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Objectives

In this lesson we will learn to:
▶ solve Laplace’s equation on a rectangle with mixed Dirichlet and

Neumann boundary conditions,
▶ periodically extend boundary conditions to obtain Fourier series

solution containing just even-indexed or just odd-indexed terms.



General Boundary Value Problem

Consider the following mixed boundary value problem on a rectangle
in the xy -plane:

△u = 0 for 0 < x < a and 0 < y < b
u(x ,0) = 0 for 0 < x < a

uy (x ,b) = 0 for 0 < x < a
u(0, y) = 0 for 0 < y < b
u(a, y) = f (y) for 0 < y < b.

Physical Interpretation: the left and bottom edges of the rectangle
are kept at temperature 0, the top edge is insulated, and along the
right edge the distribution of temperature has been specified as f (y).



Separation of Variables (1 of 2)

Assume a product solution u(x , y) = X (x)Y (y), then the following
ODEs and BCs are induced:

X ′′(x)− σX (x) = 0 for 0 < x < a
X (0) = 0,

and

Y ′′(y) + σY (y) = 0 for 0 < y < b
Y (0) = Y ′(b) = 0,

where σ is a constant.
The only non-trivial solutions for Y (y) occur when
σ = σn = ((2n − 1)π/(2b))2 and

Yn(y) = sin
(2n − 1)πy

2b
for n ∈ N.



Separation of Variables (2 of 2)

Substituting σn into the ODE for X (x) produces

Xn(x) = sinh
(2n − 1)πx

2b
.

The product solutions have the form:

un(x , y) = sinh
(2n − 1)πx

2b
sin

(2n − 1)πy
2b

Using the Principle of Superposition, the formal solution to the BVP
can be expressed as,

u(x , y) =
∞∑

n=1

cn sinh
(2n − 1)πx

2b
sin

(2n − 1)πy
2b

.

The nonhomogeneous BC can be used to determine coefficients cn.



Boundary Condition at x = a

u(a, y) =
∞∑

n=1

cn sinh
(2n − 1)πa

2b
sin

(2n − 1)πy
2b

= f (y)

Remark: In order to determine the coefficients cn, f (y) must be
extended in such a way that the even-indexed Fourier sine
coefficients vanish.

Extend f (y) to the interval [−2b,2b] as fo(y) where

fo(y) =


−f (2b + y) if −2b ≤ y ≤ −b,
−f (−y) if −b ≤ y ≤ 0,
f (y) if 0 ≤ y ≤ b
f (2b − y) if b ≤ y ≤ 2b.



Boundary Condition at x = a

u(a, y) =
∞∑

n=1

cn sinh
(2n − 1)πa

2b
sin

(2n − 1)πy
2b

= f (y)

Remark: In order to determine the coefficients cn, f (y) must be
extended in such a way that the even-indexed Fourier sine
coefficients vanish.

Extend f (y) to the interval [−2b,2b] as fo(y) where

fo(y) =


−f (2b + y) if −2b ≤ y ≤ −b,
−f (−y) if −b ≤ y ≤ 0,
f (y) if 0 ≤ y ≤ b
f (2b − y) if b ≤ y ≤ 2b.



Fourier Coefficients

The Fourier sine series representation of fo(y) is calculated as

fo(y) ∼
∞∑

n=1

βn sin
(2n − 1)πy

2b
,

where

βn =
2
b

∫ b

0
f (y) sin

(2n − 1)πy
2b

dy .

The coefficients cn of the series representation of f (y) should be
chosen as

cn =
2

b sinh (2n−1)πa
2b

∫ b

0
f (y) sin

(2n − 1)πy
2b

dy .



Example

Find the solution to Laplace’s equation with mixed boundary
conditions below. Interpret this boundary value problem in the context
of a steady-state solution to the heat equation on a rectangular plate.

