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Obijectives

In this lesson we will learn about:
» the fundamental solution to the heat equation,
» solutions to the heat equation for 0 < x < oo, and
» solutions to the heat equation for —co < x < o0.




Fundamental Solution

For t > 0 define the function

1 —x?/(4kt)

U(X, t):\/ﬁ'e .

Remarks:
> U(x,t) is related to the probability density function for a normally

distributed random variable.
» While defined only for t > 0, the limit as t — 0" exists.

» U(x,t) solves the heat equation.

Connection to Normal Distribution

A normally distributed, continuous random variable X with mean u
and standard deviation ¢ has a probability distribution of

e~ (=1°/(29%) for _ 0 < x < 0o0.

h(x) = UJZ

Consider the fundamental solution to the heat equation,

1 2 1 2 2
Ulx, f) = —L_g=x*/(4kt) _ o2/ R(VERTY)
(.0 varkt Vektv2r

For every t > 0 the heat energy is distributed normally with mean
1 = 0 and standard deviation o = v2k t.
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Justification

Suppose x # 0 then
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lim U(x,t) = li g~ X /(4K1)
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t—0+ /4 kex?/(4k)
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(indeterminate oco/o0)

Area Under the Curve

Assume that for fixed t > 0 the improper integral

/_ o; U(x, t) dx

converges. Find the value of the integral.




Solution

If S = / U(x, t) dx

S? = (/_O; U(x, t) dx) (/_o; Uy, t) dy>

1 —x2/(4kt) / —y?/(4kt)
d
=7 k ; / e ax e ly

x —l—y )/ (4kt)
= 4rkt / / dx dy
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P=1 —= S=1.

Dirac Delta Function

Since

» for x #£0, lim U(x,t) =0 and
t—0"

> / U(x,t)dx =1forall t >0

then

1 2
lim ——— e X /(4k) — 5(x
t—0* \/4mkt (x)

the Dirac delta function.




Logarithmic Differentiation (1 of 2)

e—x2 /(4kt)
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Logarithmic Differentiation (2 of 2)
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Solution to the Heat Equation

bV ek [ X 1
Uix 1) = =¢ 2k 1

Ul l) = Tt 2kt t

Remark: since the fundamental solution is defined for —oco < x < oo,
no boundary conditions need be considered.

If u(x,0) = f(x) is an initial condition defined on —co < x < oo, how
do we form a solution to the IVP?

Solving the VP

Theorem
Consider the initial value problem

U = KUy for —oco < X < ocoandt>0
u(x,0) = f(x), for —oo < x < .

If f(x) is continuous and if / |f(x)| dx converges, then the

piecewise defined function

u(X,t){ /_O;U(X—yat)f(y)dy ift >0,
f(x) ift =0

solves the heat equation and satisfies the initial condition in the sense
that

lim )u(x, t) = f(xo).

(x;1)—=(x0,0*




Uniqueness

Theorem
Consider the initial value problem with conditions imposed as
X — to0o,

Ur = KUy, for —oo < x < oo andt >0
u(x,0) = f(x), for —oco < x <

lim < max_|u(X, t)|> =0
x—txoo \ 0<t<T
for —oo < x < o0, t>0,and T > 0. If f(x) is continuous, if
X_h)rinoo f(x) =0, and if /_ N |f(x)| dx converges, then
u(x. 1) = /_oo Ux -y, t)f(y)dy ift>D0,
f(x) ift=0

is the unique, continuous solution to the initial value problem above
on (—oo,00) x [0, 00).

Example

Find the unique solution to the following initial boundary value
problem.

Ur = Uyy, fOr —-co < x < ocandt >0

2
u(x,0) = e * cosx, for —oco < x < oo

lim (max lu(x, t)|> =0
x—too \ 0<t<T




Solution (1 of 4)

Since k = 1 then
u(x, t) = / U(x — y,t)e™ cosy dy

/oo 1 e U /e Re (o) dy

= \/%te_x /(41) /OO e(2y—y*)/(41) o=¥* Re (e¥) ay
Q0 —

— U(X’ t) /OO e(2xy—[1 +4t]y2)/(4t) Re (eiy) dy

= U(x, t)/ Re <e(2Xy [1+41y®)/(4D) g /y> dy

u(x, t) = U(x, t)Re ( / 7 pllexiatly—[1+41)y?)/(41) dy>

— OO

Solution (2 of 4)

u(x, t) = U(x, t) Re ( / h

— o0

e([2x+i4t]y—[1+4t]y2)/(4t) dy)

Complete the square in the exponent.
u(x,t) = U(x, t)Re (/ e~ w (V' —55ar'y) dy)
= U(x,t)Re (/OO e (8 S - [ ) y>
= U(x, 1) Re( k=l / ~ S () dy)




