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Objectives

In this lesson we will:

» use the Fourier transform and inverse Fourier transform to solve
various partial differential equations.



Solving the Unbounded Heat Equation

Consider the heat equation with its spatial domain as the entire real
number line.

Ur = klyy fOr —co < x <occand t >0

2
u(x,0) = e ¥ sinx for —co < x < 0o



Apply Fourier Transform

Ut = RlUxx
Flu(x, Hl(w) = wF{uxx(x, D] (w)
Uy(w, 1) = K(iw)?b(w, t)
r(w, t) = —kw?b(w, t)

This is now a first-order, linear ordinary differential equation with
unknown function (w, t).



Solve the Ordinary Differential Equation

Or(w, 1) = —kWB(w, 1)
U(w, t) = O(w,0)e "

where U(w, 0) is the Fourier transform of the initial condition up(x).

~ i (w41)? (w—1)2
iw.0) = 575 (o7 — ol



Apply Inverse Fourier Transform

i:[(w7 t) = # (e—(w+1)2/4 . e_(w_1)2/4) e—mwzt

2V2
u(x,t) = \/127/ U(w, t)e™“* dw

1 _Pint ( X )
= ————— @ T+4xt gIn JE—
1+ 4kt 1+ 4kt



Solving the Wave Equation

Consider the initial value problem for the unbounded string.

Ut = C2Uyy for —co < x < coand t > 0
u(x,0) = f(x) for —oo < x <
ui(x,0) = g(x) for —oco < x < o0

Solve this initial value problem using the Fourier transform.



Apply Fourier Transform

Flugl(w) = Flua(w)
Oy (w, 1) = —cPw?i(w, 1)
ll:ln(w, t) + Czwzfl(w, t) =0

This ordinary differential equation models simple harmonic motion
without damping.



Solve the Ordinary Differential Equation

O (w, t) + czw20(w, )=0

where A and B are functions of w but constant with respect to variable
t.



Apply Inverse Fourier Transform

El(w, t) _ /2\ —icwt + 3 icwt
F M [o(w, D](x) = F[A(w)e™ ™" + B(w)e™](x)
u(x,t) = A(x —ct) + B(x + ct)

Note that the inverse Fourier transform made use of the shifting
property of the Fourier transform



Apply the Initial Conditions

u(x, t) = A(x — ct) + B(x + ct)
u(x,0) = A(x) + B(x) = f(x)
ur(x,0) = —cA'(x) + cB'(x) = g(x).

Integrating the second equation from 0 to x yields,

—A(x) + B(x) = l/ox g(s)ds

Solving for A(x) and B(x) yields

AK) = 3100 5 [ “g(s) ds
B(x) —f(x +—/ g(s

Thus we find the d’Alembertian solution.

1 1 Xx+ct
u(x,t) = 3 (f(x —ct)+ f(x + ct)) + 26 / g(s)ds

x—ct



Solving Laplace’s Equation

Consider the boundary value problem below.

Uxx + Uy, = 0for —oo < x <occandy >0

u(x,0) = 1 for —oo < x <
1 +X2 o0 o0
lemoo u(x,y)=0fory >0
lim u(x,y)=0fory >0
X——00
lim u(x,y)=0for —oco < x < o
y—oo

Note that the boundary conditions at infinity force the solution to be
bounded.



Apply Fourier Transform

The Fourier transform can be applied to the partial differential
equation with respect to x.

f[uXX(Xv y) + Uyy(X7Y)](W) = _wza(w’y) + i'\l}’J/(w’y) =0



Solve the Ordinary Differential Equation

Uy (w, y) — WPi(w,y) =0
U(w,y) = Aw)e” + B(w)e

Functions A and B are constant with respect to y.



Apply Boundary Conditions
The boundary condition, lim,_, u(x,y) = 0 implies
limy o0 O(w, y) = 0. Thus when w > 0, A(w) = 0 and when w < 0,
B(w) = 0. Hence the Fourier transform of the solution may be written
as a piecewise-defined function,

A

B(w, y) = Aw)e*Y ifw<0
Y7 Byer ifwso.
The boundary condition along the x-axis implies

ol
f/(w,O):]-"{Hsz] () = \72 .

Combining this condition with the piecewise definition of &(w, y) when
y = 0 implies

. Vaet

Aw) = 7 !fw<0
0 ifw>0

B 0 ifw<O

(w) = YT ifw > 0.



Apply Inverse Fourier Transform



