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Rational Functions

Definition
A polynomial function in x is a function of the form

p(x) =ay+ aix + ax?+ -+ a,_1x" ' + apx"

where ag, ai, ..., a are called constants called coefficients
and nis a non-negative integer. If a, # 0 the degree of the
polynomial, denoted deg p(x), is n.

Definition
If f(x) is a function of the form f(x) =

p(x)
ax) where p(x) and q(x)

are polynomials, then f(x) is said to be a rational function.

Today’s discussion will center on a technique for evaluating
integrals containing rational functions.



Example

/x21—4dx - /(4(x1—2)_4(x1+2)> ox
- l/<x12_x12> ox

is the partial fraction

The expression

1 1
4(x—2) 4(x+2)
decomposition of

X2 —4



Distinct Linear Factors

Suppose

p(x)
(@1x + by)(@2x + bz) - - - (anX + bn)

px) _
q(x)
and deg p(x) < degq(x) and the a;x + b;fori =1,2,...,nare
all distinct, then

p(x) ¢ 2 Cn
q(x)_a1x+b1+agx+b2+ +anx+bn

where ¢;is aconstantfori =1,2,...,n.



Examples

Find the partial fraction decompositions of the following rational
functions.
1
X2 —4
5x+3
x3 —2x2 — 3x

| 2

>



Solution (1 of 2)

1 1

1 B A B
C—2x+2)  x-2 x+2
1 _ A(x +2) B(x —2)
(x—2)(x+2)  (x-2)(x+2)  (x-2)(x+2)
1 = Ax+2)+B(x—-2)
If x =2 then
1=AR2+2)+B2-2)=4A — A=1/4.
If x = -2 then
1=A(-2+2)+B(-2-2)=-4B = B=-1/4
Therefore

1 1/4 1/4

x2—4 x—-2 x+2



Solution (2 of 2)

5x+3
x3 —2x2 — 3x
5x+3
x(x=3)(x+1)
5x +3
x(x=3)(x+1)
5x +3

If x = 0 then

5x +3
x(x —3)(x+1)
A B Cc
x Px—3 X1
Ax =3)(x+ 1)+ Bx(x+ 1) + Cx(x — 3)
x(x=3)(x+1)
Ax —3)(x+ 1)+ Bx(x+1)+ Cx(x —3)

3=A0-3)(0+1)+B(0)(0+1)+ C0)(0—3) = —3A = A=—1.

If x = 3 then

18 =AB—3)(3+1)+B(3)(3+1)+ C(3)(3—3)=12B = B=3/2.

If x = —1 then

—2 = A(=1-3)(=1+1)+B(=1)(=1+1)+C(-1)(-1-3) = 4C = C=—1/2.

Therefore

5x 43 ~1 32  —1/2

X®—2x2_3x  «x xX—3 x+1



Example

Evaluate the indefinite integral:

5x + 3 B 32 1 12
/x3—2x2—3xdx B /( 3_7_ +1>dx

o [rea) e

= fln\X 3| — In]X\—fIn\X—i—ﬂ—i—C




Polynomial Long Division

If f(x) = 5( ) and deg p(x) > deg q(x) then we must perform

polynomial long division in order to write

P _ gy 100

9= 4t a(x)

q(x)

where s(x) is a polynomial called the quotient and r(x) is
polynomial for which deg r(x) < deg g(x).



Example

Find the partial fraction decomposition of
x*+8x2+8
x3 — 4x
and use it to evaluate

/x4+8x2+8

ax.
x3 — 4x



Solution

x*+8x2+8 12x2 + 8

A N '

x3 —4x x3 — 4x
2,7 7
- X -2 x+2

X
x* +8x2+8 2 7 7
/ B_ax X = /(X_x+x—2+x+2> dx

= X onix|+7In|x—2|+7h|x+2|+C



Repeated Linear Factors

Question: what if the linear factors of g(x) are not all distinct,
i.e., one or more of them is repeated?

(avI(J(j-()b)” then the partial fraction

decomposition will have the form

Answer: if f(x) =

p(x) ¢ C2 Cn
(ax + b)" ax+b " (ax + b)? L (ax + b)"

where ¢;is a constantfori =1,2,.... n.



