Math 101
10-5-2020

Review Problems for the Final

These problems are provided to help you study. The presence of a problem on this handout does not
imply that there will be a similar problem on the test. And the absence of a topic does not imply that it
won’t appear on the test.

1. Simplify the following expressions. Express all powers in terms of positive exponents.
(a) V50 + 7V/18.
(b) (—2z°y'/?)S.

3 —8:v5y_8
4

(©)

xly
(d) v/338 + 51/98.
(e) ¥/250x5y9.

2. y varies inversely with z. Given that x = 14 when y = 24, find = when y = 36.

3. P varies directly with 22 and inversely with y®. Given that P = 6 when x = 4 and y = 2, find P when
x =38 and y =4.

4. Calvin Butterball has 29 coins, all of which are dimes or quarters. The value of the coins is $5.45. How
many dimes does he have?

5. How many pounds of chocolate truffles worth $2.50 per pound must be mixed with 5 pounds of spackling
compound worth $1.70 per pound to yield a mixture worth $2.00 per pound?

6. Calvin leaves the city and travels north at 23 miles per hour. Phoebe starts 2 hours later, travelling south
at 17 miles per hour. Some time after Phoebe starts travelling, the distance between them is 166 miles. How
many hours has Calvin been travelling at this instant?

7. Calvin can eat 160 double cheeseburgers in 4 hours, while Bonzo can eat 300 double cheeseburgers in 5
hours. If Calvin, Bonzo, and Phoebe work together, they can eat 510 double cheeseburgers in 3 hours. How
many hours would Phoebe take to eat 280 double cheeseburgers if she eats alone?

8. The product of two numbers is 156. The second number is 11 more than twice the first. Both numbers
are positive. What are the two numbers?

9. Calvin and Bonzo can eat 1440 hamburgers in 6 hours. Eating by himself, it would take Calvin 9 hours
longer to eat 1440 hamburgers than it would take Bonzo to eat 1440 hamburgers. How long would it take
Bonzo to eat 1440 hamburgers by himself?

10. The hypotenuse of a right triangle is 1 more than 3 times the smallest side. The third side is 1 less than
3 times the smallest side. Find the lengths of the sides.

11. Graph the parabola y = —x2 + 4z + 5. Find the roots, and the = and y-coordinates of the vertex.
12. Solve the inequality:

(a) 2% — Tz +10 < 0.

r+4
3—=x

(b) > 0.



(c) |22 — 7| > 3.

2%(z +6)

0.
r—3 -

(d)
13. (a) Write the expression as a single logarithm: 3logs x + 4 logs y.

(b) Write the expression as a single logarithm: 2logs A — 7log; B.

1
(c) Write the expression as a single logarithm: In2 + 51Inz? + 3 Iny.

1
(d) Write the expression as a single logarithm: 4Inz — 3 Iny —7lnz.

(e) Write the expression as a single logarithm: log; (z + 1) + logs(z + 6).
(f) Write the expression as a single logarithm: log;o(z? + 22 — 3) — log;o(z + 3).

14. (a) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:
In 2° NGE

(b) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:

(c) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:
23yt
logyg :
NE
(d) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:
T+
(y—1)%

15. You are given that

g

In

log,z =5, log,y=—2, log,z=28.
(a) Compute log, y°.

(b) Compute log, (x?yz3).
o
(¢) Compute log, e
16. Suppose log, x = —5 and log, y = 2. Find:
1
(a) log, Kk

(b) log, (a®?).

3

(c) log, IR

17. Solve for z, writing your answer in decimal form correct to 3 places: 3%% = 7.
18. Solve for z:

(a) z — 3=z +3.

(b) Vo +12—Va =2.



(c)x+2=Tx+2.
(d) Vz+ 3+ vz + 11 = /22 + 20.
(e) vVb—2x—1=+/6—u=.

19. Solve the following equations for . (Complex number solutions are allowed.)

(a) 210 —2° -2 =0.

(b) (x —5)2—T7(x —5)—8=0.

(c) x* — 52 — 14 = 0.

(d) x2/3 = 32Y/3 + 2 =0.

20. Simplify the expression. Complex numbers are NOT allowed.
() —(49°72).

(b) (—49)%/2.

(c) (=64)5/3.

(d) \/360x2y3, assuming that the variables represent nonnegative quantities.

21. Find specific values for ¢ and b which prove that the following statement is not an algebraic identity:
“aZ + b2 L a+ b

13 2 3
22. (a) Solve: P_i-2-3 712

x4+ 13 4
b) Solve: 1 = .
(b) Solve +x2—2:1:—3 r—3

2z
23. (a) Combine the fractions over a common denominator: + .
22 -3z 2?2-9
(b) Combine the fractions over a common denominator: LA
22 —zy 22— g2
1 1

¢) Combine the fractions over a common denominator: — — .
(c) 22—z —2 x2—-4 3422 —-4r—4

1
24. (a) Simplify: %
z—1 * z+1
?+1 22+1
1 1
1——-— 1+-=
(b) Simplify: 2 L
T+ =
x
3 2
1+2+ 5
(c) Simplify: %
24 -+
r

25. Compute (without using a calculator):



(a) logs 125.
(b) logs 589.

1
log: —.
(c) logs 5

(d) logy7 1.

(e) logg 4.
(f) eln42'

26. Suppose that f(z) = and g(z) = 2°.

1
T +2
(a) Find f(g(x))-
(b) Find g(f())-
(¢) Find g(g(x))-
(d) Find f (23 +5).
(

e) Find g (logy, ).

1
f) Find f | — ).

() Find 1 (1)

27. Find the inverse function of f(x) =7 — 6x.

28. Find the inverse function of f(x) = a T + 1.
T —

. . . z+8
29. Find the inverse function of f(x) = .
x
30. Find the domain of the function f(z) = L
. Fin main unction f(z) = —5————.

