
Students’ Solution Manual
to accompany

A First Course in Partial Differential Equations

This document contains a subset of the solutions and supporting derivations to the exercises in A

First Course in Partial Differential Equations, 2nd edition, by Dr. J Robert Buchanan and Dr. Zhoude
Shao. If any typographical or mathematical errors are found herein, please contact one of the authors
with the specifics of the error and it will be corrected. Email addresses for the authors can be found
at www.millersville.edu/math/. Where possible the exercises have been checked with the Wolfram (for-
merly Mathematica) application. The textbook was prepared using LATEX and specifically the xsim (eXercise
Sheets IMproved) package. The solution numbers correspond to the exercise numbers found in the textbook.
The exercises themselves are not repeated in this solution manual.

1.1.1 For i = 1, 2, . . . , n let ui(x, t) be a solution to

Autt +Butx + Cuxx +Dut + Eux + Fu = Gi

valid on Ω ⊂ R
2 and let c1, c2, . . . , cn be constants. Define v(x, t) =

∑n
i=1 ciui(x, t), then

Avtt +Bvtx + Cvxx +Dvt + Evx + Fv

= A

(
n∑

i=1

ciui(x, t)

)

tt

+B

(
n∑

i=1

ciui(x, t)

)

tx

+ C

(
n∑

i=1

ciui(x, t)

)

xx

+D

(
n∑

i=1

ciui(x, t)

)

t

+ E

(
n∑

i=1

ciui(x, t)

)

x

+ F
n∑

i=1

ciui(x, t)

=

(
n∑

i=1

ciAui(x, t)

)

tt

+

(
n∑

i=1

ciBui(x, t)

)

tx

+

(
n∑

i=1

ciCui(x, t)

)

xx

+

(
n∑

i=1

ciDui(x, t)

)

t

+

(
n∑

i=1

ciEui(x, t)

)

x

+
n∑

i=1

ciFui(x, t)

=

n∑

i=1

ci (Aui,tt + Bui,tx + Cui,xx +Dui,t + Eui,x + Fui)

=

n∑

i=1

ciGi.

If Gi = 0 then v(x, t) solves Eq. (1.2).
1.1.3

(a) If u(x, y) = eax sinay then

uxx(x, y) = a2eax sinay

uyy(x, y) = −a2eax sin ay
and

uxx + uyy = a2eax sin ay − a2eax sin ay = 0.

Thus u(x, y) is a solution.

(b) If u(x, y, z) = (x2 + y2 + z2)−1/2 then

uxx(x, y, z) = (2x2 − y2 − z2)(x2 + y2 + z2)−5/2

uyy(x, y, z) = (−x2 + 2y2 − z2)(x2 + y2 + z2)−5/2

uzz(x, y, z) = (−x2 − y2 + 2z2)(x2 + y2 + z2)−5/2
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and

uxx + uyy + uzz =
[
(2x2 − y2 − z2) + (−x2 + 2y2 − z2) + (−x2 − y2 + 2z2)

]
(x2 + y2 + z2)−5/2

= (0)(x2 + y2 + z2)−5/2

= 0.

Thus u(x, y, z) is a solution.

(c) If u(x, t) = ea(t−x) then

utt = a2ea(t−x)

uxx = a2ea(t−x)

and
utt = a2ea(t−x) = uxx.

Thus u(x, t) is a solution.

1.1.5 Let u(x, t) = eat sin(bx) be a solution to the PDE.

0 = aeat sin(bx) − (−b2eat sin(bx))0 = (a+ b2) sin(bx)

Thus for all b ∈ R and a = −b2 the function u(x, t) solves the partial differential equation.
1.1.7

(a) Let uc(x, y) = c x2/2 + (1− c)y2/2 then

uxx(x, y) = c

uyy(x, y) = 1− c

and
uxx + uyy = c+ 1− c = 1.

Thus u(x, y) is a solution.

(b) The Laplacian operator is linear, thus the Laplacian of v(x, y) is the Laplacian of uc(x, y) (which is 1)
plus the Laplacian of u(x, y) (which is 0).

(c) Let a = 2 and c = 3 then v(x, y) = e2x sin 2y + u3(x, y) is the desired solution.

