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Objectives

In this lesson we will learn about:
» the fundamental solution to the heat equation,
» solutions to the heat equation for 0 < x < oo, and
» solutions to the heat equation for —co < x < oo.



Fundamental Solution

For t > 0 define the function

1 —x2/(4kt)

lJ(X7 t) = \/ﬁe

Remarks:
> U(x, 1) is related to the probability density function for a normally

distributed random variable.
> While defined only for t > 0, the limit as t — 0" exists.

> U(x,t) solves the heat equation.



Connection to Normal Distribution

A normally distributed, continuous random variable X with mean
and standard deviation o has a probability distribution of

1 2 2
f = e~ (=1’ /(297) for — .
x(X) \/7 oo < X < o0




Connection to Normal Distribution

A normally distributed, continuous random variable X with mean p
and standard deviation o has a probability distribution of

1 2 2
f = e~ x=m)/(27°) for — .
x(X) \/7 oo < X < o0

Consider the fundamental solution to the heat equation,

1 2 1 > 5
Ux,t) = ———e X/@rt) = ___— o=x/C(V2r 1)
(x.1) Varkt V2 tV2r

For every t > 0 the heat energy is distributed normally with mean
1 = 0 and standard deviation o = v2k t.



Graph




lim U(x, 1)

t—0+

If x # 0 then

th(;]+ ux.1)

= lim

1
t=0" /4t

e X /(4rt) _ .



lim U(x, 1)

t—0+

If x # 0 then

If x =0 then

I|m U(x,t) = lim g X/(4x1)
(1) = t=0" /4t
| U(0,t) = lim !
im. =i = o0.
=0+ \/4rrt

=0.



Justification

Suppose x # 0 then
1 2
|- — i —X /(4/{0
[, Ul 1) = lim, —7=—=e
: 1/Vt :
= | —_— i
Jim, N/ T (indeterminate co/c0)
= lim —1/@0%)
- t—0+ _ﬁizw/4ﬂ'[§ex2/(4””
1

t—0+ 74:;/2 Jrrex?/(4st)



Area Under the Curve

Assume that for fixed t > 0 the improper integral

/_ O; U(x, 1) dx

converges. Find the value of the integral.



Solution

i S:/ U(x, 1) dx

- ([ ([ o009)

e X 2 /(4kt) —y?/(4xt)
47T/-$t/_ dX/_OO € dy

_ ] /OO /OO & OCHP) /480 gy fy
4kt

2w
o' 2 /(4rt) 9
47mt/ / Ydrd

re=""/(4x0 g
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F=1—= S=1.



Dirac Delta Function

Since
» for x #0, lim U(x,t)=0and
t—0t

> / U(x,t)dx =1 forall t > 0

then ]
lim ———e /(4D = 5(x)

=0+ \/Ankt

the Dirac delta function.



Logarithmic Differentiation (1 of 2)

1

Ux,t) = g X*/(4xt)
(.0 Varkt
1 x?
InU = —— In(4rxkt) — ——
nU 5 n(4rrt) yye

3] o[ 1 x?



Logarithmic Differentiation (1 of 2)

1

Ux,t) = g/ (4rt)
(1) Varkt
1 X2
InU = —=In(4nkt) — e
0 1 X2
[In U= 8[ = In(4wkt) — . J

U_ 1, x
U 2t 4kt
2
Up= 1 g x/ant L X
vV 47mt 2 4k12



Logarithmic Differentiation (2 of 2)

U(x, £) = ——_g=/(a0)

Varkt
0 0 1 X2
U _ x
U 2kt
X
Us =~V (5,)

X 1

Use = ~Us (5,7) ~U (zm)
X2 1

=v <4ﬁetz) -u (21‘)

2
Uy = - gx/ant) ( X
Tkl

1

4k2t2 2kt

)



Solution to the Heat Equation

o 1 7)(2/(4&0 X2 1
Ghix. 1) = 4./ mrte 2kt t
x2 1

_ 1 —x2/(4rt)
Vol ) = 4 et 20

and thus U; = kUyy.

Remark: since the fundamental solution is defined for —co < x < oo,
no boundary conditions need be considered.



Solution to the Heat Equation

o 1 7)(2/(4&0 X2 1
Ghix. 1) = 4./ mrte 2kt t

o 1 7)(2/(4’%” X2 1
U, 1) = 45 mrte 2kt t

and thus U; = kUyy.

Remark: since the fundamental solution is defined for —co < x < oo,
no boundary conditions need be considered.

If u(x,0) = f(x) is an initial condition defined on —oco < X < oo, how
do we form a solution to the IVP?



