Math 311
9-29-2020

Review Sheet for Test 2

These problems are provided to help you study. The presence of a problem on this handout does not
imply that there will be a similar problem on the test. And the absence of a topic does not imply that it
won’t appear on the test.

2 +y?
(x—1(y-3)
22 +1

/1_I2_y2'

1. Find the domain of the function f(z,y) =
2. Find the domain and range of f(z,y,z) =

3 2 51
3. Compute  lim swhaytol
(@y)—21) 22+ 3y?

4 4
4. Show that  lim — % 1Y
(2,9)—(0,0) % + 32292 + y*

2 ,2\3/2
5. Compute  lim M
(z,)—(0,0) T2 +y2 + 1

is undefined.

by converting to polar coordinates.

4.4
6. Show that  lim Ty

( )5 (0,0) m is defined and find its value.
z,y)—(0,

7. Define f: R* — R by

if (z,y) # (1,4)
flzy) = ;y =6
S i@y =09

Determine whether f is continuous at (1,4).

8. Compute the following partial derivatives:

9 o203 9 5. 03
(a) 5 sin(z® + by) and 8yw sin(x® + 5y).

x
o §2 0 2
b L% and 25
()Bss3+t3an Ot s3 + 13

3f

(c) 92205 if
flz,y) = e 4 4ar2y —Iny.
o3f

(d) Oxdy0z’ if

f(x,y,2) = 3z + 8y — 2z + x?y32".
9. Let
fla,y) = 2® + 5ay® —y".
Construct the Taylor series for f at the point (2, 1), writing terms through the 2" order.

10. For a differentiable function f(z,y),
f(=2,4) =6, [fo(=2,4)=3, fy(-2,4)=1
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Use a 1%'-degree Taylor approximation at (—2,4) to approximate f(—2.1,4.1).

11. Find the tangent plane and the normal line to the surface

z=22z+y)> at (z,y)=(2,-3).

12. Find the tangent plane to the surface

4
r=u? — 3% y:—u, z=2u?% at (u,v) = (1,1).
v

13. Use a linear approximation to z = f(z,y) = 22 — y? at the point (2,1) to approximate f(1.9,1.1).

(z +4)?
e

(a) Find a unit vector at (—3,1) which points in the direction of most rapid increase.

14. Let f(z,y) =

(b) Find the rate of most rapid increase at (—3,1).

1
15. Find the gradient of f(z,y,z) = and show that it always points toward the origin.

24y +22+1

16. Let f(z,y) = v/2? + 2y + 3. Find the directional derivative of f at the point (3,2) in the direction of
the vector (—4, 3).

17. Find the rate of change of f(x,y,2) = 2y — yz + xz at the point (1, —2,—2) in the direction toward the
origin. Is f increasing or decreasing in this direction?

6
18. The rate of change of f(x,y) at (1,—1) is 2 in the direction toward (5,—1) and is R in the direction of
the vector (—3,—4). Find Vf(1,-1).

19. Calvin Butterball sits in his go-cart on the surface
z=a2% - 22%y + 2% + 2y® — 293 +¢* at the point (1,1,0).
If his go-cart is pointed in the direction of the vector @ = (15, —8), at what rate will it roll downhill?
20. Find the tangent plane to 2% — y? 4+ 2yz + 2° = 6 at the point (2,1, 1).

21. Suppose that z = f(z,y) and (z,y) = g(u,v) are given by

z =2 +32y® —y?, (x,y) = (sin5u + cosv,cos 3u + sin 2v).

0z 0z
Find — and —.
ind >~ and =
. . . of of
22. Let r and 6 be the standard polar coordinates variables. Use the Chain Rule to find o and 20" for
r

F () = ze® + eV,
23. Suppose u = f(z,y,2) and & = ¢(s,t), y = ¥(s,t), z = p(s,t). Use the Chain Rule to write down an

) U
expression for —.

ot
24. Suppose that w = f(z,y), = g(r, s,t), and y = h(r,t,s). Use the Chain Rule to find an expression for
o°f
o2’



25. Locate and classify the critical points of

1 3
2 3 2
z — 4 + - — .