31. Find the domain of the function f(z) =+/z + 3. (Complex numbers aren’t allowed.)
1

32. Find the domain of the function f(z) =
22 —x—2

. (Complex numbers aren’t allowed.)

33. Solve for z:

34. Simplify the expressions, writing each result in the form a + bi:
(a) i33.

(b) (3 — i)(4 + 51).



1
2430

1—-2¢
d .
( )6+8i

(e) (2+ 3i)2.
(f) 3—2¢

441
35. Find the quotient and the remainder when 222 + x — 3 is divided by x + 5.

()

36. Find the quotient and the remainder when z* 4 322 — 222 + 1 is divided by 2% — 1.
37. Solve the following equations, giving exact answers:

a) ¥ +5 = 6e”.

b) 67+3 = 3672,

C) 3z+2 — 72x+1'

(

(

(

(d) 43241 = 57,
(e) In(z — 2) + In(z 4 2) = In 3z.
(f) (Inz)? —3Inz —4=0.

(2) In(z 4+ 2) +In(z —4) =1In7.
(h) logy(z — 1) + logy(z — 3) = 3.

38. In the following problems, complex numbers are allowed.
(a) Simplify v/500.

(b) Simplify V200 — 7V/18.

(c) Simplify /—300.

2+7
1-3V7
34 5v2
6—3v2

39. Find the equation of the line:

(d) Rationalize

(e) Rationalize

(a) Which passes through the points (2,3) and (—11,1).
(b) Which passes through the point (3,4) and is perpendicular to the line 2z — 8y = 5.
(¢) Which is parallel to the line 3y — 62 + 5 = 0 and has y-intercept —17.

40. Solve the system of equations for x and y:
2 +by=7, x4+ 3y=—4.

(—3x2)5y*7

41. (a) Simplify and write the result using positive exponents: 92540
— 923y



(b) Assuming that all the variables represent positive quantities, simplify and write the result using positive

exponents: 4(x!/3y?/%)2 . (=3y=3/5)24=1/6,

z? -2z
Ry
3 — 322
2—x—6
a’® — 2a%b
a® — 4ab?
a* + 3a3b
a? + ab — 2b?

42. (a) Simplify, cancelling any common factors:

(b) Simplify, cancelling any common factors:

x? — bx
3 — 422

22 —10x 425"
72— 16

(¢) Simplify, cancelling any common factors:

43. Find the center,the radius, and the standard equation of the circle whose equation is

2% — 4z +y? + 6y = 12.

Solutions to the Review Problems for the Final

1. Simplify the following expressions. Express all powers in terms of positive exponents.

(a) V50 + 7/18.
(b) (20213

5/ —8a%y~®
—

(©)

xz 1y
(d) v/338 4 51/98.
(e) ¥/250x5y9.

(a)
VB0 4+ TV18 = V25v2 + TVOV2 = 5v2 + 21v2 = 26v2. O
(b)
(_2$2y1/3)6 — (_2)6($2)6(y1/3)6 _ 64:1712y2 0
(c)
3 —ijz;s _ (_fxi,z;g)lw _ (_8x6y—12)1/3 _ (_8)1/3(966)1/3@—12)1/3 = 2%y~ = %;ﬁ 0
(d)
V338 4 5v98 = V169v2 + 5v49v2 = 13v2 + 5 - 7V/2 = 13v2 + 35v/2 = 48V2. O
(e)

/2502599 = ¥/250V/25 Y/ Y9 = V125 2V 22y Yo = ¥ 12552V Va2 ¥ Y0 = 5y V222, O

6



2. y varies inversely with x. Given that x = 14 when y = 24, find  when y = 36.

_— . k
y varies inversely with z, so y = —.

x = 14 when y = 24, so

k
24 =—
14
k
14.-24=14.- —
14
336 =k
336
Thus, y = - Plug in y = 36 and solve for x:
336
36 = —
x
336
r-3b6=z- —
x
36 = 336
336 28
= — = I:[
YT 36 3

3. P varies directly with 22 and inversely with y2. Given that P = 6 when x = 4 and y = 2, find P when
x =38 and y = 4.

P varies directly with 22 and inversely with y3, so

kx?
P =6 when z =4 and y = 2, so
k42
6= 23
k-16
6=——
8
=2k
Hence,
22
p==
Y

When z =8 and y = 4,

4. Calvin Butterball has 29 coins, all of which are dimes or quarters. The value of the coins is $5.45. How
many dimes does he have?



Let d be the number of dimes and let ¢ be the number of quarters.

number value = total value
dimes d 10 10d
quarters q 25 = 25q
coins 29 545

The first column says d + g = 29. The last column says 10d + 25¢ = 545. The first of these equations
gives d = 29 — ¢. Substitute this into 10d 4+ 25¢ = 545 to get 10(29 — ¢) 4+ 25¢ = 545. Now solve for g¢:

10(29 — q) + 25¢ = 545, 290 — 10q + 25¢ = 545, 15¢ = 255, ¢ = 17.

There are 17 quarters and d = 29 — 17 = 12 dimes. 0O

5. How many pounds of chocolate truffles worth $2.50 per pound must be mixed with 5 pounds of spackling
compound worth $1.70 per pound to yield a mixture worth $2.00 per pound?

Let = be the number of pounds of truffles.

pounds price per pound = value

spackling compound 5 170 = 850

truffles T 250 = 250x
mixture (x +5) 200 = 850 + 250x

The last line of the table gives
200(z + 5) = 850 + 250z.

Solve for x:

200z + 1000 = 850 + 250z, 200z + 150 = 250z, 150 =50z, x = 3.

The mixture needs 3 pounds of truffles. 0O

6. Calvin leaves the city and travels north at 23 miles per hour. Phoebe starts 2 hours later, travelling south
at 17 miles per hour. Some time after Phoebe starts travelling, the distance between them is 166 miles. How
many hours has Calvin been travelling at this instant?

