do i/[sm2(:1c+3)] do :i

/

1 1 .
3 <x—1s1n4(x+3)> +C. O

[1 —cosd(x + 3)]dx

N | =

9. Compute /(sec 32)° tan 3z d.

1 1 1
/(sec 3z)° tan 3z dr = /(sec 3z)*(sec 3z tan 3z dx) = 3 /u4 du = Euf’ +C = E(sec 3z)°
du
u=sec3r, du=3sec3rxtan3drdr, dor=—-—"——"—
3sec 3z tan 3x

+C.

10. Compute /(tanx)"‘ dz.



/(tan z)t de = /(tan z)%(tanz)? do = /(tan z)? ((secz)® — 1) dz =
/(tanx)2(sec x)? dx — /(tanx)2 dx = /(tanx)2(secx)2 dx — / ((secw)® —1) do =
/(tan x)%(secx)? dx — /(sec x)? dx +/ dx =
{u =tanz, du= (secx)’dr, dr= (86172)2}

(tanz)® —tanz +x +C. O

Wl =

1
/u2du—tanx—|—$—|—C:gug—tanx—Fx—FC:

11. Compute /(csc 22)3 (cot 223 da.

/(CSC 22)3(cot 22)3 dx = /(csc 22)2(cot 2z)? (csc 2z cot 22) dx =

du
2x)? 27)? — 1 2z cot2x)dr = [ u?(u? -1 2rcot2r)  ————————— =
/(CSC z)? [(csc2x) | (esc 2z cot 22) da /u (u )(csc 2z cot 2x) Y W
du
u =csc2x, du= —2csc2xcot2xdr, dr=——09——0—0
—2csc 2z cot 2z

__ _ [ — _ —__ (= — —__ (= I C. 0
/’LL (’LL 1) du /(u u )du u u +C (CSC 2$) (CSC 2$) +

12. Compute /\/$2 — ldz.

/\/:Z:Q—Id:z::/\/(secﬂ)z—lsecﬂtaHGdGZ/\/(tan9)2sec9tan9d9:/seCH(tan0)2d9:

[x =sech, dx=secftanbdb] x*

1 1
/sec& ((sec)® — 1) df = / ((sec)® —secf) do = §sec9tan9+§ In |secf+tand|—In | sec§+tan |+ C =

1 1 1 1
5sec9tan0—§In|sec9+tan9|+C: 53:\/352—1—§1n|:z:+\/:z:2—1|+0. 0

13. Compute /3:2 V25 — 22 dz.



/x2 V25 —22dx = /25(sin 0)%/25 — 25(sin 0)2(5 cos 0) df = /25(sin 0)%1/25(cos 0)2(5cos ) df =

[t =5sin6, dx=>5cos6dl

A 25 -x2

625 /(sin 0)%(cos 0)* df = 625/ ;(1 —cos26) - 2(1 + cos20) df = 6?15 / (1 — (cos26)?) db =

625 625 1
—/ sin 26)? v 2(l—co s46)do = 3 (H—Zsméw) +C =

% (0 —sinfcos b (2(cos)* — 1)) + C = % arcsing - %3; (\/M) (25— 222+ C. O

14. Compute /x\/ 25 — z2dx.

2

/:z:\/25—3:2d33:/:1:\/ﬂ' <d_2u) :—l/u1/2du:—%u3/2+C:—%(25—:1:2)3/2+C.
-2z

d
{u—25—x2, du = =2z dx, d:z::—u
—2x

2

15. Compute /md(ﬂ

x? 9(secf)? 27(sec§)? tan @ (sec )3 tan 6
g, 4T = -3secftanddf = A = | —=F5di =
/ (@2 — 932 " = / (9(sec )z —g)3/z =T / 27((sec6)2 — 1)3/2 / ((tan 6)2)372

e
[x = 3sech, dxr = 3sectanbdb] \/5132 -9
0

U

/(sec9)3tan9d9/ (sec)? dH*/ 1 (cos0)? g / 5 =
(tan )3 ~ ) tan6)2 " ) (cos6)? (sin6)? cos ) 51119 B

