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Objectives

In this lesson we will learn:
» to find the eigenfunctions and eigenvalues for common boundary
value problems on a rectangular domain,

> to use a double Fourier series to express the solution to an initial,
boundary value problem for the heat equation on a rectangular
domain.



Geometry of the Domain

Consider the two-dimensional heat equation and its initial conditions
on the rectangle below.

U = k(Uxx + Uyy) for (x,y) € (0,L) x (0,M), t >0
u(x,y,0) = f(x,y) for (x,y) € [0, L] x [0, M].
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Separation of Variables

The method of separation of variables will be used to find the
eigenfunctions and eigenvalues corresponding to the boundary
conditions imposed on the rectangle.



Separation of Variables

The method of separation of variables will be used to find the
eigenfunctions and eigenvalues corresponding to the boundary
conditions imposed on the rectangle.

Suppose u(x,y,t) = X(x)Y(y)T(t) then

XX)YW)T'(1) = (X" () YY) T (1) + X(x) Y (y) T(1)) or
) _X'(x)  Y'(y)

= + =

T X(x) — Y(y)

The expression a must be a constant (why?).



Time-independent Portion of Solution

X'(x) V') _

X() T Yl)
X0 _ YY)
X(x) Yy)

> 3 must be a constant.
» The constants « and 3 are further restricted by the boundary

conditions imposed at the edges of rectangle R.



Dirichlet Boundary Conditions

Suppose the boundary conditions on all four sides of the rectangle
are of homogeneous Dirichlet type.

u0,y,t) =u(Ly,t)=0
u(x,0,t) =u(x,M,t)=0

for0<y<M0<x<lL,andt>0.

The nonzero solutions to the boundary value problem,

X"(x)—BX(x)=0

exist only when 8 = —o2 where o, = nrr/L, n € N. The nontrivial
solutions corresponding to —o?2 are nonzero constant multiples of

nmx

Xn(x) = sin (T) .



Finding the y-dependent Factor

Y'(y) )2
o Y((yy) =0=-(7)
nm

Vi) |a+ (T) ] v =0

Nonzero solutions satisfying the homogeneous Dirichlet boundary

conditions exist when
o= (D]

and are nonzero constant multiples of

Ym(y) = sin (m&y)

form=1,2,...andn=1,2,....



Summary of Product Solution So Far

The functions
Xo(X) Ym(y) = sin (”LLX) sin (%)
will be called the eigenfunctions of the boundary value problem and
the constants ) )
mo=*|(37) + (D)

for m, n € N will be their corresponding eigenvalues.



Finding the t-dependent Factor




Finding the t-dependent Factor

~

Tn(t) = 7 L) +(2)]
for m,n € N.

The product solutions take the form,

Um.n(X, ¥, 1) = eimz [(%)2+(%)Z]tsin (@> sin (mﬂ-y) .




Double Fourier Series

Using the principle of superposition, the general solution to this initial
boundary value problem can be expressed as

u(x,y,t) mi: ni;am ,745’7%7T (7 2Jr(%)z}tsin (nLLX> sin (%) ,

where the coefficients a, , must be selected so that the solution
satisfies the initial condition.



Satisfying the Initial Conditions

u(x,y,0 —ZZamngn( X) 'n(%):f(x,y)

m=1 n=1

Since the eigenfunctions are orthogonal on R, then

amn = % /OM /OL f(x,y)sin (%) sin (nLLX) dx dy,

provided the integrals exist.



Example

Find the solution to the initial boundary value problem:

Ut = Uxx + Uyy for (x,y) € (0,1) x (0,2) and t > 0
u(0,y,t)=u(1l,y,t)=0for0<y<2andt>0
u(x,0,t) =u(x,2,t)=0for0O<x<landt>0
u(x, y,0) =1000x(1 — x)sin(2ry) for (x, y) € [0,1] x [0, 2].



Solution (1 of 2)

In this example x = 1, L =1, and M = 2 and the boundary conditions
are of the homogeneous Dirichlet type.

