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Obijectives

In this lesson we will learn:

» how to solve the wave equation with homogeneous Dirichlet
boundary conditions using separation of variables,

» how to solve the wave equation with homogeneous Neumann
boundary conditions using separation of variables,

» terms for describing the components of the solution to the wave
equation.




Initial Boundary Value Problem

Uy = Cuy for0 < x < Land t >0
u(0,t) =u(L,t)=0
u(x,0) = f(x)
Ut(Xa O) - g(X)
Since the PDE is linear and homogeneous and the boundary

conditions are homogeneous and of Dirichlet type, the method of
separation of variables and the Principle of Superposition apply.

Separation of Variables

Assume a product solution of the form u(x, t) = X(x)T(t),
differentiate and substitute into the wave equation.

Ui = 02UXX
X()T"(t) = X" (x)T(1)
T//(t) B X//(X)

—A

T(H) ~ X(x)
where ) is a constant.
This implies the boundary value problem for X(x).
X'"(x)+XX(x)=0

X(0) =0
X(L) =0




Eigenvalues and Eigenfunctions

The only non-trivial eigenfunctions are

Xo(x) = sin 17X

L

27T2
corresponding to the eigenvalues A\, = B for n € N.
With these eigenvalues, the implied ODE for function T,(t) has the
form ) » s

c-n-m
Ty (1) + Iz Th(t)=0
and consequently solution
Th(t) = apcos onmt + by sin Cmrt.
L L
Product Solutions
Functions of the form
Un(x,t) = Xa(x) Th(t) = <a,, cos Can‘ + bpsin anm‘) sin nLLX

for n € N solve the wave equation and satisfy the homogeneous
Dirichlet boundary conditions. These solutions are called
fundamental solutions.

By the Principle of Superposition a sum of fundamental solutions will
also solve the wave equation and satisfy the homogeneous Dirichlet
boundary conditions.

N
cnrt cnrt nmx
U(X,l‘):Z(ancos T + bpsin " )sinL

L L L

n=1




Fundamental Solutions

1 + bp sin [ sin ——

L

cnrt . enwt\ . nmx
Un(x,t) = | ancos

» This solution is known as the nth harmonic.
o o . . 2L
» Solution is periodic in t with period e

» The number of oscillations per 27 units of time is called the
. Ccn
natural frequency and is “r

L
» The number of oscillations per unit time is called the frequency
. cn
n —.
and is o[

.21
» The wavelength of the solution is -

» The intensity of the solution is given by the amplitude /a2 + b2.

First Harmonic

crt . emt\ . wX
ui(x,t) = <a1 cos —— + by sin T) sin —~

» This solution is known as the first harmonic or the fundamental
mode.

» The number of oscillations per 27 units of time is called the

fundamental frequency and is C—ZT

» First harmonic is periodic in t with period 2—CL

» The nth harmonic has a frequency which is n times the
fundamental frequency.




Initial Displacement

We will assume a Fourier series solution to the IBVP.

u(x,t) = Z (an Ccos CnLﬂ + by sin CnLﬂ> sin nLLX

n=1

Zansinw: f(x)

Suppose f(x) can be extended to R as a 2L—periodic, odd function,
then f(0) = f(L) = f(—L) and

nmX

/ f(x)sin — dXx,

for n € N.

Initial Velocity

If u(x, t) can be differentiated term by term, then

= cn cn n nmx
ui(x,t) = Z Tﬂ (—a,, sin Lﬂ + by, cos CLﬂ> sin —=

n=1

. cn . nix
ui(x,0) = E L7T bp sin % = g(x)
n=1

Again, if g(x) can be extended to R as a 2L-periodic, odd function

then
cnr 2 rt nmwx
1 bn—z i g(X)sdeX
2 L . nTXx
bn = % ) g(X)SlanX

for n € N.




Example: Plucked String

Find the solution to the following IBVP.

Uy = Uy forO< x <10and t >0
u(0,t) =u(10,t) =0

2x/5 if0 < x<5/2,
(x,0) 1 if5/2<x<15/2,
4-2x/5 if15/2<x <10

ui(x,0) =0

Solution (1 of 2)

The formal solution can be expressed as
= nm nct\ . nmx
U(X,t)—Z(ancos 10 + by sin 10) sin 5

n=1

Since ui(x,0) = 0 then b, = 0 for all n € N.