1.2.2

(a) uxx + utx + utt = 0

4AC −B2 = 4(1)(1)− (1)2 = 3 > 0 =⇒ elliptic

(b) 5uxx + 3utx + 2utt = 0

4AC −B2 = 4(2)(5)− (3)2 = 32 =⇒ elliptic

(c) t2utt − 2x t utx + x2uxx = 0

4AC −B2 = 4(t2)(x2)− (−2x t)2 = 0 =⇒ parabolic
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(d) x2utt + 2x t utx + t2uxx = 0

4AC −B2 = 4(x2)(t2)− (2x t)2 = 0 =⇒ parabolic

1.2.4

(a) (1 + t)utt − 2x t utx − x2uxx = 0

4AC −B2 = 4(1 + t)(−x2)− (−2x t)2 = −4x2(1 + t+ t2)

The PDE is hyperbolic on the set {(x, t) |x 6= 0} and parabolic on the line where x = 0.

(b) 16utt + 8utx + 9uxx + ux = 0

4AC −B2 = 4(16)(9)− (8)2 = 512 > 0

The PDE is elliptic on the entire (x, t)-plane.

(c) utt + 4t utx + 4xuxx = 0

4AC −B2 = 4(1)(4x)− (4t)2 = 16(x− t2)

The PDE is elliptic on the set {(x, t) |x > t2}, hyperbolic on the set {(x, t) |x < t2}, and parabolic on
the curve where x = t2.

1.2.6 Using the chain rule for derivatives,

vx = γvz

vxx = γ2vzz.

Substituting these derivatives into the result of Exercise 1.2.5 produces,

0 = vtt + 4γ2vzz −
21

4
v

= vtt + vzz −
21

4
v

if γ = 1/2.
1.2.8 Differentiating and substituting into the partial differential equation yields

eαx+βt(βv + vt) = aeαx+βt(α2v + 2αvx + vxx) + beαx+βt(αv + vx) + ceαx+βyv

βv + vt = a(α2v + 2αvx + vxx) + b(αv + vx) + cv

vt = avxx + (2aα+ b)vx + (aα2 + bα+ c− β)v

vt = avxx

when α = −b/(2a) and β = c− b2/(4a).
1.3.2

(a)

ut = 0.86uxx for 0 < x < L and t > 0

u(0, t) = u(L, t) = 10 for t > 0

u(x, 0) = 100 for 0 < x < L
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(b)

ut = 0.86uxx for 0 < x < L and t > 0

u(0, t) = ux(L, t) = 0 for t > 0

u(x, 0) = 100 for 0 < x < L

(c)

ut = 0.86uxx for 0 < x < L and t > 0

u(0, t) = 0 and u(L, t) = 100 for t > 0

u(x, 0) = 100 for 0 < x < L

(d) The temperature distributions will be as follows.

• In the first case limt→∞ u(x, t) = 10 for all 0 ≤ x ≤ L.

• In the second case limt→∞ u(x, t) = 0 for all 0 ≤ x ≤ L.

• In the third case limt→∞ u(x, t) = 100x/L.

1.3.4 Differentiate the solution and substitute into Eq. (1.26).

∂

∂t

[
1− x2 − 2κ t

]
= κ

∂2

∂x2
[
1− x2 − 2κ t

]

−2κ = −2κ

Hence u(x, t) solves Eq. (1.26). When x = 0 then u(0, t) = 1 − 2κ t for t ≥ 0. When x = L then
u(0, t) = 1− L2 − 2κ t for t ≥ 0. When t = 0 then u(0, t) = 1− x2 for 0 < x < L.
1.3.6

(a) u(x, t) = e−κ t sinx; u(x, 0) = sinx, u(0, t) = u(π, t) = 0

ut = −kappae−κ t sinx

uxx = −e−κ t sinx

Substituting these partial derivatives into the heat equation produces,

−κe−κ t sinx = κ(−e−κ t sinx)

which is satisfied for all t and 0 < x < π. The initial and boundary conditions are satisfied as well.

u(x, 0) = e−κ(0) sinx = sinx

u(0, t) = e−κt sin(0) = 0

u(π, t) = e−κt sin(π) = 0

(b) u(x, t) = e−κ t cosx; u(x, 0) = cosx, ux(0, t) = ux(π, t) = 0

ut = −κe−κ t cosx

ux = −e−κ t sinx

uxx = −e−κ t cosx
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Substituting these partial derivatives into the heat equation produces,

−κe−κ t sinx = κ(−e−κ t sinx)

which is satisfied for all t and 0 < x < π. The initial and boundary conditions are satisfied as well.

