Introduction to Fourier Series
MATH 467 Partial Differential Equations

J Robert Buchanan

Department of Mathematics

Fall 2022

Obijectives

In this lesson we will learn:

» the formal process for finding a Fourier series representation of a
function,

the orthogonality of the trigonometric functions,

the Euler-Fourier formulas for finding Fourier series coefficients,
properties of periodic functions,

how to periodically extend a function,

the properties of even and odd periodic extensions of functions,
and

practice finding the Fourier series representations of functions.
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Informal Definition of a Fourier Series

The Fourier series expansion of a function f(x) is a representation of
f(x) on an interval [—L, L] as the sum of sine and cosine functions of
the form

nmx . NhmXx
— +Z (ancos— + bpsin T)

where a, and b,, are constants.

Issues Raised by Fourier Series

» What functions f(x) can be written as a Fourier series?

> If /(x) can be represented as a Fourier Series, what are the
constants a, and b,?

» Will the Fourier series converge?

» Provided the Fourier series converges, does it converge to f(x)
at all points in the interval [—L, L]?

» Can Fourier series be differentiated and integrated?




Inner Product

Definition
If u(x) and v(x) are integrable on [a, b], the inner product of u and v
on [a, b], denoted as (u, v), is defined as

(u,v) = /: u(x)v(x) dx.

Definition
The functions u and v are said to be orthogonal on [a, b] if

(u,v) = /: u(x)v(x)dx =0.

A set S of integrable functions on [a, b] is said to be a mutually
orthogonal set if each pair of distinct functions in the set is
orthogonal.

Trigonometric System

Let S be the infinite set of functions

X . 7X 27X . 27X nrctx . nNwX
1,COST,S|nT,COST,S|nT,"',COST,SIHT,"' .

S is a mutually orthogonal set on [—L, L].




Product-to-Sum Formulas

cosa cos 3 = % (cos(a + () 4 cos(a — 53))

cosasin B = % (sin(a + ) — sin(a — 3))

sinasin 8 = % (cos(ar — ) — cos(a + f3))

Justification of Orthogonality

L mmx nmx
cos cos ax
L

L L
1t (m+ n)rx (m— n)rx
—é/_L[COSf—I—COSf] dX

L 1 . (m+n)rx 1 . (m=n=mx]" .
B E[m_i_nsm [ —|—m_nsm 1 » ifm=#n
B 1L ,n2m7rx xL ifm=n
2 |2mr """ L N -

| 0 ifm#n,
1l L ifm=n.

The orthogonality of sin(mnx/L), sin(nmx /L), and cos(kwx/L) is handled
similarly.




Euler-Fourier Formulas

Assuming f(x) defined on [—L, L] can be represented as a Fourier
series we write

oo

. nmXx
f(X)~—+Z;(ancos—+bnsm%),
where
1 L
:—/ f(x) dx
/f(x)cosﬂdx
b, = L/ fX)sm%dX
forn=1,2,....

Justification (1 of 2)

Assuming f(x) equals its Fourier representation on [—L, L] and that the
infinite series can be integrated term-by-term, multiply both sides of the
equation
_ & ¥ MTX by in TTX
f(x) = 5 —1—2 <ancos 1 + bpsin 1 > ,

by sin(mmx/L) and integrate over [—L, L].

/_LL f(x)sin mzx dx = /

D Z (an cos + bn sin nLLX)] sin mzrx ax




Justification (2 of 2)

Multiplying both sides of the earlier equation by cos(mnx/L) and
integrating over [—L, L] yields a,, for m € N.

Integrating both sides of

f(x)=— 0 4 i (ezncosE + bpsin nLLX) :

over [—L, L] produces

L
nmx nmx
/ f(x)dx_/ —dX+E <an/ COSTdX+bn/LSIanX>

— aglL.

Remarks

» In general the symbol ~ is used in place of = since we do not yet
know whether the infinite series converges, or if it does converge,
that it converges to f(x).

» The only assumption placed on f(x) is that it be integrable on
[—L, L]. It does not even need to be defined at all points in [-L, L].

» If the infinite series converges, it does so to a 2L-periodic
function, which can be thought of as the 2L-periodic extension of
f(x).




Periodic Functions

Definition

A function f(x) is said to be periodic if there exists a constant T > 0
such that, for any x in the domain of f, x + T is in its domain and

f(x + T) = f(x) holds for all such x. In this case, T is called a period
of f(x) and, often f(x) is said to be T— periodic or periodic with
period T.

Properties of Periodic Functions

» Any constant function is periodic and any T > 0 is a period.
» If T is a period of function f(x), sois k T for any k € N.

» If f(x) and g(x) are periodic with common period T, then for any
constant ¢, cf(x) , f(x) £ g(x), f(x) - g(x), and f(x)/g(x) are all
periodic with period T on their respective domains.

» If f(x) is periodic with period T, then so is f’(x) on its domain.
T
» If f(x)is T—periodic, integrable and / f(x) dx = 0, then
0

X
/ f(t) dt is T—periodic.
0

> If f(x) is an integrable, periodic function with period T defined on
(—o0, ), then for any a € R,

/:JFT f(x)dx = /OT f(x) dx.




Periodic Extensions

Suppose f(x) is defined on [—L, L] where L > 0. A periodic function
F(x) can be defined on (—o0, o0) in the following way:

> If x € (—L, L], then F(x) = f(x).

> If x ¢ (—L, L] and k is an integer such that x + k(2L) € (—L, L],
then F(x) = f(x + k(2L)).

Remarks:
» F(x) is periodic with period 2L.

» If no confusion results, f(x) is used to denote its own periodic
extension.

