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Objectives

In this lesson we will:
» solve the heat equation with Dirichlet boundary conditions,
» solve the heat equation with Neumann boundary conditions,
> solve the heat equation with Robin boundary conditions, and

» solve the heat equation with nonhomogeneous boundary
conditions.



Dirichlet Boundary Conditions

Find the solution to the IBVP:

U=rUyforO<x<L, t>0
u(0,t)=0
u(lL,t)=0
| x for0 < x <L/2,
“(X’O)—{ L—x forlj2<x<L.



Solution (1 of 4)

The nontrivial product solutions must take the form,

nmx

2 2.2 .
Un(x,t) = e "™ /L gin 1

forn=1,2,.... By the Principle of Superposition,
) = b —kPm2t/L? ﬂ
u(x,t) ; ne sin —

is also a solution to the PDE and satisfies the BCs. Applying the initial
condition yields,

=, .nmmx [ x for0 < x <L/2,
“(Xvo)—z;bns'“L—{ L-x forlj2<x<L.
n=

The coefficients b, can be found using the Euler-Fourier integral
formulas.



Solution (2 of 4)

Think of f(x) as the 2L-periodic, odd extension of the initial condition.
In this case f(x) is continuous on (—oo, o).

y
L2

-L2+-



Solution (3 of 4)
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Solution (4 of 4)
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Neumann Boundary Conditions

Find the solution to the IBVP:

U=Uyfor0< x<m t>0
UX(O,t):O
UX(Tr,t):O

u(x,0) = 0 for0 < x < w/2,
/71 100 form/2 < x <.



Solution (1 of 8)

Assuming a product solution of the form u(x, t) = X(x) T(t) then

XO)T(t)  X"(x)T(t
XO)T(R) — X()T(1)
T'(t) _ X"(x)

where c is a constant.



Solution (2 of 8)

Suppose ¢ = 0, then

xu) Ax+B

Since X’(0) = X'(r) =0then A= 0 and B = a,/2, where g is an
arbitrary constant.



Solution (3 of 8)

Suppose ¢ = —\? with A > 0.
X//(X)
X(x)
X"(x) +XX(x)=0
X(x) = Acos(Ax) + Bsin(Ax)

=_)\2




Solution (3 of 8)

Suppose ¢ = —\? with A > 0.
X//(X)
X(x)
X"(x) +MX(x) =0
X(x) = Acos(Ax) + Bsin(Ax)
and X'(x) = —AXsin(Ax) + B cos(Ax).

=_)\2

Since X'(0) = X'(nr) =0thenB=0and A=\ ,=nforn=1,2,...

and A is an arbitrary constant. Thus
Un(x, 1) = e~ cos(nx)

satisfies the PDE and the BCs.



Solution (4 of 8)

Suppose ¢ = A% with A > 0.
X//(X)

X(x

X"(x) — NX(x) =

X(x) = Acosh()\x) + Bsinh(Ax)

)\2

~



Solution (4 of 8)

Suppose ¢ = A% with A > 0.

(
X(x) = Acosh(Ax) 4+ Bsinh(\x)
(x) = AXsinh(Ax) 4+ BA cosh(Ax).

Since X’(0) = X'(w) = 0 then A= 0 = B and hence there are no
nontrivial solutions in this case.



Solution (5 of 8)

By the Principle of Superposition, the solution to the PDE satisfying
the BCs can be written as

o0
a
?0 + Z a,e" ! cos(nx).

n=1

u(x,t) =

Applying the initial condition yields,

- [0 for0 < x < 7/2,
“(X’O)_2+2a”°°s(”x)—{ 100 form/2<x<m.
n—=

The coefficients a, can be found using the Euler-Fourier integral
formulas.



Solution (6 of 8)

Think of f(x) as the 2xr-periodic, even extension of the initial

condition.
/ f(x —/ 100dx = 100
w/2

_z / (x) cos(nx) dx
T Jo

:g/ 100 cos(nx) dx
™ Jr)2



Solution (6 of 8)

Think of f(x) as the 2xr-periodic, even extension of the initial
condition.

aozg/ f(x)dx:g/ 100dx =100
™ Jo /2

™

ay= 2 / (x) cos(nx) dx
™ Jo

= g/ 100 cos(nx) dx
/2

™

Consequently, the formal solution to the IBVP is

200 = in ¢
u(x, t) ~ 50 — % > e‘"Z’SInTZ cos(nx).

n=1



Solution (7 of 8)

200 [e%s} sinnTﬂ—

2
e " t COS(nX)‘
n=1 n
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Robin Boundary Conditions

Find the solution to the IBVP:

U=uyfor0<x<L, t>0
ux(0,t) = au(0,1)
ux(L,t) = —Bu(L,t)
/0 for0 < x < L/2,
u(x.0) = { 100 forL/2 < x < L.