10
an 10/ u(xO)sm%dx
8

<. nm . 3n7r)
siIn — 4+ sin ——

4 4

n
8 . sinIx —|—S|n 32" nrct . nmx
—ZZ oS Sin

u(x, 1) 10 " 10




Solution (2 of 2)

Let f(x) be the odd, 20—periodic extension of u(x, 0), then

8 <= sin%“%—sin:s”TTr . nmx
f(x) = = ; pe sin 5
8 — sin 7 JrSIn?’”TTr . nm(x+1t)
f(X—i_t)_F; e sin 10
8 w=sinZ +sin2T [ nrx  nrt ntx . nrt
_ﬁ; oz [sm 10 cos 10 —i—cosWsmW]
8 <= sin I +sin T nr(x —t)
f(X—t)—ﬁ; pe sin 10
8 <=sinZ +sinT [ nrx  nrt ntx . nrt
—ﬁ; P [sm 10 COos 10 _COSWSInW]
fx+t)+f(x—1t)= g Z ! jl—zsm 2 cos I?I7(r)t sin n17z)x = 2u(x,t)
n=1
’
u(x, 1) = 5 (F(x+ 1) + f(x — 1)
20—Periodic Extension of Initial Displacement
fo(x)
1.0_—
05}
= X
L 1 0
sl
10F




Shifting Initial Displacement Horizontally

fo(X)
1.0

OO/

7NN NNV

Adding Shifts of Initial Displacement

u(x,t)
1.0

-1.0*-




Check by Differentiation

Consider the following IBVP.

Upr = Uy for0O < x <10and t > 0
u(0,t) =u(10,t) =0

2x/5 if0<x<5/2,
u(x,0) = 1 if5/2<x<15/2,
4 —-2x/5 if15/2<x <10

Ut(X, O) =0

Show by direct differentiation that

u(x, 1) = % (F(x + ) + f(x — 1))

solves the IBVP when f is the odd, 20—periodic extension of u(x, 0).

Solution

u(x,t) = %(f(x + 1)+ f(x—1))

U =+ (F(x + 1)+ F'(x — 1))

_Ll\)|

Up = < (f”(X + t) + f”(X — t))

N

Ut = Uxx
Initial displacement:
1
u(x,0) = 3 (f(x) + f(x)) = f(x)

Initial velocity:

(x,0) =  (F(x) ~ F(x)) = 0

Dirichlet boundary conditions:
u(0,t) = %(f(t) + f(—t)) = 0 (f is odd)

u(10,t) = %(f(10 +t)+ f(10 — 1)) = 0 (f is odd, 20-periodic)




Example: Struck String

Find the solution to the following IBVP.

Uy = Uy forO < x <10and t >0
u(0,t) =u(10,t) =0
u(x,0) =

- x/5 if0<x<5,
“’(X’O)—{ 2—x/5 if5<x<10

Solution (1 of 4)

The formal solution can be expressed as

u(x,t) = Z (an COS —— 10 + bpsin T;t) sin ,TOX.

n=1

Since u(x,0) = 0then a, =0 forall n e N,

10
b, = n%r /0 ut(x,0)sin n1L0x ax
80 . nm
= n37r3 Sin 5
80 <~sin*  nmt . nmx

u(x, t)_— 3 sin 75 sin g

n=1




Solution (2 of 4)
Let g(x) be the odd, 20—periodic extension of u;(x, 0), then

sin . nNmXx
a(x) = - Z 2 sin ——

X
Define G(x) = / g(s) ds and integrate the Fourier series term by
0
term.