Let ¢ be the time Calvin has travelled. Then Phoebe has travelled ¢ — 2 hours. Let x be the distance
Calvin has travelled in this time. Then Phoebe has travelled 166 — x miles.

speed time distance
Calvin 23 t x
Phoebe 17 t—2 166 — x

The first line says 23t = . The second line says 17(t—2) = 166 —x. Plug z = 23t into 17(t—2) = 166 —x

and solve for ¢:
17(t — 2) = 166 — 23t

17t — 34 = 166 — 23t
40t = 200
t=5

8



Calvin has been travelling for 5 hours. 0O

7. Calvin can eat 160 double cheeseburgers in 4 hours, while Bonzo can eat 300 double cheeseburgers in 5
hours. If Calvin, Bonzo, and Phoebe work together, they can eat 510 double cheeseburgers in 3 hours. How
many hours would Phoebe take to eat 280 double cheeseburgers if she eats alone?

Let = be the number of burgers Calvin can eat per hour. Let y be the number of burgers Bonzo can eat
per hour. Let z be the number of burgers Phoebe can eat per hour.

burgers per hour . hours = burgers
Calvin x . 4 = 160
Bonzo Y 5 = 300
Phoebe z : t = 280
together (x+y+2) 3 = 510

The first equation says 4z = 160, so x = 40.

The second equation says 5y = 300, so y = 60.

The last equation says 3(z +y + z) = 510. Divide by 3: x + y+ z = 170. Substitute z = 40 and y = 60:
40+ 60+ z =170, =z="70.

The third equation says zt = 280. Substitute z = 70: 70f = 280, so t =4 hours. 0O

8. The product of two numbers is 156. The second number is 11 more than twice the first. Both numbers
are positive. What are the two numbers?

Let = and y be the two numbers.

The product of two numbers is 156, so zy = 156.

The second number is 11 more than twice the first, so y = 11 4 2z.
Substitute y = 11 + 2z into xy = 156:

x(11 4 22) = 156, 11z + 22% = 156.

Then
222 + 1lz = 156
- 156 156
222 4+ 1llxz — 156 = 0
Factor and solve:
222 — 11z — 156 =0
(2 —13)(z+12)=0
v e
2¢ — 13 =0 r+12=0
13 _ _1o
Tr = B xr =

13
xr = —12 is ruled out, because z is supposed to be positive. Therefore, x = > and y = 11 4+ 2z = 24.




9. Calvin and Bonzo can eat 1440 hamburgers in 6 hours. Eating by himself, it would take Calvin 9 hours
longer to eat 1440 hamburgers than it would take Bonzo to eat 1440 hamburgers. How long would it take
Bonzo to eat 1440 hamburgers by himself?

Let ¢ be Calvin’s rate, in hamburgers per hour. Let b be Bonzo’s rate, in hamburgers per hour. Let ¢
be the amount of time it takes Bonzo to eat 144 hamburgers.

Hours Burgers per hour = Burgers
Calvin t+9 c 1440
Bonzo t b 1440
Together 6 c+b = 1440
The last equation gives
6(c+b) = 1440
c+b=240
The first equation gives
1440
t+9)c = 1440 =—.
(t+9)c 0 ¢=-—g
The second equation gives
144
tb=1440 so b= TO
44 it
Plug ¢ = —g and b= 0 into ¢ + b = 240 and solve for ¢:
1440 1440
— + —— =240
t+9 + t
1440 1440
tt+9) | — + — ) =240t(t+9
(+)(t+9+t> (t+9)
1440t + 1440(t + 9) = 240¢(t + 9)
6+ 6(t+9) = t(t +9)
6t + 6t + 54 = > + 9t
12t + 54 = t* + 9t
0=1>—3t— 54
0=(t—9)(t+6)
The solution t = —6 doesn’t make sense, since time can’t be negative. The solution is 9. Bonzo takes 9
hours. 0O

10. The hypotenuse of a right triangle is 1 more than 3 times the smallest side. The third side is 1 less than
3 times the smallest side. Find the lengths of the sides.

Let s be the length of the smallest side, let ¢ be the length of the third side, and let h be the length of
the hypotenuse. By Pythagoras’ theorem,
h? = 5% 4+ t%

The hypotenuse of a right triangle is 1 more than 3 times the smallest side, so h = 3s + 1.
The third side is 1 less than 3 times the smallest side, so t = 3s — 1.

10



Plug h=3s41 and t = 3s — 1 into h? = s? 4+ ¢2 and solve for s:

h? = s + ¢
(3s+1)% =52 + (35 — 1)?
95 +65+1=25>4+9s>—6s+1
0=1s>—12s
0=s(s—12)

The possible solutions are s = 0 and s = 12. Now s = 0 is ruled out, since a triangle can’t have a side
of length 0. Therefore, s = 12 is the only solution. The other sides are

h=3-1241=37 and t=3-12-1=35. 0O

11. Graph the parabola y = —z2 + 4z + 5. Find the roots, and the  and y-coordinates of the vertex.

—2? 44z +5=0
2? —4xr—5=0
(x=5)(z+1)=0

The roots are = —1 and x = 5.

The z-coordinate of the vertex is t = ————— = 2. The y-coordinate is

2(-1)
y=—-224+4(2)+5=09.
y

(2,9)

y=—2>+4z+5

12. Solve the inequality:

(a) 22 — Tz + 10 < 0.

r+4
(b) 57—

(c) |22 — 7| > 3.

> 0.

2%(z +6)

> 0.
r—3

(d)

11



(a) 22 — 72 + 10 = 0 gives (z — 2)(z — 5) = 0, so the roots are x = 2 and x = 5.

