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Objectives

In this lesson we will learn:
» the definition of the Gamma function,
» the properties of the Gamma function,
> how to solve Bessel’s ordinary differential equation of order p,
» notable Bessel’s functions, and
» properties of Bessel's functions.



Introducing the Gamma Function

The Gamma function is denoted as '(p) and is defined by the
integral,

Mp+1) = / e *xP dx.
0

Remarks:
» The improper integral converges for all p > 0.
» For p < 0 the integrand becomes unbounded as x — 0.

» The integral can be shown to converge for p > —1 and to diverge
forp < —1.



Example

Consider the case when p = 0,

o) M
r(1):/ e X dx = lim / e Xdx= lim (—eM+1)=1.
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Connection with Factorial

Lemma
Forp >0,
Fp+1)=pl(p)



Connection with Factorial

Lemma
Forp >0,
Fp+1)=pl(p).

Lemma
If p is a positive integer,
Np+1)=p.

Remark: since the Gamma function is defined for non-integer values
of p, it generalizes the factorial.



Example: I'(1/2)

By definition,

r <;) :/0 e~ *x"% dx.

Making the substitution u? = x and 2u du = dx, the integral can be
re-written as

F<;> :/ e*“zu*1(2u)du:2/ e du:/ e du= /.
0 0
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Pochhammer Symbol

=pP+1)p+2)--(p+n—=1)=(P)n

Remark: the expression (p), is called the Pochhammer symbol or
the rising factorial.



Pochhammer Symbol

=pP+1)p+2)--(p+n—=1)=(P)n

Remark: the expression (p), is called the Pochhammer symbol or
the rising factorial.

This lemma makes it possible to calculate I'(p) for all p > 0 provided
I(x) is known for 0 < x < 1.



Examples
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Properties of the Gamma Function (1 of 2)

Lemma
The Gamma function I (x) is continuous for all x > 0.



Properties of the Gamma Function (1 of 2)

Lemma
The Gamma function I (x) is continuous for all x > 0.

The Gamma function is differentiable for x > 0.
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Properties of the Gamma Function (1 of 2)

Lemma
The Gamma function I (x) is continuous for all x > 0.

The Gamma function is differentiable for x > 0.
M(x) = i/oo e 't dt = /OO L [e7'? 1] dt = /OO e !(Int)t*"dt
dx 0 0 dx 0

The Gamma function to be extended to the real numbers in the set
{xeR|x+#0,-1,-2,...}. If nis a natural number and if
—n<x<-n+1then0 < x4+ n < 1andthus I'(x + n) is already
defined. Recall that

F(x+n)=Tx)(X)n
M(x+n)

rx)= X

~—~

This extended form of the Gamma function is also continuous on the
set{x e R|x#0,-1,-2,...}.



Properties of the Gamma Function (2 of 2)

Theorem
Ifn = 0’ —1 s —27 . then |imx—>n |r(X)| = 0.



Properties of the Gamma Function (2 of 2)

Theorem
Ifn=0,-1,-2,... thenlimy_,,|(x)| = cc.

» Define the reciprocal of the Gamma functionat x =0,-1,-2,...
to be 0. Thus 1/ (x) is continuous for all x and 1/I'(x) = 0 at
x=0,-1,-2,....

» Define f(x) = In|[(x)| then

f'(x) = <~ [(x) =T (x)f'(x).

> Function f'(x) is called the digamma function or polygamma
function and it is denoted as v(x).

» Adopting this notation allows the derivative of the Gamma
function to be written as ' (x) = y(x)I'(x).



[llustration of the Gamma Function




Bessel’'s Equation of Order p > 0

X2y1/+xy/+(X2_pz)y:OforX> 0,

The self-adjoint form is
2

[xy’]’+<x—'£j()y:0forx>0.

The method of Frobenius will be used to solve this ODE.

The value xp = 0 is a regular singular point with indicial function
F(r) = r? — p?, and exponents of singularity +p.



Solving Bessel’s Equation (1 of 4)
Assume y(x Z akx**", differentiate formally with respect to x,

substitute the result into Bessel’s equation and re-index and combine
the series to yield

0=x2) (k+r)(k+r—1)ax""2 4 x> (k+ r)agx "
k=0 k=0

S
+ (X2 _ p2) Z akaJrr
k=0

8

= [(k+r)(k+r=1)+(k+r)—pPlax™ + > a2
k=0 k=0

o0
= > [(k+r)? = pPlax "+ apx 2
= k=0

k=0

8

o0
> F(r+k)ax x"+’+Zak oxk+
k=0 k—2

F(r)apx" + F(r+1ax™" + > [F(r + k)ak + ak—_a]x*".



