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Introduction

» We have been studying series for which the individual
terms are constant.

» Today we consider the case in which the terms of a series
contain a variable.

Example

> 1
d X =14x+xP4- =

1—x
k=0

provided |x| < 1.

Remark: the series converges for |x| < 1 to a function,
f(x) = 1%, but diverges for [x| > 1.



Power Series

Definition
If x is a variable, a power series in x is a series of the form

o0
D akx =ag+ arx + apx® + -
k=0
where the coefficients a, are constants.

Definition
If x is a variable and c is a constant, a power series in x — c is
a series of the form

o
dax—co)f =ag+ar(x—c)+ax—cP+--
k=0

where the coefficients a, are constants.



Where does a Power Series Converge?

Almost always the Ratio Test will answer this question.
Example

Determine the values of x for which the following series
converge.
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Using the Ratio Test:

ket
lim |4 = lim a4k X
k—o0 %: k—o0 4k+1 Xk
= lim —]X\
k%oo

The series converges absolutely when

1
Z\x|<1 — x| <4 = 4d<x<4



Z(Xk!)

k=0

Using the Ratio Test:

(Xf'l )k+1
(k+1)!

k—o0 (X;:)k k%oo’(k-i—")! (x—1)k

| _ 4\k+1
~ im k! (x—1)

: 1
- k'LTom|X_1|

= 0.

The series converges absolutely for all —co < x < oc.
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00
k=1

Using the Ratio Test:

lim k%ﬂx 2 = lim k(x—2)
k—oo|  E(x —2)k koo |K+1 (x —2)k
: k
= Jm k+1|x 2
= ]x 2].

The series converges absolutely when

Xx—2| <1 <= -1<x-2<1 <= 1<x<8.



Remarks

oo

Consider the generic power series » _ ax(x — ¢)".
k=0

Remarks:

» The series always converges for x = c.

» If the series converges for some x # c there is a number
r > 0 called the radius of convergence such that the
power series converges absolutely for x in the interval
(c — r,c+ r), the interval of convergence, and diverges
when |x —c| > r.

» Further investigation on a case-by-case basis is needed to
determine if the power series converges for x = c £ r.



Result

Theorem

Given any power series Z ax(x — c)¥, there are exactly three
k=0
possibilities:
1. The series converges absolutely for all x in (—oo, 00) and
the radius of convergence is r = oc.

2. The series converges only for x = ¢ and diverges for all
x # ¢ and the radius of convergence is r = Q.

3. The series converges absolutely for x in (¢ — r,c + r) and
diverges for x < ¢ — r and x > ¢ + r for some number r
with0 < r < oo.



Examples (1 of 2)

Find the interval and radius of convergence for the following
power series.
vk
1

X
1.Zk+




e’} Xk
;k+1

Using the Ratio Test:

k1
l Iz jim | K X k1 x| = |x| < 1
im = lim [—— ~——| = lim = )
k—o0 % k—oo |K+ 2 xk k—oo K+ 2

Thus the power series converges absolutely for —1 < x < 1.

I N = DL
> = — =
At x 1 the series is kgo KT which converges by the

Alternating Series Test.
=1 . .
> = _
At x = 1 the series is ;;) P which diverges by the
Integral Test.

The power series converges for —1 < x < 1.



o) _2/(
Z%

k=0
Using the Ratio Test:
(x—2)k+1

3k+1
(x=2)k
3k

3k (X o 2)k+1

lim 3k+1 (X—2)k

k—oo

1 1

Thus the power series converges absolutely for —1 < x < 5.

0 vk 00
> At x = —1 the series is > _ ( 3:,3() = (~1)* which
k=0 k=0
diverges by the kth Term Test.
(o] k [o¢]
> At x =5 the series is ) gk =) 1 which diverges by the

k=0 k=0
kth Term Test.

The power series converges for —1 < x < 5.



