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Infinite Series - Review
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Example. Does the series E (2 + 1.01") converge or diverge?
n
n=1
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E — is a p-series with p = 2 > 1, so it converges. E 1.01™ is a geometric series with r = 1.01 > 1,
n=1 n=1

so it diverges.
Hence, the sum of the two series diverges. O

Example. Determine whether the series converges or diverges. If it converges, find its sum.
7 7 7 n\"
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The series is geometric with ratio — 50 it converges. The sum is
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Example. Does the series g \3/—7 converge or diverge?
0
n=1

n
The series is geometric with ratio \3? ~ 1.12572 > 1. Therefore, the series diverges. 0O
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Example. Does the series ————— converge or diverge?
P nzl T2 — 11n3 & &

) And +5 4
L e TR T I

The series diverges by the Zero Limit Test. 0O
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Example. Does the series Z tan~! an converge or diverge?
n=1
n

42m ) . . 42 4
—— is a geometric sequence with ratio — > 1, so — — oo as n — oo. Therefore,
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Hence, the series diverges, by the Zero Limit Test. 0O
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Example. Does the series E (17 converge or diverge?
n

nn)?

n=2

The terms are positive. The function f(x) = is continuous for & > 2. The derivative is

1
z(Inx)?

1 2
22(Inz)?2  22(lnx)3’
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I have f'(z) < 0 for x > 2. Thus, the terms of the series decrease. The hypotheses of the Integral Test
are satisfied.

Compute the integral:

0o 1 b Inb Inb du
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The integral converges, so the series converges, by the Integral Test. O
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Example. Does the series E ite converge or diverge?
n

n=1

Notice that as n — oo, 1 + e decreases to 1. Thus,

3
1+e™ 1
1+e*"3 >1, so —— > —.
n n
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Z — is harmonic, so it diverges. Therefore, the original series diverges by direct comparison. 0O
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xXample oes e series 3 \/{Im
pample: Does (1 ;¢(n+2)(n+3)(n+4)
n(n+1) V2 1
V(n+2)(n+3)(n+4) TV nl/?

converge or diverge?

For large n, Do a Limit Comparison:

n(n+1)
lim V(n+2)(n+3)(n+4) ~ lm n(n+ 1) n'/? ~ lim Vn2(n+1) _
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The limit is a finite positive number. Z ——— diverges, because it’s a p-series with p = - < 1
— nl/2 2
Therefore, the original series diverges, by Limit Comparison. 0O
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Example. Does the series Z m converge or diverge?
— (3n)!
Apply the Ratio Test:
2671 ((n + 1)!)3
! 267 +1 nHn3 3n)! 267 +1 Hn3 3n)!
G EDL 2 DY Gl 260 (kD) )
n—o0 26™(n!) n—oo (3n+3)! 267 (n!)3  n—oo 267 (nl)3 (3n + 3)!
(3n)!

lim 26 - <(n+1)!>3_ ( (3n)!
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lim 26 - ((1)(2)-~~(n)(n+1)>3. (1)(2) - (3n)
(1)(2)---(n) (1)(2) -+ (3n)(3n + 1)(3n + 2)(3n + 3)
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lim 26 - (n +1)* - ! — lim 26(n + 1) _ 2
n—oo (Bn+1)3n+2)(3n+3) n—ooo (3n+1)(3n+2)(3n+3) 27

Therefore, the series converges by the Ratio Test. O
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Example. Does the series E <sin_1 > converge or diverge?
n

n=1

Apply the Root Test:

n—oo n—00

1
lim ¢/" = lim (Sim1 ) =sin"'0=0<1.
n

The series converges by the Root Test. O
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Example. The series Z(—l)k+1 converges by the Alternating Series Test.

Pt Vk+5
- 2
Find the smallest value of n for which the partial sum —1)k*1 = approximates the actual value

of the sum to within 0.01.

The error in using Z(—l)kﬂi
Pt VE+5

to approximate the actual value of the sum is less than the



(n 4 1)%* term in absolute value, so I want

S S V)|
Y(n+1)+5

< 0.01

2
vn+6
2<0.01vYn+6

200 < Vn+6
8000000 < n + 6
7999994 < n

The smallest value of nis n = 7999995. DO

71)n+1

oo
Example. Does the series Z ( converge absolutely, converge conditionally, or diverge?
n=1

5n + 2

oo
Consider the absolute value series Z By Limit Comparison,
n=1

5n+2°
1
] om+2 _ n__ 1
n
The limit is a finite positive number f: l diverges, because it’s harmonic. Therefore i L
p . n g ] . b 5n + 2

n=1 n=1
diverges by Limit Comparison.
e (_1)n+1
Hence E ———— does not converge absolutely.
’ = bn+2 & Y

o (—1)nHt 1
Consider the original series 3:1 % It alternates, and if f(n) = T2’
)
f'(n)= “Gni2? <0 for n>1.

Hence, the terms decrease in absolute value. Finally,

lim =
= (-
By the Alternating Series Test, Z e converges. Since it converges, but does not converge
n
n=1

absolutely, it converges conditionally. o
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