
H
ea

tE
qu

at
io

n
on

U
nb

ou
nd

ed
In

te
rv

al
s

M
AT

H
46

7
P

ar
tia

lD
iff

er
en

tia
lE

qu
at

io
ns

J.
R

ob
er

tB
uc

ha
na

n

D
ep

ar
tm

en
to

fM
at

he
m

at
ic

s

Fa
ll

20
18



O
bj

ec
tiv

es

In
th

is
le

ss
on

w
e

w
ill

le
ar

n
ab

ou
t:

I
th

e
fu

nd
am

en
ta

ls
ol

ut
io

n
to

th
e

he
at

eq
ua

tio
n,

I
so

lu
tio

ns
to

th
e

he
at

eq
ua

tio
n

fo
r0
≤

x
<
∞

,a
nd

I
so

lu
tio

ns
to

th
e

he
at

eq
ua

tio
n

fo
r−
∞
<

x
<
∞

.



Fu
nd

am
en

ta
lS

ol
ut

io
n

Fo
rt
>

0
de

fin
e

th
e

fu
nc

tio
n

U
(x
,t

)
=

1
√

4π
kt

e−
x2
/
(4

kt
) .

R
em

ar
ks

:
I

U
(x
,t

)
is

re
la

te
d

to
th

e
pr

ob
ab

ili
ty

de
ns

ity
fu

nc
tio

n
fo

ra
no

rm
al

ly
di

st
rib

ut
ed

ra
nd

om
va

ria
bl

e.
I

W
hi

le
de

fin
ed

on
ly

fo
rt
>

0,
th

e
lim

it
as

t
→

0+
ex

is
ts

.
I

U
(x
,t

)
so

lv
es

th
e

he
at

eq
ua

tio
n.



C
on

ne
ct

io
n

to
N

or
m

al
D

is
tr

ib
ut

io
n

A
no

rm
al

ly
di

st
rib

ut
ed

,c
on

tin
uo

us
ra

nd
om

va
ria

bl
e

X
w

ith
m

ea
n
µ

an
d

st
an

da
rd

de
vi

at
io

n
σ

ha
s

a
pr

ob
ab

ili
ty

di
st

rib
ut

io
n

of
f X

(x
)

=
1

σ
√

2π
e−

(x
−
µ
)2
/
(2
σ

2
)

fo
r−
∞
<

x
<
∞

.

C
on

si
de

rt
he

fu
nd

am
en

ta
ls

ol
ut

io
n

to
th

e
he

at
eq

ua
tio

n,

U
(x
,t

)
=

1
√

4π
k

te−
x2
/
(4

kt
)

=
1

√
2k

t√
2π

e−
x2
/
(2
(√

2k
t)

2
) .

Fo
re

ve
ry

t
>

0
th

e
he

at
en

er
gy

is
di

st
rib

ut
ed

no
rm

al
ly

w
ith

m
ea

n
µ

=
0

an
d

st
an

da
rd

de
vi

at
io

n
σ

=
√

2k
t.



G
ra

ph



lim t→
0+

U
(x
,t
)

If
x
6=

0
th

en

lim t→
0+

U
(x
,t

)
=

lim t→
0+

1
√

4π
kt

e−
x2
/
(4

kt
)

=
0.

If
x

=
0

th
en

lim t→
0+

U
(0
,t

)
=

lim t→
0+

1
√

4π
kt

=
∞
.



Ju
st

ifi
ca

tio
n

S
up

po
se

x
6=

0
th

en

lim t→
0+

U
(x
,t

)
=

lim t→
0+

1
√

4π
kt

e−
x2
/
(4

kt
)

=
lim t→

0+

1/
√

t
√

4π
ke

x2
/
(4

kt
)

(in
de

te
rm

in
at

e
∞
/∞

)

=
lim t→

0+

−
1/

(2
t3/

2 )

−
x2 4k

t2
√

4π
ke

x2
/
(4

kt
)

=
lim t→

0+

1
x2

4k
t1

/
2

√
π

ke
x2
/
(4

kt
)

=
0.



A
re

a
U

nd
er

th
e

C
ur

ve

A
ss

um
e

th
at

fo
rfi

xe
d

t
>

0
th

e
im

pr
op

er
in

te
gr

al
∫
∞ −
∞

U
(x
,t

)
dx

co
nv

er
ge

s.
Fi

nd
th

e
va

lu
e

of
th

e
in

te
gr

al
.