Assume « > 0 and g > 0.



Solution (1 of 10)

Assuming a product solution of the form u(x, t) = X(x) T(t) then

XO)T(t)  X"(x)T(t
XO)T(R) — X()T(1)
T'(t) _ X"(x)

where c is a constant.



Solution (2 of 10)
Suppose ¢ = 0, then

X”(X) B
X(x) 0
X"(x) =0

X(x) = Ax + B



Solution (2 of 10)
Suppose ¢ = 0, then

X”(X) B
X(x) 0
X"(x) =
X(x) = Ax + B.

Question: can such a function satisfy the boundary conditions:

A=aB (BCatx =0)
A= —B(AL+B) (BCatx = L)



Solution (2 of 10)
Suppose ¢ = 0, then

X”(X) B
X(x) 0
X"(x) =0

X(x) = Ax + B.

Question: can such a function satisfy the boundary conditions:

A=aB (BCatx =0)
A= —B(AL+B) (BCatx = L)

Eliminating A from the 2nd equation using the 1st equation yields:
aB=—p(aL+1)B.
If B=0then A=0and X(x) =0. If B+# 0then

a=—p(aL+1) = a <0 (contradiction).



Solution (3 of 10)

Suppose ¢ = A\? with A > 0.
X”(X) 7
X(x)
X"(x) = X2X(x) =0
X(x) = Acosh(Ax) + Bsinh(Ax)

)\2

Can this type of function satisfy the boundary conditions?



Solution (3 of 10)

Suppose ¢ = A\? with A > 0.
X”(X) B
X(x)
X"(x) = X2X(x) =0
X(x) = Acosh(Ax) + Bsinh(Ax)
and X’(x) = Axsinh(\x) + BX cosh(\x).

)\2

Can this type of function satisfy the boundary conditions?

BXx=aA
AXsinh(AL) + BAcosh(AL) = —3(Acosh(AL) + Bsinh(AL))



Solution (3 of 10)

Suppose ¢ = A\? with A > 0.
X/I( )

X"(x) - X(X)
X(x) = Acosh()\x) + Bsinh(A\x)
and X’(x) = Axsinh(\x) + BX cosh(\x).

Can this type of function satisfy the boundary conditions?

BXx=aA
AXsinh(AL) + BAcosh(AL) = —3(Acosh(AL) + Bsinh(AL))

The first equation implies A=0 «<— B=0.



Solution (4 of 10)

Use the BC at x = 0 to eliminate A and B from the second equation,

A
A\sinh(AL) + aT)\cosh()\L) = —B(Acosh(\L) + % sinh(AL))

Asinh(AL) + o cosh(AL) = —B(cosh(AL) + %sinh()\L))
<)\ + a)\ﬁ) sinh(AL) = —(a + ) cosh(AL)
()x + af) tanh(AL) = —(a + B)

since cosh(AL) > 1.



Solution (5 of 10)

</\ + %) tanh(AL) = —(a + 8)
Since o > 0, 8 > 0, L > 0, and we have assumed X > 0 then
tanh(AL) <0 < AL <O

which is a contradiction. Hence there are no nontrivial solutions when
c>0.



Solution (6 of 10)

Suppose ¢ = —\? with A > 0.
XII(X)
X(x)
X" (x) 4+ X2X(x) =0
X(x) = Acos(Ax) + Bsin(Ax)

= _)\2

Can this type of function satisfy the boundary conditions?



Solution (6 of 10)

Suppose ¢ = —\? with A > 0.
X'

X(x)
X" (x) 4+ X2X(x) =0
X(x) = Acos(Ax) + Bsin(Ax)
and X’'(x) = —AXsin(Ax) + BX cos(\x).

Can this type of function satisfy the boundary conditions?