+ / - \ +

\ 7

y(0)=10 , y(3)=-2 5 y(6)=4

The solution is 2 < x < 5. 0O

4
(b) y = §+ equals 0 when x = —4 and is undefined when x = 3. Set up a sign chart with these break
-

points:
L + \
\ 7
y(-5)=-1/8 -4 y(0)=4/3 3

The solution is —4 < x < 3, or in interval notation, (—4,3). O

(¢) Solve the corresponding equation:

22 —7)=3
20 — 7 =43
v N\
20 -7 =3 20 —7=-3
2x =10 20 =4
€T = =2
Draw the picture:
) ¢
2 5

Since the absolute value expression is on the big side of the “>”, I want the outside intervals: x < 2 or
x > b, or in interval notation, (—o0,2) U (5,00). O

2
6
d)y= L_Fg) equals 0 when x = 0 or x = —6 and is undefined when x = 3. Set up a sign chart with
T —
these break points:
+ - L +
1

L
7 \
-6 0 3

The solution is < —6 or 3 < z, or in interval notation, (—oo, —6) U (3,00). O

13. (a) Write the expression as a single logarithm: 3logs x + 4 logs y.

(b) Write the expression as a single logarithm: 2logs A — 7log; B.

1
(c) Write the expression as a single logarithm: In2 + 5Inz? + 3 Iny.

1
(d) Write the expression as a single logarithm: 4Inz — 3 Iny — 7Inz.

(e) Write the expression as a single logarithm: log; (z + 1) 4 logs(z + 6).
(f) Write the expression as a single logarithm: log;, (22 + 2z — 3) — log;o (7 + 3).

(a)

3logs = + 4logs y = logs #° + logs y* = logs(23y*). O

12



A2
2logy A — Tlogy B = logy A% — logy B = log; ik a

()
1
1n2—|—51na:2—|—§lny:ln2—|—ln(x2)5—|—lnyl/2:1n2+1n:1:10+ln\/17:ln23310\/§. 0
(d)
41nx—11n —7Inz=Inz* —Iny'/3 — 2" =In x—4 O
3 Y Y Y327 )
(e)

logs(x + 1) 4 logs(z + 6) = logs(z + 1)(x + 6) = logs (2> + 7z +6). O

24 22-3 3
logyo(z? + 2 — 3) — logg( + 3) = logy T = ) logy(z —1). O

i Ml S A S N A
x+3 ©810 (x—1)(z+3

14. (a) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:
In z° VY-

(b) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:
100z
logyg B

(c) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:
3,4
7y

log

B

(d) Write the expression as a sum or difference of logarithms, with all variables raised to the first power:

Vo +2

In

1
lnx5\/§: 1n:1:5y1/2 =lna® —|—1nyl/2 =5lnx + §1ny' 0

100
log, ?I = log; 100z — log;o y° = log;o 100 + log; o @ — 5logyo y = 2 + log,o « — 5 logy y.

I got the last expression using the fact that log;, 100 = 2, because 10> = 100. 0O

1
log NE = 10g10($394) — logyg Vz = logy ® + log y4 — log 22 = 3logigz +4logygy — B logypz. 0O

NCES) Vera\? 1 Va2 1
i (e B R e e O R

(ln(az +2)Y2 —In(y — 1)5) = % (% In(x +2) —5In(y — 1)> = iln(x +2)— gln(y —-1). O

1
2

13



15. You are given that
log,z =5, log,y=—2, log,z=8.

(a) Compute log,, y°.
(b) Compute log, (v?yz?).
4

x
C te log, ——.
(¢) Compute log, e

(a) Compute log,, y°.
log, y° = 5log,y =5-(=2) = —10. O

(b) Compute log, (x?yz?).
log,, (z%y2%) = log, 2% + log, y + log, z* = 2log, x + log, y + 3log, z =
2:5+(-2)+3-8=32. 0O

4
(¢) Compute log, ;;—Z

4

log,, x

—— =log, z* —log, y*z = log, v* — log, y* — log, z = 4log, x — 2log, y — log, z =
Y2z

4.5-2.(-2)—8=16. O

16. Suppose log, * = —5 and log, y = 2. Find:

1
(a') loga %

(b) log,(a®y?).
-3

(c) log, el

11 5

— = =20
(a) log, 7 glog.z =3

(b) log, (a®y?) = log, a® +2log, y =6 +2-2=10. O

-3
(c) log, xy_2 =(-3)log,x —2log,y=15—-4=11. O

17. Solve for z, writing your answer in decimal form correct to 3 places: 3%* = 7.

3 =7
In3*® =1In7
(22)In3 =1In7
In7
2r = —
v In3
In7

= ~ 0.88562... O

YT oms3

14



18. Solve for x:

r—3=Vr+3
(x—3)" = (Vz +3)?
2 —6x+9=x+3
2 —Tx4+6=0
(x—1)(z—6)=0

The possible solutions are x = 1 and x = 6.
Check: For z =1,

r1—-3=1-3=-2 Vr+3=+v1+3=2.

For x =6,

r—3=6—-3=3, Vvr+3=+v6+4+3=3.

The only solution is x = 6. 0O

Vo+12—+x =2
Vr+12=r+2

(Vo +12)? = (Vz +2)?
r+12=x+4/z +4,

8 =4z
2=z
4=(Va)?
r =4

Check: = = 4 gives

Vet 12—z =V16-Vi=4-2=2

The solution is x = 4. 0O

(x+2)* = (VTz +2)?
P44 +4="Tr+2
2> =3x+2=0
(z—=1)(xz—-2)=0

The possible solutions are x = 1 and x = 2.
Check: If z =1,

r+2=14+2=3, Viz+2=T+2=3.

15



If z =2,

r+2=2+2=4, JTz+2=V14+2=4.
The solutions are x =1 and x =2. 0O
(d)
(Vo +3+ Vo +11)* = (V22 +20)?
T+3+2Vr+3Vz+ 11+ 2+ 11 =21+ 20
22 4+ 14+ 2Vz + 3vVz + 11 = 22 + 20
2Vr +3Vr +11=6
Vi+3Vr+11=3
(Vz +3Vx +11)* = 32
(x+3)(x+11)=9
2?4142 +33=9
2?4142 +24=0
(x+2)(x+12) =0

The possible solutions are © = —2 and =z = —12.