S
ol

ut
io

n

If
S

=

∫
∞ −
∞

U
(x
,t

)
dx

S
2

=

( ∫
∞ −
∞

U
(x
,t

)
dx
)
( ∫

∞ −
∞

U
(y
,t

)
dy
)

=
1

4π
kt

∫
∞ −
∞

e−
x2
/
(4

kt
)
dx
∫
∞ −
∞

e−
y2
/
(4

kt
)
dy

=
1

4π
kt

∫
∞ −
∞

∫
∞ −
∞

e−
(x

2
+

y2
)/
(4

kt
)
dx

dy

=
1

4π
kt

∫
2π 0

∫
∞ 0

re
−

r2
/
(4

kt
)
dr

d
θ

=
1 2k

t

∫
∞ 0

re
−

r2
/
(4

kt
)
dr

S
2

=
1

=
⇒

S
=

1.



D
ira

c
D

el
ta

Fu
nc

tio
n

S
in

ce I
fo

rx
6=

0,
lim t→

0+
U

(x
,t

)
=

0
an

d

I
∫
∞ −
∞

U
(x
,t

)
dx

=
1

fo
ra

ll
t
>

0

th
en

lim t→
0+

1
√

4π
kt

e−
x2
/
(4

kt
)

=
δ(

x)

th
e

D
ir

ac
de

lta
fu

nc
tio

n.



Lo
ga

rit
hm

ic
D

iff
er

en
tia

tio
n

(1
of

2)

U
(x
,t

)
=

1
√

4π
kt

e−
x2
/
(4

kt
)

ln
U

=
−

1 2
ln

(4
π

kt
)
−

x2

4k
t

∂ ∂
t

[l
n

U
]

=
∂ ∂
t

[ −
1 2

ln
(4
π

kt
)
−

x2

4k
t]

U
t U

=
−

1 2t
+

x2

4k
t2

U
t

=
1

√
4π

kt
e−

x2
/
(4

kt
)

( −
1 2t

+
x2

4k
t2

)



Lo
ga

rit
hm

ic
D

iff
er

en
tia

tio
n

(2
of

2)

U
(x
,t

)
=

1
√

4π
kt

e−
x2
/
(4

kt
)

∂ ∂
x

[l
n

U
]

=
∂ ∂
x

[ −
1 2

ln
(4
π

kt
)
−

x2

4k
t]

U
x U

=
−

x 2k
t

U
x

=
−

U
(

x 2k
t)

U
xx

=
−

U
x

(
x 2k

t)
−

U
(

1 2k
t)

=
U
(

x2

4k
2 t

2

)
−

U
(

1 2k
t)

U
xx

=
1

√
4π

kt
e−

x2
/
(4

kt
)

(
x2

4k
2 t

2
−

1 2k
t)



S
ol

ut
io

n
to

th
e

H
ea

tE
qu

at
io

n

U
t(

x,
t)

=
1

4√
kπ

te−
x2
/
(4

kt
)

(
x2

2k
t2
−

1 t)

U
xx

(x
,t

)
=

1
4k
√

kπ
te−

x2
/
(4

kt
)

(
x2

2k
t2
−

1 t)

an
d

th
us

U
t

=
kU

xx
.

R
em

ar
k:

si
nc

e
th

e
fu

nd
am

en
ta

ls
ol

ut
io

n
is

de
fin

ed
fo

r
−
∞
<

x
<
∞

,n
o

bo
un

da
ry

co
nd

iti
on

s
ne

ed
be

co
ns

id
er

ed
.

If
u(

x,
0)

=
f(

x)
is

an
in

iti
al

co
nd

iti
on

de
fin

ed
on
−
∞
<

x
<
∞

,
ho

w
do

w
e

fo
rm

a
so

lu
tio

n
to

th
e

IV
P

?



S
ol

vi
ng

th
e

IV
P

Th
eo

re
m

C
on

si
de

rt
he

in
iti

al
va

lu
e

pr
ob

le
m

u t
=

k
u x

x
fo

r−
∞
<

x
<
∞

an
d

t
>

0
u(

x,
0)

=
f(

x)
,

fo
r−
∞
<

x
<
∞

.

If
f(

x)
is

co
nt

in
uo

us
an

d
if
∫
∞ −
∞
|f(

x)
|d

x
co

nv
er

ge
s,

th
en

th
e

pi
ec

ew
is

e
de

fin
ed

fu
nc

tio
n

u(
x,

t)
=

  

∫
∞ −
∞

U
(x
−

y,
t)

f(
y)

dy
if

t
>

0,

f(
x)

if
t

=
0

so
lv

es
th

e
he

at
eq

ua
tio

n
an

d
sa

tis
fie

s
th

e
in

iti
al

co
nd

iti
on

in
th

e
se

ns
e

th
at

lim
(x
,t
)→

(x
0
,0

+
)
u(

x,
t)

=
f(

x 0
).