Solving Bessel’'s Equation (2 of 4)

0 = F(r)aox” + F(r+ 1)ax"" + Y [F(r + k)ax + ax_o]x**"
k=2

» Since r = —p or r = pthen F(r) = 0 and for arbitrary ag the first
term above is zero.

» The second term has coefficient a; F(r +1) = a;((1 + r)?> — p?)
which must match the coefficient of x’+' on the left-hand side of
the equation. This can be achieved by choosing a; =0
regardless of the values of p or r.

» For k > 2 the following recurrence relation holds for any r such
that F(k+r) #0,
k2

W= TFk+n)



Solving Bessel's Equation (3 of 4)

dk—2
Flk+r)
This equation is valid as long as r is the larger of the two exponents

of singularity (r = p). Since a; = 0 then as_1 = 0 for k € N. Since
F(k + p) # 0 for k € N, the recurrence relation can be simplified to

ax = —

ag-—2
k(k +2p)

Since g is an arbitrary constant, then

ax = —

g — — ao . (—1)130
27 7 2(2+2p)  22(1+p)

ap (—1)%ay
as =

“4(4+2n) 2221+ p)2+p)

o — (—1)kao
T 22K+ p)2+p) - (k+p)




Solving Bessel's Equation (4 of 4)

One solution to Bessel’s equation of order p has the form,

o (—1)k +
y1(x) = aog 22kk!(1 —l—p)(2+P)"'(k+p)X2k P,

Traditionally the first solution to Bessel's equation of order p has the
arbitrary constant ag chosen as

1

= 2prp 1)

This defines the Bessel function of the first kind of order p:

B > (_1)k X\ 2k+p
PO =3 g pen (2)



Solving Bessel's Equation (4 of 4)

One solution to Bessel’s equation of order p has the form,

o (—1)k +
y1(x) = aog 22kk!(1 —l—p)(2+P)"'(k+p)X2k P,

Traditionally the first solution to Bessel's equation of order p has the
arbitrary constant ag chosen as

1

= 2prp 1)

This defines the Bessel function of the first kind of order p:

B > (_1)k X\ 2k+p
PO =3 g pen (2)

When p=ne {0,1,...} then J,(x) is a power series,

oo

(-1 /x
(¥) =2 Ki(k + n)! (§

k=0

>2k+n



Bessel Functions of the First Kind

o 5 = = £ DA



Second Linearly Independent Solution (1 of 3)

Since Bessel's equation is second order, there must be another
solution that is linearly independent of Jp(x).

If 2p is not an integer then a second solution is

= () e
JP(X):ZBWMQ) -

By convention the second solution to Bessel’s equation of order p,
linearly independent of J,(x) is chosen to be a linear combination of
Jp(x) and J_p(x), namely

Jp() cos(pm) — J_p(x)
sin(pm) '

Yo(x) =

The function Yj(x) is called a Bessel function of the second kind
of order p.



Second Linearly Independent Solution (2 of 3)

If p = n e Nthen 2pis an integer. Assume a second solution to
Bessel’s equation if order n, linearly independent from J,(x) takes the
form

Yao(x) = adp(X) Inx + x~" (1 + Z ckxk>
k=1

where a and ¢ for k € N are constants.



Second Linearly Independent Solution (2 of 3)

If p = n e Nthen 2pis an integer. Assume a second solution to
Bessel’s equation if order n, linearly independent from J,(x) takes the
form

Yao(x) = adp(X) Inx + x~" (1 + Z ckxk>
k=1
where a and ¢, for k € N are constants.
It can be shown that

—Inx _
Yo(x) = mJ "

> (Hk+H+k) X\ 2n+2k
kz:;) ln+k n—n1)! (5) ]’

-n

k
where Hy = Zl is the kth Harmonic number.
j=1



Second Linearly Independent Solution (3 of 3)

By convention the second linearly independent solution to Bessel’s
equation of order n € N is expressed as

Yo(x) =

The constant ~ is called the Euler-Mascheroni constant or merely
the Euler gamma.

v = lim (Ha—Inn) ~ 0.577216.
n—oo



Bessel's Equation of Order p = 0 (1 of 2)

We have already found

oo

()

Assume a second solution linearly independent from Jy(x) has the
form

k=0

y2( ) |nX Jo +ZCkX

where ¢, for k € N are constants.

