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Obijectives

In this lesson we will:
» solve the heat equation with Dirichlet boundary conditions,
» solve the heat equation with Neumann boundary conditions,
» solve the heat equation with Robin boundary conditions, and
>

solve the heat equation with nonhomogeneous boundary
conditions.




Dirichlet Boundary Conditions

Find the solution to the IBVP:

U=Kuy forO<x<L, t>0
u(0,t)=0
u(L,t)=0

u(x, 0) = X for0 <x <L/2,
/| L—x forlL/2 < x < L.

Solution (1 of 4)

The nontrivial product solutions must take the form,

2. 2.2 . NTX
kn“m<t/L sin

Un(X, t):e L

forn=1,2,.... By the Principle of Superposition,

u(x, 1) = 3 bye KT sin ”LLX
n=1
is also a solution to the PDE and satisfies the BCs. Applying the initial
condition yields,

. . nmx [ x for0 < x < L/2,
“(X’O)—ans'”T—{ L—x forL/2<x<L.
-

The coefficients b, can be found using the Euler-Fourier integral
formulas.




Solution (2 of 4)

Think of f(x) as the 2L-periodic, odd extension of the initial condition.
In this case f(x) is continuous on (—oo, c0).

y
L2

-L/2

Solution (3 of 4)

L
= g/ f(x)sin ﬂ dx

L/2
/ Xsmwdx (L— Xsmﬂdx
L L /2
5 nm nm 5 nm
= n27'('2 ( sin ? — N Ccos ?) + n27'('2 (nﬂ' COS ? + sin ?)
4 . nm




Solution (4 of 4)

4 &\ sin 1T 2 2.2 . NTX
uix,t) = — n22 e KT/ sin .
T
n=1
0.4:~
031 7 — t=0.01
o | t=0.11
02r 1 — t=021
i 1 — t=0.31
o1r 1 — t=041
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Neumann Boundary Conditions

Find the solution to the IBVP:

U= Uy forO<x<mt>0
ux(0,t) =0
ux(m, 1) =0
0 for0 < x <7w/2,

u(x,0) = { 100 forr/2<x <.




Solution (1 of 8)

Assuming a product solution of the form u(x, t) = X(x)T(t) then

X()T' (1) = X" () (1)

XOT'() _ X"(x)T(1)

XC)T(D) ~ X0 T
T X0
(0 ~ X

where c is a constant.

Solution (2 of 8)

Suppose ¢ = 0, then

X//(X) B

X(x) ~°
X'(x)=0

X(x) = Ax + B.

Since X'(0) = X'(r) =0then A=0and B = ay/2, where g is an
arbitrary constant.




Solution (3 of 8)

Suppose ¢ = —\? with A > 0.
X”(X) B
X(x)
X"(x) + X X(x) =0
X(x) = Acos(Ax) + Bsin(Ax)
and X'(x) = —AXsin(Ax) + BX cos(Ax).

—)\?

Since X’(0) = X'(nr) =0thenB=0and A=\, =nforn=1,2,...

and A is an arbitrary constant. Thus
Un(x, 1) = e cos(nx)

satisfies the PDE and the BCs.

Solution (4 of 8)

Suppose ¢ = A2 with A > 0.
X”(X) B
X(x)
X"(x) = XN2X(x) =0
X(x) = Acosh(Ax) + Bsinh(Ax)
and X’(x) = AXsinh(Ax) + BX cosh(\x).

)\2

Since X’(0) = X’(7) = 0 then A= 0 = B and hence there are no
nontrivial solutions in this case.




Solution (5 of 8)

By the Principle of Superposition, the solution to the PDE satisfying
the BCs can be written as

a oo
u(x,t) = EO + Z ane_”ztcos(nx).
n=1

Applying the initial condition yields,

a & [0  for0<x<m/2
u(x,O)—E%—ZanCOS(”X)—{ 100 form/2 < x <.

n=1

The coefficients a, can be found using the Euler-Fourier integral
formulas.

Solution (6 of 8)

Think of f(x) as the 2x-periodic, even extension of the initial
condition.

2 [T 2 [T
ao:—/ f(x)dx:—/ 100dx = 100
T Jo /2

7r
2 ™

an = —/ f(x) cos(nx) dx
T Jo

= g/ 100 cos(nx) dx

T Jr/2
200 in nm
= ——— 5In —
nm 2

Consequently, the formal solution to the IBVP is

200 <= sin F
u(x,t) ~ 50 — - Z p cos(nx).

n=1




Solution (7 of 8)
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Solution (8 of 8)

200 <~ sin o,
u(x,t) ~ 50 — - Z e cos(nx).

n=1
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Robin Boundary Conditions

Find the solution to the IBVP:

U= Uy forO<x< L, t>0
ux(0,1) = au(0, 1)

u(x,0) = 0 for0 < x < L/2,
/1 100 for L/2 < x < L.