U
ni

qu
en

es
s

Th
eo

re
m

C
on

si
de

rt
he

in
iti

al
va

lu
e

pr
ob

le
m

w
ith

co
nd

iti
on

s
im

po
se

d
as

x
→
±
∞

,

u t
=

ku
xx
,

fo
r−
∞
<

x
<
∞

an
d

t
>

0
u(

x,
0)

=
f(

x)
,

fo
r−
∞
<

x
<
∞

lim
x→
±
∞

(
m

ax
0≤

t≤
T
|u

(x
,t

)|)
=

0

fo
r−
∞
<

x
<
∞

,t
>

0,
an

d
T
>

0.
If

f(
x)

is
co

nt
in

uo
us

,i
f

lim
x→
±
∞

f(
x)

=
0,

an
d

if
∫
∞ −
∞
|f(

x)
|d

x
co

nv
er

ge
s,

th
en

u(
x,

t)
=

  

∫
∞ −
∞

U
(x
−

y,
t)

f(
y)

dy
if

t
>

0,

f(
x)

if
t

=
0

is
th

e
un

iq
ue

,c
on

tin
uo

us
so

lu
tio

n
to

th
e

in
iti

al
va

lu
e

pr
ob

le
m

ab
ov

e
on

(−
∞
,∞

)
×

[0
,∞

).



E
xa

m
pl

e

Fi
nd

th
e

un
iq

ue
so

lu
tio

n
to

th
e

fo
llo

w
in

g
in

iti
al

bo
un

da
ry

va
lu

e
pr

ob
le

m
.

u t
=

u x
x
,

fo
r−
∞
<

x
<
∞

an
d

t
>

0

u(
x,

0)
=

e−
x2

co
s
x,

fo
r−
∞
<

x
<
∞

lim
x→
±
∞

(
m

ax
0≤

t≤
T
|u

(x
,t

)|)
=

0



S
ol

ut
io

n
(1

of
4)

S
in

ce
k

=
1

th
en

u(
x,

t)
=

∫
∞ −
∞

U
(x
−

y,
t)

e−
y2

co
s
y

dy

=

∫
∞ −
∞

1
√

4π
te−

(x
−

y)
2
/
(4

t)
e−

y2
R

e
( eiy

)
dy

=
1
√

4π
te−

x2
/
(4

t)
∫
∞ −
∞

e(
2x

y−
y2

)/
(4

t)
e−

y2
R

e
( eiy

)
dy

=
U

(x
,t

)

∫
∞ −
∞

e(
2x

y−
[1
+

4t
]y

2
)/
(4

t)
R

e
( eiy

)
dy

=
U

(x
,t

)

∫
∞ −
∞

R
e
( e(

2x
y−

[1
+

4t
]y

2
)/
(4

t)
eiy
)

dy

u(
x,

t)
=

U
(x
,t

)
R

e

( ∫
∞ −
∞

e(
[2

x+
i4

t]
y−

[1
+

4t
]y

2
)/
(4

t)
dy
)



S
ol

ut
io

n
(2

of
4)

u(
x,

t)
=

U
(x
,t

)
R

e

( ∫
∞ −
∞

e(
[2

x+
i4

t]
y−

[1
+

4t
]y

2
)/
(4

t)
dy
)

C
om

pl
et

e
th

e
sq

ua
re

in
th

e
ex

po
ne

nt
.

u(
x,

t)
=

U
(x
,t

)
R

e

( ∫
∞ −
∞

e−
1+

4t
4t

(y
2
−

2x
+

i4
t

1+
4t

y )
dy
)

=
U

(x
,t

)
R

e

( ∫
∞ −
∞

e−
1+

4t
4t

( y2
−

2x
+

i4
t

1+
4t

y+
[x+

i2
t

1+
4t

]2
−

[x+
i2

t
1+

4t
]2
)

dy
)

=
U

(x
,t

)
R

e

( e
1+

4t
4t

[x+
i2

t
1+

4t
]2
∫
∞ −
∞

e−
1+

4t
4t

(y
−

x+
i2

t
1+

4t
)2

dy
)



