Sequences of Real Numbers
MATH 211, Calculus I

J. Robert Buchanan

Department of Mathematics

Fall 2021



Introduction

We have used sequences before in the context of

» finding limits of a function using numerical evidence,
sin X

X

X

0.1 | 0.998334

0.01 | 0.999983

0.001 | 1.000000

0.0001 | 1.000000

» approximating the solution to an equation using Newton’s
Method

| Xn
0.500000
0.755222
0.739142
0.739085

WN = 0O >



Formal Definition

Definition
A sequence is a function whose domain is the set of integers
starting at some fy (usually ip =0 or iy = 1)

Notation:
» ay,a8,...,4an, ...
> {a;},

Remark: the expression a; (or a(/i)) is referred to as the
general /" term of the sequence.



Examples

Write out the first four terms (starting with / = 1) of each of
these sequences:

1.3/2(—1)i 312—1,82:1 83:—1,84:1,...
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Graph of a Sequence (1 of 2)
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Graph of a Sequence (2 of 2)
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Convergence and Divergence

Definition
The sequence {an}”,, converges to L if given ¢ > 0, there is
an integer N for which

lan — L| <€, foreveryn> N.

If there is no such number L, then we say the sequence
diverges.

p
an

L+e - e

L-€ -




Example

. - 11~ .
Determine the limit of the sequence {zn} and verify the
n=1

limit using the definition of convergence.

Solution 1
We claim that lim — = L =0. Lete > 0 then
n—soo 2N

1 1 1
1
2" > -
€
nin2 > In




Examples

[e.9]

. . 1 .
Determine the limit of the sequence {n cos n} and verify
n=1
the limit using the definition of convergence.

Solution 1
We claim that nli_>m - cosn=L=0. Lete > 0 then

‘1cosn—L| = ‘1cosn—0‘ :1\cosn\ < 1 <e
n n n n

1
n > -.
€



Sequence of Ratios

Theorem
Suppose an, = r" where r is a constant.
1. If|r] <1 then lim a,= lim r"=0.
n—oo n—oo

2. If|r] > 1 then lim |ay| = lim |r"] = oco.
n—oo n—o0



Fibonacci Sequence

Definition
The Fibonacci Sequence {F,},°  is defined as

Fr =1
F, =1
Fn = Fho+Fyqy forn>3.

Question: what is the limit of the Fibonacci sequence?

Question: what is the limit of a, = F,1/Fp?



Solution

Answer: limp_o Fn = 00.
Answer: let a, = F,.1/Fn and suppose limj_,o an = L.

F Fn1+F 1 1
ap = n+1:n1‘|‘ n _ +1=

Fn Fn _Fn/Fn—1 an—1

. . 1
lim a, = lim ( +1)
n—oo n—oo \ dp_1
1
L = —+1

L
[2-L-1 =0
1++5

2



Properties

Theorem
Suppose that {an} >, and {bn},Z, both converge, then

1. lim (an+bn) = lim an + lim bn,
n— oo n— o0 n—oo
2. ||m (an - bn) - ||m an - ||m bn,
n—oo n—oo n—oo
3. Jim (ann) = fim_an) (Jm o).
. an n|l_)n;0 an . [e’e)
4. n||_>r20 by = lim b’ provided {bn}p>,, # O.

n—oo



Examples

Find the limits of the following sequences, if they exist

1 a _2n+1
- n_ n
5n — 1
2. by= o
bn 2m + 1
n? + 1
S =i
22
4.dn:(_1)nLn+3

3n + 1



2n+1

n—o0 n




5m — 1

n||—>n<1>o 2m + 1







n2n +n+3

dp = (—1
n=(=1) 3n% + 1
Note that
2" +n+3 , (2n2+n+3)#
lim ———— = lim > 3
n—oco  3n° + 1 n—oo (3/7 +1)?
= lim w
n—00 3_|_%
_ 2+0+0_2
~ 3+0 3
however,
2 J—
(—1)”2”3;2:,?1r3 — 32 for large odd numbers n, and
2
FU"W — 2 for large even numbers n

so lim d, does not exist.
n—oo



Example

Determine whether the following sequence converges or

diverges.
an=vVn+n-n

im ViEan-n — fim YN/ +n+n)

n—o0 n—oo v +n+n
n
= |lim —
n—co \/n2 + n+n
) 1
= lim —

1
2



Relationship with Functions on [1, co)

