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Objectives

In this lesson we will:
▶ develop Green’s functions for some parabolic differential

equations, and
▶ use Green’s functions to solve examples of the heat or diffusion

equation.



One-Dimensional Setting

ut − κuxx = Q(x , t) for 0 < x < M and t > 0
u(0, t) = α(t) for t > 0

u(M, t) = β(t) for t > 0
u(x , 0) = f (x) for 0 < x < M



Eigenfunction Expansion
Write the solution as an infinite sum involving the eigenfunctions of
the Dirichlet-bounded heat equation in one spatial dimension.

u(x , t) =
∞∑

n=1

Tn(t)ϕn(x),

where ϕn(x) = sin nπx
M . Differentiate the solution with respect to t and

solve for T ′
n(t).

∞∑
n=1

T ′
n(t)ϕn(x) = ut = κuxx + Q(x , t)

Multiply both sides by ϕm(x) and integrate over the interval [0,M].∫ M

0

∞∑
n=1

T ′
n(t)ϕn(x)ϕm(x)dx =

∫ M

0
(κuxx + Q(x , t))ϕm(x)dx

Assuming the order of integrations and summation can be
interchanged, the orthogonality of the eigenfunctions implies

T ′
m(t) =

κ
∫ M

0 uxxϕm(x) dx
∥ϕm∥2 +

∫ M
0 Q(x , t)ϕm(x) dx

∥ϕm∥2



Eigenfunction Expansion
Define L[u] = uxx . By integration by parts or Green’s Formula∫ M

0
(uL[ϕm]− ϕmL[u]) dx = [uϕ′

m − uxϕm]
x=M
x=0∫ M

0
(−λmu − uxx)ϕm dx = u(M, t)ϕ′

m(M)− ux(M, t)ϕm(M)

− u(0, t)ϕ′
m(0) + ux(0, t)ϕm(0)

= β(t)ϕ′
m(M)− α(t)ϕ′

m(0).

Replace u by the series formulation and use the orthogonality of the
eigenfunctions.∫ M

0
−λmuϕm dx =

∫ M

0
−λm

( ∞∑
n=1

Tn(t)ϕn(x)

)
ϕm(x)dx = −λmTm(t)∥ϕm∥2

Thus the necessary expression for the integral is∫ M

0
uxxϕm dx = −λmTm(t)∥ϕm∥2 − β(t)ϕ′

m(M) + α(t)ϕ′
m(0).



Eigenfunction Expansion

T ′
m(t) =

κ
(
−λmTm(t)∥ϕm∥2 − β(t)ϕ′

m(M) + α(t)ϕ′
m(0)

)
∥ϕm∥2 +

∫ M
0 Q(x , t)ϕm(x) dx

∥ϕm∥2 .

Let the last expression be denoted Qm(t) and a nonhomogeneous, first-order
ordinary differential equation for Tm arises.

T ′
m(t) + κλmTm(t) = Qm(t) + κ

α(t)ϕ′
m(0)− β(t)ϕ′

m(M)

∥ϕm∥2

Solving the differential equation above yields

Tm(t) =
∫ t

0
e−κλm(t−τ)

[
Qm(τ) + κ

α(τ)ϕ′
m(0)− β(τ)ϕ′

m(M)

∥ϕm∥2

]
dτ

+ Tm(0)e−κλm t .



Eigenfunction Expansion

u(x , t) =
∞∑

n=1

Tn(0)e−κλn tϕn(x)

+
∞∑

n=1

(∫ t

0
e−κλn(t−τ)

[
Qn(τ) + κ

α(τ)ϕ′
n(0)− β(τ)ϕ′

n(M)

∥ϕn∥2

]
dτ

)
ϕn(x)

Note that when t = 0,

∞∑
n=1

Tn(0)ϕn(x) = u(x , 0) = f (x)

Tn(0) =

∫ M
0 f (x)ϕn(x) dx

∥ϕn∥2 .



Eigenfunction Expansion

u(x , t) =
∫ M

0

( ∞∑
n=1

ϕn(x)ϕn(ξ)

∥ϕn∥2 e−κλnt

)
f (ξ) dξ

+

∫ t

0

∫ M

0

( ∞∑
n=1

ϕn(x)ϕn(ξ)

∥ϕn∥2 e−κλn(t−τ)

)
Q(ξ, τ) dξ dτ

+ κ

∫ t

0

( ∞∑
n=1

ϕn(x)ϕ′
n(0)

∥ϕn∥2 e−κλn(t−τ)

)
α(τ) dτ

− κ

∫ t

0

( ∞∑
n=1

ϕn(x)ϕ′
n(M)

∥ϕn∥2 e−κλn(t−τ)

)
β(τ) dτ.



Green’s Function

Define the Green’s function is

G(x , t ; ξ, τ) =
∞∑

n=1

ϕn(x)ϕn(ξ)

∥ϕn∥2 e−κλn(t−τ).