S
ol

ut
io

n
(3

of
4)

u(
x,

t)
=

U
(x
,t

)
R

e

( e
(x

+
i2

t)
2

4t
(1
+

4t
)

∫
∞ −
∞

e−
1+

4t
2t

(y
−

x+
i2

t
1+

4t
)2
/
2

dy
)

S
ub

st
itu

te
z

=

√
1

+
4t

2t

( y
−

x
+

i2
t

1
+

4t

) .

u(
x,

t)
=

U
(x
,t

)
R

e

(
e

(x
+

i2
t)

2

4t
(1
+

4t
)

√
2t

1
+

4t

∫
∞ −
∞

e−
z2
/
2

dz

)

=
U

(x
,t

)
R

e

(
e

(x
+

i2
t)

2

4t
(1
+

4t
)

√
4π

t
1

+
4t

)

=

√
4π

t
1

+
4t

U
(x
,t

)
R

e

( e
x2

+
i4

xt
−

4t
2

4t
(1
+

4t
)

)



S
ol

ut
io

n
(4

of
4)

u(
x,

t)
=

√
4π

t
1

+
4t

U
(x
,t

)
R

e

( e
x2

−
4t

2
4t
(1
+

4t
)
e

i4
xt

4t
(1
+

4t
)

)

=

√
4π

t
1

+
4t

U
(x
,t

)e
x2

−
4t

2
4t
(1
+

4t
)

co
s

(
x

1
+

4t

)

=

√
4π

t
1

+
4t

1
√

4π
te−

x2 4t
e

x2
−

4t
2

4t
(1
+

4t
)

co
s

(
x

1
+

4t

)

=
1

√
1

+
4t

e−
x2

+
t

1+
4t

co
s

(
x

1
+

4t

)



Ill
us

tra
tio

n

u(
x,

t)
=

1
√

1
+

4t
e−

x2
+

t
1+

4t
co

s

(
x

1
+

4t

)

-
6

-
4

-
2

0
2

4
6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

t

00.
2

0.
4

0.
6

0.
8

1.
0



S
em

i-I
nfi

ni
te

In
te

rv
al

s

Th
eo

re
m

S
up

po
se

f(
x)

is
co

nt
in

uo
us

on
[0
,∞

),
f(

0)
=

0,
lim x→
∞

f(
x)

=
0,

an
d
∫
∞ 0
|f(

x)
|d

x
co

nv
er

ge
s.

Th
e

in
iti

al
bo

un
da

ry
va

lu
e

pr
ob

le
m

u t
=

k
u x

x
fo

r0
<

x
<
∞

an
d

t
>

0
u(

0+
,t

)
=

0
u(

x,
0+

)
=

f(
x)

lim x→
∞

(
m

ax
0≤

t≤
T
|u

(x
,t

)|)
=

0

ha
s

a
un

iq
ue

,c
on

tin
uo

us
so

lu
tio

n
de

fin
ed

fo
rt
>

0,

u(
x,

t)
=

∫
∞ 0

(U
(x
−

y,
t)
−

U
(x

+
y,

t)
)
f(

y)
dy
.



E
xa

m
pl

e

S
ol

ve
th

e
in

iti
al

,b
ou

nd
ar

y
va

lu
e

pr
ob

le
m

:

u t
=

u x
x

fo
r0

<
x
<
∞

an
d

t
>

0
u(

0+
,t

)
=

0
u(

x,
0+

)
=

x
e−

x

lim x→
∞

(
m

ax
0≤

t≤
T
|u

(x
,t

)|)
=

0.



S
ol

ut
io

n
(1

of
3)

Fo
rs

im
pl

ic
ity

k
=

1
an

d
th

us

u(
x,

t)
=

∫
∞ 0

1
√

4π
t

[ e−
(x
−

y)
2
/
(4

t)
−

e−
(x

+
y)

2
/
(4

t)
] ye

−
y

dy

=
1
√

4π
t

∫
∞ 0

y
[ e

−
(x

2
−

2(
x−

2t
)y

+
y2

)
4t

−
e

−
(x

2
+

2(
x+

2t
)y

+
y2

)
4t

]
dy

=
1
√

4π
te−

x2 4t

∫
∞ 0

y
[ e

−
(y

2
−

2(
x−

2t
)y

)
4t

−
e

−
(y

2
+

2(
x+

2t
)y

)
4t

]
dy

=
1
√

4π
te−

x2 4t
e

(x
−

2t
)2

4t

∫
∞ 0

y
e

−
(y

−
(x

−
2t
))