Check: If z = -2,
vVer+3++vVr+11=1+3=4 and +2x+20=4.

If x = —12, both sides of the equation are undefined.
The only solution is x = —2. 0O

(e) Square both sides:
(V5-2r—-1) =(6-2)? (5-22)—-2V/5—-22+1=6—212,6—22—2V5—22=06— .

Then
6 — 2x — 2/5—-2xr = 6 — =z
+ —6 2x —6 2x

—2v/5—-2x = T

Square both sides:

(—2v5 —2x)? = 2%, 4(5—22) =2, 20— 8z = 2°.

Then
20 — 8 = 22
+ =20 8x 8x —20
0 = 22 + 8 — 20

Factor and solve:
22 +8x—20=0

(x+10)(z—2)=0

e h
r+10=0 r—2=0
x=—10 T =2

Check: z = —10 gives
VE—2r—-1=+v25-1=4, 6—2=+v16=4 (Checks)

T = 2 gives

VE—2r-1=vV1-1=0, V6—2=+v4=2 (Doesn’t work)

16



The solution is x = —10. O

19. Solve the following equations for z. (Complex number solutions are allowed.)
a) 210 — 2% —2=0.
b) (x —5)?—7(x —5) -8 =0.

22/3 =313 42 =0.

(

(

(c)x — 522 — 14 = 0.
(d

(

)
a) Write the equation as (2°)? — 2° — 2 = 0. Let y = 2°.
() —2°-2=0
v —y—2=0
(y=2)(y+1)=0
The possible solutions are y =2 and y = —1.

y=2gives 2’ =2, or x = v/2. And y = —1 gives 2° = —1, or & = —1.
The solutions are z = /2 and z = —1. O

(b) Let y = x — 5.
(=52 —=T7(x—-5)—8=0
Yy —Ty—8=0
(y—8)(y+1)=0

The possible solutions are y = 8 and y = —1.
y=8givesx —5=8,orz=13. Andy=—1givesz —5=—1, or x = 4.
The solutions are x = 13 and x =4. O

(c) Write the equation as
(z%)? — 522 — 14 = 0.
Let y = z2.
y? — 5y —14=0

(y=71y+2)=0
The possible solutions are y =7 and y = —2.
y="T7gives 22 =7, or x = £/7. And y = —2 gives 2% = -2, or x = +i/2.
The solutions are z = +v/7 and = = +iv/2. O

(d) Write the equation as
(z1/3)2 — 3213 42 =0.

Let y = '/3. Then

y?—3y+2=0
(y—2)(y—1)=0
v ¢
y=2 y=1
1/372 $1/3:1
( 1/3) =923 (x1/3)3=13
Tr = z=1 0

17



20. Simplify the expression. Complex numbers are NOT allowed.
() —(49%/2).

(b) (—49)%/2.
(c) (—64)7>/%.
(d) /360x2y3, assuming that the variables represent nonnegative quantities.
(

a)
—(49%/%) = —(V49)3 = —(7%) = —343. O

(b)
(—49)%/2 is undefined. O
(c) 1 1 1 1
0= o - e iy o
(d)

V/36022y3 = V360V a2y/y3 = V36V 10Va2\/y2\/y = 6xy+/10y. O

21. Find specific values for ¢ and b which prove that the following statement is not an algebraic identity:
[43 /a/2+b2;a/+b77

If a=1and b=1, then
Va2 +b2=+v2 while a+b=2.

Since V2 #2, Va2 +b2#a+bfora=1andb=1. O

22. Solve: =
(a) Solve .

rz+13 4
b) Solve: 1 = .
(b) Solve +3:2—2:z:—3 -3

(a) Factor the denominator on the left:

13 2 3

(z—2)(z+2) z2-2 x+2

Multiply both sides by (x — 2)(x + 2) to clear denominators:

13 2 3
_9 ) W GV 2) . _
@2t = -+ (- )
13=2(x+2)—3(x—2), 13=20+4—32+6, 13=10—z.
Then
13 = 10 - =
— 10 10
3 = -
x =1 —1
-3 = x

18



Check: x = —3 gives

== - =—-—(-3)= 5 (Checks)

The solution is ¢ = —3. 0O

(b)

xz+13 4
1+x2—2x—3:x—3
z+13 4
Y e o3
(z = 3)( +1) (1+L13) — (@3t 1) ——
(x=3)(xz+1) r—3

(x—-3)(z+1)+(z+13) =4(z+1)
22 =20 -3+ x+13=4x+4
2?2 —x+10 =42+ 4
22 —52+6=0
(x—=2)(z—-3)=0

The possible solutions are x = 2 and x = 3, but = 3 causes division by 0 in the original equation.
Hence, the only solution is x = 2. 0O

2z
23. (a) Combine the fractions over a common denominator: + .
22 -3z 2?2-9
(b) Combine the fractions over a common denominator: — g __ 5 Y 5
2?2—zy 22—y
1 1

¢) Combine the fractions over a common denominator: — — .
(c) 22—z —-2 x22—-4 3422 —-4r—4

(a)

1 + 2x 1 4 2z _r+3 1 +:1: 2x
22-3z 22-9 wx(x-3) (z-3)(x+3) z+3 x2(x-3) =z 22-9
(x+3)+22* 22 +x+3 0

z(z—3)(z+3) x(zx—3)(z+3)

Y Y Y Y _ Y Tty Y
2

—y2 z(e-y) (@-yE+ty -y zt+ty (@-yl+y)
2

x
2 —xy =z x

y(x +y) xy ylx+y) —zy y

@—y)z+y) w@-yl+y) z@-yl+y) z@-y)(r+y)
(c) First, using factoring by grouping, I have

P4t —dr—4=22+1) -4+ =@ -4+ =(z+2)(z—2)(z+1).

