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Periodic Function with Discontinuity

Let

—1(7r+X) if —r<x<0,
f(x) =
é(ﬂ'—x) if0<x<m.

Let F(x) be the 27-periodic extension of f(x) to R.
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Fourier Series

Since F(x) is an odd function we can represent it by a Fourier Sine

Series. .
F(x) ~ > bysin(nx)
n=1
where
b fg/ﬂl( — X)si (nx)dxf1
n= ) 2 s sin =5
forn=1,2,....

F(x) ~ Z % sin(nx)

n=1



Partial Sums

Let
N

Sn(x)=>" 15 sin(nx)

n=1

and consider the convergence of Sy(x) to F(x).




Zoom In Near x =0
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It appears that there is a non-decreasing deviation of Sy(x) from
F(x) for x near 0 even as N — oc.



Deviation

Let x =7 /(N + 1) then
0 Ny nm
SN(/\m)—ZnS'”N+1'

n=1

Remark: this expression can be interpreted as a Riemann sum

approximation to/ SNX .
0
Let
™
AX_N+1
nm
X”*N+1 forn=0,1,..., N+ 1
wp = nm forn=1,2,.... N+ 1.
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Riemann Sum

since sin M =0. Thus
N-+1




Limit

Since

T sin X T

/0 X dX~SN<N+1>,
. T T sin X
N'L"‘OOSN<N+1) /0 x

We need to evaluate the definite integral.
Recall the Taylor series for sin x.

then
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, - SiNX
X=D ok sz+1
k=0 k=0



Definite Integral

sin X T X2k
/0 ox = /Z 2k + 1)1

Oko
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(2k+1)!/0 X d
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Remark: The definite integral is expressed as an alternating series.
We can use the Alternating Series Test to confirm its convergence
and to estimate the value of the definite integral.



Alternating Series Test

Theorem (Alternating Series Test)

The alternating series » (—1)"*"ay is convergent if
k=1
1. 0 < akyq1 < ax forallk > 1, and

2. lim ax=0.
k— o0

Theoremoo

Suppose Z(—1 )¥*1a is a convergent alternating series. If S is the
k=1
sum of the series and S, is the n' partial sum of the series, then
|S - Sn| < an+1

for all n.



Estimation of the Definite Integral

LetS:/ SIIF]dethen
0 X

k 2k+1

~

M
= :kg 2k+1)2k+1)

and

‘S_ TM‘ - ' (_1)M+17T2M+3 ’ 71.2M+3

(M +3)2M +3)!| ~ (2M + 3)(2M + 3)!"
When M = 15 we have

IS — Tu| < > ~ 8.88682 x 1072

MI=133)331 ~ ’

thus



Deviation Revisited (1 of 2)




Deviation Revisited (2 of 2)

Jm F ()~ s (w5
N1
:I\Ill—>moo< N+1 ;E

/ sz ‘

.85194}
~ 0.281141

)
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r\>\=1 M\=1
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Thus there is always a deviation of at least 0.28 for all N even as
N — .



