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Objectives

In this lesson we will learn:
▶ to solve the Laguerre ordinary differential equation,
▶ to define the Laguerre polynomials,
▶ the properties of the Laguerre polynomials,
▶ to solve the associated Laguerre ordinary differential equation,

and
▶ the associated Laguerre polynomials.



Laguerre Ordinary Differential Equation

xy ′′ + (1 − x)y ′ + λy = 0 for x > 0.

The solutions to the Laguerre equation find applications in quantum
mechanics, numerical integration, and applied mathematics.

Using the method of Frobenius one solution to Laguerre’s equation is

y1(x) = 1 +
∞∑

n=1

∏n−1
k=0(k − λ)

(n!)2 xn.



Laguerre Polynomials

When λ = m ∈ {0,1,2, . . .} then y1(x) contains powers of x less than
or equal to m. The solution y1(x) is traditionally denoted as Lm(x) and

Lm(x) = 1 +
m∑

n=1

∏n−1
k=0(k − m)

(n!)2 xn

= 1 +
m∑

n=1

(−1)nm(m − 1)(m − 2) · · · (m − (n − 1))
(n!)2 xn

= m!
m∑

n=0

(−1)n

(n!)2(m − n)!
xn.



Examples

L0(x) = 1
L1(x) = 1 − x

L2(x) = 1 − 2x +
1
2

x2

L3(x) = 1 − 3x +
3
2

x2 − 1
6

x3

L4(x) = 1 − 4x + 3x2 − 2
3

x3 +
1
24

x4
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Properties

Lemma
For n = 0,1,2, . . . the Rodrigues’ form of the nth Laguerre polynomial
is

Ln(x) =
ex

n!
dn

dxn [e
−xxn].

Theorem
The Laguerre polynomials are orthogonal on [0,∞) with respect to
the weighting function e−x . For all nonnegative integers m and n, then∫ ∞

0
Lm(x)Ln(x)e−x dx = δmn,

where δmn is the Kronecker delta function.



Generalized Fourier Series

If f (x) is sufficiently smooth on the interval [0,∞) and if∫ ∞

0
(f (x))2 e−x dx < ∞,

then f (x) may be represented as a generalized Fourier series (a
Laguerre series) in terms of the Laguerre polynomials:

f (x) =
∞∑

n=0

anLn(x).

The coefficients an of the series may be found from the integral
formula

an =

∫ ∞

0
f (x)Ln(x)e−x dx

for n = 0,1, . . ..



Associated Laguerre Differential Equation

The associated Laguerre differential equation is

xy ′′ + (α+ 1 − x)y ′ + λy = 0 for x ≥ 0,

where α > −1 is a real number and λ is also a real number. The
associated Laguerre equation often appears when solving the
Schrödinger equation of quantum mechanics.

A general infinite series solution to the associated Laguerre equation
is

y1(x) =
Γ(1 + λ+ α)

Γ(1 + λ)Γ(1 + α)

∞∑
k=1

(−1)k (λ− k + 1)k

k ! (1 + α)k
xk .



Associated Laguerre Polynomials

When λ = n ∈ N ∪ {0}, the series coefficients simplify to

ak =
(−1)kΓ(1 + n + α)

k !(n − k)!Γ(1 + k + α)
for k = 0,1, . . . ,n,

and ak = 0 for k ≥ n + 1. Thus one solution to the associated
Laguerre equation is the polynomial

Lα
n (x) =

n∑
k=0

(−1)kΓ(1 + n + α)xk

k !(n − k)!Γ(1 + k + α)
.

It should be noted that when α = 0 the associated Laguerre equation
simplifies to the original Laguerre equation and

L0
n(x) = Ln(x).



Examples

Lα
0 (x) = 1

Lα
1 (x) = 1 + α− x

Lα
2 (x) = 1 + 3

2α+ 1
2α

2 − (2 + α)x + 1
2 x2

Lα
3 (x) = 1 + 11

6 α+ α2 + 1
6α

3 −
(
3 + 5

2α
)

x +
( 3

2 + 1
2α

)
x2 − 1

6 x3



Properties

Lemma
The associated Laguerre polynomial can be expressed as

Lα
n (x) =

x−αex

n!
dn

dxn [e
−xxn+α].

Theorem
The associated Laguerre polynomials Lα

n (x), are orthogonal on [0,∞)
with respect to the weighting function e−xxα. For all nonnegative
integers m and n,∫ ∞

0
Lα

m(x)L
α
n (x)e

−xxα dx =
Γ(n + α+ 1)

n!
δmn,

where δmn is the Kronecker delta function.



Generalized Fourier Series

Suitably smooth functions can be represented as generalized
Laguerre series,

f (x) =
∞∑

n=0

anLα
n (x),

where
an =

n!
Γ(n + α+ 1)

∫ ∞

0
f (x)Lα

n (x)e
−xxα dx

is the nth generalized Laguerre coefficient.