Assume o > 0 and 5 > 0.

Solution (1 of 10)

Assuming a product solution of the form u(x, t) = X(x)T(t) then

X()T'(t) = X" (x)T(1)
X()T'(M) _ X"()T(H)
X(x)T(t)  X(x)T(1)
) _ X"(x) _
T  X(x)

Cc

where c is a constant.




Solution (2 of 10)
Suppose ¢ = 0, then

X”(X) B
X(x)
X'(x)=0
X(x) = Ax + B.

Question: can such a function satisfy the boundary conditions:

A=aB (BCatx =0)
A= —B(AL+B) (BCatx=L)

Eliminating A from the 2nd equation using the 1st equation yields:
aB=—-p(aL+1)B.
If B=0then A=0and X(x) =0. If B+# 0 then

a=—pF(aL+1) = a <0 (contradiction).

Solution (3 of 10)

Suppose ¢ = A% with A > 0.
X”(X) B
X(x)
X"(x) — XX (x) =0
X(x) = Acosh(Ax) + Bsinh(Ax)
and X’(x) = A\sinh(Ax) + B\ cosh(\x).

)\2

Can this type of function satisfy the boundary conditions?

B\ =aA
AXsinh(AL) + BAcosh(AL) = —(Acosh(AL) 4+ Bsinh(AL))

The first equation implies A=0 < B =0.




Solution (4 of 10)

Use the BC at x = 0 to eliminate A and B from the second equation,

AXsinh(AL) + QTAA cosh(AL) = —pB(Acosh(AL) + % sinh(AL))

Asinh(AL) + avcosh(AL) = —f3(cosh(AL) + %sinh()\L))
<)\ + %ﬂ) sinh(AL) = —(a + ) cosh(AL)
<>\ + %) tanh(AL) = —(a + 3)

since cosh(AL) > 1.

Solution (5 of 10)

<)\ + %) tanh(AL) = —(a + 3)

Since o > 0, 5 > 0, L > 0, and we have assumed A\ > 0 then

tanh(AL) <0 < AL <O

which is a contradiction. Hence there are no nontrivial solutions when
c > 0.




Solution (6 of 10)

Suppose ¢ = —\? with A > 0.

X”(X) B
X(x) -
X"(x)+X2X(x)=0
X(x) = Acos(Ax) + Bsin(\x)

and X'(x)

—AXsin(Ax) + B cos(Ax).
Can this type of function satisfy the boundary conditions?

B\ = A
—AXsin(AL) + BAcos(AL) = —5(Acos(AL) 4+ Bsin(AL))

The first equation implies A=0 < B =0.

Solution (7 of 10)

Use the BC at x = 0 to eliminate A and B from the second equation,

aA aA
By By
—Asin(AL) + acos(AL) = —B(cos(AL) + % sin(AL))

—AXsin(AL) + —Acos(AL) = —(Acos(AL) + — sin(AL))

(A - O‘—f> sin(AL) = (a + B) cos(AL)

Note:
(2n—1)m

cos(AL) =0 < A= 5[

with n € N.




Solution (8 of 10)

Suppose A = w with n € N, then sin(A\L) = £1 and

()\ _ %) sin(AL) = (a + B) cos(AL)

af
A== =0

~/(2n—1)r\?
aff = (—ZL .
If there is no n € N satisfying the last equation, then cos(AL) # 0 and

()\ _ %) sin(AL) = (a + B) cos(\L)

()\— a_)\ﬁ) tan(AL)=a+f
a+pB  (a+pB)A

tan(AL) = )\_% =N _aj
Solution (9 of 10)
tan(AL) = %

This equation has positive solutions which can be approximated
using Newton’s method.
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Solution (10 of 10)

The first few solutions are

A~ 1.20779
Ao ~ 3.44824
A3 ~ 6.44095
A4 ~ 9.53048

and A\, — (n—1)r as n — co.
The corresponding eigenfunctions are

while the product solutions have the form

Un(X, 1) = e (Apcos(AnX) + Bpsin(Anx)).