Example

Find the partial fraction decomposition of

X
X2 —6x+9

and use it to evaluate

X
/x2—6x+9dx'



Solution

X2 —6x+9

X
Letx=3:3

Letx=0:0
X

X2 —6x+9

X A B
(x—82 x—3 " (x—3p
A(x—3)+B
A S
A(x —3)+ B
B

—-3A+B=-3A+3 = A=1

1, 3
x—3 (x—3)?




Solution

X 1 n 3
x2-6x+9  x-38 (x-3)2

X 1 3
/x2—6x+9dx - /<x—3+(x—3)2> o

Make the substitutions u = x — 3 and du = dx.

X 1 3
/X2_6X+9dx = /<U+L12>du

= In\u|—3+C




Irreducible Quadratic Factors (1 of 2)

Sometimes the factorization of q(x) will contain a quadratic
factor which cannot be factored as the product of two linear
functions with real number coefficients. Such a factor is called
an irreducible quadratic factor.

Example

1 1
3—x24+x—1  (x—1)(x241)




Irreducible Quadratic Factors (2 of 2)

Suppose
p(x) p(x)

g(x)  (a1x?+ bix + c1)(@x?+ box + ) - - - (anX? + bpx + Cn)

and deg p(x) < deg q(x) and the a;x? + b;x + ¢; for
i=1,2,...,nare all distinct, then

p(x) A1 x + By Asx + Bo o Anx + Bn
q(x)  ax2+bix+c ax2+bx+ o anx2 + bpx + ¢p

where A; and B, are constants fori = 1,2,...,n.



Examples

Find the partial fraction decompositions of the following rational

functions.
1

x3 + x
3
x4 +5x2+4




Solution (1 of 2)

1 1 A Bx+C
X¥3+x  x(x2+1) x| x2+1
1  AX2+1)  (Bx+C)x
X0E+1)  x0Z+1) T x(xB11)
1 = AX®+1)+(Bx+C)x

If x =0then A =1 and we can replace A in the equation above.

1 = x2+14+(Bx+C)x
0 = x?(1+B)+Cx

Matching coefficients of x on both sides of the equation implies
B=—-1and C=0. Thus
1 1 —X

¥ix x T x2id




Solution (2 of 2)

3 B 3 _Ax+B+Cx+D
x4 4+5x24+4 (X2 4+1)(x2+4)  x24+1 X2+ 4
3 (Ax + B)(X2 +4) + (Cx + D)(x? + 1)

(x2+1)(x2+4) (x2+1)(x2 +4)

3 = (Ax+B)(x®*+4)+(Cx+D)(x*+1)

(A+ C)x® + (B+ D)x® + (4A+ C)x + (4B + D)
Matching coefficients of x3 and x on both sides of the equation
implies A = C = 0. Matching coefficients of x2 and the constants on
both sides of the equation implies B=1and D = —1. Thus
3 1 N —1
x4 +5x2+4  x241 x2+4°




Example

Evaluate the indefinite integral:

[oda ()
x*+5x2+4 B x2+1 x2+4




Completing the Square (1 of 3)

Evaluate the indefinite integral below.

/

x34x2 -2

1 dx

1

/(x—1)(x2+2x+2)dx

/s 1-1)

5 —1

5

—In\x—ﬂ 5/

—In\x

s Grre

X+ )>dx

5(x2 4+ 2x + 2

/ X+3
ﬁ+2x+2

X+1+2

X2 +2x+1)+1
x+1
X+ 1)2

2/1dx
5/ (x+1)2+1



Completing the Square (2 of 3)

1
/x3+x2 2dx

= ghlx- {/ Xt —2/1w
B 5 (x+1)2+1 5/) (x+1)2+1

For the next integral make the substitution u = (x + 1) and
Sadu=(x+1)adx.