4 2 : , (mmy
ammzm/o /0 1000x(1—X)sm(27ry)sm(n7rx)sm( 5 )dxdy

By the orthogonality property of the sine functions a, , = 0 for m # 4.
2 1
as.n = 2000 / / x(1 = x)sin?(2ny) sin(nmx) dx dy
0 JO
1 2
= 2000/ x(1 — x)sin(nmx) [/ sin?(27y) dy] dx
0 0

1
= 2000/ x(1 — x)sin(nmx) dx
0

8000
5.3 fornodd,
0 for neven.



Solution (2 of 2)

u(x,y,t) ~

sm (2w )Z

e 7r2((2n 1)24+4)t
—1)8

sin((2n — 1)mx).




Mixed Dirichlet/Neumann Boundary Conditions

Suppose the boundary conditions are of homogeneous Dirichlet type
on a set of opposing boundaries and of homogeneous Neumann type
on the other set of opposing boundaries.

u(07y7 t) = U(L7y7 t) :O
uy(x,0,t) = uy(x,M, 1) =0
for0<y<M0<x<lL,andt>0.

The nonzero solutions to the boundary value problem,

X"(x)—BX(x)=0

exist only when 8 = —o2 where o, = nr/L, n € N. The nontrivial
solutions corresponding to —¢?2 are nonzero constant multiples of
nWX)

Xn(Xx) = sin (T



Finding the y-dependent Factor

Y'(y) )2
o Y((yy) =0=-(7)
nm

Vi) |a+ (T) ] v =0

Nonzero solutions satisfying the homogeneous Neumann boundary

conditions exist when
2 2
__2|(m n
“=r {(M) +(7) ]
and are nonzero constant multiples of

Ym(y) = cos (mﬂy)

form=0,1,2,...andn=1,2,....




Summary of Product Solution So Far

The functions
X070 = (7)o ()
will be called the eigenfunctions of the boundary value problem and
the constants » »
ma = (31) + (1)

for m e NU {0}, n € N will be their corresponding eigenvalues.



Finding the t-dependent Factor

~

Tmn(t) = o (@) +(7)']

forme NU{0},ne N.



Finding the t-dependent Factor

~

Ton(t) = & " [(B)+(2)’]
forme NU{0},ne N.

The product solutions take the form,

Um.n(X, ¥, 1) = e [(%)2+(%)z]tsin (nLLX) cos (%) :



Double Fourier Series

Using the principle of superposition, the general solution to this initial
boundary value problem can be expressed as

ux,y,t) = mZO;am ne_mr (#) +(%)2}tsin (nLLX> cos (%) ,

where the coefficients a,, , must be selected so that the solution
satisfies the initial condition.



Satisfying the Initial Conditions

u(x,y,0 ZZam,,sm< ) s(%):f(x,y)

m=0 n=1

Since the eigenfunctions are orthogonal on R, then

amnp = % /OM /OL f(x,y) cos (mlz;}/) sin (nLLX) dx dy,

provided the integrals exist.




Example

Find the solution to the initial boundary value problem:

Ut = Uxx + Uyy for (x,y) € (0,1) x (0,1)and t >0
u(0,y,t)=0and u(1,y,t)=0forO<y <tandt>0
uy(x,0,8) =uy(x,1,t)=0for0O<x<1and >0
u(x,y,0) = (14 4x) + sin(mx) cos(2ry) for (x, y) € [0,1] x [0, 1].



Solution (1 of 2)

In this example k =1, L=1,and M = 1.
The double series solution for the initial boundary value problem will
resemble

o0

u(x,y,t) Z Z am (P )t sin(nmx) cos(mmy).

m=0 n=1



Solution (2 of 2)
Whent=0and m=0,

11
an= 2/ / sin(mx) cos(2ry) sin(nmx) dy dx = 0.
o Jo



Solution (2 of 2)

Whent=0and m=0,

1 1

an= 2/ / sin(mx) cos(2ry) sin(nmx) dy dx = 0.
0 Jo
When t =0 and m € N, then
1 1
amp — 4 / / [sin(x) cos(2ry)] cos(mmy) sin(nx) dy dx = 0.

0 0

except for the case where n=1and m= 2.

1
a1 = 4/ / sin?(7x) cos?(2my) dy dx = 1
o Jo

The solution can be written concisely as

u(x,y.t) = e*S“Ztsin(ﬂX) cos(2my).
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