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Alternating Series

We have explored positive term series and their
convergence/divergence properties.

Today we study alternating series which have one of two
forms:

o0
(-1 tag=a;—a+az—as+--
k=1

or

oo

d(-Nak=-ar+a—ag+as—--
p

where g, > 0forallk =1,2,....



Examples

k1 2K _gfg+77
k2+2 3 3 1
Sk _ 1,3 9
214k 275 14



Alternating Series Test

Theorem (Alternating Series Test)

The alternating series » _(—1)K*"

k=1
1. 0 < akyy < ag forallk > 1, and

ay Is convergent if

2. lim ax=0.
k—o0

Remarks:

» This theorem is not true for positive-term series, e.g., the
harmonic series.

» Deleting or ignoring a finite number of terms from a series
does not alter its convergence or divergence.



Proof
Even-indexed partial sums:

S = a—-—a>0
Sy = Sstaz—ar>S
Son = Sop_2+ a1 — a2n > Sop-2

Conclusion: the sequence of even-indexed partial sums
{S2n}2 1 is monotonically increasing.
0<Syp=ar+(—ax+a3)+(—as+as)+--— aon < a

Conclusion: the sequence of even-indexed partial sums
{S2n}32 4 is bounded, therefore the sequence must converge
to a limit L.

Sont1 = Son+ a2ny1
lim Sppi1 = lim Spp+ lim aogppy=L+0=1L
n—oo n—oo n—oo



Examples

Determine if the following alternating series converge or
diverge.
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(—1)k+1 . (the alternating harmonic series)
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o0
Z(_-I )k+1 k22—k2
k=1 T
To use the Alternating Series Test, we must check
1.0 < @kqq < ax,

Let f(x) = 2x/(x? + 2), then f/(x) = (4 — x?) /(x> +2)> < 0
for x > 2, thus the sequence {ax};° ; is monotone
decreasing for k = 2,3, .... Since we can ignore a finite
number of terms of the infinite series without affecting its
convergence or divergence, we can conclude the first
hypothesis of the AST holds.

2. limgoo @k =0,
2k (2k)/KE . 2/k
R B U sy R ey R

Thus the infinite series converges by the Alternating Series
Test.



Note that

li Sk _ lim 7(3k)/k = lim 3 —§7é0
kovoo 2+ 4K kesoo (2 + 4K) /K ke 2/k+4 4

and thus the infinite series diverges by the kth Term Test.



To use the Alternating Series Test, we must check
1.0 < aky1 < ax,

1 1
— < — =
0<k 7<% forallk =1,2,

2. limgoo @k =0,
1
lim — =0
klﬁmoo k

Thus the infinite series converges by the Alternating Series
Test.



Estimating the Sum of an Alternating Series

Theorem
o0

Suppose Y “(—1)*""ay is a convergent alternating series. If S
k=1

is the sum of the series and S, is the n'" partial sum of the

series, then

IS — Sn| < anyq

for all n.



Proof

Consider the alternating series Z(—1 )"+1 ax and let nbe an
k=1
even integer,

Sn < S < Sn+1
0 < S—-5,<8h1—Sn=an
—apy1 < S—Sp< apy
|IS—Sn| < apti.

Similarly we can show that |S — S| < a1 when nis odd.



Examples

Determine the smallest value of n sufficient to estimate the sum
of the following convergent alternating series to within an error
of 1074,

1. Z(—1 )k“% (the alternating harmonic series)
2k
et
2 Z K2+2

3k
k+1
3 Z(_” " 2 + 4k4



We have already shown that this series converges.

|S—Sn| < ap1 < 1074
1 1074
n-+1
n+1 > 10*

n > 9999 — (smallest) n= 10,000

10,000 1
> (1) & ~ 0.693097 ~ In2
k=1



- 2k
4 \k+1 =

We have already shown that this series converges.

|S—Sn| <ap1 < 1074
2(n+1) 10-4
(n+1)2+2
2n+2 < 107%(n* +2n+3)
20,000(n+1) < n?+2n+3
0 < n?—19,998n— 19,997
n > 19,999 — (smallest) n = 20,000

20,000

> (_1)k+1k2:24li2 ~ 0.301765
k=1



4K+ YT
;;( RN~

We can verify via the Alternating Series Test that this infinite
series converges.

S-Syl < anys < 107*

3(n+1)
2+ 4(n+ 1)
n > 18.5743 — (smallest) n=19

10~4

D (=) 2+3/:1k4 ~ 0.428897



Comment

Checking the condition mentioned in the Alternating Series Test
that 0 < ax,1 < a is essential. If this hypothesis is not
satisfied, then the series may converge or diverge even if it is
alternating and a, — 0 as kK — oo.



Example: Convergent

Consider the alternating series,

(- SPAC DL SIP R LA E  L
2 2 4 2 4 8 4 8
We can see that ax,1 > ax for some terms violating the first
condition of the AST. However the sequence of partial sums is
-1 1 1 —1 —1

{1’_1’0727270’4’4,0’87 aoa'--}

and thus S, — 0 as n — oco. Hence
1 11 1 1 1 1 1

1—2+1—§+1—§+Z—§+Z—§+Z—§+'“:O

oo| —



Example: Divergent

Consider the alternating series,

1_1+1_1+1_1+1_l+1_l+1_l+
2 2 4 3 8 4 16 5 32 6 64
We can see that ax. 1 > ax for some terms violating the first

condition of the AST.

The sum of the negative terms is —1 (geometric series) while
the positive terms are the Harmonic series (divergent). Hence
the original alternating series diverges.



Homework

» Read Section 5.5
» Exercises: 251, 255, 259, ..., 295/handout