Theorem

Let{an}5. ¢ be a sequence with a, = f(n) where f is a function
defined for every real number x > 1.

1. If lim f(x) =L, then lim a, = L.
X—00 n—o0

2. If lim f(x) = £o0, then lim a, = +oo.
X—00 n—oo

Remark: It is not true that if lim a, = Lthen lim f(x) = L.
n—oo X—00

Example
Consider f(x) = sin(7x).



Example

Determine whether the following sequence converges or
diverges.

2n
bn = E
2
Letf(x):e—fforxzt
lim f = i 2x (indeterminate )
A ) =i, g (inde ofoo
) 2
= lim —
Xx—o0 eX

=0

Therefore lim b, = 0.
n—oo



Squeeze Theorem

Theorem

If {an}peq, {bn}py, and {cn};>4 are sequences and if there
exists an integer ny > 1 such that a, < b, < ¢, foralln > ny,
thenif lim a, =L = lim ¢y, then lim b, = L.

n— o0 n— o0 n—oo

Example

Determine if the following sequence converges.

cosnm
bn - 72
n

Corollary
If lim |an| =0, then lim a, =0.
n—oo n—oo



Factorial

Definition
For any integer n > 1, the factorial, n! is defined as the product
of the first n positive integers,

n=1.2-3..--.n.

We define 0! = 1.



Increasing and Decreasing Sequences

Definition
1. The sequence {an};- is increasing if

g <@<---<ap<ap <o
2. The sequence {a,}7- ¢ is decreasing if
ay>a=>---2ap=>any1 >

If a sequence is either increasing or decreasing, it is called
monotonic.



Examples

Determine whether the following sequences are increasing,
decreasing, or neither.
2n—3

an= 3+ 4 (increasing)
="
2. bp =38+ - (neither)
Cn = ﬂ (decreasing for n > 2)

n+2



Bounded Sequences

Definition
The sequence {an},Z,, is bounded if there is a number M > 0
(called a bound) for which |a,| < M, for all n.

Example
If the following sequences are bounded, find their bounds.

2n—3
— <
ana lanl <2/9)

2 by =3+ " b <772

3. ¢, — nf”z (Ical < v2/4)

1. a,

Theorem
Every bounded, monotonic sequence converges.



Example (1 of 2)

Determine if the following sequence converges.

(7).
n" n=1
1. Show that the sequence is decreasing.

2. Show that the sequence is bounded.
3. Apply the previous theorem.



Solution

Decreasing:

(1 (n+1)nt Nl n
Ty (nr )nt 1)y (ne 1)y S
Bounded:
nt_n(n-1)(n=-2)---B3)(2)(1) _ (n=1)(n-2)---(3)(2)(1) _,
nn nnn---nnn nn---nnn

Every bounded, monotonic sequence converges.



Example (2 of 2)

Investigate the convergence of the sequence defined by the
recurrence relation,

a; =2, and an:%(an_1+6) forn=2,3,4,...



Solution

The first several terms of the sequence are a; = 2, a» = 4,
as = 5, 84:11/2,....
» The sequence is bounded since if a,_1 < 6 then a, < 6.
» The sequence is increasing since if a,_1 < 6 then
an = an1.
» The sequence must therefore converge to a limit L.

. .1
n||—>nc]>oan - n||—>moo§(an_1+6)
1
= E(L+6)

= 6



Homework

» Read Section 5.1
» Exercises: 1,5, 9, ..., 49, 53/handout



