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Objectives

In this lesson we will:
» solve Poisson’s equation in two dimensions,
» solve Poisson’s equation in three dimensions,
» introduce the method of images, and
» solve Helmholtz’s equation in two dimensions.



Poisson’s Equation

Consider Poisson’s equation on a domain D c R? with boundary dD.

Lluj=Au=¢for(x,y)e D
u=ffor(x,y) e oD

If Gis the Green’s function, then

//£’G¢dA:ng(UNG*UGN)dS+//DL*[G]UdA.

Since L*[G] = §(¢ — x,n — y) then this equation simplifies further to

[, 604~ 1, e - wG s+ i)

The boundary conditions specified above are of the Dirichlet type so
u = fon 0D. However, uy is not specified on 9D, so assume G =0
on dD.

u(x,y) = //D Gop dA + - fGn ds.



Principal Solution

G(x,y:&m) = U(x,y:&n) + g(x,y:&n)
The principal solution must satisfy the partial differential equation,

AU = U§§+Um7:6(§—x,n—y)

on D. This equation has a physical interpretation in the setting of the
gravitational potential. Imagine a unit point mass is fixed at (x, y),
then U is the gravitational potential at (£, ) induced by the point
mass.



Polar Coordinates

Convert this partial differential equation to polar coordinates with the
origin at (x, y).

& — X =rcosb
n—y=rsinf

Since the gravitational potential induced at (£, n) will depend only on
the distance from (x, y) to (£, n) which is coordinate r, the Laplacian
of U can be written as

1
Urr"’?Ur: (rUr)r:(S(r)

1
r
When r > 0 the right hand side is 0, so a general solution is of the
form U(r)=c¢iInr+ co.



Principal Solutionat r =0

Are there values of the constants ¢; and ¢, which permit the equation
AU = §(r) to be satisfied?

Define Uc(r) = ¢y In(r +€) + ¢, for e > 0.

Cie

1
AU = P [r(Uo)r], = Mt

Integrate this Laplacian over R? and set the result equal to the
integral of the Dirac delta function over R?.

//RZAUEdA://RZé(g—x,n—y)dA

which implies 2r¢cy = 1 or ¢; = 1/(27). Constant ¢, is arbitrary and
for convenience is chosen to be zero.



Limit of the Principal Solution

If r >0,

. i 6
avtn = lip AU = g oo = ©

When r = 0 the expression for AU, is indeterminate of the form 0/0.
Applying I'Hopital’s rule produces

€ 1 1
m —— — i -
e—|>r9+ 27r(r + €)? e—|>r8+ 4rr(r+e) 4mr?

which “blows up” like the Dirac delta function at r = 0. Hence the
principal solution U(r) = 5= Inr.

Hence we have,

1
G(va;gvn) = Z'“”JFQ(X,Yif,??)-



Completing the Green’s Function
The function g must be chosen to satisfy the partial differential
equation L*[g] = Ag = 0 and G = 0 on the boundary of domain D.
The solution is tied to the geometry of region D.

We will explore using the method of images to find the Green’s
function G on a disk of radius R.




Method of Images

Suppose a unit point mass is placed at location Q (called the field
point) and another “negative” unit mass is placed at Q' so that along
the boundary of disk D the gravitational potential induced by the two
masses vanishes. Such a potential will satisfy the requirements of a
Green’s function on the disk.

1 R2 r2
G%'"(pzmz)

Using the change of variables ¢ = pcosf and i = psind then
1 (P + P —2ppcos(

i 9))

G= —
4t R4+ 2p2 —2R2ppcos(f — 6)







Solution to Poisson’s Equation on the Disk

Note that ¢ = ¢(p,8), f = f(d), dJA = pdpdf, and that ds = R dd.

The directional derivative Gy where N is the unit outward normal
vector to 9D is the partial derivative of G with respect to 5 evaluated
atp=AR.

2 .~ oG R
u(p,0) = / / G(p,0)¢(p,0)pdp d@—!—/ f(0) { } Rdo.
9P ] s-p

The integral is often difficult to evaluate exactly, but can often be
approximated numerically to any desired precision.




Example

Consider the Poisson boundary value problem,

Au=1for0<r<i1and0<0<2r
u(1,0) =sinf for 0 < 0 < 2.



Solution (1 of 2)

U(p.0 / 2 / PP + p? — 2ppcos(f — 6) djdd
T an 14 p2p? — 2ppcos(f — 0)

+— /ﬂ (1_’)2)5“‘? dé.
2w Jo 1+ p2—2pcos(d —0)




1,0_| S
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Poisson’s Equation in Half-Space

Consider Poisson’s equation defined on a solid region D in
three-dimensional space

Au=g¢for(x,y,z) e D
u=ffor(x,y,z) € dD.

Using the Divergence Theorem,

u(x,y,z)://DGqﬁdV—i—/anGNdS.

The Green’s function G in many geometries can be found using the
method of images.



Poisson’s Equation in Half-Space

» Let D= {(x,y,2)|z > 0}.
> Let the point x = (x, y, z) be fixed with z > 0 and let point
€ = (¢, 1, ¢) be any other point in R3.
» Denote the distance from x to £ by
p=((x =P+ (y—nP+(z- 7"~
The principal solution U for this geometry must satisfy the partial
differential equation AU = 4(p).