/(81(238)29;55;28)2)2 40 = / ((cos(sﬁi;l(zi)riﬁ)? + (coi(;(;se . 2> 0= /<cos€ s(i(::) > 0 =




/(se09+csc6‘cot9) df =1In|sech +tanf| —cscl + c=In

16. Compute

[ e

_ (tan@)® 9)

22
/7@ _
Vrz+1 /(tan 0)2

[z =tanf, dx = (sec6)?dd] X

/secﬁ(tan9)2 df = /secG((se09)2 —1) df Z/((S609)3 —secf) df =
1 1 1 1
§se09tan9—51n|sec€+tan9|+C:596\/9024—1—§ln|\/x2—|—1+:1c|+0. 0

—x+18

17. C t —_
Ompue/x2—8x+12 v

Since 2% — 82 4+ 12 = (z — 6)(z — 2), I have

-z+18 a n b
(r—6)(z—2) -6 x—2

—z+ 18 = a(zx — 2) + b(z — 6)

Set = 6. This gives
12=a-4, so a=3.

Set x = 2. This gives
16=0-(—4), so b=—-4.

Therefore,
—x + 18 3 —4
———dx = ——+ —— | de =31 —6|—41 -2|+C. O
/(:1:—6)(33—2) T /<$—6+$—2) x n|x — 6] nlx— 2|+
—322 4472 — 150
18. C t dx.
ompue/ (x—6)2(:1c+2) T
—322 4+ 472 — 150 a b c

@—6°(x+2) -6 (@—062 z+2
—32% + 47z — 150 = a(z — 6)(z + 2) + b(z + 2) + c(x — 6)?

9



Set = 6. This gives
24=0b-8, so b=3.

Set x = —2. This gives
—256=1c-64, so c= —4.

Plugging the values for b and ¢ back in yields
—322 + 472 — 150 = a(z — 6)(z + 2) + 3(z + 2) — 4(z — 6)%.

Set x = 0. This gives
—150=a-(—-12)+6—144, so a=1.

Thus,
—32% +47x—150 1 n 3 n —4
(x—6)2(zx+2) -6 (r—6)2 x+2
Hence,
/—3:1:2+473:—150d / 1 . 3 n —4 d
xr = €r =
(x —6)2(x + 2) r—6 (r—6)2 x+2
3
Injlz—6|— —— —4ln|z+2|+C. O
z—06
2 3
19. Compute/3+4x+5x + 3 dx.
x?(x + 3)

The top and the bottom both have degree 3, so I must divide the top by the bottom:

3+ 4z + 522 + 32° 3+ 4z — 422

x2(x +3) B x?(x + 3)

T’ll put the 3 aside for now, and work on the fraction:

3+ 4w — 422 7A+ B n C
22(x+3) oz 22 x+3

Clear denominators:
3+44r —42? = Az(x +3) + B(x + 3) + C2°.

Set £ =0: I get 3=3B,so B=1.
Set x = —3: I get —45 =9C, so C' = —5.
Plug B and C back in:
3+ 4x — 4a% = Ax(z + 3) + (z + 3) — 52

Differentiate:
4—8z=A(x+3)+ Az +1—10x.

Set t=0:14=34A+1,s0 A=1.

Therefore,
3+4x—4x2_l+i_ 5
22(z+3) oz 22 x+3
Hence,
3+ 4z + 5% + 323 11 5
x2(x + 3) T x+3

10



Finally,

3+ 4z + 5z% + 3z° 11 5 1
/ R s o d:z::/ 3+—4+—=———)dr=3x+In|z|—— -5z +3|+C. [
x?(x + 3) x 2?2 x+3 x

1

20. Compute / pRVETpYEprRmYEY dx.

Since the least common multiple of 2, 3, and 4 is 12, I'll let x = u'2:

1 12utt du u? 1
dr= | ——— =12 du =12 —1 du =
/wl/z(:cl/3+:c1/4) ! /uﬁ(u4+u3) /U+1 " /(u +u+1) "