The solution to the IBVP can be expressed as

u(x , t) =
∫ M

0
G(x , t ; ξ, 0)f (ξ) dξ +

∫ t

0

∫ M

0
G(x , t ; ξ, τ)Q(ξ, τ) dξ dτ

+κ

∫ t

0
[Gξ(x , t ; 0, τ)α(τ)− Gξ(x , t ;M, τ)β(τ)] dτ.

The first integral above handles the initial condition, the second
addresses the source term, and the third was previously referred to
as the surface terms.



Infinite Domain

The principal solution term of the Green’s function for the unbounded
one-dimensional heat equation must satisfy the differential equation

L∗[U] = −Uτ − κUξξ = δ(ξ − x , τ − t) for −∞ < ξ < ∞ and τ > 0.

Apply the Fourier transform.

F [−Uτ − κUξξ] = F [δ(ξ − x , τ − t)]

−Ûτ + ω2κÛ =
1√
2π

δ(τ − t)e−iωx

The solution to this first-order ordinary differential equation is

Û(ω) =

{
Aeω2κτ if t < τ ,
Beω2κτ if t > τ .



Infinite Domain

Let ϵ > 0 and integrate both sides of the ODE with respect to τ over
the interval [t − ϵ, t + ϵ].∫ t+ϵ

t−ϵ

(−Ûτ + ω2κÛ) dτ =

∫ t+ϵ

t−ϵ

1√
2π

δ(τ − t)e−iωx dτ

−Aeω2κ(t+ϵ) + Beω2κ(t−ϵ) +

∫ t+ϵ

t−ϵ

ω2κÛ dτ =
1√
2π

e−iωx

Taking the limit of both sides of the last equation as ϵ → 0 produces
the equation,

(B − A)eω2κt =
1√
2π

e−iωx .



Infinite Domain

If τ > t the differential equation for the principal solution is
L∗[U] = −Uτ − κUξξ = 0 which has solution U = 0. This implies that
for τ > t , the Fourier transform Û = 0 and A = 0. Consequently

B =
1√
2π

e−(iωx+ω2κt) and Û(ω) =
H(t − τ)√

2π
e−iωx−ω2κ(t−τ).

Apply the inverse Fourier transform to Û to determine the principal
solution portion of Green’s function.

U(x , t ; ξ, τ) =
H(t − τ)√
4πκ(t − τ)

e− (ξ−x)2

4κ(t−τ) .

Since the other component of the Green’s function must satisfy
L∗[g] = 0 subject to the boundary conditions at infinity then
g(x , t ; ξ, τ) = 0. Thus the Green’s function G(x , t ; ξ, τ) = U(x , t ; ξ, τ).



Initial Value Problem

L[u] = ut − κuxx = Q(x , t) for −∞ < x < ∞ and t > 0
u(x , 0) = f (x) for −∞ < x < ∞.

The formal adjoint equation is defined over a region R. Replacing v
with the Green’s function results in the equation,∫∫

R
L[u]G dA =

∮
∂R

[(−κuξG + κuGξ)i + uGj] · N ds +

∫∫
R

uL∗[G] dA.



Region R

(x, t)

∂R

∂R

R

N j

N - j
ξ

τ

u(x , t) =
∫ ∞

−∞
f (ξ)G(x , t ; ξ, 0)dξ

+

∫ t

0

∫ ∞

−∞
Q(ξ, τ)G(x , t ; ξ, τ) dξ dτ.



Semi-Infinite Domain

L[u] = ut − κuxx = Q(x , t) for 0 < x < ∞ and t > 0
u(0, t) = h(t) for t > 0
u(x , 0) = f (x) for 0 < x < ∞.

The Green’s function for the semi-infinite domain is

G(x , t ; ξ, τ) = U(x , t ; ξ, τ)− U(−x , t ; ξ, τ).

The solution can be expressed as

u(x , t) =
∫ t

0
κh(τ)Gξ(x , t ; 0, τ)dτ +

∫ ∞

0
f (ξ)G(x , t ; ξ, 0) dξ

+

∫ t

0

∫ ∞

0
Q(ξ, τ)G(x , t ; ξ, τ) dξ dτ.



Example

Consider the initial, boundary value problem,

ut − uxx = 1 + sin(x t) for 0 < x < ∞ and t > 0

u(0, t) = e−t for t > 0

u(x , 0) = cos2 x for 0 < x < ∞.



Solution (1 of 2)

The solution may be formally written as the sum of the integrals,

u(x , t) =
∫ t

0
e−τGξ(x , t ; 0, τ)dτ +

∫ ∞

0
(cos2 ξ)G(x , t ; ξ, 0) dξ

+

∫ t

0

∫ ∞

0
(1 + sin(ξτ))G(x , t ; ξ, τ)dξ dτ.



Solution (2 of 2)
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