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Objectives

In this lesson we will learn:
» how to solve the wave equation with homogeneous Dirichlet
boundary conditions using separation of variables,
» how to solve the wave equation with homogeneous Neumann
boundary conditions using separation of variables,
» terms for describing the components of the solution to the wave
equation.



Initial Boundary Value Problem

Up = CPUy forO<x<Landt>0
u(0,t)=u(L,t)=0
u(x,0) = f(x)
ui(x,0) = g(x)
Since the PDE is linear and homogeneous and the boundary

conditions are homogeneous and of Dirichlet type, the method of
separation of variables and the Principle of Superposition apply.



Separation of Variables

Assume a product solution of the form u(x, t) = X(x)T(t),
differentiate and substitute into the wave equation.

U = Czuxx
X(X)T"(t) = 2X"(x)T()
T//(t) B X”(X) B

c2T(t)  X(x)
where ) is a constant.
This implies the boundary value problem for X(x).
X"(X) + AX(x)

X(0)
X(L)

0
0
0



Eigenvalues and Eigenfunctions

The only non-trivial eigenfunctions are

. nmx
Xn(X) = sin I
N2
corresponding to the eigenvalues A\, = Iz forne N.

With these eigenvalues, the implied ODE for function T,(t) has the

form

c?rPn?
L2

TH(t) + Ta(t) =0

and consequently solution

n
Tn(t) = apcos %ﬂt + bpsin CLﬂ.




Product Solutions

Functions of the form

un(x,t) = Xp(x) Ta(t) = (an cos

cn+b m‘_m;x
L hsin == L

for n € N solve the wave equation and satisfy the homogeneous
Dirichlet boundary conditions. These solutions are called
fundamental solutions.

By the Principle of Superposition a sum of fundamental solutions will
also solve the wave equation and satisfy the homogeneous Dirichlet
boundary conditions.

n
u(x,t) = Z (an cos CTM + by sin CnLTt) sin nLLX

n=1




Fundamental Solutions

cnrt cnrt . nmx
L L )*

un(x,t) = (ancos+bnsin 1
» This solution is known as the nth harmonic.
. s . ., 2L
» Solution is periodic in t with period o

» The number of oscillations per 27 units of time is called the
. cn
natural frequency and is bkl

L
» The number of oscillations per unit time is called the frequency
.. ¢n
n .
and is o

.2l
» The wavelength of the solution is -

» The intensity of the solution is given by the amplitude /a2 + b2.



First Harmonic

crt . emt\ . wXx
ui(x, t) = <a1 cos —— + by sin L) sin =~

» This solution is known as the first harmonic or the fundamental
mode.

» The number of oscillations per 27 units of time is called the

fundamental frequency and is CTW

» First harmonic is periodic in f with period Z—CL

» The nth harmonic has a frequency which is n times the
fundamental frequency.



Initial Displacement

We will assume a Fourier series solution to the IBVP.

o0

u(x, t) = Z (ancos CL + bpsin CnLﬂ) sin nLLX

n=1
0) = aysin ”LLX — f(x)
n=1

Suppose f(x) can be extended to R as a 2L—periodic, odd function,
then f(0) = f(L) = f(—L) and

2 L
a”zf/o f(x)s

for n e N.



Initial Velocity

If u(x, t) can be differentiated term by term, then

>~ cn nm n n
ui(x, l‘):z:c—L7T ( ansin CL + bn osCLﬂt> sin%x
n=1

cn nmx
u(x.0)= > ~Tbasin == = g(x)
n=1

Again, if g(x) can be extended to R as a 2L-periodic, odd function

then
L
C”—”bn - %/ g(x)sin @ dx

Cn7T_/ g(x)sin —dx

for n e N.



Example: Plucked String

Find the solution to the following IBVP.

Uy = Uy forO<x<10andt>0
u(0,t) =u(10,t) =0

2x/5 if0<x<5/2,
u(x,0) = 1 if5/2<x<15/2,
4 -2x/5 if15/2<x <10
u(x,0)=0



Solution (1 of 2)

The formal solution can be expressed as

oo

nmt\ . nmx
u(x,t) = ; (ancos 10 + bpsin 10 ) sin 5
Since uy(x,0) = 0 then b, =0forallne N.

10 nr
ﬁ (X 0) Slnwdx

L8 (g
_n27T2 sin 4 sin 4

an:



Solution (1 of 2)

The formal solution can be expressed as
= nmt\ . nmx
u(X,t):Z(ancos 10 + bpsin 10)S|n ET

n=1

Since uy(x,0) = 0 then b, =0forallne N.

