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Objectives

In this lesson we will explore:

» the Maximum Principle for solutions to the heat equation and its
justification,

» the dependence of solutions to the heat equation on the initial
and boundary conditions, and

» the uniqueness of solutions to the heat equation and its
justification.



The Maximum Principle

Theorem
Consider the initial boundary value problem

U= KUy, forO<x<Landt>0
u(0,t) = a(t) and u(L,t) = b(t), fort >0
u(x,0) = f(x), for0 < x <L

where the diffusion constant x > 0, and the functions a(t), b(t), and
f(x) are C? (twice continuously differentiable) on their respective
intervals. Let T > 0 be a fixed time and let

A= OrgtanT{a(t)}, B= Or;\tang{b(t)L and F = o?fé{f(x)}'
If M = max{A, B, F} and if u(x, t) is any C? solution of the initial
boundary value problem, then u(x,t) < M forall0 < x < L and
0<t<T.



[llustration
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Example

Consider the IBVP:

U =9uy for0 < x<3andt >0
u(0,t)=0=u(8,t)

u(x,0) = 6Bsin 7;—)( + 2sinmx

Find an upper bound for the solution.



Solution (1 of 3)

» According to the Maximum Principle, the maximum occurs either
where x =0, x =3,ort=0.

» Either the upper bound is u(0, t) = u(3,t) = 0 or the maximum
occurs where

u(x,0) = f(x) = Bsin 7%X + 2sinmx.



Solution (1 of 3)

» According to the Maximum Principle, the maximum occurs either
where x =0, x =3,ort=0.

» Either the upper bound is u(0, t) = u(3,t) = 0 or the maximum
occurs where
u(x,0) = f(x) = 6sin 7%X + 2sin7x.

f'(x) = 2m(cos %X + cosX)

, 2mx x| (27X nx
= 7 | COS 3 3 COos 3 3

=4 c0527r—)(cosE
T Ty 3



Solution (2 of 3)

f'(x) = 4 cos 27;—)( cos%x =0
has critical numbers x = 3/4, x = 9/4 (both maxima) and x = 3/2

(minimum) in the interval [0, 3].




Solution (3 of 3)

u(x,t) < £(3/4) = f(9/4) = 4v2




Minimum Principle

Corollary
Consider the initial boundary value problem

U = KUy, forO < x < Landt>0
u(0,t)y = a(t) and u(L, t) = b(t), fort >0
u(x,0)=f(x), for0 <x <L

where the diffusion constant x > 0, and the functions a(t), b(t), and
f(x) are C? on their respective intervals. Let T > 0 be a fixed time and
let

a= min {at)}, f= min {b(0)}, and y= min {f(x)}.
If u = min{a, B,~} and if u(x, t) is any C? solution of the initial
boundary value problem, then u(x,t) > u forall0 < x < L and
0<t<T.



Continuous Dependence on BC and IC

Theorem
Consider the two initial boundary value problems

Uy = KU Vi = RVxx
u(0,t)y = ai(t) v(0,t) = a(i)
ulL,t)y = bi(t) v(L 1) = be(1)
u(x,0) = fi(x) v(x,0) = fh(x)

defined forO < x < Landt> 0. Let T > 0 and suppose there exists
€ > 0 such that

Ifi(x) — B(x)| <efor0 < x <L,
lai(t) — ax(f)| < efor0<t< T, and
b1 (t) = bo(t)| <eforO<t<T.

If u(x, t) and v(x, t) are C? solutions respectively to the two initial
boundary value problems, then forall0 < x < Land0<t<T,

lu(x,t) — v(x,t)] <e.



Proof

Let U(x,t) = u(x,t) — v(x,t), then
U = U — Vi = Klyyx — kVxx = KUxx.
For x =0, |U(0, t)| = |a1(t) — ax(t)| < e by assumption and thus
—e<U(0,t)<efor0<t<T.

Likewise —e < U(L,t) <efor0 <t < T.
Fort =0, |U(x,0)| = |fi(x) — f2(x)| < e by assumption and thus

—e< U(x,0)<efor0<t<L.

Applying the Maximum and the Minimum Principles yields
—e< U(x,t)<eor

lu(x,t) —v(x, )] <e

forO<x<Land0<t<T.



Uniqueness of Solutions

Corollary
Consider the initial boundary value problem

U = klUyx + g(x, 1), for0 < x < Landt>0
u(0,f) = a(t) and u(L,t) = b(t), for0 < x < L
u(x,0)=f(x), for0 < x <L

where the diffusion constant > 0, the function g(x, t) is continuous,
and the functions a(t), b(t), and f(x) are C? on their respective
intervals. If there exists a C? solution to this initial boundary value
problem then it is unique.



Proof

For the purposes of contradiction, suppose there are two
solutions u(x, t) and v(x, t).
Define U(x, t) = u(x, t) — v(x, ), then

U=u—w
= Kl + 9(X, 1) — (kVix + 9(X, 1))
= /‘L(Uxx - Vxx)
U =rUxforO< x < Land t>0.
U(0,t) = u(0,t) — v(0,t) = a(t) — a(t) = 0 and U(L,t) =0 and
U(x,0)=0

By the Maximum and Minimum Principles U(x, t) = 0 for all
0 < x < Land t > 0 which implies u(x, t) = v(x, t).



