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Objectives

In this lesson we will learn about

» the partial differential equations and boundary value problems
known as Laplace’s and Poisson’s equations,

» techniques for solving Laplace’s and Poisson’s equations, and
» applications of Laplace’s and Poisson’s equations.



The Laplacian Operator

Let x = (x4, X2,...,Xp) € R” and let function u : Q C R” — R, then
the Laplacian of u is
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If n =2 we will often write x = (x, y) and

Pu  B%u
Au* W 87y2.

If n = 3 we will often write x = (x, y, z) and
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Open Sets

A set Q@ C R"is open if for every x € Q there exists § > 0 such that

{yllx -yl <d}t cQ.
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Connected Sets

A set Q C R” is connected if for every X,y € Q there exists a path
connecting x and y which lies completely within Q.




Laplace’s Equation

Ifu: Q cR"™— R where Q is an open, connected set then u satisfies
Laplace’s equation if
Au=0.

Function v is said to be a harmonic function.

If function f is defined on Q then u satisfies Poisson’s equation if

Au=f.



Example

Let u(x, y) = e cos y and show u is harmonic on Q = R2.



Example

Let u(x, y) = e cos y and show u is harmonic on Q = R2.

Au= e cosy + (e(—cosy))=0
for all (x,y) € Q.



Boundary Conditions

> If Q € R"is an open set then the set of boundary points of Q will
be denoted 91.

» Laplace’s and Poisson’s equations must be supplemented with
boundary conditions.



Boundary Conditions

> If Q € R"is an open set then the set of boundary points of Q will
be denoted 09.

» Laplace’s and Poisson’s equations must be supplemented with
boundary conditions.

Dirichlet BCs: u(x) = ¢(x) for x € 0Q.
Neumann BCs: %(x) = ¢(x) for x € 9Q where n is the unit outward
normal vector to 092.

Mixed BCs: u(x) + a%(x) = ¢(x) for x € 92 where « is constant
and n is the unit outward normal vector to 9.



Dirichlet Problem on a Rectangle

Define
Q={(x,y)|0<x<a, 0<y<b}=(0,a) x(0,b)
where a and b are constants. In this case
0 ={(x,y)|x=0,aand0<y<b, ory=0,band 0 < x < a}.
Consider the following example of Laplace’s equation.

Au=0 for(x,y)eQ

u(0,y)=0
u(a,y) = f(y)
u(x,0)=0
u(x,b)=0

This problem can be solved using separation of variables and Fourier
series.



Separation of Variables

Assume u(x,y) = X(x)Y(y), then

X'(X)Y(y)+X(x)Y"(y)=0
X")Y() | XCOY"(y) _
X)Y(y)  X()Y(y)

_X'(x) _Y'(y)

X)) Y()

=C

where c is a constant.



Separation of Variables

Assume u(x,y) = X(x)Y(y), then

X'(X)Y(y)+X(x)Y"(y)=0
X")Y() | XCOY"(y) _
X)Y(y)  X()Y(y)
_X'(x) _Y'(y)
X(x) Yy

=C

where c is a constant.

The boundary conditions become

(0,y) =X(0)Y(y)=0 = X(0)=0
(x,0) = X(x)Y(0) =0 = Y(0)=0
u(x,b) = X(x)Y(b) =0 = Y(b)=0



Boundary Value Problem for Y(y)

Separation of variables and the Dirichlet boundary conditions imply
the following BVP for Y(y):

Y(y)—cY(y)=0 forO<y<b

Previously we have seen the only nontrivial solutions occur when

nPr2
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c=-X\=

and Y,(y) =sin niby forn e N.



Boundary Value Problem for X(x)

Function X(x) must satisfy the following boundary value problem.

2, 2
X"(x) + e X(x) = X" (x) - ”TZ

X(0)=0

X(x)=0

The general solution takes the form

X(x) = Acosh nlbx + BsinhanX

and A = 0 in order to satisfy the boundary condition. Thus

., X
Xn(X) = sinh T



Product Solution

» Define the function
nry

Un(X, y) = sinh anX sin 5

for n e N.

> Each un(x, y) satisfies Laplace’s equation on the rectangle and
the boundary conditions for (x, y) = (x,0) and (x, y) = (x, b) for
0<x<aandfor(x,y)=(0,y)for0O<y <b.

» By the Principle of Superposition
N nmx nmy
U(X,y) = Z Cn sinh T sin T

n=1

will also satisfy these equations for any N > 1 and constants c;,.



Boundary (a,y)forO <y <b

» Extend f(y) as an odd, 2b-periodic function.
» ForO<y<b

fly) = u(a,y)

., nma . nmy
= Cpsinh ——sin — .
2 n SN b sin b



Boundary (a,y)for0O <y <b

» Extend f(y) as an odd, 2b-periodic function.
» ForO<y<b

u(a
= Z Cnsinh ? sin any

» Multiply both sides of the equation by sin mgy and integrate over
[0, b].

b . mny > nra [° . nry . mmy
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General Solution

The solution to

Au=0 for(x,y)eQ
u(0,y)=0
u(a,y) = f(y)
u(x,0)=0
u(x,b)=0

is therefore

= 2 b . nmy ., hmx . nmy
u(X7y):; (bsinhnga/o f(y)smbdy) sthsm 5



General Dirichlet Problem on a Rectangle

The general boundary value problem:

Au=0 for(x,y)eQ
u(0,y) = 91(y)
u(a,y) = g2(y)
u(x,0) = f1(x)
u(x, b) = f2(x)

can be decomposed into four simpler boundary value problems.



Decomposition

For (x,y) € Q,
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Auz =0
u3(0,y) =0
us(a,y)=0
us(x,0) = fi(x)
us(x,b) =0

Aus =0
us(0,y) =0
us(a,y) =0
ug(x,0) =0
us(x,b) =

u(x,y) = ui(x,t) + ta(x, y) + us(x,y) + us(x, y)

solves the general Dirichlet boundary value problem on €.



Solutions




Example

Let Q@ = (0,1) x (0, 1) and solve the Dirichlet boundary value problem
for Laplace’s equation on €.

Au=0 for(x,y)eQ
,y)=0

u(0,y
17y)—1fy
x,0

1

S Cc

(
(
(x,0) =

(x, )—0

u



Solution

Let a= b =1, then using the notation prescribed earlier the solution
can be expressed as

u(x,y) = u(x,y) + us(x, y)

where

> 1
o (X, y) = Z(smh(mr/ (1- y)sin(mry)dy> sinh(nmx)sin(nmy)

Mg T

2 m Slnh(nﬂ'x) Sln(nﬂ'y)

us(x,y) = ; (smhz(m)/o xsin(nmx) dx) sinh(nm(1 — y)) sin(nmx)

o0

T ; m sinh(nm(1 — y)) sin(nmx)



lllustration

oo

u(x,y) = nz:; ﬁh(n) sinh(nmx) sin(nmy)— Z mh()n) sinh(nm(1—y)) sin(nrx)




Homework

» Read Section 6.1-6.2
» Exercises: 1-7