[:z: =u'?, dr=12u"! du]

1 1
12 <§u2 —u+1n|u+1|> +C =12 (5951/6 — 212 L |2t /12 4 1|> +C. 0O

1

21. Compute /de

1 B 1 7, u? B (wW+1)-1
/7x7/8+x5/8d$—/7u7+u5'8’u/ du—8/u2—+1du—8/u27+1du—

[33 =u®, dr=8u"du; wu= 1;1/8]

8/ @— 1 du:8/ 1—# dqu(u—tan_lu)+c:8(:1c1/8—tan_1:1c1/8>—|—c.
u24+1 w?+1 w2 +1

22. Compute /
VT +6x — x2

Complete the square:
7+ 6x — 22 = —[22 — 62— 7]

= —[2* — 62+ 9 — 16]
= —[(z - 3)* — 16]
=16 — (z —3)?

So

.1 u -
du =sin"! = + ¢ =sin

1 | 1
IS S R S W R S .
/\/7—1—6:6—:102 v /«/16—(1:—3)2 ! /\/16—u2 1 1

[u=2z-3, du=dz] DO

1

23. _
3 Compute/x2+10x+74 dx

Complete the square:
22 + 10z 4+ 74 = 2% + 10z + 25 + 49

= (z+5)*+49

11



So

1 o 1 o D i s L1 @5
21 10r+7a T ) wasp a9 T ) w@rag® Ty T e

[u=2+5, du=dzx] [

T —2
24. Compute | ————— du.
Ompue/x2—8x+25 !

1
Since 3 (—8) = —4 and (—4)? = 16, I have

2 =8 +25=22 —8r+16+9 = (z —4)* +9.

Therefore,

x—2 B x—2 fw+d)-2,  fu+2
/x2—8x+25d$_/(x—4)2+9d$_/ w2 +9 du_/u2+9d“_

[u=2z—-—4, du=dr; z=u+4]

U 2 1 9 2 U 1 9 2 -4
/u2—+9du+/u2—+9du: 5ha|u +9|+§tan §+C: 5ha|(:z:—4) —|—9|—|—§tan T+O.
I did the first part of the u-integral using the substitution w = u?> +9. 0O
3
25. Compute S . dx.
V—a2—6x—38

First,

—2®—6r—8=—(2+62+8)=—[2*+62+9)—1] =—[(z+3)*—1] =1— (z+3)>

6
I note that 5= 3 and 32 =9, so I needed 9 to complete the square.
Thus,

T+ 3 dac—/ T+ 3 do — u du—/i dw
v —6z-% — (13 N Vo —2u

d
[u:x—i—?), du =dz;w=1-u?, dw=—2udu, dusz}
—2u

1 1 1
—_— R = —_—— - = — — 2 = — —_ 2
2/ﬁdw 5 2yVw+C V1i—-u2+C V1i—(z+3)2+C. O

1

26. Compute | ——— dx.
Ompue/2x2+8:z:+10 v

/;d,l/;dfl/ 1 d,l/;d,
22 +82+10 © 2) 22+dz+5 2 @+da+a)+1 7 2) @+22+1 T

12



1
3 tan™!(z +2) + C.

4
I completed the square by noting that 5= 2 and 22 = 4. You can do the integral using u =z +2. 0O

623 — 2422 + 162 + 4
27. Compute / 427 T A2 dz.

First, 2% — 42° + 422 = 2%(z — 2)%.

62 — 240> + 160 +4 _a b c_ d
x2(x —2)2 o 22 -2 (z-2)2

62° — 242% + 162 4+ 4 = ax(x — 2)® + b(x — 2)* + ca®(x — 2) + da?