26. Locate and classify the critical points of

flx,y) = 6zy® — 22%y + y°.

27. Find the critical points of
z= (2% + y2)67:’3274y2.

You do not need to classify them.

28. Find the points on the sphere z? + y? 4+ 22 = 36 which are closest to and farthest from the point
(4,-3,12).

29. A rectangular box (with a bottom and a top) is to have a total surface area of 6¢%, where ¢ > 0. Show
that the box of largest volume satisfying this condition is a cube with sides of length c.

30. (a) Find the critical points of

w = 4xyz subject to the constraint x4y + 2z = 3.

(b) Express w as a function of z and y by eliminating z, then consider the behavior of w for = y. Explain
why the critical points in (a) can’t give absolute maxes or mins.

31. Find the largest and smallest values of f(z,y) = 422y subject to the constraint 2 + y* = 36.

Solutions to the Review Sheet for Test 2

2% +y?
(—1)(y—3)

Since the denominator of the fraction can’t be 0, the domain is

1. Find the domain of the function f(z,y) =

{(wy) |z #1 and y+# 3}

It consists of all points except those lying on the linesx =1ory=3. 0O

22 +1
/1—x2—y2'

Since the expression inside the square root must be positive, the function is defined for 1 —z2 — 2 > 0.
Therefore, the domain is the set of points (x,y, 2) such that 2% +y? < 1 — that is, the interior of the cylinder
22 + y? = 1 of radius 1 whose axis is the z-axis. (There are no restrictions on z.)

To find the range, note that 22 + 1 > 1. Also,

1
1—2?2—9%2<1, and V1—-22—-92<1, s0 ———0 >1.

1— a2 —92

2. Find the domain and range of f(z,y,z) =



Hence,
2
1
flay )= >1.1=1.
/T— 22 — 42
This shows that every output of f is greater than or equal to 1.
On the other hand, suppose & > 1. Then

£0,0,VE—1) = (7”\/13__170)_? — k.

This shows that every number greater than or equal to 1 is an output of f.
Hence, the range of f is the set of numbers w such that w > 1. O

. 3z 4+ 2y + 51
3. C t 1 —_—
PP ) T 1 3y
3r+2y+5 6+2+5 13

= =—. 0
(z,y)lgl(zl) x2 + 3y2 4+3 7

4 4
4. Show that  lLim 3¢+ 5y

—————~  is undefined.
(z,y)—(0,0) T4 + 3222 + ¢4

If you approach (0,0) along the a-axis (y = 0), you get

. 3z* + 5y* . 3zt .
lim . A— lim — = lim 3=3.
(z,9)—(0,0) 2% + 3222 + y*  (2,9)—(0,0) T* (z,1)—(0,0)

If you approach (0,0) along the line y = z, you get

1 i
(z,y)lgl(o,o) x4 + 334 + 24

im — = lim
(2.9)—(0,0) 5z (2,9)—(0,0)

(z,9)—(0,0) T* + 322y2 + y* -

Since the function approaches different values as you approach (0,0) in different ways, the limit is
undefined. 0O

2 2\3/2
5. Compute lim (@°+y7)

~——~7— by converting to polar coordinates.
(z,9)—(0,0) 2 +y2 +1 Y gtop

Set r? = 2% +y2. As (z,y) — (0,0),  have r — 0. So

2 2\3/2 213/2 3
lim M = lim (") = lim " L

= =0. O
(z9)>00) 22 +1y2+1  r50724+1  r=0r24+1  0+1

2yt
6. Show that lim is defined and find its value.

(2,)—(0,0) T* + 3x2y? + y*
$4y4
ZE4

2y
x4 + 322y2 + 94

< =ly'l =0 as (z,y) = (0,0).

Therefore,
iyt
x4 + 3x2y? + gyt

lim
(z,)—(0,0)
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Hence,
4,4
(z,9)—(0,0) 4 4 322y? 4+ y*

7. Define f : R? — R by

f(x,y): 9

Determine whether f is continuous at (1,4).

