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Introduction

» Not all functions can be represented by Taylor series.
= k) (c)

k!
k=0

but as x moves away from c the error in the Taylor
n

. fK)(c) k .
polynomial P,(x) = Z (x — ¢)" grows quickly.
= k!
» Many natural phenomena are periodic and thus we may
use periodic functions such as sine and cosine in infinite
series.

» A Taylor series f(x) =

(x — c)¥isexactat x = ¢




Periodic Functions

Definition
A function f(x) is periodic with period T if f(x + T) = f(x) for all
X.

Example
sin(k x) is periodic of period 2% since

sin <k [X + 2k7r]> = sin (kx + 27) = sin(k X).

Likewise cos(k x) is periodic of period 2%



Fourier Series

Definition
A Fourier Series with period 27 is an infinite series of the form

EO + kz_; ax cos(k x) + by sin(k x))

where g, for k =0,1,... and b, for k = 1,2, ... are constants.

Questions:
» Which functions can be represented by Fourier series?

» How do we calculate the coefficients (ax and by) of the
series?

» Does the Fourier series converge?
> |f the series converges, to what function?



Answers
Suppose the Fourier series converges for —m < x < 7 then

f(x) =5+ (ak cos(kx) + by sin(kx))
k=1

2
2

and f(x) must be 27-periodic for all x.




Calculating the Coefficients (1 of 6)

Suppose f(x) = % + Z (ak cos(k x) + by sin(k x))
k=1

Since ag appears outside of the infinite series, we will find it
first.

Integrate both sides of the equation on [—, 7].

f(x)dx = / %dx

B +Z<ak/ cost)dX+bk/

—T

T

sin(k x) dx>



Calculating the Coefficients (2 of 6)

Note:
/7r % dx
/ cos(k x) dx
/ sin(k x) dx

Thus / f(x)dx =

a =

= apm



Calculating the Coefficients (3 of 6)

To calculate a, for n=1,2, ..., multiply both sides of the
Fourier series by cos(n x) and integrate over [—, 7].

i f(x) cos(nx) dx

—T

= / % cos(nx) dx

—T

+ li <ak /_7; cos(k x) cos(nx) dx + bk/

-7

™

sin(k x) cos(n x) dX>

Two new types of definite integral appear on the right hand side
of the equation.

/ cos(k x) cos(n x) dx and sin(k x) cos(n x) dx

—r -7

We should evaluate them first.



Product-to-Sum Formulas
We will need the trigonometric identities:

cos(k x)cos(nx) = % (cos(n+ k)x + cos(n — K)x)
sin(k X) cos(nx) = % (sin(n + K)x — sin(n — K)x)
Proof.
cos(n+ K)x + cos(n— k)x = cos(nx)cos(k x) — sin(nx)sin(k x)

+ cos(n x) cos(k x) + sin(n x) sin(k x)
= 2cos(nx)cos(k x)
sin(n+ k)x —sin(n— k)x = sin(nx)cos(k x) + cos(nx)sin(k x)
— sin(nx) cos(k x) + cos(n x) sin(k x)
= 2cos(nx)sin(k x)



|7 _cos(k x) cos(n x) dx

—T

/rr cos(nx) cos(nx) dx

—T

/7T cos(k x) cos(n x) dx

/7T cos(k x) cos(nx) dx =

1 / cos(n — K)x + cos(n+ k)x dx

2/

1 [sin(n—K)x _sin(n+k)x]*"
2 n—k n+k |, _
0if n# k.

/ cos?(n x) dx

X=m

[x + o sin(2n x)]

X=—7

if n+# kK,
n ifn=Kk.



7 _sin(kx) cos(nx) dx

/ sin(k X)cos(nx)dx = ;/ sin(n+ K)x —sin(n — K)x dx
1 [—cos(n+k)x  cos(n—k)x|*"
2 n+k n—k |, _
= 0ifn#k

/ sin(nx)cos(nx)dx = ;/ sin(2nx) dx
1 [—=cos(2nx)]*""
2 2n e
=0



Calculating the Coefficients (4 of 6)

Now if
/ f(x) cos(n x) dx
= /7r %cos nx) dx
+Z <ak / cos(k X) cos(nx) dx + by / sin(k x) cos(n x) dx>

then

/7r f(x)cos(nx)dx = az,,/Tr cos?(nx) dx

= an7T

an = /f cos(nx)
—TT



Calculating the Coefficients (5 of 6)

To calculate b, for n=1,2,... multiply both sides of the Fourier
series by sin(nx) and integrate over [—m, 7].

i f(x)sin(nx) dx

—T

= / % sin(nx) dx

—T

+Z <ak/ cos(k x)sin(n x) dX+bk/

—T

T

sin(k x) sin(nx) dx)

One new type of definite integral appears on the right hand side
of the equation.

/7r sin(k x) sin(nx) dx

-

We should evaluate it first.



Product-to-Sum Formulas

We will need the trigonometric identity:

sin(k x)sin(nx) = = (cos(n — k)x — cos(n + k)x)

N —

Proof.

cos(n — K)x — cos(n+ k)x = cos(nx)cos(k x) + sin(nx)sin(k x)
— cos(nx) cos(k x) + sin(n x) sin(k x)
= 2sin(nx)sin(k x)



[7_sin(kx)sin(nx) dx

/7T sin(k x) sin(nx) dx

/7r sin(nx)sin(nx) dx

/7T sin(kx)sin(nx)dx =

_ ] {x+ 1sin(2nx)}

/ cos(n — K)x — cos(n+ k)x dx

N =

1 [sin(n—K)x sin(n+k)x]*="
2 n—k n+ kK
Oifn#k

/ sin?(n x) dx

;/ﬂ(1 — cos(2nx)) dx

X=—T

X=m

2

™

{o if n £ k,

m if n=Kk.

