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Objectives

In this lesson we will:

» develop Green'’s functions for hyperbolic partial differential
equations, and

» use Green’s functions for solving the nonhomogeneous wave
equation.



d’Alembert’s Solution

Consider the initial value problem:

Ut = CPUyy fOr —o0o < X < coand t > 0
u(x,0) = f(x) for —oo < x < 0
ui(x,0) = g(x) for —oo < x < o0,

whose solution can be expressed as

u(x.t) = 5l oty + fox+ el + 5 [ Hj g(€) de.

X—Ci



Green’s Function

plfx—ct)+fxon) = 5 [ O:O FOI(E — (x— of) +8( — (x+ct))] de

The Heaviside function allows the second term of d’Alembert’s
solution (the “struck string”) to be written in the form of an integral
over all the real numbers.

1 x+ct 1 o)
0(6) d€ = 5 [ GE)IM(E — (x = ct) — Hig — (x+ o)) e

2C Jx—ct

Define the function

Glx t:6,7) = - H(o(t —7) — x &)

then d’Alembert’s solution can be written as

o) = [ HOG0x56,0) - 9E)GUx. 1:6,0) de.



Nonhomogeneous Wave Equation

Uy — CPUy = F(x, 1) for —oo < x < occand t > 0
u(x,0) = f(x) for —oo < x < o0
ui(x,0) = g(x) for —oco < X < o0

Replace function v in the adjoint equation with the Green’s function.

// L[ul|GdA :]{ [¢? (UG —ue G)i+(u, G—uG, )j|-N ds+// uL*[G] dA.
R aR R

The solution can be written as

) = | ()G, (x.1:,0) — g(€)G(x. 1 ,0)] de

7001‘ e’}
+ /0 /_ _F& G0t ) de dr.



Semi-Infinite Wave Equation

Uy — CPuy = F(x,t)forx >0and t > 0
u(x,0) = f(x) forx >0
ui(x,0) = g(x) forx >0
u(0,t) = h(t) for t > 0.

The Green’s function for the infinite string placed a source at x. For
the semi-infinite wave equation suppose in addition to the source at x
a source opposite in sign is placed at —x. Define the function

t—7)—|x— &)~ H(e(t =) — [x +¢)

Gix e, r) = HLe -




Domain

OR T N=j

N=-| -— ()
OR R (x, 1)

OR ¢ N =-j

t fe’e)
wet) = [ [T Fena e dedr
t
+CZ/ h(7)Ge(x,t,0,7) dr
0

v ()G, (x. £,£.0) — g(€)G(x, £.£.0)) dk.



Bounded String

Consider the forced wave equation on the finite domain [0, L].

Uy — CPuyy = F(x,t)forO < x < Land t > 0
a1u(0,1) + B1ux(0,1) =0 for 0 < ¢
apU(L, t) + Baux(L, 1) =0for 0 < t
u(x,0)=0for0 < x <L
u(x,0)=0for0 < x < L.



Eigenfunction Expansion

Suppose the solution can be written in the form

u(x, t) = i Ta(t)pn(x
n=1

where ¢n(x) is the nth orthonormal eigenfunction of the
Sturm-Liouville boundary value problem,

¢"(X)+ N2p(x)=0for0 < x < L
a19(0) + 51¢'(0) =0
a2¢(L) + B2¢' (L) =



Eigenfunction Expansion
Substitute this solution into the differential equation, use the eigenfunctions

and eigenvalues, and integrate over the interval 0 < x < L to produce

irn“( )én(x) — zrn(t ) (x) = Fx,

[ Z (T20) + SET0) an(R)n(x) 0 = [ F(x,)0m(x)

T (1) + N5 Tm(t) = Fin(2).

This time dependent function must satisfy the initial conditions
Tm(0) = Tp(0) = 0.

Using the method of variation of parameters the appropriate solution is

Y Fm(7) sin(eAm(t — 7)) dr.
CAm
Substituting this into the series solution reveals

u(x, t) = / / Fle.r) ( S Sin(eAn(t = 7)on(s )¢n(X)) ot .

CAn



Green’s Function

Uy — CPuyy = F(x,t)forO < x < Land t > 0

u(0,t)y=0fort>0

u(L,t)=0fort>0

u(x,0)=f(x)for0<x <L
ui(x,0) =g(x) for0 < x < L,

The Green’s function is

G(x, t ¢, 1) ZSI ( ) i (nZ€>m[;Csin

The solution can be written as

t L
u(x, t) = /0 /0 G(x. t;¢.7)F(€,7) de dr

(

nme(t—7)

L

).

L L
+ / G, (x. t: €, 0)(€) dE + / G(x, t:€,0)g(¢) de.
0 0



Nonhomogeneous Boundary Conditions

Uy — CPlyy = F(x,t)for0O<x < Landt>0
u(0,t) =a(t)fort >0
u(L,t)=p(t)fort >0
u(x,0)=f(x)for0<x <L

ui(x,0) =g(x) for0 < x < L.



Reference Solution

A reference solution is r(x, t) = (8(t) — a(t))x/L + «(t). If
u(x, t) = r(x,t) + v(x, t) then the unknown function v(x, t) satisfies
the initial boundary value problem

Vie — e = F(x, 1) + (0" (8) — B"(£) X

v(0,t)=0fort >0
v(L,t)=0fort>0

V(x,0) = £(x) + (a(0) — 5(0))% —o(0)for0 < x <L

vi(x,0) = g(x) + (o/(0) — 5'(0))

—a’(t)for0<x<Landt>0

~|

—a’'(0)for0 < x < L,

M><

which is of the form shown previously and thus v(x, t) can calculated
using the previous formula.