3r+y 3+4

- _
(1) 5y —6  20—6

f(z,y) %

lim
(z,y)—(1,4)

S S0 Fla,y) # £(1,4)
Z,Y 5 .

lim
(z,9)—(1,4)

Therefore, f is not continuous at (1,4). O

8. Compute the following partial derivatives:

0 0
(a) =—z?sin(2® + 5y) and 6—y3:2 sin(x3 + 5y).

ox

0 s 0 2
(b) Os 83 + 13 anda53+t3.

o3f

(c) 92205’ if
fz,y) = 3 4 42%y — Iny.
o3f .
(d) Oxdydz’ if

flz,y,2) =3x+8y — 22+ 2172y324.

(a)
83902 sin(2® 4 5y) = 32 cos(z® + 5y) + 22 sin(z® + 5y).
x
gaf sin(2® 4 5y) = 522 cos(z® + 5y). O
Y
(b)
o s (P +17)(2s) — (s7)(3s?)
dss3+13 (s +13)2 '
9 s B 3s%t?
ot s3+13  (s3+13)2°
) of 1
= =42? - —.
dy y



20y = 8x.
o f _
0x2dy
(d) 5
f _ 2+4$2y323
0z
>’f 2,23
Byoz 1227y“2
>’f 2 3
920yD 24xy“z°. 0O
9. Let

fla,y) =2 + bry® —y".
Construct the Taylor series for f at the point (2,1), writing terms through the 2°¢ order

of . o 2 Of _ 3
o = 3x° + 5y~, By 102y — 4y°.
>’f >f *f 2
9z 0 dxdy Y oy 10z = 1247
At (2,1),
_ of _ of _
f(2,1) =17, %(2, 1) =17, By (2,1) = 16.
0% f 0% f 0% f
@(2, 1) =12, 910y (2,1) =10, a—y2(2, 1) =8.

The series is

flz,y) =17+ 17(x —2) + 16(y — 1)) + % (12(x —2)* +20(z — 2)(y — 1) + 8(y — 1)%) + - -.

10. For a differentiable function f(z,y),

f(=2,4)=6, fu(-2,4)=3, f,(-2,4)=1.
Use a 1%t-degree Taylor approximation at (—2,4) to approximate f(—2.1,4.1).

The 1%t-degree Taylor approximation is

flay) =6+ Bx+2)+(y—4).
Hence,

f(=2.1,41) ~ 6+3(—0.1)+0.1=58. 0O

11. Find the tangent plane and the normal line to the surface

z=22z+y)* at (z,y)=(2,-3).

6



When (z,y) = (2, —3),
z=2-1"=2.

The point of tangency is (2, —3,2).

of _ 2 s Of o o
o =622z +y)* + 2z +y)°, B (2,-3)=13.
of _ 2 Of o o
9y 3x(2z 4+ y)°, 9y (2,-3) =6.

The normal vector is of  of
——, —— 1) =(-13,-6,1).
< 8[1:' b) 8y 3 ) ( 3) 6) )

r—2=-13t, y+3=-6t, z-2=t.

The normal line is

The tangent plane is

—13(x—2)—6(y+3)+(2—2)=0, or —13x—6y+2z=-6. O

12. Find the tangent plane to the surface

4
=’ — 3% y:—u, z=2u?? at (u,v) = (1,1).
v

u =1 and v =1 give the point of tangency: (z,y,z) = (—2,4,2).

Next,
- 4 - 4
T, = <2u, —,4uv3> and T, = <—6v, ——Z,6u2v2> .
v v

T,(1,1) = (2,4,4) and T,(1,1) = (=6, —4,6).

Thus,

The normal vector is given by

. B i)
T,(1,1)xTy(1,1)=| 2 4
-6 —4

= (40, —36, 16).

S = T

The tangent plane is

40(x +2) —36(y —4) +16(2 —2) =0, or 10x—9y+4z=—48. O

13. Use a linear approximation to z = f(z,y) = #? — y? at the point (2,1) to approximate f(1.9,1.1).

f(2,1) = 3, so the point of tangency is (2,1, 3). A normal vector for a function z = f(z,y) is given by

v (91 of _
N (8:17’33/’

1) = (22,—2y,—1), N(2,1) = (4,-2,—1).
Hence, the tangent plane is

4z —2)-2y—1)—(2—-3)=0, or z=3+4(x—2)—2(y—1).