10
a,,:%/ u(x, 0)5|nn—dx

10 J, 10
8 nm 3nm
= W SInT—‘rSInT
8 X sin T 4 sin 307 nrt . nmx
U(X,t): ?Z%COSWST]W



Solution (2 of 2)

Let f(x) be the odd, 20—periodic extension of u(x, 0), then

SIn —/——

8 Xsin +sindT  prx
f(x)ziz¥' 7T
7r2ni1 n? 10



Solution (2 of 2)

Let f(x) be the odd, 20—periodic extension of u(x, 0), then

8 xsinT +sin 30Ty
f(X) TETSIHW
8 <nsin +sin 3T pr(x + )
f(x+1t)= 7; pe sin =5
8 <~sinZ +sin 3T np(x — )
fx—1t) = 72 2 sin =75

|I
a



Solution (2 of 2)

Let f(x) be the odd, 20—periodic extension of u(x, 0), then

8 xsinT +sin 30Ty
f(X) TETSIHW
®_gin 0T 4 gjp 30m
f(x+1)= %Z 4 ::m 4_sin nﬂ(;(0+ Y
n=1
x n7r 3nm o
F(x — t) = %ZS'” :'” 4 g ””(fo Y
n=1
16 <X sin 2T 4 sin 307 nrt . nmx
f f(x — — 4 T 4 sin —2 =
(x+t)+f(x—1t)= ZZ pe cos 75 sin 10 2u(x, t)

3
Il
o

I\)\—L -\-]

ulx,t)y = (f(x+t)+f(x—1t))



20—Periodic Extension of Initial Displacement

fo(x)

1.0

1.0



Shifting Initial Displacement Horizontally

fo(X)

.

AN/

/

-1.0

Wiawa



Adding Shifts of Initial Displacement

u(x,t)
1.0

057 / N \
AN \ D .
~0.5¢

-10%




Check by Differentiation

Consider the following IBVP.

Uy = Uy forO<x<10andt>0
u(0,t) =u(10,t) =0
2x/5 if0<x<5/2,
u(x,0) = 1 if5/2<x<15/2,
4-2x/5 if15/2<x<10
u(x,0)=0

Show by direct differentiation that
1
u(x. ) = 5 (fx + 1) + f(x = 1))

solves the IBVP when f is the odd, 20—periodic extension of u(x, 0)



Solution

u(x,t) = % (f(x+ 1)+ f(x—1))
Uxx = % (f"(x+t)+ ' (x = 1)
Uy = % (f"(x+t)+ " (x—1)



Solution

u(x,t) = % (f(x+ 1)+ f(x—1))
Uxx = % (f"(x+t)+ ' (x = 1)
Uy = % (f"(x+t)+ " (x—1)

U = Uxx



Solution

u(x,t) = % (f(x+ 1)+ f(x—1))
Uxx = % (f"(x+t)+ ' (x = 1)
Uy = % (f"(x+t)+ " (x—1)
Ut = Uxx

Initial displacement:

(f(x) + 1(x)) = f(x)

u(x,0) = %



Solution

u(x,t) = % (f(x+ 1)+ f(x—1))
Uxx = % (f"(x+t)+ ' (x = 1)
Uy = % (f"(x+t)+ " (x—1)
Ut = Uxx

Initial displacement:

u(x,0) = 3 (1(x) +1(x)) = f(x)
Initial velocity: 1

Il
o

ur(x,0) = 5 (f(x) = '(x))

N



Example: Struck String

Find the solution to the following IBVP.

Up = Uy forO<x<10andt>0
u(0,t) =u(10,t) =0
u(x,0)=0

B x/5 if0<x <S5,
Ur(X,O)—{ 2-x/5 if5<x<10



Solution (1 of 3)

The formal solution can be expressed as

oo

nrt nmt\ . nmx
u(x,t) = Z (an cos % + bpsin 11;) sin %

n=1
Since u(x,0) = 0then a, =0forall n e N.

10
bp=— ut(x,0)sin % dx




Solution (1 of 3)

The formal solution can be expressed as

oo

nm
u(x,t) = Z (a,, cos qO + bpsin 10t> sin

n=1
Since u(x,0) = 0then a, =0forall n e N.

10

2 . hmx
bn: % A U[(X,O)Slnwdx
80 . nmw
PRl

80 < sin ¢ Lt nmx
-y SIN ——SIn —/———
w3 . n3 10 10

nmx

10



Solution (2 of 3)
Let g(x) be the odd, 20—periodic extension of u;(x, 0), then

8 i sin F . nrx
== sin i
w2 p—r n? 10

Define G(x / 9(s) ds and integrate the Fourier series term by
term.