» F(x) as defined not a “true” extension of f(x) unless
f(—L) = f(L).

Example (1 of 2)
Function f(x) = x? is continuous on [—1, 1]. Sketch its 2—periodic
extension.
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Example (2 of 2)

Function f(x) = e* is continuous on [—1, 1]. Sketch its 2—periodic
extension.
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Find the Fourier Coefficients

Consider the piecewise-defined function

= x if-1<x<o
10 ifo<x<i.

1. Write down the Fourier series of f(x).
2. Sketch the 2-periodic extension of f(x).




Coefficients

1 0 1
— f(x)dx:/ xax =——
_ 1 2

0
/ f(x) cos ﬂ dx = / x cos(nmx) dx

1
L G 2/(n7r)2 if nis odd,
- 2 |0 if nis even.

0
/ f(x sinwdx—/ x sin(nmx) dx

—1
(_1)n+1
- nm

Fourier Representation

1 0 n+1

sin(nmx) + Z n 21 22 cos((2n — 1)mx)




2-Periodic Extension

f(x)
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Fourier Series (truncated to 10 terms)
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Find the Fourier Coefficients

Consider the function f(x) = x2.
1. Write down the Fourier series of f(x) valid for [—m, 7].
2. Sketch the 27-periodic extension of f(x).

Coefficients

4(—1)"
n2

x?sin(nx) dx = 0

/
a, = 1 /7r x? cos(nx) dx =
/

f(x) ~ ~ + i A1) cos(nx)

n2
n=1




2m-Periodic Extension

f(x)
10

T

Fourier Series (truncated to 10 terms)

10

T

=37 =277 -7

27T 3




Find the Fourier Coefficients

Consider the function

F(X) = 0 if —m < x <0,
] sinx if0< x <.

1. Write down the Fourier series of f(x) valid for [—m, 7].
2. Sketch the 27-periodic extension of f(x).

Coefficients

/f(x)dx_ /smxdx:g
g T

an = — f(x) cos(nx) dx = 1/ sin x cos(nx) dx
T J_x ™ Jo

2/(7r(n2 —1)) if nis even,
if nis odd.

/ f(x)sinxdx = — / smzde:%

= —/ f(x)sin(nx) dx = 1/ sin xsin(nx)dx =0
™) _ . ™ Jo

1 1. - 2
f(x) ~ ;—l—Esz—ZW(‘mZ_ 7 cos(2nx)




2m-Periodic Extension
f(x)

0.5
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Fourier Series (truncated to 10 terms)
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Find the Fourier Coefficients

Find the Fourier series representation of g(x) = |sin x| on [—m, 7].

Solution

» Note that

0 if —m < x <0,

|sin x| :‘S'”X+{ 2sinx fO<x<m.

» The Fourier series for sin x is merely sin x.

» The Fourier series for the piecewise-defined function was found
in the previous example.

f(X) ~ % - ; p 4n2 3 cos(2nx)




Fourier Series (truncated to 10 terms)
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Even, Odd, Periodic Extensions

Comment: the spatial domain of many of the PDEs we study (e.g.,
the heat equation and wave equation) is the interval [0, L], not [—L, L].
If an initial condition is specified on [0, L] we may extend it to [—L, L]
(and thence to (—o0, o0)) in any way that it remains integrable.
Options include:

Even Extension Odd Extension

f(— if —L < 0, —f(— if —L < 0,
fe(X) = { fgx)X) :f 0< x);<L fo(X) = { f(x() g :f 0< x);<L




Example

Consider the function f(x) = cos x on [0, 7/2].

1. Sketch the odd 7-periodic extension of f(x).
2. Find the Fourier series representation for the odd w-periodic

extension of f(x).

Graph of f,(x)
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Fourier Series Coefficients

2 /2
302—/ fo(x)dx =0
T J_m/2
2 [7/2 nmx
an = ; /_71_/2 fo(X) COS 71——/2 dx =0
2 [7/2 . nmwx
b =2 /_W/2 fox)sin 175 o
2 0 /2
= — /—71'/2 cos(—x) sin ZL/)Z( dx + % /0 cos(x)sin ZL/)Z( dx
4 (/2 . 8n
= ;/0 cos(x)sin(2nx) dx = @ —)r

Since only the b, coefficients are nonzero, this is called a Fourier
sine series.

Fourier Series Representation

£(X) ~ ; ( 4n28i’ 7 Sin(2m)

~N ~N 1.0 T
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Example

Consider the function f(x) = € on [0, 1].
1. Sketch the even 2-periodic extension of f(x).

2. Find the Fourier series representation for the even 2-periodic
extension of f(x).

Graph of f(x)

fe(x)
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Fourier Series Coefficients

1
ao:/ fe(x) dx
—1
1
:2/ e dx=2(e—1)
0

1
an = / fu(x) cos(nx) dx
1

1 2((—1)"e —1)
= 2 X =
/o e cos(nmx) dx e

]
b, = / fe(x)sin(nmx)dx =0
—1

Since only the a, coefficients are nonzero, this is called a Fourier
cosine series.

Fourier Series Representation

> 2((-1)"e — 1
fo(X)~e—1+)_ ((n27r)2—|—1 )
n=1

cos(Nmx)
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Remark

Any function f(x) defined on (—oo, 00) can be written as the sum of
an even function and an odd function. In fact,
f(x) + f(—x) N f(x) — f(—x)

2 2

f(x) =

where (f(x) + f(—x))/2 is even (sometimes called the even part of f)
and (f(x) — f(—x))/2 is odd (likewise called the odd part of f).

Homework

» Read Sections 3.1-3.5
» Exercises: 1-9