u(x, 0) = e−κ(0) cosx = cosx

ux(0, t) = −e−κt sin(0) = 0

ux(π, t) = −e−κt sin(π) = 0

(c) u(x, t) = 1/2 + (1/2)e−4κ t cos(2x); u(x, 0) = cos2 x, ux(0, t) = ux(π, t) = 0

ut = −2κe−4κ t cos(2x)

ux = −e−4κ t sin(2x)

uxx = −2e−4κ t cos(2x)

Substituting these partial derivatives into the heat equation produces,

−2κe−4κt cos(2x) = κ(−2e−4κ t cos(2x))

which is satisfied for all t and 0 < x < π. The initial and boundary conditions are satisfied as well.

u(x, 0) = 1/2 + (1/2)e−4κ(0) cos(2x) = 1/2 + (1/2) cos(2x) = cos2 x

ux(0, t) = −e−4κ t sin(2(0)) = 0

ux(π, t) = −e−4κ t sin(2π) = 0

1.4.1 The equilibrium position of the string satisfies the boundary value problem

c2U ′′(x) − g = 0

U(0) = U(L) = 0.

Integrating twice produces the general solution

U(x) =
gx2

2c2
+Ax+B.

Since U(0) = 0 then B = 0. Since U(L) = 0 then A = −gL/(2c2) and therefore the equilibrium position of
the string is given by

U(x) =
gx2

2c2
− gLx

2c2
.

1.4.3 Differentiate the function and substitute into the two-dimensional wave equation.

utt = −kc2(m2 + n2)π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt)

uxx = −kn2π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt)

uyy = −km2π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt)

Upon substitution,

−kc2(m2 + n2)π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt) = − c2kn2π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt)

− c2km2π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt)

= − c2k(m2 + n2)π2 sin(nπx) sin(mπy) sin(
√

m2 + n2cπt)
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1.4.5 Since utt = c2uxx by assumption, then Differentiating both sides with respect to x yields

uttx = c2uxxx

(ux)tt = c2(ux)xx.

Hence ux(x, t) is also a solution to the wave equation.
1.5.1

ux =
2(x− x0)

(x− x0)2 + (y − y0)2

uxx =
−2(x− x0)

2 + 2(y − y0)
2

[(x− x0)2 + (y − y0)2]
2

uy =
2(y − y0)

(x− x0)2 + (y − y0)2

uyy =
2(x− x0)

2 − 2(y − y0)
2

[(x− x0)2 + (y − y0)2]
2

uxx + yyy =
−2(x− x0)

2 + 2(y − y0)
2 + 2(x− x0)

2 − 2(y − y0)
2

[(x− x0)2 + (y − y0)2]
2 = 0

1.5.3

uxx + uyy = sinhx cos y + (− sinhx cos y) = 0

1.5.5 Begin by finding the partial derivatives of u(x, y).

ux =
−y

x2 + y2

uxx =
2x y

(x2 + y2)2

uy =
x

x2 + y2

uyy =
−2x y

(x2 + y2)2

Now it is seen that

uxx + uyy =
2x y

(x2 + y2)2
+

−2x y

(x2 + y2)2
= 0.

1.5.7 Begin by taking partial derivatives.

ur =
2(−2r + (1 + r2) cos θ)

(1 + r2 − 2r cos θ)2

urr =
4(3r2 − r(r2 + 3) cos θ + cos(2θ))

(1 + r2 − 2r cos θ)3

uθ =
2r(r2 − 1) sin θ

(1 + r2 − 2r cos θ)2

uθθ =
2r(r2 − 1)((1 + r2) cos θ + r(−3 + cos(2θ)))

(1 + r2 − 2r cos θ)3
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Substitute the partial derivatives into the left-hand side of Laplace’s equation in polar coordinates.

urr +
1

r
ur +

1

r2
uθθ =

4(3r2 − r(r2 + 3) cos θ + cos(2θ))

(1 + r2 − 2r cos θ)3
+

2(−2r + (1 + r2) cos θ)

r(1 + r2 − 2r cos θ)2

+
2r(r2 − 1)((1 + r2) cos θ + r(−3 + cos(2θ)))

r2(1 + r2 − 2r cos θ)3

=
4r2(3r2 − r(r2 + 3) cos θ + cos(2θ)) + 2r2(−2r + (1 + r2) cos θ)(1 + r2 − 2r cos θ)

r2(1 + r2 − 2r cos θ)3

+
2r3(r2 − 1)((1 + r2) cos θ + r(−3 + cos(2θ)))

r2(1 + r2 − 2r cos θ)3

=
8(−1 + r2 + cos2 θ − r2 cos2 θ + sin2 θ − r2 sin2 θ)

(1 + r2 − 2r cos θ)3

= 0

1.6.2

(a) This is a mathematical model of a one-dimensional rod of unit length whose ends are kept at constant
temperature of 0. The initial temperature distribution along the length of the rod is given by sin(πx).