B\ =caA
—AMXsin(AL) + BAcos(AL) = —3(Acos(AL) + Bsin(AL))



Solution (6 of 10)

Suppose ¢ = —\? with A > 0.
X//(X)
X(x)
X" (x) 4+ X2X(x) =0
X(x) = Acos(Ax) + Bsin(Ax)
and X’'(x) = —AXsin(Ax) + BX cos(\x).

= _)\2

Can this type of function satisfy the boundary conditions?

B\ =caA
—AMXsin(AL) + BAcos(AL) = —3(Acos(AL) + Bsin(AL))

The first equation implies A=0 «<— B=0.



Solution (7 of 10)

Use the BC at x = 0 to eliminate A and B from the second equation,

—AXsin(AL) + %)\ cos(AL) = —(Acos(AL) + aTA sin(AL))

—Asin(AL) + acos(AL) = —f(cos(AL) + %sin(/\L))

<>\ - af) sin(AL) = (a + B) cos(AL)

Note: on 1
cos(AL) =0 < A= %

with n € N.



Solution (8 of 10)
2n—1)r
2L

Suppose A = with n € N, then sin(AL) = £1 and

<>\ - a)\ﬂ) sin(AL) = (a + B) cos(AL)

0
aﬁ_<(2n—1)7r>2.



Solution (8 of 10)
2n—1)r

Suppose A = o[

with n € N, then sin(AL) = £1 and

<>\ - O‘f> sin(AL) = (o + ) cos(AL)

af
)\77—0

af = <(2n2_L1)7T>2.

If there is no n € N satisfying the last equation, then cos(\L) # 0 and

(/\ - 04)\5) sin(AL) = (a + ) cos(AL)

()\ — a)\ﬂ) tan(AL) = a+ 3

a+f (a4 )X

tan(AL):A_Lf— N af




Solution (9 of 10)

(a+ B)A
A2 —ap

tan(AL)

This equation has positive solutions which can be approximated

using Newton’s method.




Solution (10 of 10)

The first few solutions are

A\ &~ 1.20779
Ao ~ 3.44824
A3 ~ 6.44095
M\ ~ 9.53048

and A\, — (n—1)ras n — oo.
The corresponding eigenfunctions are

Xn(x) = Ancos(Anx) + Bysin(Anx)
while the product solutions have the form

Un(x, 1) = €7 (An cos(AnX) + Bpsin(AnX)).



Nonhomogeneous Boundary Conditions

Consider the IBVP:

U =rUyfor0<x <L, t>0

u(0,t) = wp
ulL,t)=u.
u(x,0) = f(x)

Recall that the temperature in the region asymptotically approached a
steady state of 0 when the boundary conditions were homogeneous
(u(0,t) = u(L, t) = 0). Suppose that in the nonhomogeneous case
the temperature distribution approaches a nonzero steady state U(x).



Steady-State Solution

Suppose
U'(x)=0for0<x <L
U(0) = uo
U(L) = ur

then U(x) = Ax + B.
UO)=u=A0)+B = B=u
The other boundary condition implies

ur — U

UL =u=AL+u = A= -

Hence the steady-state solution is

(uL — up)x

U(x) = ==

+ Up.




Time-Dependent Solution (1 of 2)
Assume the solution to the IBVP can be written as
u(x,t) = U(x) + v(x, t) where v(x, ) is an unknown function.

Question: what IBVP must v(x, t) satisfy?

Uy = RUxx
(U(x) + v(x, 1) = £(U(X) + v(X, 1) xx
Vi = KkVyx (PDE)



Time-Dependent Solution (1 of 2)
Assume the solution to the IBVP can be written as
u(x,t) = U(x) + v(x, t) where v(x, ) is an unknown function.

Question: what IBVP must v(x, t) satisfy?

Uy = RUxx
(U(x) + v(x, 1) = £(U(X) + v(X, 1) xx
Vi = KkVyx (PDE)

v(0,t) =0 (BC at x = 0)
Likewise v(L,t) = 0.



Time-Dependent Solution (1 of 2)
Assume the solution to the IBVP can be written as
u(x,t) = U(x) + v(x, t) where v(x, ) is an unknown function.