Nonhomogeneous Boundary Conditions

Consider the IBVP:

ur=ku,,y forO<x<L, t>0

u(0,t) = wo
u(L,t)=uL
u(x,0) = f(x)

Recall that the temperature in the region asymptotically approached a
steady state of 0 when the boundary conditions were homogeneous
(u(0,t) = u(L, t) = 0). Suppose that in the nonhomogeneous case
the temperature distribution approaches a nonzero steady state U(x).




Steady-State Solution

Suppose
U'(x)=0 for0<x<L
U(O) = W
U(L) = uL

then U(x) = Ax + B.
UO)=up=A0)+B = B=w

The other boundary condition implies

u.— U

UL)=u =AL+uy = A= 1

Hence the steady-state solution is

U(x) = LU= to)X

Time-Dependent Solution (1 of 2)
Assume the solution to the IBVP can be written as
u(x,t) = U(x) + v(x,t) where v(x, t) is an unknown function.

Question: what IBVP must v(x, t) satisfy?
utr = kax

(U(x) + v(x, 1) = kK(U(X) + v(X, 1)) xx
Vi = kv, (PDE)

u(0,t) = uo
U(0) + v(0,t) = up
v(0,1) =0 (BCatx=0)

Likewise v(L,t) = 0.

u(x,0) = f(x)
U(x) + v(x,0) = f(x)
v(x,0) =f(x) — U(x) (ICatt=0)




Time-Dependent Solution (2 of 2)

Vi=Kkvy forO<x<Landt>0
v(0,t) =0
v(L,t) =0
v(x,0) = f(x) — U(x)

L
If by, = %/ (F(x) — U(x))sin ”lLX ax,

nmx
then v(x, t) Z b,e —kmrft/ L2 G %

u, — u _kmPn2t/12 . NTX
and u(x,t):uo+(Lfo+ane ki t/L sin —

n=1

Example

Solve the following IBVP:

U =5uUy, forO<x<itlandt>0
u(0,t) =10
u(1,t) =20
u(x,0) =10+ 11x — x?




Solution (1 of 2)

The steady-state solution is

(20 — 10)x

U(x) =10+ ]

=10(1 + x).

The transient solution v(x, t) satisfies the IBVP:

Vi=5vy forO<x<t1andt>0
v(0,f) =0
v(1,t) =0
v(x,0) =10+ 11x — x> — 10(1 + x) = x — x?

Solution (2 of 2)

1
by = 2/ (x — x?) sin(nmx) dx
0

|0 if nis even,
B 8/(n3 3) ifnisodd.




Time Dependent Boundary Conditions

Consider the IBVP:

U= Kuyx, forO<x<LlLandt>0

u(0,t) = a(t)
u(L,t) = b(t)
u(x,0) = f(x)

» In this situation the boundary conditions are functions of time.

» There may not be a steady-state solution, but the approach used
in the case of constant, nonhomogeneous BCs is useful.
COREG)ES

Define a reference function r(x, t) = a(t) [

suppose u(x,t) = r(x,t) + v(x,t).

Question: what IBVP does v(x, t) satisfy?

PDE for v(x, t)

us = kuxx
(r(x,t) + v(x, 1)) = k(r(x,t) + v(x, t))xx

(O(t) — a(t)x

a(t)+ 1

Vt — kVXX

_ (D) — ()X

Vt — kVXX - a/(t) L

Note: this PDE is nonhomogeneous.




BCs for v(x, t)

u(0,t) = a(t)

r(0,t) 4+ v(0,t) = a(t)

a(t) + v(0,t) = a(t)
v(0,t)=0 (BCatx=0)

u(L, t) = b(t)

r(L,t)+ v(L,t) = b(t)

b(t) + v(L,t) = b(t)
v(L,t)=0 (BCatx=1L)

The boundary conditions are once again homogeneous.

IC for v(x, t)

u(x,0) = f(x)
r(x,0) + v(x,0) = f(x)
(b(0) — a(0))x

a(0) + 1

+ v(x,0) = f(x)

_ (b(0) — a(0))x

v(x,0) = f(x) — a(0) i




IBVP for v(x, t)

In summary:

(b'(t) — a(t))x

1 forO<x<Landt>0

Vi = Kvx — a@'(t) —
v(0,f) =0

v(L,t)=0

v(x,0) = f(x) — a(0) — P0) — al0)x

L
Remarks:
» This IBVP has a nonhomogeneous PDE and a non-trivial initial
condition.

» Search for a solution v(x, t) = v4(x, t) + va(x, ) for which vq(x, t)
solves the homogeneous PDE with a non-zero initial condition
and v»(x, t) solves a nonhomogeneous PDE with a zero initial
condition.