Set £ =0. I get 4 =4b,s0 b=1.
Set t =2. I get —12=4d, so d = —3.
Then
62° — 2422 + 162 + 4 = ax(z — 2)* + (z — 2)* + ca?(z — 2) — 322

At this point, you can plug other numbers in for x, or differentiate the equation and then plug numbers
in. The idea is to get equations for a and ¢ which you can solve.
For example, set x = 1. T get

2=a+1—-¢c—3, or 4=a—c

Set ¢ = —1. I get
—42=-9a4+9—-3c—3, or 16=3a+c.

I have to solve 4 = a — ¢ and 16 = 3a + c¢. You can do this in various ways.

For instance, if I add the equations 4 = a — ¢ and 16 = 3a + ¢, I get 20 = 4a, so a = 5. Then plugging
a=5intod=a—c,Iget4=5—c,soc=1.

Thus,

62> — 2422 + 162 + 4 5 1 1 3 1 3
dx = 4= — dz =51 —Z4lnjz-2|+—+C. O
/ xt — 43 + 422 v /(3:+1132+:z:—2 (:1:—2)2) v nlal x+n|:1c |+:z:—2+

423 + 222 + 16z + 11
(2 +1)(z2 +4)

28. Compute /

42 + 22% + 162+ 11 a:z:—|—b+cx—|—d
(22 +1)(22+4)  224+1 22+4
42 + 22% + 162 + 11 = (az + b)(2* +4) + (cx + d)(z* + 1)

Set « = 0: This gives
11 =4b+d. (1)

Differentiate the last z-equation (using the Product Rule on the two terms on the right):
122% 4 42 4+ 16 = (ax + b)(2z) + a(z? +4) + (cx + d)(2x) + c(2® + 1).

Set z = 0:
16 = 4a + c. (2)

13



Differentiate the last x-equation:
24z +4 = (ax 4+ b)(2) + (a)(22) + (a)(22) + (cz + d)(2) + (¢)(2z) + (¢)(2z).

Set z = 0:
4=2b+2d, so 2=b+d. (3)

Differentiate the last xz-equation:
24=2a+2a+2a+2c+2c+2c, so 4d=a+c. (4)

Solving (1) (11 = 4b + d) together with (3) (2 =0+ d) gives b=3 and d = —1.
Solving (2) (16 = 4a + ¢) together with (4) (4 = a+ ¢) givesa =4 and ¢ = 0.

Thus, I have
423 4+ 222 + 16z + 11 4x 3 1 1 x
dr = - dr =2In(z?+1)+3tan 'z —~tan™' = +C.
/ CEICEYY x /<x2+1+x2+1 x2+4> x n(z“+1)+3tan™ " x 5 tan” 5+

The first integral is computed using u = x? + 1; the second and third use the inverse tangent formula:

1 1
/ﬁdx:—tan—lf+c. 0
x4 +a a a

222 —9 11
29. Compute /%dw

2;102—9;104—117 a n b n c
(x—1)3 -1 (x—-1)2 (z—1)3

202 — 9z + 11 =a(z — 1) +b(z — 1) +¢

Set = 1: This gives 4 = c¢. Plug this into the last equation:
202 — 9z + 11 = a(z — 1)* + b(z — 1) + 4.
There are a number of ways to proceed. For instance, you can plug in two other values for  (say x =0
and z = 2) to obtain two equations involving a and b, which you can solve simultaneously.

Alternatively, differentiate the last equation:

4 —9=2a(x —1)+0.
Set © = 1: This gives —5 = b. Plug this into the last equation:

4x — 9 =2a(x — 1) — 5.

Set = 0: This gives

—9=-2a-5
—4=—-2a
2=a
Plugging a = 2, b = —5, and ¢ = 4 into the original decomposition, I have

222 — 9x + 11 2 5 4 5 2
e v T — — =21 —1 — . O
/ o ” /<x—1 <x—1>2+<x—1>3)d““’ i A Rl oy }E AL

14



30. How would you try to decompose using partial fractions?

2x-2?* A B £+2+E:c+F Gz + H Io+J
ri(x24+4)3 22 23 o 2+ 4 (22 +4)2 (22 +4)%

31. What is wrong with the following “partial fractions decomposition”?

5x _ A B?