Substitute z = 1.9 and y = 1.1:

2 =3+4(=0.1)—2(0.1) =2.4. O

(:17—1—4)2.

14. Let f(z,y) = ;

(a) Find a unit vector at (—3,1) which points in the direction of most rapid increase.

(b) Find the rate of most rapid increase at (—3,1).

T T 2
vf(x,y)_(% ;4)’_( -;24) )

Vf(—3, 1) = (27 _1)7 ||Vf(—3, 1)” = \/g

1
(a) Find a unit vector at (—3,1) which points in the direction of most rapid increase is —=(2,—1). O

V5

(b) Find the rate of most rapid increase at (—3,1) is v/5. 0O

1
15. Find the gradient of f(x,y,z) = and show that it always points toward the origin.

r2+y?+ 2241

V= -z -y —z B
CN@ 22132 (@2 2+ 22132 (@ 2 4+ 22132 )

~1
($2+y2+22+1)3/2

(x,y,2).

(x,y,z) is the radial vector from the origin (0,0,0) to the point (z,y,2). Since Vf is a negative
multiple of this vector V f always points inward toward the origin. 0O

16. Let f(z,y) = v/2? + 2y + 3. Find the directional derivative of f at the point (3,2) in the direction of
the vector (—4, 3).

T 1
Vilx,y) = , .
fe.) <\/3:2+2y—|—3 \/3:2+2y—|—3>

V(3,2) = (gi)

(31 (-4,3) (31 (-4,3) 9
Df(—4,3)(3a2) = <sz> : m = <Z,Z> . 5 =30

Hence,

17. Find the rate of change of f(x,y,z) = 2y — yz + zz at the point (1, —2, —2) in the direction toward the
origin. Is f increasing or decreasing in this direction?
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First, compute the gradient at the point:
Vfi=W+z,x—z-y+z), Vf(1,-2,-2)=(-4,3,3).

Next, determine the direction vector. The point is P(1,—2,—2), so the direction toward the origin
Q(0,0,0) is
PG = (~1,2,2).

Make this into a unit vector by dividing by its length:

PO 1
ipg 8 hAY

Finally, take the dot product of the unit vector with the gradient:

Dfz(1,-2,-2)=Vf(1,-2,-2)- H?H =(-4,3,3)"

f is increasing in this direction, since the directional derivative is positive.

16
-1,2,2) = —.
(-1,2,2) = 5

Wl =

O

18. The rate of change of f(x,y) at (1,—1) is 2 in the direction toward (5,—1) and is R in the direction of

the vector (—3,—4). Find Vf(1,-1).
The direction from (1, —1) toward the point (5, —1) is given by the vector (4,0). This vector has length

4, so
R I
The vector (—3,—4) has length 5, so
6 (=3,-4) (=3,—4) — _§fz — éfy

F= Vi) = (o) e = e e

Thus, 6 = =3f, —4f,.
I have two equations involving f, and f,. Solving simultaneously, I obtain f; =2 and f, = —3. Hence,

Vi(1,-1)=(2,-3). O

19. Calvin Butterball sits in his go-cart on the surface
z=a% — 2%y + 2% + 2y® — 2> +¢* at the point (1,1,0).
If his go-cart is pointed in the direction of the vector ¥ = (15, —8), at what rate will it roll downhill?

The rate at which he rolls is given by the directional derivative. The gradient is
Vi = (32% —day + 2z + y?, 222 + 2zy — 69> +2y), and Vf(1,1) = (2,—4).
Since ||(15, —8)| = 17,

(15,—-8) 62
Dfy(1,1) =(2,-4)  —=— = ——==3.64705.... O
fal1,1) = (2,4) - 2= = = = 3.64705




20. Find the tangent plane to 2% — y? + 2yz + 2° = 6 at the point (2,1, 1).

Write w = 22 — % + 2yz + 2% — 6. (Take the original surface and drag everything to one side of the
equation.) The original surface is w = 0, so it’s a level surface of w. Since the gradient Vw is perpendicular
to the level surfaces of w, it follows that Vw must be perpendicular to the original surface.

