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Introduction

» If necessary refresh your skills with basic integration
including integration by substitution by reviewing
Section 5.5 of the eBook (or Section 4.6 of Calculus, 4th
edition by Smith & Minton) and working the exercises at
the end of the section.

» Today’s discussion will focus on the second major
technique of integration, integration by parts.

» We will see that integration by parts is related to the
product rule for derivatives.



Product Rule for Derivatives

Suppose that u and v are functions of x then

i[u vl = v% + ug
dx - dx dx
d(uv) = vdu+udv

/d(uv) = /(vdu+udv)

uv = /vdu+/udv
/udv = uv—/vdu



Integration by Parts Formula

Theorem
If u=f(x) and v = g(x) and f'(x) and g'(x) are continuous
then
/udv: uv/vdu
or alternatively

[ 100g'(x) e = fx)g(x) ~ [ F()g0x) .

Remark: the derivative of g(x) in the integral on the left-hand
side has moved over to f(x) in the integral on the right-hand
side.



Further Remarks

» When trying to apply integration by parts we must
designate part of the integrand to be dv and the rest u.

» Usually dv is the most complicated part of the integrand
that we can integrate using an elementary technique.



Examples

Use integration by parts to evaluate the following indefinite
integrals.

> /XSinxdx

> /InXdX

> /cos_1 X dx



/xsinxdx

Integrate by parts choosing

u = x
du = dx

/udv =
/XsinXdX =

then

VvV = —cosX
dv = sinxdx

uv—/vdu

X (—cosx) — /(—cosx) dx

—X cos X + /cosxdx

—X cosX +sinx + C.



/Inxdx

Integrate by parts choosing

u = Inx v = X
du = lax dv = dx

/udv = uv—/vdu
/Inxdx = xInx—/x(1> ax
X
= xInx—/1dx

= Xlhx—-—x+C.

then



/cos_1 x dx (1 of 2)

Integrate by parts choosing

1

uUu = cos X Vv = X
du = ———dx dv = dx
V1-x2

then

/udv = uv—/vdu

/cos1xdx = xcos1x—/x<\/1__17X2> dx

= X cos

1X—|—/XdX.
v1—x?



/cos_1 x dx (2 of 2)

Now integrate by substitution letting

w = 1—x

f% dw = xdx.

1 1 X
cos” ' XdXx = X cos X+/dx
/ V1 —x2
1
- XCOS1X—2/W1/20'W
= xcos 'x—w'21C

= xcos 'x—vV1-x2+C



Repeated Integration by Parts

Remark: Sometimes integration by parts must be used more
than once.

Example

Use integration by parts to evaluate the following indefinite
integrals.

> /X2 cos X dx

> /exsinxdx



/chosxdx (1 of 2)

u = x2 vV = sinx

du = 2xdx dv = cosxdx

/XZCOSXO'X:XzsinX—/ZXSinXdX



/X2 cos x dx (2 of 2)

/X2COSXdX:XzsinX—/QXSinXdX

u = 2x V = —cosX
du = 2dx dv = sinxdx
/chosxdx = XzsinX—/ZXSinXdX

= x%sinx — <—2Xcosx—/2(—cosx) dX)
= Xzsinx+2XcosX/2costX

— Xx2sinx+2xcosx —2sinx + C



Consider

Tabular Int7gration

the following table:

x2 cos x dx and suppose we arrange our work in

u | av sign
cos X

x° | sinx +

2X | —cosX | —

2 —sinx | +

0 | cosx —

If we multiply across the completed rows and add these

products we get

/chosde:Xzsinx+2XcosX—25inX+ C.

Note: differentiate down the first column, antidifferentiate down
the second column, alternate signs (starting with +) in the third

column.



Example

Use tabular integration (or repeated integration by parts) to
evaluate / x3eX dx.



Solution: /x3eX ax

u dv | sign
eX

x3 e |+

X2 eX | -

6x | & | +

6 e | —

0 e* |+

/x3exdx: e¥(x®* —3x®+6x-6)+C



/e"sinxdx (1 of 2)

u = e V = —cosXx
du = e*dx dv = sinxdx

= —e¥cosx+ | € cosxdx

/exsinxdx = —eXcosx — / — cos X) dx



/e"sinxdx (2 of 2)

/exsinde:—excosx+/excosxdx

u = & vV = sinx
du = e*dx dv = cosxdx
sinxdx = —excosx—l—exsinx—/exsinxdx
2

esinxdx = —e*cosx+ € sinx

esinxdx =

—— —

(—e*cosx + € sinx)+ C

| =



Reduction Formulas

Often common integration formulas are expressed recursively.
For example:

/cos”xdx = /cos”_1 X cos x dx

using integration by parts with

u=cos"1x V=sinx

du = —(n—1)sinxcos"2 x dx dv = cos x dx

we obtain

/cos”XdX:sianos”_1X+/(n—1)S|n x cos" 2 x dx



Simplification

/ cos” x dx

n/cos”xdx

/ cos” x dx

2

sin x cos™ 1 x + /(n— 1) sin® x cos™ 2 x dx

n—1

sin X cos X

+(n— 1)/(1 — cos? x) cos" 2 x dx
sin x cos" ! x 4 (n — 1)/cos’ﬁ"2 X dx
—(n— 1)/cosnxdx

sin x cos"™ ' x 4+ (n— 1)/cos”2XdX

1. n—1
- sinxcos" 1 x + — /cosn2 X dx



Definite Integrals

Integration by parts is easily adapted to definite integrals:

x=b x=b
/ uadv = [uv]ﬁzg—/ v du
X

=a X=a



Example

Use integration by parts to evaluate the following definite
integrals.

w/2

>/ X sin X dx
0
0

>/ 3x e dx
1

e
> / VX In x dx
1



/2
Solution:/ X sin X dx
0

u = x V = —cosx
du = dx dv = sinxdx

then
/2 e /2 w/2
/ xsinxdx = [-X cosX],_g —I—/ cos X dx
0 0

w/2
= 0+/ cos X dx
0

= [sz]X /21,



0
Solution: / 3x X dx
—1

u = 3x v = (1/2)e**
du = 3dx dv = e*dx

0 x=0 0
/ 3xeXdx = [?’X ezx] — / §e2X dx
1 2 Xx=—1 —12

0
= 26_2—3/ e dx

then

24
x=0
— §6—2 |:Se2x:|
2 4 x=—1
3 , 3.3 , 9 , 3
= 2% T472° T34° 3



e
Solution: / VX In x dx
1

u = Inx v = (2/3)x3/2
du = x'dx dv = x"2dx

then
€ 2 x=e €2
/ Vxlnxdx = [x3/2 In x} —/ =x32x—1dx
1 3 x=1 J1 3

= 263/2—2/8x1/2dx
3 /i

3
_ 202 [432]
3 9 x=1
_ 22 A 44 200

3 9 9 9 9



Homework

» Read Section 3.1
» Exercises: 7, 11, 15,19, ..., 67/handout