(b) Since the ends of the rod are kept at temperature 0 and are not insulated, in the long term all heat
energy will flow out of the rod into the surrounding environment. Thus lim

t→∞
u(x, t) = 0.

(c) The fundamental solution expressed in Eq. (1.58) solves the initial boundary value problem when n = 1,
L = 1, and B1 = 1. Thus

u(x, t) = e−π2κt sin(πx)

and
lim
t→∞

u(x, t) = lim
t→∞

e−π2κt sin(πx) = 0.

1.6.4 The finite sum solution expressed in Eq. (1.59) solves the initial boundary value problem when κ = 4,
L = 2, and N = 6. In this case let B1 = 1, B2 = −1/2, B3 = B4 = B5 = 0, and B6 = 3 and thus

u(x, t) = e−π2t sin
(πx

2

)

− 1

2
e−4π2t sin (πx) + 3e−36π2t sin (3πx) .

1.6.6 Assume there is a product solution of the form u(x, t) = X(x)T (t) then

X(x)T ′(t) = κX ′′(x)T (t)

X(x)T ′(t)

κX(x)T (t)
=
κX ′′(x)T (t)

κX(x)T (t)

T ′(t)

κT (t)
=
X ′′(x)

X(x)
= −c

where c is a constant. The boundary conditions can be written as

X ′(0)T (t) = X ′(L)T (t) = 0 =⇒ X ′(0) = X ′(L) = 0.

The implied boundary value problem is

X ′′(x) + cX(x) = 0

X ′(0) = X ′(L) = 0.

There are three cases to consider.

7



Case c = 0: which implies X(x) = Bx+A. The boundary conditions require A = 0 and thus the nontrivial
solutions may be expressed as X0(x) = A0 where A0 is a nonzero constant.

Case c > 0: in which case c = λ2 for some λ > 0. The general solution to the ordinary differential equation
is X(x) = An cos(λx) + Bn sin(λx). The boundary conditions require Bn = 0. If An 6= 0 then
λ = λn = nπ/L with n ∈ N. Thus Xn(x) = An cos(nπx/L) is a nontrivial solution corresponding to
c = n2π2/L2.

Case c < 0: in which case c = −λ2 for some λ > 0. The general solution to the ordinary differential equation
is X(x) = An cosh(λx) + Bn sinh(λx). The boundary conditions require An = Bn = 0. There are no
nontrivial solutions in this case.

The eigenfunctions are members of the set {cos(nπx/L)}∞n=0 with corresponding eigenvalues {n2π2/L2}∞n=0.
1.6.8 Assume there is a product solution of the form u(x, t) = X(x)T (t) then

X(x)T ′(t) = κX ′′(x)T (t)

X(x)T ′(t)

κX(x)T (t)
=
κX ′′(x)T (t)

κX(x)T (t)

T ′(t)

κT (t)
=
X ′′(x)

X(x)
= −c

where c is a constant. The boundary conditions can be written as

X(0)T (t) = X ′(L)T (t) = 0 =⇒ X(0) = X ′(L) = 0.

The implied boundary value problem is

X ′′(x) + cX(x) = 0

X(0) = X ′(L) = 0.

There are three cases to consider.

Case c = 0: which implies X(x) = Bx + A. The boundary conditions require A = B = 0 and thus there
are no nontrivial solutions in this case.

Case c > 0: in which case c = λ2 for some λ > 0. The general solution to the ordinary differential equation
is X(x) = An cos(λx) + Bn sin(λx). The boundary condition X(0) = 0 requires An = 0. If Bn 6= 0
then λ = λn = (2n − 1)π/(2L) with n ∈ N. Thus Xn(x) = Bn sin((2n − 1)πx/(2L)) is a nontrivial
solution corresponding to c = (2n− 1)2π2/(2L)2.

Case c < 0: in which case c = −λ2 for some λ > 0. The general solution to the ordinary differential equation
is X(x) = An cosh(λx) + Bn sinh(λx). The boundary conditions require An = Bn = 0. There are no
nontrivial solutions in this case.