△u = 0 for 0 < x < 2 and 0 < y < 1
u(0, y) = 0 for 0 < y < 1
u(2, y) = y(1 − y) for 0 < y < 1
u(x ,0) = uy (x ,1) = 0 for 0 < x < 2



Solution (1 of 4)

Physical Interpretation: the domain
Ω = {(x , y) |0 < x < 2, 0 < y < 1} is a rectangle whose left and
bottom edges are kept at constant temperature 0 (perhaps by being
in perfect thermal contact with ice). The top edge is insulated so that
no heat flows out the top of the rectangle. The right edge of the
rectangle is in perfect thermal contact with a heat source with
temperature distribution given by f (y) = y(1 − y).



Solution (2 of 4)
As derived previously, the formal solution has the form,

u(x , y) =
∞∑

n=1

cn sinh
(2n − 1)πx

2
sin

(2n − 1)πy
2

,

since b = 1.

At the boundary where a = 2,

u(2, y) =
∞∑

n=1

cn sinh((2n − 1)π) sin
(2n − 1)πy

2
= y(1 − y).

The coefficients cn are calculated as

cn sinh((2n − 1)π) = 2
∫ 1

0
f (y) sin

(2n − 1)πy
2

dy

= 2
∫ 1

0
y(1 − y) sin

(2n − 1)πy
2

dy

=
8(4 + (−1)n(2n − 1)π)

(2n − 1)3π3 .



Solution (3 of 4)

The solution to the boundary value problem can be expressed as

u(x , y) =
8
π3

∞∑
n=1

4 + (−1)n(2n − 1)π
(2n − 1)3 sinh((2n − 1)π)

sinh
(2n − 1)πx

2
sin

(2n − 1)πy
2

.



Solution (4 of 4)
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Example

Consider the boundary value problem:

△u = 0 for 0 < x < 1 and 0 < y < 1
u(x ,0) = uy (x ,1) = 0 for 0 < x < 1
u(0, y) = 0 for 0 < y < 1

ux(1, y) = y for 0 < y < 1.

Find a solution to Laplace’s equation with these mixed boundary
conditions.



Solution (1 of 5)

Assuming a product solution u(x , y) = X (x)Y (y), differentiating, and
separating the variables implies the following ODEs and BCs (with σ
constant).

X ′′(x)− σX (x) = 0 with X (0) = 0
Y ′′(y) + σY (y) = 0 with Y (0) = 0 and Y ′(1) = 0.

The non-trivial solutions to the latter equation occur when

σn =

(
(2n − 1)π

2

)2

Yn(y) = sin

(
(2n − 1)πy

2

)
for n ∈ N.



Solution (2 of 5)

Solving the first BVP yields

Xn(x) = sinh((2n − 1)πx/2).

Hence the product solutions take the form

un(x , y) = sinh
(2n − 1)πx

2
sin

(2n − 1)πy
2

for n ∈ N.

Using the Principle of Superposition, the formal solution to Laplace’s
equation can be written as

u(x , y) =
∞∑

n=1

cn sinh
(2n − 1)πx

2
sin

(2n − 1)πy
2

.

The coefficients cn must be determined from the nonhomogeneous
BC.



Solution (3 of 5)

At the boundary where x = 1,

ux(1, y) =
∞∑

n=1

(2n − 1)π
2

cn cosh
(2n − 1)π

2
sin

(2n − 1)πy
2

= y .

Therefore, cn must be chosen so that

(2n − 1)π
2

cn cosh
(2n − 1)π

2
= 2

∫ 1

0
y sin

(2n − 1)πy
2

dy

=
8(−1)n+1

(2n − 1)2π2

for n ∈ N.



Solution (4 of 5)

The formal solution to the boundary value problem can be expressed
as

u(x , y) =
16
π3

∞∑
n=1

(−1)n+1

(2n − 1)3 cosh (2n−1)π
2

sinh
(2n − 1)πx

2
sin

(2n − 1)πy
2

.



Solution (5 of 5)
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Homework

▶ Read Section 6.7
▶ Exercises: 24, 25