The gradient is

Vw = (2z, -2y + 22,2y + 521), Vw(2,1,1) = (4,0,7).

The vector (4,0, 7) is perpendicular to the tangent plane. Hence, the plane is

4z —2)+0-(y—1)4+7(z—1)=0, or 4dax+T7z=15 [

21. Suppose that z = f(z,y) and (z,y) = g(u,v) are given by
z=a*+32y® — 9%, (x,y) = (sin5u + cosw, cos 3u + sin 2v).

.0z 0z
Find 7 and 90

0: _0z00 020y
ou Oxdu Oyou
0z 0z0xr 0z @

dv drdv  Jydv

= (42 4 3y*)(5 cos 5u) + (6xy — 2y)(—3sin 3u).

= (42® 4 3y*)(—sinv) + (6zy — 2y)(2cos2v). O

0 0
22. Let r and 6 be the standard polar coordinates variables. Use the Chain Rule to find G_Zj and 6—‘;, for

fa,y) = we” + e,

of ofox  Ofdy

or dzor oyor
Of _0f0z [ 0f0y _\a oy g ,
90 = 9006 T ayap — @€ +e)(rsing) + () (rcosf). T

(xe® + e®)(cos ) + (e¥)(sin ),

23. Suppose u = f(x,y,2) and & = ¢(s,t), y = ¥(s,t), z = u(s,t). Use the Chain Rule to write down an

) U
expression for —.

ot

This diagram shows the dependence of the variables.

10



There are 3 paths from u to ¢, which give rise to the 3 terms in the following sum:

ou_ouve ouoy  oud:
ot  Odx ot OJyot Ozot

24. Suppose that w = f(z,y), = g(r, s,t), and y = h(r,t,s). Use the Chain Rule to find an expression for
0 f
ErE
By the Chain Rule,
ow  Owdxr Owdy
o " awor oy
Next, differentiate with respect to ¢, applying the Product Rule to the terms on the right:
O%f Owdx O0xr 0 [Ow owd?y Oy o [Ow
W‘%W+EE<%) a—yw+aa<%)

ow ow
Since — and — are functions of x and y, I must apply the Chain Rule in computing their derivatives

Or dy
with respect to t. I get

Pf_owds or (0 (gw\or 0 (ouw\oy\ owdy oy (0 (ow\or 9 (0w oy _
o2 Jx o2 ot \ox \dx ) ot Oy \ oz ) ot oy ot2 ot \ox \dy /) ot oy\oy) ot)
dwits | On (Fwdn | Pw o), dwdy by (0w dn Pudy
Ox 0t2 Ot \ 0z2 Ot  Oxdy Ot Oxdy Ot  Oy?2 ot )~

By Ot o

25. Locate and classify the critical points of

1 3
— 2y — 4 208 - 22
2=y Ty + 3y 2y
0z 0z
— =2y —4dy, — =a>-4 2_3
O Ty Y, By € Tty Y,
0%z 0%z 0%z
—~ =9 — =2r—4, — =2y—3
2 4 dxdy T Oy? Y
Set the first partials equal to O:
20y —4y =0, (z—2)y=0.
2? —4x+y* -3y =0.
Solve simultaneously:
(x—2)y=0
e N\
r=2 y=0
2?2 —drx+y*-3y=0 2 —4dr+y* -3y =0
y?—3y—4=0 22 —4x =0
(y—4y+1)=0 z(x—4)=0
v 1 i hY
y=414 y=— x=0 r=4