2n

X=—T1



Calculating the Coefficients (6 of 6)

Now if
/ f(x)sin(nx) dx
= /ﬂ?sin(nx) dx

+ a 7rcos(kx)sin(nx)dx—irb i in(k x)sin(nx) dx
CY « [ stk o)
then
/7r f(x)sin(nx)dx = b,,/Tr sin(n x) dx
= by

b, = :T/Tr f(x)sin(nx) dx.



Euler-Fourier Formulas

To summarize, the coefficients of the Fourier series for a
2m-periodic function f(x) are:

a = 1 f(x) dx
™ —T

a = [ f0coskx)ax (k=1.2,..)
™ —Tr

by = 1 f(x)sin(kx)dx (k=1,2,...)

™ -7



Example

Find the Fourier series representation of the 27-periodic
extension of the function

0 f-r<x<0
f )_{1 if0<x<m.

y

1.0 —

0.8

0.6

0.4

0.2




Solution

a = 1/7rf(x)dx:1/7r(1)dx:1

™ J_x ™ Jo
a = :r/ﬂ f(x)cos(kx)dx::T/Oﬂ(1)cos(kx)dx:0
by = 1/7r f(X)sin(kX)dX:1/7r(1)sin(kx)dx

™ J)_x ™ Jo

1

— COS = e
[ (kX)]x_o N kiﬂu — cos(km)) = (1k(7r1))



Partial Sums

1 (1-(=1" .
f(x) == K x
(x) 2+ K sin(k x)
y y
A a Na Aananl
\%4 \Y4 v v
\/\/\ /\/\Mf’ N A A j\z A
VYV in EVAAY =V \k yvey R v
n=>5 n=10
y y
¥ L
n=>50 n=100




Example

Find the Fourier series representation of the 27-periodic
extension of the function

F(x) = 0 if —m<x<0
|l m—x if0<x<m.

y




Solution

2ot [ o
/ " () cos(k x) dx = % /O " (7 — x) cos(k x) dx

(1)K
sin(k x) dx = —1— [~ cos(k X)=o = (1;((27:))

e
f(x)sin(k x) dx = 1 /F(w — X)sin(k x) dx
T Jo

_(Tr—X)COS(kX)]X::Jr;/OWCOS("X) dx) :%

|
3

|
3=
S
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Solution

o (=19 1.
f(x)=—+ g ( 5 cos(k x) + — sin(k x)
S mk k
‘ *\ AR E
V] T e an I3 V |;

e
3
i

v j\y
3n 3n S n Ed an

n=>50 n=100



Functions of Period T # 27

If 7 is a function of period T = 2L > 0 then the Fourier series for

fis
a — kmx . [ kmx
> + E {ak cos <L> + b sin (L)]

k=1
where

1 L
a = L/Lf(x)dx
L
ax = 1/ f(x)cos<k”> dx (k=1,2,..)
L), L

L
b = 1/ f(x)sin<k”) dx (k=1,2,..)
L), L



Convergence of Fourier Series

Theorem

If f is 2L-periodic and f and f' are continuous on [—L, L] except
for at most a finite number of jump discontinuities, then f has a
convergent Fourier series expansion.

f(x) = % + Z {ak cos <k7LTX> + by sin <k7zx>]
k=1

The series converges to f(c) if f is continuous at x = c. If f has
a jump discontinuity at x = ¢ then the series converges to

;(Iim f(x)+ lim f(x)).

X—C~ x—ct



Example

Find the Fourier series representation of the 2-periodic
extension of the function f(x) = |x]|.

y

1.0
0.8
06

04+




Solution

1 1 X2 x=1
a = / f(X)dX—_Z/ XdX—_2|::| =1
2
1 0 x=0

1 1
ax = / f(x) cos(kmx)dx =2 / x cos(kmx) dx
—1 0

_ =2 T _ 2 =1 _ 2((=1k-1)
= kﬂ'/o Sln(k7TX) dX = W [COS(kﬂ'X)]X:O = W

by = /11 f(x)sin(kmx)dx =0



Solution

1 = 2((-1)k—1)
f(x) = x| = >t Z — 2z cos(kmx)
k=1
n=>5 n=10
y y




Example
Find the Fourier series representation of the 2-periodic
extension of the function f(x) = x2. Use the series and the
Fourier Convergence Theorem to find the sums:

oo 1 oo 71;(
Zﬁand ;(kz).

k=1




Solution (1 of 3)

1 1 31x=1
a = / xzdx—2/ xzdx—Z[X} _2
—1 0 3 x=0 3

1 1
ax = / x2 cos(kmx) dx = 2 / x2 cos(knx) dx
1 0

]
= k7r/ x sin(kmx) dx

—4
= <[k7r cos(kmx) ] / —cos (kmx)d )

4(—1)k
k272

]
by = / x2sin(krx) dx =0
1

4
= 22 cos(km) =




Solution (2 of 3)

TS 1 S
=3 2 pEa cos(km 3 Zkz_: cos(kmx)
Let x =0, then
1 4 &
(02 = 3 —ZZ cos(km(0))
1 4 &
0 =3 72
k=1
2 00 )k
12 kz



Solution (3 of 3)

Let x = 1, then

(1)?

3 k2
1 AN
S gtel @ OV
k=1
_ oy
N k



Other Sums (1 of 2)

2 ' g2 k2
k=1
12 (-
0= 3t g
k=1
1 2& -2
0 = ~+—
2+7r2k§(2k—1)2
G > 1
8 Z(2k—1)2



Other Sums (2 of 2)

f(x) = {
1
2

1 2 1
= 2+ﬂ;2k_1sm((2k—1)x)

(n/2) = 5+ ikz i <(2";‘)“>
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