2

4t
dy

−
1
√

4π
te−

x2 4t
e

(x
+

2t
)2

4t

∫
∞ 0

y
e

−
(y

+
(x

+
2t
))

2

4t
dy



S
ol

ut
io

n
(2

of
3)

u(
x,

t)
=

1
√

4π
te−

x+
t
∫
∞ 0

(y
−

(x
−

2t
)

+
(x
−

2t
))

e
−
(y

−
(x

−
2t
))

2

4t
dy

−
1
√

4π
tex+

t
∫
∞ 0

(y
+

(x
+

2t
)
−

(x
+

2t
))

e
−
(y

+
(x

+
2t
))

2

4t
dy

=
1 √
π

e−
x+

t
∫
∞ 0

y
−

(x
−

2t
)

2√
t

e
−
(y

−
(x

−
2t
))

2

4t
dy

+
(x
−

2t
)e
−

x+
t

√
4π

t

∫
∞ 0

e−
1 2

(y
−
(x

−
2t
))

2

2t
dy

−
1 √
π

ex+
t
∫
∞ 0

y
+

(x
+

2t
)

2√
t

e−
(y

+
(x

+
2t
))

2

4t
dy

+
(x

+
2t

)e
x+

t
√

4π
t

∫
∞ 0

e−
1 2

(y
+
(x

+
2t
))

2

2t
dy



S
ol

ut
io

n
(3

of
3)

u(
x,

t)
=

√
t π

e−
x2 4t

+
(x
−

2t
)e
−

x+
t

√
2π

∫
∞ −
(x
−

2t
)/
√

2t
e−

z2 2
dz

−
√

t π
e−

x2 4t
+

(x
+

2t
)e

x+
t

√
2π

∫
∞

(x
+

2t
)/
√

2t
e−

z2 2
dz

=
(x
−

2t
)e
−

x+
t
( 1
−

Φ

(
−

(x
−

2t
)

√
2t

))

+
(x

+
2t

)e
x+

t
( 1
−

Φ

(
x

+
2t

√
2t

))

w
he

re
Φ

(y
)

=
1 √
2π

∫
y −
∞

e−
y2
/
2

dy
.



Ill
us

tra
tio

n

u(
x,

t)
=

(x
−

2t
)e
−

x+
t
( 1
−

Φ
( −

(x
−

2t
)/
√

2t
))

+
(x

+
2t

)e
x+

t
( 1
−

Φ
( (x

+
2t

)/
√

2t
))

0
2

4
6

8
10

0246810

x

t

00.
1

0.
2

0.
3



S
em

i-I
nfi

ni
te

In
te

rv
al

,N
eu

m
an

n
B

C
s

Th
eo

re
m

S
up

po
se

f(
x)

is
co

nt
in

uo
us

on
[0
,∞

),
f(

0)
=

0,
lim x→
∞

f(
x)

=
0,

an
d
∫
∞ 0
|f(

x)
|d

x
co

nv
er

ge
s.

Th
e

in
iti

al
bo

un
da

ry
va

lu
e

pr
ob

le
m

u t
=

k
u x

x
fo

r0
<

x
<
∞

an
d

t
>

0
u x

(0
+
,t

)
=

0
u(

x,
0+

)
=

f(
x)

lim x→
∞

(
m

ax
0≤

t≤
T
|u

(x
,t

)|)
=

0

ha
s

a
un

iq
ue

,c
on

tin
uo

us
so

lu
tio

n
de

fin
ed

fo
rt
>

0,

u(
x,

t)
=

∫
∞ 0

(U
(x
−

y,
t)

+
U

(x
+

y,
t)

)
f(

y)
dy
.



E
xa

m
pl

e

S
ol

ve
th

e
in

iti
al

,b
ou

nd
ar

y
va

lu
e

pr
ob

le
m

:

u t
=

u x
x

fo
r0

<
x
<
∞

an
d

t
>

0
u x

(0
+
,t

)
=

0

u(
x,

0+
)

=
e−

x2
co

s
x

lim x→
∞

(
m

ax
0≤

t≤
T
|u

(x
,t

)|)
=

0.



S
ol

ut
io

n

u(
x,

t)
=

1
√

1
+

4t
e−

x2
+

t
1+

4t
co

s

(
x

1
+

4t

)

0
1

2
3

4
5

012345

x

t

00.
2

0.
4

0.
6

0.
8

1.
0



H
om

ew
or

k

I
R

ea
d

S
ec

tio
n

4.
4

I
E

xe
rc

is
es

:
17

,1
8,

19