Question: what IBVP must v(x, t) satisfy?
Ut = Klxx

(U(x) + v(x, 1)) = s(U(x) + v(X, 1))xx
Vi = KkVyx (PDE)

u(0,t) = w
U(0) + v(0,t) = wp
v(0,t) =0 (BC at x =0)

Likewise v(L,t) = 0.

u(x,0) = f(x)
U(x) + v(x,0) = f(x)
v(x,0) =f(x) — U(x) (ICatt=0)

—



Time-Dependent Solution (2 of 2)

Vi=kVforO<x<Landt>0
v(0,t)=0
v(L,t)y=0
v(x,0) = f(x) — U(x)



Time-Dependent Solution (2 of 2)

Vi=kVforO<x<Landt>0
v(0,t)=0
v(L,t)y=0
v(x,0) = f(x) — U(x)

nm
|fbn—L/ X) SlanX

then v(x, t) Zb e rPTR/L7 n7LrX’

n=1

U — U)X  ~— nwx
and u(x,t) = up + (UL = to)x + z:b,,e*"”"”z’fZ’/L2 sin %

n=1



Example

Solve the following IBVP:

u=5uyfor0<x<tandt>0
u(0,z‘)—10
u(1,t) =
u(x,0) = 1o+11x—x2



Solution (1 of 2)

The steady-state solution is

20 — 10)x

U(x) = 104 ¢ 1 =10(1 + x).



Solution (1 of 2)

The steady-state solution is

20 — 10)x

U(x) = 104 ¢ 1 =10(1 + x).

The transient solution v(x, f) satisfies the IBVP:

Vi =5vy forO<x<tlandt>0
0,)=0
(1,)=0
v(x,0) =10+ 11x — x®* —10(1 + x) = x — x®

4
4



Solution (2 of 2)

]
by, = 2/ (x — x®)sin(nmx) dx
0

_A0-(=1")

- 3

_J0 if nis even,
8/(n*r3) if nis odd.

8 X, e—5(2n—1)x%t

=Gy e
™ = (2n—-1)

sin((2n — 1)7x)

5(2n—1)%x2t
u(x, 1) =10(1 +x) + — Z sin((2n — 1)7x)



Time Dependent Boundary Conditions

Consider the IBVP:

Ur = klyy, forO< x < Landt>0
u(0, 1)
u(L,t)
u(x,0)

a(t)
b(t)
f(x)

» In this situation the boundary conditions are functions of time.

» There may not be a steady-state solution, but the approach used
in the case of constant, nonhomogeneous BCs is useful.



Time Dependent Boundary Conditions

Consider the IBVP:

Ur = klyy, forO< x < Landt>0
u(0,t) = a(t)
u(L, t) = b(t)
u(x,0) = f(x)

» In this situation the boundary conditions are functions of time.

» There may not be a steady-state solution, but the approach used
in the case of constant, nonhomogeneous BCs is useful.
(b(t) — a(t))x

T and

Define a reference function r(x, t) = a(t) +
suppose u(x, t) = r(x,t) + v(x,t).

Question: what IBVP does v(x, t) satisfy?



PDE for v(x, t)

Uy = RUxx
(r(x, 1) + v(x, 1)) = 6(r(x, ) + V(X, 1) xx

(b'(t) — &(t)x

a(t)+ 1

+ Vi = KVxx
(b'(t) — a(t)x

Vi = KV — a(t) — T

Note: this PDE is nonhomogeneous.



BCs for v(x, t)

u(0,t) = a(t)

r(0,t) + v(0,t) = a(t)

a(t)+ v(0,t) = a(t
v(0,t)=0 (BCatx=0)

u(L, t) = b(t)

r(L,t) + v(L, t) = b(t)

b(t) + v(L,t) = b(t)
v(L,t)=0 (BCatx=1)

The boundary conditions are once again homogeneous.



IC for v(x, 1)



IBVP for v(x,t)

In summary:
/ _ 4
Vi = KV — a(t) — () La ()x forO<x<Landt>0
v(0,t)=0
v(L,t)=0
v(x,0) = f(x) — a(0) — w
Remarks:
» This IBVP has a nonhomogeneous PDE and a non-trivial initial
condition.

» Search for a solution v(x, t) = vy(x, t) + va(x, t) for which vq(x, f)
solves the homogeneous PDE with a non-zero initial condition
and vz(x, t) solves a nonhomogeneous PDE with a zero initial
condition.