Then
2 1 1 B 2 1 1 B
22—z —-2 22-4 p34+22—4r—4 (2+1)(z-2) (z+2)@x-2) (+2)(z-2)(z+1)

2 x4+ 2 1 z4+1 1
(z+1)(@-2) 242 (@+2)x-2) z+1 (z+2)(z—2)(xz+1)

19



2@ +2)—(zr+1) -1 2z+4-2-1-1

x4+ 2 1

(x+2)(z—-2)(x+1)

(@ 4+2)(z—-2)(z+ 1)

(x4+2)(z—2)(x+1)

(x=2)(xz+1)

d

1
24. (a) Simplify: %
z—1 + z+1

2?2+1 22+1
1 1

1-=  1+4-
(b) Simplify: L L
T+ =
x
3 2
1+—+—2
(¢) Simplify: %
2+—+—2
T x
(a)
1 1 1 1 1 ]
i1 w1 _p-1 ze1 @CTVEFY @in-@-np_2 1
1 4 1 1 + 1 (gc—l)(;v—i—l) (x—l—l)—i—(x—l) 2z x
r—1 x+1 r—1 x+1
(b)
2+1 22+1 22+1 2?2 +1 (22 +1) x(2?+1)
T 1 1T 1 1 1
I—— 14> 1-— 14= _ 1-- 14 =
x T _ x z T _ —
1 1 2
S PR T ¢+ 1
x x
z(z? +1) z(z? +1) x x L r T

1\ N I~ T~ 1 T 15
(x2+1)(1——> (x2+1)(1+—> 1-- 1+- 1-=- % 14> %
X x X xr X x

x? 2 2 x+1 2 -1 2?(e+1)—a*(x—-1)
r—1 z+1 2-1 24+1 z+1 -1 (x—D(z+1) N
x3+x2—x3—|—x2_ 222
(z—D(@+1)  (@-D+1)
(©)

3 2 3 2

o+ 4045 22 2243042 (@+D)(@+2)  x+42
3 1 = 3 I 22 232 o o ’

RN SR A x 20243241 (2z+1)(z+1) 22+1
r xr oz

25. Compute (without using a calculator):
(a) logs 125.
(b) logs 5%°.

1
logs ==
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(d) logyr 1
(e) logg 4.
(f) eln42'
(a)
logs 125 =3, because 5% =125. O
(b)
logs; 5%Y =89. O
()
lo 1. —2, because 5% = L O
5395 = 7 T2
(d)
(e) )
logg4 = 3’ because 8% =4. 0O
(f)

em42 =42 0

1
26. Suppose that f(x) = - and g(x) = 2.

+2

(a) Find f(g(x)).
(b) Find g(f()).
(c) Find g(g(z)).
(d) Find f (23 +5).
(

e) Find g (logo x).

(f) Find f (%)
(a) 1

flg@) = f (2°) = o
(b) 2

g(f(z)) =g <$i2> = <xi2> 0
(c)
g(g(z)) = g(2?) = (z?)? =2*. O

@ 1 1
(e)

g (logyg ) = (logyg 517)2 -0
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27. Find the inverse function of f(x) =7 — 6.

Write y =7 — 62. Swap z’s and y’s:

r="17-—06y.
Solve for y:
x=7-—06y
T —7=—06y
—@-T)=y

1
The inverse function is f~!(z) = —6(1' -7). O

28. Find the inverse function of f(x) = pr + 1.
Write y = T + 1.
rz—1
Swap «’s and y’s:
Y
=7 41
T y—1 +
Solve for y:
Y
=7 41
T y—1 +
Y
1=_—2
x -1
(-Dy-1)=y
(z-1Dy—(@-1) =y
—(z-1)=y—(z-1)y
—(r-1)=(0-(z-1))y
—(z-1)=Q2-a)y
_ —(z—-1)
YT T T
-1
The inverse function is f~1(x) = ;x ) O
-
. . . z+8
29. Find the inverse function of f(x) = pat

22



z+8

Write y = ——.
x
Swap z’s and y’s:
y+38
r="—
)
Solve for y:
y+38
==
Y
Ty =y+8
ry—y=38
ylz—1)=38
8
v= z—1
. S e 8
The inverse function is f~1(z) = T O
z—
30. Find the domain of the function f(z) !
. Find the domain of the function f(z) = ————.
2?2 —3x —4
Factoring the bottom, T get f(z) !
actoring the bottom, I get f(z) = ————.
& & @—D@+1)
x =4 and x = —1 are not in the domain, because those values cause division by 0.

Hence, the domain is z # 4, —1.
Note: In inequality notation, this is * < —1 or —1 < & < 4 or £ > 4. In interval notation, this is
(—o0,-1)U(-1,4) U (4,00). O

31. Find the domain of the function f(x) = +v/x + 3. (Complex numbers aren’t allowed.)

I can’t take the square root of a negative number, so = + 3 can’t be negative. Thus, x + 3 < 0 is bad,
and this is the same as x < —3. So numbers less than —3 aren’t in the domain.
Hence, the domain is > —3. In interval notation, this is [-3,00). O

1
32. Find the domain of the function f(x) = ~ . (Complex numbers aren’t allowed.)
T2 —x—
Factoring 22 — x — 2, [ get f(x) = ;
Vie=2)(z+1)
First, = 2 and x = —1 are not in the domain, because those values cause division by zero.

I must also throw out values of x for which (x — 2)(x 4+ 1) < 0, since I can’t take the square root of a
negative number. To find out which values I need to throw out, I solve the inequality using a sign chart.

y=(x-2)(x + 1)

Thus, (z —2)(x +1) <0 for -1 <z < 2.
I've found that I need to throw out x = —1, x = 2, and —1 < & < 2. Thus, the bad points are
-1 <z <2,
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Bad:

r

L

[=

-1 2
Good (domain):
\ (
7 \
-1 2
,—1) U (2,0).