11



Test the critical points:

point Zox Zyy Zay A result
(2,4) 8 5 0 40 min
(2,-1) —2 5 0 10 max
(0,0) 0 -3 —4 -16 saddle
(4,0) 0 -3 4 —-16 saddle 0
26. Locate and classify the critical points of
fla,y) = 6ay® — 22°y + ¢,
fe =6y* — 627y, f, =12zy — 22° + 2y,
foo = =122y, foy =12y —62°, f,, =122 +2.
Set the first partials equal to O:
(1) 6y* — 62’y =0, y(y—a)=0,
(2) 120y —22° + 2y =0, 6y —a® +y=0.
Solve simultaneously:
(1) yly—2*)=0
v hY
y= y = x?
(2) 6zy—a*+y=0 (2) 6zy—a+y=0
3 =0 65[!3—1'3—1—:[:2:0
z=0 S5z 4+ 122 =0
(0,0) 2?(5x+1)=0
e N\
2=0 Sr+1 3 0
=0 - _-
x 15
-0 - -
Y Y 1 215
0,0 -
0.0) (-335)
Test the critical points:
point foz = —122y fyy =122+ 2 fuy = 12y — 622 A result
(0,0) 0 2 0 0 test fails
11 12 2
BN 2 E o T e
5" 25 125 b) 25 125

12




27. Find the critical points of
2 2
z = (332 + y2)e_”” —47

You do not need to classify them.
zp = —2x(2® + yz)e_ﬁ_‘*y2 T A —2z(2 +y* — 1)6_12_41/2,
2, = —8y(z? + y2)67:’327492 + 23/67””2747’2 = —2y(4a® + 4y° — 1)6796274‘742.
Set the first partials equal to O:
—2x(z% + 9% — l)e_w2_4y2 =0, z(2*+y*—-1)=0.
—2y(4x? + 49° — l)e_w2_4y2 =0, y4z®+4y>—-1)=0.
Solve simultaneously:

z(z?+y*—-1)=0

v h
T = ?+y?=1
y(42? +4y> - 1) =0 y(42® + 4y> - 1) =0
y(4y* —1) =0 3y =0
(A) (B)
(A)
y(4y? - 1)=0
v N\
y=0 42 -1=0
v\
1 1
(0,0) Y _15 v= _15
(0:3) (-3)
(B)
3y=20
y =
22 =1 d
v hV
T = r=-1
(1,0) (—1,0)

28. Find the points on the sphere z? + y? + 22 = 36 which are closest to and farthest from the point
(4,-3,12).

The (square of the) distance from (z,y, z) to (4, —3,12) is
w=(z—4)*+ (y+3)*+ (2 — 12)%

The constraint is g(z,y,2) = 22 + y> + 2% — 36 = 0.
The equations to be solved are

2x —4) =2z), z—4=z\
2(y+3) =2y, y+3=y\

13



2(z—12) =22\, z-12=2z\
2 +y? + 2% = 36.

Note that if £ = 0 in the first equation, the equation becomes —4 = 0, which is impossible. Therefore,
x # 0, and I may divide by .
Solve simultaneously:

T —4=zx)\
_3:—4
y+3=yA
—4
y+3:y(l‘x )
xy + 3z = yr — 4y
3
y=--x
z—12=2z\
2_12:M
T
Tz — 120 = xz — 4z
z =3z

2 +y? 422 =36

z% + %132 +922 =36
16922 = 576
5 576

T T 169
v
24 24
€r= — €r = ——
13 13
__18 _18
Y713 Y713
72 72
z = — = ——
13 13
M 187 218
137 13713 137137 13
Test the points:
2@\ | (2118 7
137 13713 137137 13
w(z,y, 2) 49 361
24 18 72 . 24 18 72 .
(1—3, I3 1—3) is closest to (4,—3,12) and (_ﬁ’ EL —1—3) is farthest from (4,—3,12). O

29. A rectangular box (with a bottom and a top) is to have a total surface area of 6¢2, where ¢ > 0. Show
that the box of largest volume satisfying this condition is a cube with sides of length c.

Suppose the dimensions of the box are z, y, and z. Then the volume is
V =uayz.

The surface area is
6c* = 2xy + 2yz + 2xz, so 3c¢® =y +yz+ a2
The constraint is
g(x,y,2) = 2y +yz + 22 — 3c¢* = 0.