Sum of Solutions (1 of 2)

Consider the two IBVPs with 0 < x < Land t > O:

(V1)t = "f(V1 )xx
V4 (0, t) =0
(L) =0
Vi (x,0) = f(x) - LO = 80X _ 0




Sum of Solutions (2 of 2)

If vi(x, t) solves the 1st IBVP and v (x, t) solves the 2nd IBVP, then
v(x,t) = vi(x, t) + vo(x, t) solves:

(b'(t) — &(t)x

T forO<x<Landt>0

Vi = kVix — a(t) —

v(0,t)=0
v(L,t)=0

v(x,0) = f(x) — a(0) — w



Solution of IBVP with Homogeneous PDE

The IBVP,
n)i=r()xfor0O<x <L t>0
Vq (0, t) =0
Vy (L, t) =0
vi(x,0) = f(x) — w —a(0)
has solution .
vi(x, ) = bpe~ /L gin TX
’ L
n=1
where



Solution of IBVP with Nonhomogeneous PDE

We will assume the solution to the IBVP:

(Vo) = k(Vo)xx — @(t) — (B(1) - a(t)x for0O<x< L, t>0

L
Vg(o, t) =0
Vg(L, t) =0
va(x,0) =0

is of the form

= nmx
vo(x,t) = > ba(t)e """  sin %
n=1

where the coefficients b, are functions of t. Differentiate this solution
and substitute it into the nonhomogeneous PDE.



Verifying the Solution

o n2772 a2z . NTX
(V) = 721 ?bn(t)e ot/ sin e
n=
> 2. 2
(V2)t = Z (b;,(t)e—nnzﬂ-zt/Lz _ Hanﬂ' bn(t)e_HnZﬂzt/LZ) Sin nLLX
n=1
/ _ A
Since (v2); — k(o) = —a/(t) — M then

> 2 24,12 / - &
n=1

Multiply both sides by sin(mmx/L) and integrate over [0, L].



Integration and Orthogonality

Ly et — /OL (a’(f) L (B0 - a’(t))X> o X

2 L L
(@)~ (-1)"B (1)
blt) = 2™ U () (1) — (1)

mm



Integration and Orthogonality

Ly et — /OL (a’(f) L (B0 - a’(t))X> o X

2 L L
L / mp/
= (@) - () )
blo(t) = e U (1B (1) — &l (1)

Integrate both sides with respect to t.

{ / _i ‘ kmP2s/L2 ((_ 4\Mp/ () _
/Ob,,,(s)ds_mﬂ/o e (—1)"b/(s) — d(s)) ds

(1) — bm(0) = - /0 &= S/ (_1)™h(s) — a(s)) ds

Since v»2(x,0) = 0 then by,(0) = 0 for m € N.



Assembling the Solution

(b(t) — a(t))x
L

o0

2 2.2 . NmX

vi(x,t) = ane_“” L sin -
n=1

r(x,t) = a(t) +

vt =3 = /0e‘“”z”z(t‘s)/LZ((—1)"b’(s)—a’(s))ds sin”iLX
n=1

u(x,t) = r(x, t) + vi(x, t) + va(x, t)



Example

Find the solution to the following IBVP.

Ur=uUy for0O<x<1andt >0
u(0,t)=t
u(1,t) =1 +sint
u(x,0) = x



Example

Find the solution to the following IBVP.

Ur=uUy for0O<x<1andt >0

u(0,t)=t
u(1,t) =1 +sint
u(x,0) = x

The reference function is

r(x,f)=t+ (1 —t+sinf)x.



Associated Homogeneous IVBP

=(vi)wfor0O<x<tlandt>0

—(04+(1—-0+sin0)x)=x—x=0

Hence vi(x,t) = 0.



Associated Nonhomogeneous IVBP

(w)i=(vo)xx —1+ (1 —cost)xforO<x<1landt>0

(0,1)

(1,1
)

va(x,0

Vo

0
Vo 0
0

Assume solution vo(x, t) has the form

where



Calculation of by(t)

2 t
bn(t) = E/O\ en27\-23((_1)ncoss _ 1) ds
o™t (1)a?  (—1)rem |
T T x4t + rp—— (n°m° cost +sint)

u(x,t)=t+(1 —t+sint)x+ > ba(t)e"" ™ ' sin(nmx)

n=1



Graph




