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Introduction (1 of 2)

The two important results we have learned regarding Taylor
polynomials and Taylor series are:

Theorem (Taylor's Theorem)

Suppose that f has n+ 1 derivatives on the interval (c—r,c+r)
forsomer > 0. Thenforx € (c—r,c+r), f(x) = Pp(x) and
the error in using Pn(x) to approximate f(x) is Rn(x) and

F(x) = Pa(X)+ Ra(x) = 3 . (kl)(fc) (x— )+

k=0

f(n+1)(z)
(n+1)!

(X _ C)n—H

for some z between x and c.



Introduction (2 of 2)

and:

Theorem
If f(x) has derivatives of all orders in the interval (¢ —r,c+r)
for some r > 0 and ifnli_>m Rna(x)=0forallx e (c—r,c+r),

then the Taylor series for f expanded about x = ¢ converges fo

f(x), i.e.,
f(x) :Zf kE x — o)k
k=0




Example

» Estimate In(0.95) using a Taylor polynomial of degree 5.
» What is the maximum error in the approximation?
» What is the actual error?

» How many terms are needed to estimate In(0.95) to an
accuracy of 107162



Solution (1 of 3)

Estimate In(0.95) using a Taylor polynomial of degree 5.

If f(x) = In(1 — x) then f(0.05) = In(0.95). Find the Taylor polynomial
representation for f(x).

(k)
Koo ) SO
0 In(1—x) 0 0
1 —(1=x)"! —1 —1
2 —(1-x)2 -1 -1/2
3 —2(1-x)3 -2 -1/3
4 —B(1-x)* -6 -1/4
5 —24(1—x)"° —24 —1/5
2 1 3 4 1 5
Ps(x) = 0+ (—1)x+ 5 X+ ~3 x° + ~ x* + -5 X
— __12_13_14_15
X 2X 3X 4X 5X
Ps(0.05) ~ —0.0512933



Solution (2 of 3)

What is the maximum error in the approximation?
Using the Taylor remainder we have

f®)(2)

5l (0.05)°

—1
5(0.05)°

|R5(0.05)] = ‘ '6(1—2)

for some 0 < z < 0.05.

1 5(0.05)° ~ 3.54 x 107°

’R5(0-05)’ < m

What is the actual error?

In0.95 — P5(0.05)| = 2.27 x 10~°



Solution (3 of 3)

How many terms are needed to estimate In(0.95) to an
accuracy of 107162

1 n+1

n | |Rn(0.05)| < (" 1) 0.05)" (0.05)
6 1.59818 x 10~ 10
7 7.36006 x 10712
8 3.44330 x 1013
9 1.63104 x 1014
10 7.80401 x 1016
11 3.76509 x 10~ 17
12 1.82919 x 1018

If n> 11 then |P,(0.05) — In(0.95)| < 10718,



Evaluating Limits

Use a Taylor series to help evaluate the limit

. tanTx—x
lim ————.

x—0 X 3



Solution

We have showed that tan™"

(D o

2k +1
par
]
tan'x—x YL 02/<+)1X2'“r1 X
x3 x3
1,3, 1,5
_ (X —gx°+5x° =) =X
%3
1,3 4 145
_ T3X X
- 3
1 5
3 5
. tan™ ' x — x . +1X2
m = m —_— — — e — —
x—0 x3 x—0 3 5



Evaluating Limits

Use a Taylor series to help evaluate the limit

. cos(x?) —1
lim ———————.
x—=0 In(1+ x) — x



Solution (1 of 2)

Using the common Taylor series:

oo 1 k
cos(xz) -1 = -1+ Z ((2k§| (X2)2k
k=0 '
_ Va4 Ve 1 12
T T T
o (DT,
In(14+x)=x = —x+)_ P
k=1

L e 1a 1

X TR T T



Solution (2 of 2)

. cos(x?) —1
lim ———————
x—0In(1+x) —x

[ 2 | |
_1y2 L 143 _ 1,4
x—0 53X+ 3X zXT +
_lx2 4 1 yB 1410 4
lim 2. 71 B!
141y 1,2
x—0 —5t+3X— gXx°+
0



Estimating Definite Integrals (1 of 3)

Use a Taylor polynomial of degree 8 to estimate

NG
/ cos(x?) dx.
,ﬁ

» What is the maximum theoretical error in the estimation?

