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Objectives

In this lesson we will:

> develop Green’s functions for some parabolic differential
equations, and

» use Green’s functions to solve examples of the heat or diffusion
equation.



One-Dimensional Setting

U — KUy = Q(x, t)for0 < x < Mand t >0
u(0,f)=a(t)fort >0
uM;t)y=p(t)fort >0
u(x,0)=f(x)foro<x <M



Eigenfunction Expansion
Write the solution as an infinite sum involving the eigenfunctions of
the Dirichlet-bounded heat equation in one spatial dimension.

W) = 3 To(on(x)

n=1

where ¢n(x) = sin 7% Differentiate the solution with respect to t and
solve for T/(f).

i To(Ddn(X) = Ur = Kl + Q(X, 1)

n=1

Multiply both sides by ¢,(x) and integrate over the interval [0, M].

M
/ ZT’ )6n(X)bm(X) dx = /0 (thec + QX, 1))6m(x) 0x

Assummg the order of integrations and summation can be

interchanged, the orthogonality of the eigenfunctions implies

’ffo UxxPm X)dXJrfo (X, H)pm(x) dx
|6mlI? |Gml[?

Tn(t) =



Eigenfunction Expansion
Define L[u] = ux. By integration by parts or Green’s Formula

M
/0 (ULLbm] — SmL{u]) O = (U6 — U] =

/ At — U )m = U(M. 6% (M) — g (M. £)m(M)
0

— U(0, )¢/n(0) + Ux(0, 1)ém(0)
= B(1)6p(M) — a(t)é1n(0).

Replace u by the series formulation and use the orthogonality of the
eigenfunctions.

M M 00
/ Al X = / A (z Tn<t)¢n<x)> Om(X) dX = A Tin(0) |62
0 0 n=1
Thus the necessary expression for the integral is

M
/0 Uexom A = — A Ton(8) | 6ml|2 = BE)Sm(M) + (1) $1n(0).



Eigenfunction Expansion

& (ATl = BEIM) + a(D5(0)) | Jo' Q. Dom(x) dx
[6ml2 6mll

Let the last expression be denoted Qn(t) and a nonhomogeneous, first-order
ordinary differential equation for T, arises.

Ton(t) =

Th(t) + ~AnTu(t) = Qu() + Ha(f)#n(oﬁgb—m fz( )6m(M)

Solving the differential equation above yields

Tot) = [ o0 [@ntr) 4 5SRO DD g,

+ Tm(0)e™ ",



Eigenfunction Expansion

u(x,t) = > Ta(0)e™"*'¢n(x)

) i ([ &0 [autr) 2O SO ) 01

Note that when t = 0,

LX) pn(x) dx
B ([ nl[2 '



Eigenfunction Expansion

/ <Z o e A) e
s (Z %nasnnz )> Aendedr
¢f7 nkn(t—‘r) alr) dr
/ (Z G ) (nd
Z (bn g~ FAn(t=T) ﬁ(T) dar.
e




Green’s Function

Define the Green'’s function is

Pn(X)9n(§) oAt
Glxt&.m) Z A

The solution to the IBVP can be expressed as
M t M
uet) = [ auteoae+ [ [ Gt naie ) dear
t
+/€/ [Ge(x, 1,0, 7)a(T) — Ge(x, t; M, 7)B(T)] dT.
0

The first integral above handles the initial condition, the second
addresses the source term, and the third was previously referred to
as the surface terms.



Infinite Domain

The principal solution term of the Green’s function for the unbounded
one-dimensional heat equation must satisfy the differential equation

L'[U) = —U; —kUge = 0(§ — x,7—t) for —oo < £ < oo and r > 0.
Apply the Fourier transform.
Fl-Ur — kU] = Fo(§ — x, 7 — 1)]

R R 1 )
U, + 2.0 = 5 e~ iwx
WK N (r=1

The solution to this first-order ordinary differential equation is

A Ae“ T ift <1
U(w) = ’
() { Be“* "™ ift> 1.



Infinite Domain

Let ¢ > 0 and integrate both sides of the ODE with respect to = over
the interval [t — ¢, t + €].

t+e R R t+e 1 )
/ (—U, +w?k0)dr = / —d(r —t)e " dr
t

e t—e V2

Aewzn(t+e) + Bewzn(tfe) _’_\/H_E 2 Ud 1 efiwx
— wklUdr = —
t—e \/27

Taking the limit of both sides of the last equation as ¢ — 0 produces

the equation,
1
B— A = ——
( ) o

—lwx
e .



Infinite Domain

If 7 > t the differential equation for the principal solution is
L*[U] = —U; — kUge = 0 which has solution U = 0. This implies that
for 7 > t, the Fourier transform U = 0 and A = 0. Consequently

1 2 N Ht —7) i w?n(t—
B= —¢ (lwx+wkt) and U(w) = e jwx—wk(t 7').
V2 “="

Apply the inverse Fourier transform to {J to determine the principal
solution portion of Green’s function.
H(t—71) (£—x)?

U(X? t 67 T) = mei an(t—7) |

Since the other component of the Green’s function must satisfy
L*[g] = 0 subject to the boundary conditions at infinity then
a(x, t; &, 7) = 0. Thus the Green’s function G(x, t;¢,7) = U(x, t; &, 7).



Initial Value Problem

Lu] = ur — kux = Q(x,t) for —oco < X < occand t >0
u(x,0) = f(x) for —oco < x < 0.

The formal adjoint equation is defined over a region R. Replacing v
with the Green’s function results in the equation,

J[ HuedA= § [-ruG-+ ruGoi+uGil-Nds+ [[ u[a]o



Region R

R T N=j

R ¢ N=-j

uxt) = [ G .0 de

+/ot/—jo Q(&,7)G(x, 1 &, 7)de dT.



Semi-Infinite Domain

Llul = Ut — kuxy = Q(x,t) for0 < x < ocoand t > 0
u(0,t) = h(t)fort >0
u(x,0) = f(x) for 0 < x < occ.

The Green’s function for the semi-infinite domain is
G(X7 tv Ea T) = U(X7 tv fa T) - U(*X, tr 67 T)'

The solution can be expressed as
t 00
u(x, 1) = / kh(r)Ge(x, :0,7) dr + / H(€)G(x, t: £, 0) de
0 0

t (e’
+ /0 /0 Q(e, 7)G(x, 1: €, 7) de dr.



Example

Consider the initial, boundary value problem,

U — Uy =1 +sin(xt)forO< x <ocoand t >0
u(0,t)=e tfort>0
u(x,0) = cos? x for 0 < x < oo.



Solution (1 of 2)

The solution may be formally written as the sum of the integrals,

oo

t
u(x, t) = /o e*TGf(x,t;O,r)dr+/ (cos? €)G(x, t; €,0) d¢

0
t )
Jr/o /0 (1 +sin(é7)G(x, 5 €, 7) de dT.



Solution (2 of 2)

w
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