The domain is the good points: < —1 or z > 2, or in interval notation, (—oo

O

33. Solve for x:
(a) |22 — 5| = 3.

(b) 3z —5=2(x +1).
)4z —2)<z+T.
(d)
(
(
(

x? =5.
e) ¥? —4xr = —5.
f)2x2—6x+11—0
a)
|22 — 5] =3
20 — 5 =43
v ¢
20 —5=23 2r — 5= -3
20 =8 2r =2
r=4 r=1
The solutions are x =1 and x = 4. 0O
(b)
3x—5=2(xz+1), 3x—5=2x+2.
Then
3r — 5 = 22z + 2
— 2 2z
r — 5 = 2 0
+ 5 5
T = 7
(c)
Yz —2)<ax+7, 4dx-2)<zx+7 dr—-8<z+T.
Then
4r — 8 < x + 7
-z T
3r — 8 < 7
+ 8 8 O
3x < 15
/ 3 3
< 5



2 — Az =5
— 5 5
2?2 — 4o — 5 =
Factor and solve:
22 —4dx—5=0
(x=5)(z+1)=0
v N\ 0
r—5=0 z+1=0
r=>5 r=-1
(e)
2 — Az = =5
+ 5 5
22 — 4z + 5 = 0

Apply the quadratic formula:

4+4/16—-20 4+2:
Tr = =

=2+i. 0O
2 2
()
 —(=6)£/(=6)2—4(2)(11) 6+36—88 6+-52 6+V4/13v/—1 6+2iV/13
= 2(2) - 1 -1 1 -1 -
34iV13
—

34. Simplify the expressions, writing each result in the form a + bi:

(a) i33.
(b) (3 —4)(4 + ).
1
(©) 535
1—2i
d .
()64—8@'
(e) (2 + 34)2.
3—2i
f .
(®) 4+
(a)
B 3= (i) =i (1) =i-1=4 0O
(b)
(3—i)(4+5i)=12—4i+15i —5i> =12+ 11i — 5(—=1) =17+ 11i. O
() . . .
1 1 2—3i 2 —3i 2-3i 2 3. .
= . = = = — — —1.
2+3i 2+3i 2-3i (2+3i)(2—3i) 4+9 13 13
(d) . . . .
1-2i  1-2i 6—82_—10—202__i_1i .
6+8 6+8 6-8 100 10 5°
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(2+30)? =22 +2(2)(3i) + (3i)> =4+ 120 + 9i* =4+ 120 — 9= -5+ 12i. O

3—-2i 3-2i 4—i 12—-3i—8i+2i® 10—11i

4+  4+i 4—i 16 — 42 T

35. Find the quotient and the remainder when 22 + = — 3 is divided by x + 5.

2x - 9
X+5 | 2x°+ x -3
_ 2%%+ 10x
Ox- 3
- -9x-45
42

The quotient is 2z — 9 and the remainder is 42. 0O

36. Find the quotient and the remainder when z* + 323 — 222 + 1 is divided by 22 — 1.

22 4+3x—1
2_1 | x4+ 323 — 222+ 0z + 1
x? —x2
323 — 22 + Ox
33 —3x
—x24+3rx+1
—x2 1

3

Notice that I “padded” z* + 323 — 222 + 1 with a “02” term to help keep the terms beneath it lined up.
The quotient is 22 + 3z — 1 and the remainder is 3z. O

37. Solve the following equations, giving exact answers:
(a) e?* + 5 = 6e®.

(b) 63 = 3622,

(c) 38+2 = 72a+1,

(d) 43e+1 =

(e) In(z — 2) + In(z + 2) = In 3.
(f) Inz)? —3Inz —4=0.
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(g) In(z +2) +In(z —4) =In7.
(h) logy(x — 1) + logy(z — 3) = 3.

(a)

e 4+ 5 = 6€e”

— 6e” 6e”
e — 6e” + 5 = 0
(e*)? — 6e* + 5 = 0

Let y = e®. The equation becomes y? — 6y + 5 = 0. Factor and solve:
y?—6y+5=0
(y—1(y—5)=0
e N\
y—1=0 y—5=0
y=1 y=

y=1givese® =1. Then x =lne” =1Inl = 0.
y =5 gives e = 5. Then z = Ine® = Inb5.
The solutions are x =0 and = In5. 0O

(b)
61-{-3:361—2
logg 6”7 = logg 36”2
(x + 3)logs 6 = (x — 2) logg 36
(x+3)-1=(x—-2)-2
r+3=2x—4
7T=x 0O
(c)
3z+2 — 721+1
In 3%+2 = In 7241
(x4+2)In3 = (224+1)In7
zln3 + 2In3 = 2x1In7 + In7
— 2xIn7 2In3 2x1In7 2In3
zIln3 —2zIn7 = In7—2In3
2(In3 —21In7) = In7—2In3
/  In3—2In7 In3—2In7
In7—2In3
i = -
In3—2In7
L In7—2In3
The solution is z = 3 —om7
(d)
431-}-1:51

In 4%+ = In 5
Bxr+1)In4d==zln5
(3ln4)z +In4 = (Inb5)x
In4 = (In5)x — (3Ind)x
In4d = (In5—3In4d)z
In4

m5_3ma % U
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In(x —2)(z+2) = In3x

e(ln(m72)(z+2)) — e(ln 3z)
(x=2)(z+2) = 3z
z? — 4 = 3z
3z 3z
2 — 3z — 4 = 0
Factor and solve:
22 -3z -4=0
(x—4)(z+1)=0
e N\
x=4 x=-1
x = —1 can’t be plugged into the original equation, because you can’t take the log of a negative number.

r =4 gives
In(z —2)+In(x+2)=In2+In6 =In12 =1n3z.