» What is the actual error assuming that the exact value is
V2rC(V2) =~ 1.325734627?



Estimating Definite Integrals (2 of 3)

= (DR
Recall thatcosx_z X2k

% 1)k
cos(x?) = Z( ) x4k:1—1x4+lx8_

pard (2k)! 2 24
_ Ta, 108
Pg(x) = 1 X +ﬂx
VT VT
/ cos(x?)dx ~ / <1 - 1X4 + 1X8> dx
e _s\ 20 T2a
[ 5 T 9 =V
= |X— =X+ ==X
10 216 |, =



Estimating Definite Integrals (3 of 3)

Since the series for the definite integral is an alterating series,
the Alternating Series Estimation Theorem states

Ry| < /ﬁ 1z gy
- T 720

I BTV
= egg™/ ~ 0364106

Actual error:

VT
‘ / [cos(xz) - Pg(x)] dx| ~ |1.32573 — 1.64486| ~ 0.31913
_\/TT-




Estimating Functions

» Use a Taylor series to estimate the function:
X
f(x) = / te * dt.
0
» Find an error formula for the estimation of this function.
» Estimate the error in calculating f(0.4).



Solution (1

of 3)

B & (_t3)k B & ( 1)kt3k+1
B tz k! Z k!
k=0
3k+1 3k+1
= / t L dt= Z / t
0 k=0
i( 1 X3k+2
pard (3k + 2)k!
X2 x5 x8  xI1

2 5 16 ®6



Solution (2 of 3)

x5 x8 x1

B x (_1)kx3k+2
o) = §(3k+2)k!
B n (_1)kX3k+2
Pil¥) = 2k apm
X2
T2

5 16 66
Since the Taylor series for f(x) is an alternating series then the
Alternating Series Estimation Theorem states

x3(4)+2 x14

|As(x)| < (3(4) + 2)4! ~ 336




Solution (3 of 3)

Estimation of f(0.4) and R3(0.4):

£(0.4)

|R3(0.4)]

~
~

IN

Q

P5(0.4)
(0.4)2  (0.4)5 (0.4)8 (0.4)"
2 5 16 66
(0.4)
336

7.98915 x 1079

~ 0.0779923



Binomial Series

If nis any real number than for |x| < 1,

n n k
(1+x)" = kg_o <k)x
nin—1) o n(n—1)(n-2) 3

= TH+nx+— 31

X~ + X+



Application to Physics
In Einstein’s theory of special relativity the mass of an object
moving with velocity v is

M

V1=v2/c?

where mg is the mass of the object at rest and c is the speed of

light. The kinetic energy of an object is the difference between
its total energy and its energy at rest,

K = mc? — myc2.

» Show that when v is small compared to ¢ then K given
above is approximately %mo v2 (the expression for kinetic
energy given by classical Newtonian physics).

» Estimate the difference in the classical and relativistic
expressions for K when |v| < 100 m/s.



Solution (1 of 3)

2 —1/2
K=mc—myc® = —% ___myc® = myc? (1 — V2> —1
V1-v2/c2 c
Use the Maclaurin series for (1 + x)~/2:
- 1 (F)F) ., (F)EF)(Z)
12 _ 4_1 2 )2 )2, (B)H) (5 ) 3,
(1+x) =1 2x+ o) X<+ 3 x° 4+
ST L S

2 8 16



Solution (2 of 3)

2
[
3
<



Solution (3 of 3)

Let f(x) = moc?((1 + x)~'/2 — 1), then

'(x) = §m002(1 + x)75/2
2
< % ) _ %m002(1 —y2/c?) 512

IN

3myc?
4(1-1002/c2)5/2

(%)

when |v| < 100 m/s.

Taylor’s Inequallty states the error in the approximation is
Ri(x) = {2 x2. Thus

|R(—v?/c?)| < (417 x 10710 my

when |v| < 100 m/s.



Homework

> Read Section 6.4
» Exercises: 175, 179, 195, 199, 213, 217, 227/handout