It can be shown that

Yyo(x) = (In X)do(x i ka (f)
=1




Bessel's Equation of Order p = 0 (2 of 2)

By convention the Bessel function of the second kind of order 0 is
expressed as

Yo(x) = % (74— In 7> Jo(x) — %i ”;H“ <§>
k=1




Bessel Functions of the Second Kind

o 5 = = £ DA



Derivative Relationships

Theorem
The Bessel functions of the first kind of order p satisfy the following
derivative relationships:

D PUB)] = X P ().
d

2 ()] = X1 ()



Derivative Relationships

Theorem
The Bessel functions of the first kind of order p satisfy the following
derivative relationships:

D PUB)] = X P ().
d

2 ()] = X1 ()

Corollary

The Bessel functions of the first kind obey the following recurrence
relations.

XJj(X) — po(X) = —xp1(x)
xJp(X) + pdp(x) = xJp—1(X)

i1 (0 + -1 (0) = 2L p(x)



Zeros of Bessel Functions

Lemma
The positive zeros of Jy(x) form a strictly increasing sequence which
tends to positive infinity.

Theorem

Let n be a nonnegative integer and suppose {\n x}7>, are the
positive zeros of Jy(x) arranged in increasing order. Between each
consecutive pair of zeros of J,(x) there exists a unique zero of

Jn+1 (X)



Parametric Form of Bessel’s Equation

The parametric form of Bessel’s Equation is

The function Jy(x) solves Bessel’'s equation of order p if and only if
the function J,(Az) solves the parametric form of Bessel’s equation of
order p.



Parametric Form of Bessel’s Equation

The parametric form of Bessel’s Equation is

The function Jy(x) solves Bessel’'s equation of order p if and only if
the function J,(Az) solves the parametric form of Bessel’s equation of
order p.

Theorem
Let p > 0 and let A\, x be the kth zero of Jy(x), then

1
1
/ Jp(Ap.n2)Jp(Ap,m2)z dz = 5 (Jo+1(Ap,n)) Oan,
0

for m,n € N, where 6, is the Kronecker delta function.



Bessel-Fourier Series

If f(x) is sufficiently smooth on [0, 1], f(x) can be expressed as

X) = Z andp(Ap.nX),

n=1

where
2 fo X)Jp(Ap,nX)x dx

(Jo1(Apn))




Bessel Functions of Half-Integer Order (1 of 3)

The Bessel functions of half-integer order are the functions
Jn+%(x) and Y,,+%(x) where nis an integer.

Using the formula for Jp(x) with p = 1/2,

B oo (_1)k X 2k+3
*X)*Zk!rku 1/2)(5)
X2k+1
\/>Z 22k+1k| i (2k+1) r ( )

1
2

e X2k+1 2
\/w % 2k+1 =\ X




Bessel Functions of Half-Integer Order (2 of 3)

Using the derivative realtionships between Bessel functions implies

dyalx) = ;—XJ; ()~ i (x)

1
\/—smx \/—cosXJr—\/—sz
= \/— <smx—cosx>
X \ X



Bessel Functions of Half-Integer Order (3 of 3)

Theorem
Forn=0,1,2,...
2 d \" [sinx
_ (_q4\nyn+1 =
Iniy () = (1) V mx (xdx) [ X }
Theorem
Forn=0,1,2,...

2 d \" rcosx
I Y el
J‘”_%(X) =X V mx (XdX) [ X } ’



Spherical Bessel’s Equation
The spherical Bessel’s equation of order nis

x2y" +2xy" +(x* —n(n+1))y = 0.
The solutions are the spherical Bessel function of the first kind

™

n0) = | gy )

and the spherical Bessel function of the second kind

) =\ 2 Yo (0



Spherical Bessel’'s Equation
The spherical Bessel’s equation of order nis
x2y" +2xy" +(x* —n(n+1))y = 0.
The solutions are the spherical Bessel function of the first kind

™

o) = [y (0)

and the spherical Bessel function of the second kind

) =\ 2 Yo (0

Corollary
Forn=0,1,2,...,

1
, . 1/, 2
/0 /n()‘n+1§,kx)jn()‘n+%,lx)x2 dx = 5 <fn+1()‘n+%,k)) Ok

where §y is the Kronecker delta function.



