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Obijectives

In this lesson we will learn about
» a closed form solution to Laplace’s equation on a disk,
» properties of harmonic functions.




Background

Consider Laplace’s equation (in polar coordinates) on a disk:
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ur,+7ur+ﬁu99:0 forO<r<aand —oco < 0 <
u(a,0) = f(0)

The solution can be expressed as

u(r,0) = % + Z (g)n [ctn cos(nB) + B sin(nb)]

n=1

where
1! / " K60) o
ag — T )
ap = %/ f(0) cos(nd) db

8, = % / " 1(6) sin(n6) db.

Closed Form Solution (1 of 3)

We can express the Fourier series solution as

u(r,6) = 21—7T/7r (1) dt+§:(g)n [COS;”Q) /W f(t) cos(nt) dt]
- n=1 -

N i; () [Si"grne) /_7; f(t)sin(nt) dt]
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T (5> 21—7T /_7; f(t)[cos(n(6 + t)) + cos(n(6 — t))] dl‘:

T Z (g)n 21—7T /_7; f(t)[cos(n(6 — t)) — cos(n(0 + t))] dl‘:




Closed Form Solution (2 of 3)

u(r, 0) = /ft)dt+§: n1/ (1) cos(n(0 — 1)) ai
:1/ Sftdt+ /Z £(t) cos(n(6 — t)) it

70

_ ;/_7r £(t) % +:i1 (g)ncos(n(Q— t)): ot
_ %/ﬂ f(t)
-T 1

_ %/_7; 0 1 +Re (i <rei(:t)>”>:_ dit

n=1

5" R (o0-0) o

N —
_|_
WE

3>
I

\}

Closed Form Solution (3 of 3)
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This is known as Poisson’s integral formula.




Main Result

Theorem
Ifu(r,0) is a solution to Laplace’s equation in polar coordinates on
the disk:
Au=0 forO<r<aand—-oo <0<
u(a, 0) = (6)
then

U(I’, 0) _ l /7r f(t)(32 — r2) "

2n J_. a —2arcos(t—0)+r2

Mean Value at the Origin

Corollary

Ifu(r,0) is a solution to Laplace’s equation in polar coordinates on
the disk:

Au=0 forO<r<aand—-oco<0< oo
u(a,d) = f(0)

then

T

u(0,6) = 217 f(t) dt.
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Proof

U(I’, 9) _ l /7T f(l‘)(a2 — r2) "

2r J_.. a —2arcos(t—6) + r?
1 ™
u(0,0) = — f(t) ot

2m J_ .

Mean Value Result

Theorem
Let u(x,y) be a harmonic function on Q, an open, connected subset

of R?, let (xo, ¥o) € Q, and let a > 0 be chosen so that
Da(Xo0, ¥o) = {(X, ¥) | (x = %0)* + (¥ — yo)* < &} C Q

and

Ca(Xo0, ¥0) = {(X, ¥) | (X — X0)? + (¥ — Yo)? = &} C Q,
then

1 s
u(xo, ¥o) = E/ U(Xo + acos@, yo + asin ) do.

—Tr

That is u(xy, ¥o) is the mean value of u on Cy(xo, ¥o), the boundary of
Da(xo, ¥o)-




Proof (1 of 2)

> Leté =x—xpandn =y — yo, then

Da(x = X0,y = ¥o) = Da(§ = 0,7 = 0).
» Define the function U(¢,n) = u(Xxo + &, Yo + 7).
» Since u is harmonic on € then by the chain rule

Ugg + Um, = 0.

Proof (2 of 2)

» Using Poisson’s formula, then for (£, n) € D4(0,0)

dt

U, n) = l/ﬂ (az—fz)U(acost,asint)
T 2n a? — 2arcos(t — 0) + r?
1 [T (& —r®)u(xo +acost, yo + asint)

T 2r o a? — 2arcos(t —0) 4 r?

> It (¢,m) = (0,0)

—Tr

dt

U(0,0) = 21_7r/ U(xo + acost, yo + asint) dt

which is equivalent to

u(xo, ¥o) = 21_7r/ U(xo + acost, yo + asint) dt.

—Tr




Maximum/Minimum Principle

Theorem
Let Q be an open, connected, and bounded domain in R? with

boundary 9. Assume that u(x,y) € C?(Q) N C(Q) where
Q=QuUoQ, then

> if ux + Uy, >0 forall (x,y) € Q, then

max Uu(X,y)= max Uu(x,y),
Bt (x,y) YL (x,y)

> if ux + Uy, <0 forall (x,y) € Q, then

min_ U(Xx,y¥)= min u(x,y).
omine (x,¥) i (x,¥)

Maximum/Minimum Principle for Laplace’s Equation

Corollary

Let Q2 be an open, connected, and bounded domain in R2. Assume
that u(x,y) € C?(Q) NC(Q) where Q = QU AN and u(x, y) satisfies
Laplace’s equation on 2, then

max U(x,y)= max u(Xx,
Byt (x,¥) oM (x,¥)
and

min_ U(X,¥)= min u(x,y).
mine (X, y) = min ux.y)




Uniqueness of Solutions

Theorem (Uniqueness)
Suppose that ) is an open, connected, and bounded domain in ] R?
with f(x,y) € C(Q) and ¢(x,y) € C(8Q). Ifu(x,y) € C3(Q) N C(Q)
where Q2 = Q U 0X2 is a solution to the boundary value problem,
Au = f(x,y) for(x,y) € Q
u(x,y) = ¢(x,y) for (x,y) € 99,

then this solution is unique.

Homework

» Read Section 6.8-6.9
» Exercises: 28