@12+ @—12 a4l

Partial fractions is the opposite of combining fractions over a common denominator. In this case, the
L . o .
question is: “What fractions would add up to ————=——-=7" The decompositions above could occur,
(x—1)2(x+1)
since it has (x — 1)?(z + 1) as the common denominator.
However, since you don’t know beforehand what the fractions are, you must assume the “worst case”

A
— namely, that there might be an T term. And in fact, there is — if you work out the decomposition,
x

it comes out to 1

(x—1)*

w51 51 5
(x —1)2(z +1) dz+1 4x—-1 2

5 1
Notice the t -
otice the term 7 -———

32. What is wrong with the following “partial fractions decomposition”?

7 A B C
==—+=+

zz—1) = =z ax-1

D
The first two terms could be combined into a single term —, so they’re redundant. There is no reason
x
to list the same denominator twice. 0O

33. Find the partial fractions decomposition of

3zt 423 —622-3
xz(x? +1)2

Try the decomposition

—33:4+3:3—63:2—37é+B33—|—C'+ Dx+ FE
z(x? +1)2 Cx 2241 (224 1)

Clear denominators:

—32' + 2 — 622 — 3= A(z® +1)* + (Bx + O)(2)(2* + 1) + (Dz + E)(2).
Set . =0: I get A =—3. Plug it back in:

-3zt +2° — 622 —3=-3(2® + 1) + (Bx + C)(z)(2* + 1) + (Dz + E)(x).
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Differentiate:
122° 4+ 327 — 120 = —122(2* + 1) + B(2® + 2) + (Bx + C)(32* +1) + 2Dz + E.

Set £ =0: I get C+ E=0.
Differentiate again:

—362% + 62 — 12 = —362 — 12+ B(32® + 1) + B(32® + 1) + (Bz + O)(62) + 2D.

Set x =0: I get B+ D =0.
Cancel the —362% and —12 terms in the previous equation, then differentiate:

6 = B(32® + 1) + B(32® + 1) + (Bx + O)(6z) + 2D,

6 = 6Bz + 6Bx + 6Bz + (Bx + C)(6).

Set x =0: I get C' = 1. Since C' + E =0, it follows that £ = —1.
Plug C' = 1 back in, then simplify the equation:

6 = 24Bz + 6, or 0 = 24Bx.

Set =1: I get B=0. But B+ D =0,s0D =0.

Hence,
—3x4+x3—6x2—37 3+ 1 1 0
x(x? +1)2 or 22+1 (a2+1)%
34. (a) Co te/_x2+8x_4d
. m ——————dx.
pu x(z?2+x—2) v

(b) Calvin Butterball tries to use the antiderivative from (a) to compute

1/2_ 2 _4
/ r° + 8z .

_1 z(a?42x—2)

He gets
12 1 1
2In|z|+In|z—1]—4In|z + 2]/ = 21115 —l—lnE —4In32 ) —(2In14+1In2—4In1l) ~ —4.39445.
Does this computation make sense? Why or why not?
(a) z(z? + 2 —2) = z(z — 1)(z + 2), so I try

—z?+8r—-4 A B C
T ey
z(@?2+xz—-2) x x-1 xz+2

Clear denominators:
—2? 48z —4=A(x — 1)(x +2) + Bx(z +2) + Cx(z — 1).
Set £ =0: I get —4=—2A, or A=2.
Set v =1: I get 3=3B,0or B=1.
Set + = —2: T get —24 =6C, or C' = —4.

16



Therefore,

—x? + 8z —4 2 1 4
———dr = e dr =21 1 —1]—41 2|+ C. O
/x(ﬂc2+x—2) v /<x+$—1 $—|—2) v n e +Infe 1| nle +2+

(b) The computation is incorrect, because the antiderivative is valid only within intervals which don’t contain
1
the singularities at * = —2, z = 0, and = 1. The interval —1 < z < 3 includes the singularity at x = 0.