Solution (3 of 4)

X+i| 2 .
U(X, t) = U(X7 t) Re (egt(tiz)f) / 1+4t(y );J-ri-lftt)z/2 dy)
: 1+ 4t X+ i2t
Substitute z = \/: _ _
2t (y 1+ 41‘)
ulx,t)=U(x,t)R (egﬁﬁf \/Tt/oo —z?/2 dZ)
(x+i2t)? 47
= U(x, t)Re | e#irn F
o (55 )
4 X2 idxt— 2
= TWSJU(X, t) Re e%)

Solution (4 of 4)

4 2 i
U(X, t) = ] fitU(Xj [’) Re (e4t(1+44tt) e4t(14+£1t))
47t
= U 41‘(1 4t)
1+ 4¢ (X, t)e*+en Cos( 2 )
4t 1 — e4t(1+44tt2) cos X
1+ 4t \/47T

= 1 e_% cos<
144t 144t




lllustration

1 2
u(x,t) = e T cos(1 —l)—(4t>
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Semi-Infinite Intervals

Theorem
Suppose f(x) is continuous on [0, c0), f(0) = 0, lem f(x) =0, and

/ |f(x)| dx converges. The initial boundary value problem
0
U= KuyforO < x <ooandt>0

u(0+,t) =0
u(x,0+) = f(x)

lim <max lu(x, t)|> =0

x—o0 \ 0<t<T

has a unique, continuous solution defined for t > 0,

) = | T (U -y ) Ulx + 1) F(y) dy.




Example

Solve the initial, boundary value problem:

U= Uy for0O< x<oocand t >0
u(0+,t) =0
u(x,04+)=xe”*

lim (max lu(x, t)\)
X—o0 \ 0<t<T

Solution (1 of 3)

For simplicity kK = 1 and thus

u(x, f) = / - [t /04) _ -txt/660) y iy
0

47t
1 —(x2 —2(x—2t)y+y?) — (X2 +2(x+2t)y+y?) ]
— e a7 —e 4t dy
2 [ — (2 —2(r20y) —(yP+2(x+2t)) |
\/_e u e —e af ady
0 i

2 (x=2n? —(y=(x—2t))2
= 4 e @ e a4 ye —a dy

¥ (x+2t)2 — (y+(x+21))2
_ e e & y e 4 dy
4 0
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Solution (2 of 3)

—(y—=(x—2t))?

u(x, t)—\/—_ _X“/ (y—(x—-2t)+(x—2t)e " &« dy

—(y+(x+21)?

X+l‘
y+(x+2t)—(x+2t)e” « —dy
¢_ | o teren - eren)
o xH y—(x— 21‘) it 2t>>2d
a7 ly
f /

(x — 2t)e‘x+t L1 =G2n)?
7 e 2 21 ly
Y% 0
_ L\/_ex+t y + ()i/‘_" 2t) (y+()(44;2t))2 dy
T 0 2
(x + it)tGXH o - c20)? oy
Var 0

Solution (3 of 3)

[ — 2t)e~x+t [ 22
u(x,t) = \/je_ﬂ + (x ) e 2 dz
T

Vven —(x—2t)/V/2t
X2 2 X+t o 22
ot _4_t+(x1L e % dz
™ Vam (x+2t)/v/2t

= (x — 2t)e X! (1 yo <—_()i/;_t2t))>
+(x + 2t)e*H <1 - (X\Z_ft»

y 2
where ¢ (y) = \/%/ eV /2dy.
T J—00




lllustration

u(x, t) = (x — 2t)e~**! (1 B (—(x _21) /\/27))
+ (x + 2t)e* ! (1 — & ((x + 2t)/\/2—t>)

0.3

Semi-Infinite Interval, Neumann BCs

Theorem
Suppose f(x) is continuous on [0, c0), f(0) = 0, lem f(x) =0, and

/ |f(x)| dx converges. The initial boundary value problem
0

U= KUy forO < x <ooandt>0
Ux(0+, t) — O
u(x,0+4) = f(x)

lim (max lu(x, t)|> =0
x—o0 \ 0<t<T

has a unique, continuous solution defined for t > 0,

u(x, 1) = /Ooo (U(x — y,1) + U(x + v, 1)) f(y) dy.




Example

Solve the initial, boundary value problem:

U= Uy for0< x<ooandt >0
Ux(o+,t):O

u(x,0+) = e cosx

lim ( max_|u(x, t)|) = 0.

X—o00 \ 0<t<T

Solution

u(x,t) = 1 e_%cos( X )
V14t 1+4t

0.8




Homework

» Read Section 4.4
» Exercises: 17, 18, 19




