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Introduction
Given a pair a parametric equations

x = f(t)
y = 9(1)




Objectives

Today we will focus our attention on finding:

> the slope of the tangent line to the graph of a parametric
curve,

» the area enclosed by a simple closed curve,
» the arc length of a parametric curve, and
» the surface area of a surface of revolution.



Slope of the Tangent Line

Suppose x = f(t) and y = g(t), by the Chain Rule for
Derivatives
dy _ dydx

dt — dx dt’

Let (X0, Yo) = (x(%y), y(ty)) then so long as Ccljt((to) # 0 then

dy
a0 = axy

Remark: If x'(t) = y'() = 0 then

dy, . X YO
&(XO)_t'L"POE t|—>t0 xX'(t)’

provided the limit exists.



Example
Find the slope and equation of the tangent line for the following

parametric equations at t = 1.
x = 23—t
y = t*—5+4




Solution

ax

— = 3 -1

at

dy 3

— = 4t -1

o t Ot
dy _4-10
ax |;_q 3-1

Since (x(1),y(1)) = (0,0) then the equation of the tangent line
iS
y =-3x



Find the Second Derivative (Concavity)

The second derivative is the derivative of the first derivative.

d(d
?y d(dy _2(%)
dx2 ~ dx \dx) o
2y &’y
Note: d— # 2 dt2
&



Example

Find Z }2/ for the following parametric equations at t = 1.

x = -t
y = t*-5t2+4




Solution

dx?

a?y

dx2

t=1

d (dy
dt \ dx

dx
dt

d (4r—10¢t
at \ 321

32 — 1
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32 — 1
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(8-1)2 _5
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Finding Horizontal and Vertical Tangent Lines

Theorem
Suppose that x'(t) and y'(t) are continuous. Then for the curve
defined by the parametric equations

x = x(1)
y = y(@

1. ify’(c) =0 and x'(c) # 0, there is a horizontal tangent line
at the point (x(c), y(c)).

2. ifx'(c)=0andy'(c) # 0, there is a vertical tangent line at
the point (x(c), y(c)).



Example
Find the points at which the graph of the following parametric
equations has horizontal or vertical tangent lines.

x = t2—1
y = tt—4




Solution

dx

a A

dy 3 2
& 4B _8t—=4H(P -2
g 3 — 8t = 4t(12 — 2)

Since when y'(+v/2) = 0 and x'(£v2) = £2v/2 # 0 then the
graph has horizontal tangents when t = +/2.

(x(£v2),y(=v2)) = (2~ 1,4 - 8) = (1,-4)

Note that x’(0) = y’(0) = 0 so the slope of the tangent line
whent=0is

. 43— 8t
[im

o 2 _oy_ _
i~ ImAE -2 =420

There are no vertical tangents.



Velocity and Speed

If the position of a moving object is given by the parametric
equations

x = x(1
y = y(@®
where x(t) and y(t) are differentiable we say

» the horizontal component of velocity is given by x'(t),
» the vertical component of velocity is given by y’(t), and

> the speed is given by \/[x’(z‘)]2 + [y (]2



Example
Find the components of velocity and the speed of an object
moving according to the parametric equations

X = 3cost+sin3t
¥y = 3sint+ cos3t

—Z

att=m/2.




Solution

—3sint + 3 cos 3t
3cost — 3sin3t
-3

3

\/(=8)2 +(3)2 =3v2



Area Enclosed by a Curve (1 of 2)

Recall: if y = f(x) > 0 for a < x < b then the area under the
curve, above the x-axis and between x = aand x = b is given

by
b b
A:/ f(x)dx:/ y dx.
a a

If the region is enclosed by parametrically defined curves
x = x(1)
y = y()

with ¢ < t < d then

d
A— / y e = / ()X (1) dt.
y(t) X’(t ) dt



Area Enclosed by a Curve (2 of 2)

Theorem

Suppose that the parametric equations x = x(t) and y = y(t)
with ¢ < t < d describe a curve that is traced out clockwise
exactly once as t increases from c to d and where the curve
does not intersect itself, except that the initial and terminal
points are the same, i.e., x(c) = x(d) and y(c) = y(d). Then
the enclosed area is given by

d d
A:/c y(t)x’(t)dt:—/c x(H)y'(1) at.

If the curve is traced out counterclockwise, then the enclosed
curve is given by

d d
A:—/C (X (1) dt:/c x(H)y'(t) at.



Example

Find the area enclosed by the graph of the parametric curve
described by

X = t—sint
y = 1—cost

for0 <t <2nr.
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Solution

27
(1 —cost)(1 —cost) dt

2

N

(1 —2cost 4 cos® t) dt

Il
S— o— S>—

27
<1 —2cost+ %(1 +c052t)) dt

2r (3 1
= A <2—2cost+2c052t> dt

Il
w
3



Example

2 2

The ellipse whose general formula is X— + % =1fora, b>0
is described parametrically by

X = acost

y = bsint

for 0 < t < 2x. Use the parametric equations to find a formula
for the area of an ellipse.



Solution

2r
—/ (bsint)(—asint) dt
0
2
ab/ sin® t dt
0

ib 27
2 Jo
abrw

(1 — cos2t) dt



Homework

> Read Section 7.2
» Exercises: 63, 67, 71, ..., 103, 107/handout