It is not legal to simply “plug in the endpoints” — to do this definite integral correctly, you should set it up
as two improper integrals. 0O

35. Find the area of the region under y = Y froma= 0 to co.

(.’132 + 1)2

The area is

N~

& T ¢ T 1 ¢ 1 1
A= ——dzx = 1i — g dr =1 —_—— =——1 — 1=
/o @12 T % )y @™ cﬂﬂ‘o[ 2<x2+1>h 2c3-‘o<c2+1 )
Here’s the work for the antiderivative:

T r du 1 [du 1 1
/Wdz— @%ﬁ/ﬁ——@w—‘m*a

[u=x2+1, du =2xdx, dxr= d_u]
2x

6

1
36. C t —d
ompue/4 N x

is undefined at = 4 and « = 4 is in the interval of integration (it’s one of the endpoints),

Since
T —
the integral is improper. I replace the “4” with a parameter a, then take the limit as a approaches 4 from

the right.

[ = [ e = i L = i (Vi) =2V

0
37. Compute/ ze® dz.

— 0o

17



0 2 0 2 0 du 1 0
ze® dxr = lim ze® dxr = lim re'  — = = lim e du =
oo b——o0 Jp b——o00 Jp2 2 2 b——o0 b2

{u-xz, du = 2z dz, dng—z; r=b, u=>b* x=0, u—()}

1 w0 1 42
§bglfnoo[e ]b2_2b~lirfnoo<1_e )

As b — —oo, I have b — 00, and e?” — co. Therefore, the integral diverges (to —oco, since the ¥ term
was negated). O

38. Compute/ e 3% dx.
0

e’} b 1
re 3 dr = lim ze ¥ dr= lim |—=ze 3% —
0 b—+o0 0 b—+o00

1
—e
9
1 1 1 1 1
li _-3,—3b _ - _-3b )\ — _0— i
bJTm( g T gt Ty 0-0+5=%
Here’s the work for the two limits:

3 1

lim e 3 = lim — =0,
b—+o0 b—+o0 e3b
b 1
li 30— lim — = — =0.
bﬂufoo be bﬂHJPoo 63b bﬂHJPoo 363b 0
I used L’Hopital’s Rule to compute the second limit.
Here’s the work for the antiderivative:
d
— d
dx / .
+ =z e~ 3w
> 1
- 1 ——e3®
3
N\
+ 0 le 3z
9
/:z:e 3T dy = ——xe 32 e 3T+ C. O

39. Compute/ cos3zx dz.
0

o) k k
1 1
/ cos3xdr = lim cos3xdr = lim {g sin 33:} = lim 3 sin 3k.
0

k—o00 0 k— o0 0 k—o0

klim sin 3k is undefined. Hence, the integral diverges. (It doesn’t diverge to oo or —oo; the limit is
— 00

simply undefined.) O

18



244

40. C t ——dxz.
ompue/1 R T

Do the antiderivative:

2 +4 2?2 +4 du 1 11 1 1
ST = : == | —du=-=1 — ZInlz3+12 1 )
/a:3+12:z;+1 v / w32+ 4) 3/u u=ghful+c=gnfz’ +12z+ 1] +c

du
_ .3 _ 2 _ 2 —

Do the integral:
b

> 2244 b 22+ 4 ]
———dr=lim [ o ——dr = lim [clnfo® + 120+ 1]| =
/1 P12 +10 e 1 23+ 120+ 1 T e {3 nlz”+ 122 + @1

1
= lim (In[b® +12b+ 1| — In14) = +o0.
3 b—oo
(Note that lim In 6% +12b+ 1| = +00.)