14



Set up the multiplier equation:

YV = AVg
(yz,xz,2y) = Ny + z,x + z,2 4+ y)

This gives the equations

yz = Ay + 2).
xz = Mz + 2).
xy = Mz +y).

3¢ =y +yz + z2.

Note that * = y = z = c satisfies the constraint and gives a volume of ¢3. Thus, the solution to the
problem certainly has V' > 0. If any of z, y, or z is 0, the volume is 0, which is not a max. So I may assume
z,y,z > 0.

Note that this also implies that y + 2z > 0, so I may divide by y + z.

Now solve the equations:

yz = Ay +2)
A= L
Y+ z
xz = ANz + 2)
vz =92 (x+2)
Y+ z
z2(y + 2) = yz(v + 2)
:zryz—|—:1:z2::z:yz—|—yz2
12 =y2?
r=1y
xy = ANz + )
yz
Ty = T+
y y+z( y)

zy(y +2) = yz(z +y)
xyz + Yz = xYyz + yzz
zy? =%z
T=z
3 =ay+yz+az

3¢? = 22 + 2% + 22

rT=c
y==c
z=c

The critical point is (¢, ¢, ¢), which is a cube with sides of length ¢. O

30. (a) Find the critical points of
w = 4zxyz subject to the constraint x +y+ z = 3.
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(b) Express w as a function of z and y by eliminating z, then consider the behavior of w for z = y. Explain
why the critical points in (a) can’t give absolute maxes or mins.

The constraint is
9oy ) =a+y+z—3=0.

Set up the multiplier equation:
Vf=2AVyg
(4yz,dxz,4zy) = A\(1,1,1)

This gives the equations

dyz = .
doz = A
4oy = A
r+y+z=3.
Solve the equations:
dyz = A
dorz = A\
dyz = 4xz
yz —xz =0
(y—x)z2=0
e N\
y=x Z:O
dxy = A A=0
4oy = 4xz 4y =0
zy—xz =0 zy =0
2y —2) =0 | N
=0 Y=z r+y+z=3 r+y+z2=3
r+y+z=3 3z =3 (0,3,0) (3,0,0)
z = xTr =
(0,0,3) y=1
z=1
(1,1,1)
Test the points:
point w = 4dayz
(3,0,0) 0
(0,3,0) 0
(0,0,3) 0
(1,1,1) 1 0

(b) Solving the constraint for z gives z =3 —x — y. Then
w=4zy(3 —z —y).
Consider the behavior of w along the line x = y:
w = 42%(3 — 2x).

16



The factor 4z? is positive. As x — infty, the term 3 — 22 becomes large and negative, so w — —oo.
As © — —o0, the term 3 — 2x becomes large and positive, so w — oco.

This means that you can find values of x, y, and z satisfying the constraint for which w is arbitrarily
big or small. Hence, the critical points found in (a) can’t be absolute maxes or mins. [

31. Find the largest and smallest values of f(x,y) = 4x%y subject to the constraint z2 + y? = 36.

The constraint is g(x,y) = 2% + y> — 36 = 0.
Set up the multiplier equation:
Vfi=AVyg
(82y, 42%) = \(2z, 2y)

This gives two equations:
8xy = 2xA, day=2A=0, z(dy—N)=0.

4a* = 2y
Solve those equations simultaneously with the constraint:

z(dy—A) =0
e N\
x=0 A=4y
22+ 4% =36 422 = 2y
y? = 36 422 =2y - 4y
N ! z? = 2y?
y=6 y=—6 292 + 1% =36
) (0,—6) 3y =36
y? =12
e 1
y=2V3 y=-2V3
22 =24 22 =24
/ ! ! \
z =26 z=—-26 =26 z=—-2V6
(v6.2v) (2623  (@V6-2/8)  (-2v6.-2/3)

Test the points:

(0,6) [(0,—6) |[(2v6,2v3) |(-2V6,2v3) |(2v6,—2Vv3) |(-2V6,-2V3)
f(z,y) 0 0 1923 1923 —192v/3 —192v/3

max max min min

To be conscious that you are ignorant is a great step to knowledge. - BENJAMIN DISRAELI
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