Consider the Laplacian in spherical coordinates. U will depend only
on distance from point x and satisfies

2
Upp + ;U =d(p).

When p > 0,



Poisson’s Equation in Half-Space

Let e > 0 and define U(p) = ¢1/(p + €) + c2 and set

//R3AU5dV://R36(p)dV
///Rs o( p2+01: =

or in spherical coordinates

2 T 0o
€p . 1 1
c dpdpdf = —= <— ¢4 = ——.
‘/o /o /o (p+ "V IPEY 2 ' an

For convenience the arbitrary constant ¢, will be chosen to be zero.

That is

1
U(P)ZJ_')“&U( p) = “4mp



Method of Images

Include an additional unit point mass so that G = 0 on 9D. The image
point denoted x’ will be the reflection of x across the plane where

z =0, therefore x’ = (x, y, —z). Define

P =((x—€)?2+(y—n)?2+(z+¢)?)"/3, and then let

1 1



Green’s Function

G = 0 on 9D since for every point xo = (xo, ¥o,0) € 0D

1 1

G= -
Ar((xo = X2+ (Yo —y)? + 22)V/2  4n((x0 — x)? + (yo — y)? + 22)1/2
=0.
The unit outward normal of the Green’s function along 9D is
Gn = —[%Z]c=o-
oG 1 op’ 1 0p_ z4+4¢ z—-¢

S OC An(p)2 OC  Amp? ¢ Axm(p)® 4mpd

L9612z
9 | =g - 2mp3



Result

The solution to Poisson’s equation where D is the half-space with
z > 0 can be expressed as the integral,

oo LG L)oo £ [ (3)re

If $ = 0 then the solution to Laplace’s equation on the half-space is

u(x.y.z 271'//Rz( )de



Solving Helmholtz’s Equation

Consider the Helmholtz equation in a domain D c R? with boundary
oD,

L[u] = Au + k?u = ¢ for (x,y) € D
u=ffor(x,y) e aD.
We must find the principal solution U(x, y; ¢, n) to the differential

equation
AU+ KU=06(6—x,n—Y).



Polar Coordinates

If a unit point mass is located at (x, y) then the function U depends
again only on r = ((¢ — x)2 + (n — y)?)"/2 and hence the PDE can be

re-written as
1
r(rUy), + K2r2U = r?5(r)
r2Uy + rU;y + K2r2U = r?5(r).
This is the parametric form of Bessel’s equation of order zero with

linearly independent solutions to the homogeneous form, Jy(kr) and
Yo(kr).



Dirac Delta Behavior

Function Jy(kr) is finite at r = 0; however, Yy(kr) does grow
unbounded as r — 0.

Let D, be a disk of radius ¢ > 0 centered at (x, y). Integrate both
sides of the equation 6(r) = AU + k?U over the disk.

// r)dA = ¢ / (A Yo(kr) + K2 Yo(Kr)) dA
1 =27¢ (/ r(AYo(kr))dr+k2/ rYo(kr) dr)

0 0

For small r > 0,
Yo(kr) = — In r.

The second integral vanishes as ¢ — O+ since

¢ 2 [€ 1 1
/ rYo(kI’)drN—/ rlnrdr:(ezlne—ez)%o
0 ™ Jo ™ 2

as e — 0F. We can show U(r) = J Yo(kr).



Green’s Function for Helmholtz Operator

The Green’s function for the Helmholtz operator can be written as the
sum of the principal solution U and a function g(x, y; &, n) such that

L*[g] = Gec + Gy + kg = 0.
Since G = 0 on dR then g = —1 Yo (kr) on 9R.

Let D be a disk centered at the origin with radius R. Let § = pcosf
and n = psin 6, then the boundary value problem can be written as

1 1
9op+ 595+ 590 + kg =0

9(R,0) = —% Yo (k\/RZ + p? — 2Rpcos(f — 9)) .



Product Solution

Assume a product solution of the form g(, 6) = P()©(f) then

PP () + P () + (ki)P(7) _ —©"() _ o
P(9) o0

where n is a nonnegative integer since the -dependent factor of the
solution must be 2z-periodic.

PPP"(p) + pP'(p) + [(kp)? — MPIP(p) =

This is the Bessel equation of order n with a solution defined on the
disk of radius R of the form

Pn(p) = Jn(kp) forn=10,1,....



Product Solution

©n(0) = a, cos(nf) + by sin(nd).
Consequently the term g can be expressed as

9(p.0;p,0) = %Jo(kﬁ) + > [Un(kp)(@n cos(nd) + bysin(nd)|

n=1

The coefficients ay, an, and b, can be found using the Euler-Fourier
formulas.



Example

Suppose a circular membrane of radius R = 1 is centered at the
origin. The membrane is subject to a loading force and boundary
conditions as described by the following boundary value problem.

Au+u=p(1—p)sinffor0<p<tand0<6<2r
u(1,0) =0for0 < 6 < 27.

Find the displacement u(p, #) of the membrane.



Solution (1 of 2)

The principal solution is

U(p,0; p,6) = *%hﬂ>+p—2waﬂ9 0))-

The function

o0

9(p,0;p,0 OJO ) + Z [Jn (ancos(nd) + by, sm(ﬂ@))} :

The Green’s function is

G(p,0; p,0) = U(p, 0; .0) + 9(p, 0; p.0).

The solution to the boundary value problem is

27
// U(p.0:.0) + 9(p.0: 5.0)) (1 — 7)sin i dp .



Solution (2 of 2)
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