—r OO
The integral diverges to +oo. 0O

&0 2?2 +4
41. C t —  _dx.
ompue/1 ST x

Do the antiderivative:

/ 2?4 dz/x2+4 du —l/idu—l = S S B
(3 4+ 122 +1)2 w2 3(22+4) 3 ) w2 3 u 334+ 120+1

du
=23+ 12241 = (32 +12)de =3(2* + 4 =
{u x®+ 12041, du= (32" +12)dex =3(z" +4), dx 3(302_‘_4)}

Do the integral:

/°° o SO AR S o S 1 1 ’
————dz=1lm [ ——————dr=lm |[-c———| =
1 (341224 1)2 b—oo J; (x3 4+ 122+ 1)2 bsoo | 33+ 12x+1),
1 . 1 1 1
——lm | —— | = —.
3b—oo \ D3+ 120+1 14 42
Note that lim ——— = 0.
(Note tha bilgob3+12b+11 )
The integral converges to YoR a0
1
42. Compute/ S dx.
2 r—3

11 1

dx + dx.

11 1 3 1
——dx = —_—
/2 Jx—3 /2 Jx—3 3 Jr—3
The first integral is

3 1 a 1 3 ) a 3 3
= . - — . e _ /3 _ 2 . _ 2/3 _ __3
/2 Vo =3 " al_lgl_/z Vo =3 o al_lgl_ [2 (@=3) ]2 2 al—lgl— ((a 3) 1) 2
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The second integral is

11 11
1 1 3 3
gp—— = 1' —_— = 1. — — 2/3 = — 1. (4— — 2/3> = .
s Vo T, oA {2("” D], T 0T =6
Therefore,

The graph of has a vertical asymptote at z = 3, but the (signed) area on each side is finite.

1
v —3
The negative area to the left of x = 3 partially cancels the positive area to the right of x = 3. Thus, the
integral in this problem does not represent the actual area bounded by the graph, the x-axis, and the lines

r=2,x=3,and z=11. O

In the next few problems, I'll use the followmg fact. If f and g are mtegrable functions on every finite

interval [a,b] and f(x) > g(z) > 0, then if / f(x) dx converges, then / g(z) dx converges.

a

Intuitively, if the bigger function’s integral converges to a number, then the smaller function’s integral
must converge, because it’s caught between that number and 0.

o0
43. Prove that / e da converges.
0

. . .. .. 4
The interval of integration is > 0. On this interval, x < 2t so —x > —x4, and e™® > ¢~ % . Therefore,
oo oo
4
if / e~ % dx converges, then / e~ dx cconverges.
0 0
Now

o b
/ e ¥dr = lim e ¥dr = lim [—e*m]g = lim (—e*b + 1) =-0+1=1.
0

b—oo Jq b—o0 b—o0

oo o0
Since / e~ dx converges, it follows that / e~ da converges as well. 0O
0 0

> (sinx)?

2 +1

44. Prove that / dx converges.

0

I have
(sinz)? <1

(sinx)? 1
z2+1 ~ 2241

(I built up from a known fact about trig functions to get an inequality with the function I'm trying to
integrate on the “small” side.)
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Sl | b
/ dr = lim ———dx = lim [tanflx}b = g
0

1'2 + 1 b—o0 0 1’2 + 1 b—00 0
>~ 1 1 i 2 i 2
Since / — dx converges and 5 > (sin z) > 0, it follows that / (sin z) dx converges as
0 x2+1 2+1 7 2241 o x2+1

well. O

45. (a) Show that the following integrals both diverge:

%) 0
/ rdr and / rdr.
0 —00

(It follows that / x dx diverges as well.)
b
(b) Show that lim 2 dx converges. (This is called the Cauchy principal value of the integral; this

b— o0 —b
b o
problem shows that blim x dz is not the same as / xdx.)
=0 )b —0o0
(a)
) b 1 b 1
/ rdr = lim zdr = lim |=z%| = lim =b? = co.
0 b—o0 0 b—oo | 2 0 b—oo 2
0 0 1 0 1
/ rdr = lim zdr= lim |=2%2| = lim [—-=b%)=—-00. O
oo b——o0 Jp b——oo | 2 p  bm—oo 2
(b)

b 1.,]° 1 1
lim rdr = lim |=a? =lim (=2 =22 ) =1lim 0=0. O
2 b 2 2 b—oo

To think is not enough; you must think of something. - JULES RENARD
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