Solving the IVP

Theorem
Consider the initial value problem

U = KUy for—oco < x < occandt>0
u(x,0) = f(x), for —oo < x < oo.

If f(x) is continuous and if / |f(x)| dx converges, then the

piecewise defined function

u(x, t) = { /Z Ulx -y, tf(y)dy ift>0,
f(x) ift="0

solves the heat equation and satisfies the initial condition in the sense
that
lim  u(x,t) = f(xo).

(x:1)=(x0,0%)



Uniqueness

Theorem
Consider the initial value problem with conditions imposed as
X — Fo0,
Ut = Klyy, for —oco < x <occandt >0
u(x,0) = f(x), for —oo < X <

lim (max lu(x, t)> =0
Xx—Foo \ 0<t<T

for —oo < x < 00, t>0,and T > 0. If f(x) is continuous, if

lim f(x)=0, and if/ |f(x)| dx converges, then
X—+oo o

u(x, t) = { /Z Ulx —y.Of(y)dy ift>0,
F(x) ift=0

is the unique, continuous solution to the initial value problem above
on (—o0,0) x [0, 00).



Example

Find the unique solution to the following initial boundary value
problem.

U = Uy, for —co< x <occandt >0

X

2
u(x,0) =e* cosx, for —oo < x < c©

lim (max lu(x, t)> =0
x—Hoo \0<I<T



Solution (1 of 4)

Since x = 1 then
u(x,t) = / Ux -y, t)e*y2 cos y dy

_ / YL o6 Re (64 dy
—oo VATt



Solution (1 of 4)

Since k¥ = 1 then
T AT

oo V4T
1 2 = 2 ’ '
_ 1 g @y —y%)/(40) g=¥* Re (e”) dy
Vart —o0



Solution (1 of 4)

Since k = 1 then
U(X7 t) = / U(X -, t)e*}’2 cos y dy

= /OO \/Jﬁe—()(—y)z/(ﬁ)e—yz Re (e’y) dy
—0o0 vy
1 2 > 2 2 .
— X/ e@y—y*)/(4) g=¥* Re (e’y) dy
Vart .
(X7 t) /oo e(2xy7[1 +4t]y?)/(4t) Re (eiy) dy

-



Solution (1 of 4)

Since k = 1 then
U(X7 t) = / U(X -, t)e*}’2 cos y dy

= /OO \/Jﬁe—()(—y)z/(ﬁ)e—yz Re (e’y) dy
—0o0 vy
1 2 > 2 2 .
— X/ e@y—y*)/(4) g=¥* Re (e’y) dy
Vart .
(X7 t) /oo e(2xy7[1 +4t]y?)/(4t) Re (eiy) dy

-

oo 5 )
= U(x, t)/ Re (e(2XY—[1+4f]y )/(4t)ely) dy

— 00



Solution (1 of 4)

Since k = 1 then
U(X7 t) = / U(X -, t)e*)’2 cos y dy

= /OO \/Jﬁe—()(—y)z/(ﬁ)e—yz Re (e’y) dy
—0o0 vy
1 2 > 2 2 .
— X/ e@y—y*)/(4) g=¥* Re (e’y) dy
Vart .
(X7 t) /oo e(2xy7[1+4t]y2)/(4t) Re (eiy) dy

-

= U(x, t)/oc Re( o2y —[1+41]y%)/( 4t)e/y) dy

u(x,t) = U(x,t)Re (/OO gl2x-+idtly—[1+4t]y?)/(41) dy)



Solution (2 of 4)

u(x,t) = U(x,t)Re ( / - elRx+idtly—[1+41]y*)/(41) dy)

Complete the square in the exponent.

u(x,t) = U(x, t)Re ( / e W (V- FHty) dy>

= U(x,f)Re ( / T g (- [ - [5T) 4 )
= U(x, 1) Re< ottt [8]° / . dy)




Solution (3 of 4)

x+i2t)2 0
u(x, t) = U(x, t)Re (efuéi%/ o (-
i 1+4t X+ i2t
Substitute z = \/7
2t ( 1+4t)
u(x, t) = U(x, ) Re e:,t'izfr /°° F L2 g
1+at )
x+er 47Tt
= U(x,t)Re | e#i+4D 4[
( e( + 1+4t>

4t X2 ridxt—at2
= P
T ar U DRe <e it >

)2 dy)




Solution (4 of 4)

x2 —4f2 i4xt
U(X, t) — U(X, t) Re (e4t(1+4t) e4z<1+4r))
47t X242 X
= U(x, t)e*c+ T
Viza 0 C°5(1+4t)
47t 1 a2 :21—4;12) X
= - e 4 e#(+ -
1+ 4t /ant S\1+at