The only solution is x =4. 0O

(f) Let y = Inz. The equation becomes
y> —3y—4=0, or (y—4)(y+1)=0.
The solutions are y = 4 and y = —1.
y=4 gives lnx =4, so e""=¢€", and z=c¢€".

y=—1 gives Inz=-1, so e"*=e ", and x=e .
The solutions are z = ¢* and z = e~!. 0O
(8)
In(z4+2)+In(x —4) =In7
In(x +2)(z —4) =In7

eln(m+2)(;ﬂ—4) — eln?
(x+2)(xz—4)=7
2?2 -2 -8=7

22 —2x—-15=0
(x=5)(z+3)=0
The possible solutions are x = 5 and x = —3. However, if you plug x = —3 into the original equation,

you get the log of a negative number. On the other hand, x = 5 checks. Hence, the only solution is x = 5.
O

(h)
logy(x — 1) + logy(x —3) =3
logy(x —1)(x —3) =3
2log2(mfl)(zf3) — 93
(x—=1)(z—-3)=8
a? —4x+3=38
2? —4x —5=0
(@ —5)(z+1)=0
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The possible solutions are x = 5 and x = —1. However, if you plug x = —1 into the original equation,
you get the log of a negative number. On the other hand, x = 5 checks. Hence, the only solution is = 5.
0

38. In the following problems, complex numbers are allowed.
(a) Simplify +/500.
(b) Simplify /200 — 71/18.

(¢) Simplify 4/—300.
(d) Rationalize 12_4—73\(7?
(e) Rationalize %
(a)
V500 = v100v5 = 10v/5. O
(b)
V200 — 7V18 = V100V2 — 7V9V2 = 10vV2 — 7 - 3V2 =
10v2 - 21vV2 = —11v2. O
(c)
V=300 = v100v/3v/—1 = 10iv3. O
(d)
2+ VT 24VT 143VT 2+ VDA +3VT) 24 6VT+VTH3(VT)?
1-3V7  1-3V7 1+3V7 (1-3V7)(1+3V7) 1—9(V/7)2 B
24+ 7VT+3(7)  2347TWT 23+ 7VT
1-97) ~—  —62 62
(e)

345v2  345v2 6+3v2  18+9vV2+30v2+15(v2)?  48+39v2 16+ 13V2
6-3v2 6-3V2 6+3V2 36 — 9(v/2)2 18 6

39. Find the equation of the line:
(a) Which passes through the points (2,3) and (—11,1).
(b) Which passes through the point (3,4) and is perpendicular to the line 2z — 8y = 5.

(¢) Which is parallel to the line 3y — 6z + 5 = 0 and has y-intercept —17.

1-3 2
—. The point-slope form for the equation of the line is

The sl i§ ——— =
(a) The slope is -3 13

2
—(x—-2)=y—-3. O
13(513 )=y—3
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2 — 8y = 5
- 2z 2x

-8y = —2x 4+ 5

/ -8 -8 -8

1 5

Y T8

1
The slope of the given line is 1 The line I want is perpendicular to the given line, so the line I want

1
has slope —4 (the negative reciprocal of 1) The point-slope form for the equation of the line is

—4(x—3)=y—4, or y=—-4x+16. O

(c)
3y—6x+5=0
3y =6x —5
5
:2 —_ —
Y T3

The given line has slope 2. The line I want is parallel to the given line, so it also has slope 2. Since it
has y-intercept —17, the equation is y = 2o — 17. O

40. Solve the system of equations for x and y:

2 +5y="7, x+3y=—4.

Multiply the second equation by 2, then subtract it from the first:

2 + 5y = 7
2 4+ 6y = -8
-y = 15
y = -—15

Plug this into the first equation: 2x — 75 = 7. Then

20 — 75 = 7
+ 75 75
2z = 82
/2 2
T = 41
The solution is x =41, y = —15. O
(—3x2)5y_7

41. (a) Simplify and write the result using positive exponents: 92540
— 923y

(b) Assuming that all the variables represent positive quantities, simplify and write the result using positive
exponents: 4(x!/3y?/%)2 . (=3y=3/5)2g=1/6,

(a)
(=32%)5y~"  —24320y~" 2727 q
—9x3y5  —0x3y6 i3’
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_ _ /5. — _ 36x1/2
AV /3y2/5)2 L (—3y~3/5)2y /6 = 42/3A15 | gy=6/5,—1/6 — 36,1/2=2/5 T
% — 22
. . . x2-4
42. (a) Simplify, cancelling any common factors: et
22 —x—6
a® — 2a%b
o . 3 — 4ab?
b) Simplif i factors: —L——94L
(b) Simplify, cancelling any common factors o T 30%
a? + ab — 2b?
% — bz
3 _ Ap2
(¢) Simplify, cancelling any common factors: xsz;lgj_%
x2 —16
(a)
% — 2z
224  a2*—2z 2*-x-6  a(z—2) (z=3)(z+2) 1
23 —322 22-4 23-322 (2-2)(x+2) 22(z-3)  z
22—x—6
(b)
a® —2a%b
ad —4ab2  a®—2a%b a®+ab—2b* a?(a — 2b) (@a=b)(a+2b)  a—1b q
a*+3a%  a®—4ab?  a*+3a3b  a(a— 2b)(a+ 2b) a3(a+3)  a2(a+3b)
a? + ab — 2b2
(c)
x? — bx
3 _4g2 x?—bx 22 —16  z(x-5) (z—4)(x+4) x+4 ]
2?2 —10x+25 a3 —42?2 22— 100 +25 a2(x —4) (r—5)2  az(z-5)
22 — 16

43. Find the center,the radius, and the standard equation of the circle whose equation is
r? —dx +y* + 6y = 12.
Complete the square in z and in y.
Half of —4 is —2, and (—2)? = 4. I need to add 4 to the z-stuff to complete the square.
Half of 6 is 3, and 32 = 9. I need to add 9 to the y-stuff to complete the square.
2 —dr+ 44y  +6y+9=12+44+9, (z—2)2+(y+3)*=25

The center is (2, —3) and the radius is 5. O

The best thing for being sad is to learn something. - Merlyn, in T. H. White’s The Once and Future King
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