Sum of Solutions (1 of 2)

Consider the two IBVPs with 0 < x < Land t > 0:

(v1)t = K(v1)xx
V1(0, t) =0
V1(L, t) =0

(00) a0 _

vi(x,0) = f(x) —

(s = k(v — ()~ D=
v2(0,1) =0
Vo(L,t) =0
Vo(x,0) =0




Sum of Solutions (2 of 2)

If v4(x, t) solves the 1st IBVP and v»(x, t) solves the 2nd IBVP, then
v(x,t) = vi(x, t) + va(x, t) solves:

(b'(1) — &(t))x

1 forO<x<Landt>0

Vi = kv — @' (t) —

v(0,t) =0
v(L,t)=0
(b(0) — a(0))x

v(x,0) = f(x) — a(0) — [

Solution of IBVP with Homogeneous PDE

The IBVP,
(vi)i=k(vi)xxforO<x <L, t>0
V1 (O, t) =0
V14 (L, t) =0
0 (x,0) = f(x) — PO EODX )
has solution -
vi(x,t) = Z bpe— kP /L gin 17X
9 n L
n=1
where

L — T
by = % /0 (f(x) _ (k(0) La(o))x _ a(0)> sin ”—LX o




Solution of IBVP with Nonhomogeneous PDE

We will assume the solution to the IBVP:

(b'(t) — a(t))x

(Vo) = k(Vvo)xx — @(t) — for0<x<L t>0

L
VQ(O, t) =0
V2(L, t) =0
Va(x,0) =0

is of the form

> nmx
Vo(X,t) = Z b,,(l‘)e_k”27r2f/L2 sin %
n=1

where the coefficients b,, are functions of t. Differentiate this solution
and substitute it into the nonhomogeneous PDE.

Verifying the Solution

2

> n27T _krPr2t/12 . nmX
(V2)x = — nz_; Iz bn(t)e™"" /L sin e
(Vo) = i bl (t)e km /L _ k°m® (e kP "t/ ) gin 17X
n=1 " L2 " L

Since (Vg)t — k(VZ)xx = _a/(t) — (bl(t) _La/(t))x then

S by (1o UL g T gy — P = ()
n=1

L L

Multiply both sides by sin(mmx/L) and integrate over [0, L].




Integration and Orthogonality

L / _ T
éb;n(t)e—"mzﬁw = —/0 <a’(t)+ (L) a(t))x> sin — dlx

L L
(@ (O - (1)
blo(t) = e UL ()b (1) — & (1)

Integrate both sides with respect to t.

/otb;n(s) ds = /ot TSI (1) (s) — d(s)) ds

bo(t) = br(0) = oo [ & (1) b(5) - () ds

Since v»(x,0) = 0 then b,(0) = 0 for m € N.

Assembling the Solution

r(x,t) = a(t) + (b(t) — a(t))x

L
vi(x,t) =) bre K™t/ in nLLX
n=1
> 2 t P 2 nmx
— = —kn“m=(t—=s)/L°((_4\NH/ Al . A
Vo (X, 1) ;m /Oe ((=1)"b'(s) — a(s)) ds| sin 1

u(x,t) =r(x,t)+ vi(x,t) + va(x,t)




Example

Find the solution to the following IBVP.

U= Uy forO<x<t1andt>0
u0,t) =t
u(1,t) =1+sint
u(x,0) =x

The reference function is

r(x,t)=t+ (1 —t+sint)x.

Associated Homogeneous IVBP

(vi)i=(v1)xx forO<x<ilandt>0
v1(0,1) =0
vi(1,1) =0
vi(x,0) =x—-(04+(1—=0+sin0)x)=x—x=0

Hence v4(x,t) = 0.




Associated Nonhomogeneous |VBP

(o)t =(Vo)xx — 1+ (1 —cost)x forO<x<1andt>0

VQ(O, t) =0
V2(1,t) =0
Vo(x,0) =0

Assume solution v»(x, t) has the form

Va(X, 1) = Z bn(t)e_”z"ztsin(nwx)
n=1

where t
bn(t) = i/ 9”2”25((—1)” coss — 1) ds.
nm 0
Calculation of b,(t)
2 t 2 2
bn(t) = —/ e”" " %((—1)"coss —1)ds
nm 0
1 _ en27r2t (_1)nn27r2 (_1)nen27r2t _
R S + T (nPm? cost + sint)

u(x,f) =t+ (1 —t+sint)x+ Y _ bo(t)e™" ™ Lsin(nmx)

n=1




Graph

Homework

» Read Section 4.2
» Exercises: 4, 5, 6