= ! e‘% cos (X )
1+4t 144t




lllustration

u(x,t)= ! e~ i cos X
BV, 1+ 4t
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The Error Function

Definition
The error function of z denoted erf(z) is

Z2 .
erf(Z):/o ﬁe dt

Properties:
> erf(—z) = —erf(2)
> lim erf(z) =1

Z—r 00

d >
> —_— = — —Z

gz erf(2)] = e



The Error Function

Definition
The error function of z denoted erf(z) is

Z2 .
erf(z) = /0 ﬁe dt

Properties:
> erf(—z) = —erf(2)
> lim erf(z) =1

Z— 00

d 2 2
> — = "7
= lerf(2)] \/7?9
Definition
The complementary error function denoted erfc(z) is

erfc(z) =1 —erf(2).



Semi-Infinite Intervals

Theorem
Suppose f(x) is continuous on [0, c0), f(0) =0, lim f(x) =0, and

X— 00

/ |f(x)| dx converges. The initial boundary value problem
0

U =kKkUy forO < x <ocoandt>0
u(0+,t)=0
u(x,0+4) = f(x)

lim (max lu(x, t)|) =0

x—00 \0<t<T

has a unique, continuous solution defined for t > 0,

u(x, 1) = /0 T (U -y t) — U(x + y.1) (y) dy.



Example

Solve the initial, boundary value problem:
U= Uy for0O< x<ocand t >0
u(0+,t) =0
u(x,04+)=xe"*

lim < max_|u(x, t)|> =0.

x—00 \0<t<T



Solution (1 of 3)

For simplicity « = 1 and thus

o 1
u(x, ) = / {ef(xfyf/(m) ot/ 4[)} yeV dy
0 4zt

1 o0 0 —2(x—2t)y1y?) —(P2(x+20)y+y)
yle at —e at dy
wt Jo

—(2—2(x—2ty) —(2r2(xt20y) ]
ar

e E y l:e at —e dy
wt

drt 0

1 2 (x+2t)? o0 —(y+x+21)2
— e @eg 4 ye 4 dy
0




Solution (2 of 3)

1 o0 —
u(x, t) = Tef”’ (y — (x —20) + (x — 28))e—F = dy
wt 0
1 o0
et (y+(x+2t) - (x+2t)e
47 0

—x+t o0 — —(y—x+2
:ex y X+2te (x [)zd
0 Vat

— —Xx+t o0 x+2

n (x —2t)e™* o 02 dy

Vént 0
7
2t)

—(y+x+2t)?

dy

:

N

ex+t

CYy+x+ 2tef (y+X4+t2t)2 d
Vat

extt e (y+x+21)2

(X + e @ dy

4rt 0



Solution (3 of 3)

Integrate by substitution.

x—=2t

2 (x—2t)e
U(X, t) — \/Tr?e‘u + w 2Vt e,zz dz

™ —0o0
X+t x+2t
- \/Te—f + (x+2he™ f?e e 7 az
us ™ oo
_ (x—2nett /0 o7 g 4 X207 /XZ;; o? dz
ﬁ —o0 ﬁ 0
_ _ x+2t
N (X+f?e A AR (X+??e Xt /M o2 gy
s — o0 m 0
(x —2t)e~**t ( x—2t>
=27 ({4efi—=
2 2V/1

N (x + 2t)extt (1 B rfx+2t>
2 24/t



lllustration

u(x,t) = 5 1+erf ———

2Vt
(x+2next /o x+2t
+ — 1 —erf —2\/?

(x — 2t)e=x+Ht < X — 2t>




Semi-Infinite Interval, Neumann BCs

Theorem
Suppose f(x) is continuous on [0, c0), f(0) =0, lim f(x) =0, and

X— 00

/ |f(x)| dx converges. The initial boundary value problem
0

U =kKkUy forO < x <ocoandt>0
UX(O+, t) = O
u(x,0+4) = f(x)

lim (max lu(x, t)|) =0

x—o0 \ 0<t<T

has a unique, continuous solution defined for t > 0,

u(x, 1) = /0 T (U -y t) + U(x + y.1) (y) d.



Example

Solve the initial, boundary value problem:

U= Uy for0O< x<oocand t >0
Ux(0+,t):O

u(x,04) = e cos x

lim < max_|u(x, l‘)|> =0.
x—o0 \ 0<t<T



Solution

u(x,t) = 1 Cew ([ x
1+ 4t S
i ; T
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