2 n? nm 10
n=1
80 <= sin nmx
=52 (- 5g)
80 o~ sin T 80 <~ sin nmx




Solution (3 of 3)

Xt 80 <~sinZ 80 <=sinZ  nu(x+1t)
G(X“v‘t)—‘/0 g(S)dS—? T—g n3 COS 10

n=1 n=1
_ 80 ~sinF 80 ~sinF nm(x—t)

Cos

x—t
G- = [ geas= 5> T S 10

n=1 n=1



Solution (3 of 3)

X+t o N © - nm
80 sin &5- 80 sin =X nﬂ-(X + t)
(x+1) /0 g(s)ds 3 g 3 2 T

x—t oo - nmw - onm -
xft):/ g(s)ds— 0N SN E  BONmsinF nm(x 1)

ns 7r3n ” ns 10

Subtract the two equations.

G(x +1t)— -1 = Z sin 7 ( (;(O_ H_ cos nﬁ(fo—i— 0)
o 160 <~ sin & nmt . nmx
/ gls)ds =32 g s gg " qg

1 Xt 80 X sin™  nrt . nmx
5, ods = 3537 Tt sn fitsin Tt < ux
x= 1

n=



lllustration

u(x,0)
u(x,1)
u(x,2)
u(x,3)
u(x,4)



Check by Differentiation

Consider the following IBVP.

Uy = Uy forO<x<10andt>0
u(0,t) =u(10,t) =0
u(x,0)=0
B x/5 if0<x<S5,
“'(X’O){z—x/s it5 < x <10

Show by direct differentiation that
1 X+t
u(x,t) = = g(s)ds
2 x—t

solves the IBVP when g is the odd, 20—periodic extension of u;(x, 0).



Solution

umn—;ATQO

(x,t) = 3 (g0 -+ 1) + g(x — 1)

wlx,0) = 3 ((x+ 1)~ g'(x 1)

e(x,0) = 3 (gx + 1)~ g(x ~ 1)
1

U (X, 1) = 5 (9'(x +1) = g'(x = 1))

Uit = Uxx

N



Solution

umn—;ATm@m
(x,t) = 3 (g0 -+ 1) + g(x — 1)
wi(x,1) = 3 (g + 1) g/(x — 1)
e(x,0) = 3 (gx + 1)~ g(x ~ 1)
U, ) = 3 (9 (x4 1)~ g x ~ 1)
Uy = Uxx

When t =0, u(x,0) / g(s)ds =0 if g is continuous at x.



Solution

umn—;ATm@m
(x,t) = 3 (g0 -+ 1) + g(x — 1)
wi(x,1) = 3 (g + 1) g/(x — 1)
e(x,0) = 3 (gx + 1)~ g(x ~ 1)
U, ) = 3 (9 (x4 1)~ g x ~ 1)
Uy = Uxx

When t =0, u(x,0) / g(s)ds =0 if g is continuous at x. When
t=0,
(9(x) + g(x)) = 9(x).

N =

ui(x,0) =



Combination

Suppose u(x, t) and v(x, t) solve the respective IBVPs for 0 < x < L
andt > 0:

Uy = c? Uxx Vit = c? Vixx
u(0,f)=u(L,t)y=0 v(0,t)=v(L,t)=0
u(x,0) = f(x) v(x,0)=0

u(x,0)=0 vi(x,0) = g(x)

Question: what IBVP would w(x, t) = u(x,t) + v(x, t) solve?



Combination

Suppose u(x, t) and v(x, t) solve the respective IBVPs for 0 < x < L
andt > 0:

Uy = c? Uxx Vit = c? Vixx
u(0,f)=u(L,t)y=0 v(0,t)=v(L,t)=0
u(x,0) = f(x) v(x,0)=0

u(x,0)=0 vi(x,0) = g(x)

Question: what IBVP would w(x, t) = u(x,t) + v(x, t) solve?

Wi = CWy for0<x<Landt>0
w(0,t) = w(L,t) = 0
w(x,0) = f(x)
wi(x,0) = g(x)



Example

Find the solution to the IBVP:

Up = Uy forO<x<tlandt>0

u(0,f)=u(1,t)=0
u(x,0) = sin(2mx)
ui(x,0) = sin(mx)



Solution

Let f(x) = sin(27x) and g(x) = sin(wx) which both odd functions and
2—periodic.

1 X+t
sin(2r(x + 1)) +sin(2r(x — 1)) + > / sin(ws) ds

x—t

1

u(x ) = 5 (

= sin(2mx) cos(2nt) + %Sin(ﬂ'X) sin(rt)






Homework

» Read Section 5.1
» Exercises: 1-5