©_ gip O X
G(x) = %Z 2/05m@ds

— n? 10
8 w=sinZ [ 10 nrs]®™”
__2; n? [_nwcos 1OL:0
80 & Sin%7r nmx
=52 (1-s5g)

@ism%_@msin% nmx
3 n m L= P 10

Solution (3 of 4)

G = [ gls)ds

_ 80 ~sinF 80 sin%“C nm(x + t)

73 m 7 s 10
n=1 n=1
80 x—siny 80 —siny cos X gt X n_7rt
R — m — nd 10 10 10 10
x—t
G(x —t) = g(s)ds
80 sin3- 80 sin 3 nm(x — t)
TS n 73 m 10
n=1 n=1




Solution (4 of 4)

80 w=sinZ 80 ~sinZF [ nrx nmxt . nwx . nxt
G(x +1t) = —3 2 P 2 3 _cos 10 €S qp ~Sih g Sin 0
80 w=sinZF 80 ~sinZF [ nxx nmxt . nwx . nxt
G(X—t):Fn:1T—;n:1T -COS 10 Ccos 10 —I—SInWSInW_

Subtract the two equations.

80 <~sing / nnx . nrt . nax . nrt
G(X+t)—G(X—t):Fn_1T(SI”wSIﬂwﬁ‘SI”wSIHw)
Xt Xt 160 <=~ sin 5t nrt . nmx
/0 g(s) ds—/o g(s)dx = 3 3 5 sin =5 sin =5
xtt 160 <~ sin* . nrt . nmx
/X_t g(s)ds = — = sin =5 sin =5

X+t X in ™
5[ ae)ds= 23>0 Tz sin Tl sin T — u(x. )
x—t

lllustration
u(x,t)

25}

20}
I — u(x,0)
15} u(x,1)
: u(x,2)
1,0:- — u(x,3)
— u(x,4)

05

2 P 5 10




Check by Differentiation

Consider the following IBVP.

Uy = Uy forO< x <10and t >0
u(0,t) =u(10,t) =0
u(x,0)=0
B x/5 if0<x<5,
“’(X’O)—{z—x/s if5 < x <10

Show by direct differentiation that
1 X+t
u(x,t) == g(s)ds
2 x—t

solves the IBVP when g is the odd, 20—periodic extension of u;(x, 0).

Solution (1 of 2)

1 X+t
u(x,t) = 5 g(s)ds
u(x,1) = 3 (90x + 1) + g(x — 1)
wilx 1) = 3 (g/(x+ 1)~ g'(x — 1)
(6, 1) = 5 (g(x+ 1) — gx — 1)
e, 1) = 3 (0 + 1) — g (x — 1)

Uit = Uxx




Solution (2 of 2)

» Displacement when t = 0,

u(x,0) = /g

if g is continuous at x.
» Velocity when t = 0,

(x,0) = 3 (9(x) + g(x)) = g(x).
» Boundary condition at x =
u(0, t) / g(s)ds =

since g(x) is odd.
» Boundary condition at x = 10,

1 10+t
u(10,t):§/ g(s)ds=0
1

since g(x) is odd, 20-periodic.

Combination
Suppose u(x, t) and v(x, t) solve the respective IBVPs for 0 < x < L
and t > 0:
Ury = C° Uxx Vit = C*Vix
u(0,t) =u(L,t)=0 v(0,t) =v(L,t)=0
u(x,0) = f(x) v(x,0) =0
uy(x,0) =0 vi(x,0) = g(x)

Question: what IBVP would w(x, t) = u(x, t) + v(x, t) solve?

Wy = CPWy forO < x < Landt>0
w(0,t) = w(L,t) = 0
w(x,0) = f(x)
wi(x,0) = 9(x)




Example

Find the solution to the IBVP:

U = Uy forO< x <tandt >0
uO,)y=u(1,t)=0
u(x,0) = sin(27x)
ui(x,0) = sin(mx)

Solution

Let f(x) = sin(27x) and g(x) = sin(7wx) which both odd functions and
2—periodic.

1 . 1t
u(x,t) = 5 (sin(2m(x + t)) +sin(2m(x — 1)) + 5 /X_t sin(ms) ds

= sin(27x) cos(2nt) + % sin(7wx) sin(xt)




Graph

u(x,t)
10}
05 u(x,0)
' u(x,1/6)
oz 08 u(x,1/3)
u(x,1/2)
-0.5F
10}
Homework

» Read Section 5.1
» Exercises: 1-5