(1) xK
2k

Using the Ratio Test:

(71 )k+1xk+1

. JRET B \/R (_1)k+1 Xk+1 . \/>
k—o0 (_I)ka - k—oo |/ K+ 1 (*1)k xk - kl—>oo
k

Thus the power series converges absolutely for —1 < x < 1.
> At x = —1 the series is Z Z W which
diverges by the p- Serles Test

> Atx =1th DA _ 5~ E hion
tx=1t esenestT_Z L7z Whic
k=1
converges by the Alternatlng Series Test.

The power series converges for —1 < x < 1.




e.¢]

Zk!xk

k=1

Using the Ratio Test:

| yk+1
w — lim (k+1)|x| = 00 > 11f x # 0.

lim
— 00

k—o0

Thus the power series converges only for x = 0. The radius of
convergence is r = 0.



Questions

1. If the interval of convergence of a power series is (2, 4),
what is the radius of convergence?

o

2. If the power series ) ~ axx” has radius of convergence

k=0
r =5, what do we know about the convergence of

> ) a3k
k=0

> " an(-6)"?
k=0

oo
> ) a5k
k=0



Examples (2 of 2)

Find power series whose sums are the following functions.
State the radius and interval of convergence of those series.

1_X2 st2k if =1 < x <1,radius r = 1.

(5x)k
— X:Z43k+1 if —2 <x <3, radius



Calculus and Power Series

Remark: inside of the radius of convergence of a power series,
the series converges to a function of x, i.e.,

f(X)Ziak(X—C)k:ao+a1(x—c)+a2(x_c)2+...
k=0

forxin(c—r,c+r).

We can differentiate and integrate these convergent power
series term-by-term.



Differentiating a Power Series

If f(x) = _ ak(x — ¢), then
k=0

f(x) =



Example

Use the power series representation of f(x) = 3 1x to find the
power series representation of (1_1)()2
L ixk (if |x| < 1)
1—x
k=0
d [ 1 } d [ k] .
— = — X (if x| < 1)
ax [1—x dx P
1 Nkl
A X = > kx (if x| < 1)



Integrating a Power Series

If f(x) = " ak(x — ¢), then
k=0

/Xf(t)dt = /X (iak(t—c)k) dt
¢ € \k=0

[e.e]

_ Zak</cx(t—c)kdt>

k=0
= a
_ K (X . C)k+1

k:0k+1




Examples (1 of 2)

Use the power series representation of f(x) = to find the

1
. _ 1—x
power series representation of In(1 — x).

1 = K
T = Zxk(|f|x\<1)

/OX11—tdt = / [Zt"] dt (if |x| < 1)

[In(1 — O] = Z/ i at (if |x| < 1)

o0

—In(1=x)+In1 = xk+1

(if x| < 1)
k=0

g .
k=0



Examples (2 of 2)

Find a power series representation for tan~! x using the fact

that CZ( [tan*1 X} =7 —:le

K (if |x| < 1

Z
/OX‘IJitzdt = / [00 t2k] dt (if |x| < 1)
)3

t
[tan—1 t] _— (—1)k/ £2K gt (if [x| < 1)
—0 0
k=0
tan'x = i(_”kx?k“ (if [x] < 1
= 2 2k +1



Other Series Containing Variables

There are other types of infinite series which contain variables,
but which are not power series.

For example, the infinite series of the form

5" + kz_‘: ay cos(k X) + by sin(k X))

is called a Fourier series.



Differentiating a Non-Power Series

Remark: Differentiating a non-power series does not
necessarily produce a convergent derivative series.

Example
oo 3
Suppose f(x) =) _ COSE{’;X). Show that the original series

k=1
converges but that its derivative does not when x # 0.

By the Comparison Test, the absolute value series converges
for all x, thus the given series converges absolutely for

—00 < X < 00.
oo

f'(x) =Y (—k)sin(k3x)

k=1
diverges by the kth Term Test except for x = 0.



Homework

» Read Section 6.1
» Exercises: 1,5, 9, ..., 41/handout