1
/x3+x2 2dX

1/2 1
_ f| T S
x =1 /u+1 (x—|—1) 1dX
1
_ 1|n|x_1|_l|n((x+1) +1) ;dx
= 5 10 5 (x+ 12 +1



Completing the Square (3 of 3)

1
/x3+x2—2dx
1 1

For the final integratlon step make the trlgonometrlc substltutlon
X 4+ 1 =tan6 and dx = sec? 6 df.

1
/x3+x2—2dx

1 1 2 sec? 0

= - 1= —1 12+ - | ———d#
5 InIx = 1= g n((x+1)7+1) 5/tan29+1d
1 2

1
— 5|n|x—1]—In((X+1)2+1)—5/(1)d‘9

10
1 1 > 2

R 1 , 2 .
= §|n|x 1] ﬁln((x+1) +1) 5tan (x+1)+C



Repeated Quadratic Factors

Question: what if an irreducible quadratic factor of g(x) is
repeated?

p(x)
(ax2 + bx + ¢)
decomposition will have the form

Answer: if f(x) = — then the partial fraction

p(X) . A1 x + B Aox + Bs
(ax2 4+ bx+c)"  ax2+bx+c  (ax?+ bx +c)?
Anx + Bp

(ax? + bx + ¢)"

where A; and B; are constants fori =1,2,...,n.



Example
Evaluate the indefinite integral below.

’
/x(1 + Xx2)2 ax

First find the partial fraction decomposition of the integrand.
Since the denominator is already factored,

1 A Bx+C Dx+E
X422~ x4 (1120
_ A(1+x2)2 + (Bx + C)x(1 + x%) + (Dx + E)x
B x(1+4 x2)?

1 = A(1+x%)%+ (Bx+ C)x(1+x?) + (Dx + E)x



Partial Fraction Decomposition (1 of 2)

Let x = 0:
Let x = 0:
Let x = 0:

O O O O O O O O O O = = =2

A(1 4+ x2)%2 + (Bx + C)x(1 + x2) + (Dx + E)x
A (replace A with 1 in the equation above)

(1 +x2)2 + (Bx + C)x(1 4+ x?) + (Dx + E)x
2x% 4+ x* + (Bx + C)x(1 + x®) + (Dx + E)x
2x 4+ x3+ (Bx+ C)(1 + x®) + (Dx + E)

C + E (replace E with —C in the equation above)
2x 4+ x3+ (Bx + C)(1 + x®) + (Dx — C)

2x + x3 + Bx® + Cx? + Bx + Dx

24+ x24+Bx>+Cx+B+D

2+ B+ D (replace D with —2 — B above)

24+ x4+ Bx*+Cx+B-2-B

x? + Bx? + Cx

X+ Bx+C



Partial Fraction Decomposition (2 of 2)

0 = x+Bx+C
letx=0:0 = C = E=0
0 = x+Bx=(1+Bx = B=-1 = D=-1

Finally we have the partial fraction decomposition:

1 1 X X

XA+XE % Trxd (1407




Integration

Evaluate the indefinite integral below.

[sarar® = [ (1o aog) &
x(1+ x2)2 B x 1+x2  (1+x2)2

1 X X
= /xdx_/Hx?dX_/M—)@)zdx

For the remaining two integrals make the substitution
u=1+x%and } du = x dx.

/de:l\x!—/d 2/d

= In\X|—f|n]UH—f—i—C

1 1
= |n|X|—§|n(1+X )+m+c



Summary

p(x).
Given f(x) = —F—=
()= q(x)’
. If deg p(x) > deg q(x) use long division to rewrite
)
X)

f(x) = s(x) + q((x where deg r(x) < deg g(x).
2. Assuming deg p(x) < deg q(x), factor g(x) into linear and
irreducible quadratic factors.
3. For each factor (ax + b)", the partial fraction
decomposition contains terms of the form
Cq Co Cn
ax+b  (ax+bE T ax+ b

For each irreducible factor (ax? + bx + ¢)", the partial
fraction decomposition contains terms of the form

Aix + By Aox + Bo Anx + Bp

ax®+bx+c (ax2+bx+c " (ax?+bx+c)



Homework

» Read Section 3.4
» Exercises: 183, 187, 191, ..., 227/handout