The eigenfunctions are members of the set

{

sin
(2n− 1)πx

2L

}∞

n=1

with corresponding eigenvalues

{
(2n− 1)2π2

(2L)2

}∞

n=1

.

2.1.2 Both Alice and Bob are correct. Differentiating Alice’s solution produces

ux = − c

a
e−cx/af(bx− ay) + be−cx/af ′(bx− ay)

uy = −ae−cx/af ′(bx− ay),

and thus

aux + buy + cu = −ce−cx/af(bx− ay) + abe−cx/af ′(bx− ay)− abe−cx/af ′(bx− ay) + ce−cx/af(bx− ay)

= 0.
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Differentiating Bob’s solution produces

ux = be−cy/bg(bx− ay)

uy = −c
b
e−cy/bg(bx− ay)− ae−cy/bg′(bx− ay),

and thus

aux + buy + cu = abe−cy/bg(bx− ay)− ce−cy/bg(bx− ay)− abe−cy/bg′(bx− ay) + ce−cy/bg(bx− ay)

= 0.

2.1.4

(a)
dx

dy
= x =⇒ x = key

and assuming u(x, y) = u(x(y), y) then

du

dy
= uxke

y + uy = y =⇒ u(x, y) =
1

2
y2 + f(k) =

1

2
y2 + f(xe−y).

Using the boundary condition,
u(x, 0) = f(x) = x2

and thus

u(x, y) =
1

2
y2 + x2e−2y.

(b)
dy

dx
=

1

x
=⇒ y = k + lnx

and assuming u(x, y) = u(x, y(x)) then

du

dx
= ux+

1

x
uy =

y

x
=
k + lnx

x
=⇒ u(x, y) = k lnx+

1

2
(lnx)2 + f(k) = y lnx− 1

2
(lnx)2 + f(y− lnx)

Using the boundary condition,

u(x, 0) = −1

2
(lnx)2 + f(− lnx) = x2

and thus f(z) = e−2z + z2/2 and consequently

u(x, y) =
1

2
y2 + x2e−2y.

2.1.6 According to Exercise 2.1.2 the general solution to this partial differential equation can be expressed
as

u(x, y) = e−4xf(3x− 2y).

Attempting to impose the side condition results in

ex = u(x, (3x− 1)/2) = e−4xf(3x− (3x− 1)) =⇒ f(1) = e5x.

This is impossible since f(1) is a constant. Thus there is no particular solution in this case.
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2.1.8 The system of characteristic ordinary differential equations can be written as

dx

dt
= 1 =⇒ x = t+A

dy

dt
= ex =⇒ y = et+A +B = ex +B

dz

dt
= ez =⇒ z = − ln(C −A− t) = − ln(C − x)

where A, B, and C are constants. Assuming that u(x, y, z) ≡ u(x, y(x), z(x)) then

du

dx
= (2x− ex)eu =⇒ e−u = ex − x2 + f(B,C) = ex − x2 + f(y − ex, x+ e−z)

where f is an arbitrary differentiable function.
2.2.1

(a)
(ku1)(ku1,x) + ku1,y = k2(u1u1,x) + ku1,y = 0 ⇐⇒ k = 0 or k = 1.

(b) Define v(x, y) = u1(x, y) + u2(x, y) then

v vx + vy = (u1 + u2)(u1,x + u2,x) + (u1,y + u2,y)

= u1u1,x + u1,y + u2u2,x + u2,y + u1u2,x + u2u1,x

= u1u2,x + u2u1,x 6= 0

in general.

(c) The partial differential equation is not linear in the dependent variable.

2.2.3

(a) The system of characteristic equations can be expressed as

dx

dt
= 1, x(0) = s

dy

dt
= −1, y(0) = 2s− 1

du

dt
= u2, u(0) = 4.

The solutions to the characteristic system are

x = t+ s, y = −t+ 2s− 1, u =
−4

4t− 1
.

Solving for s and t in terms of x and y and substituting into the expression for u yields the solution

u(x, y) =
12

3− 4(2x− y − 1)
.

(b) The system of characteristic equations can be expressed as

dx

dt
= x, x(0) = s

dy

dt
= y, y(0) = s3

du

dt
= secu, u(0) = 0.
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The solutions to the characteristic system are

x = set, y = s3et, sinu = t.

Solving for s and t in terms of x and y and substituting into the expression for u yields the solution

u(x, y) = sin−1

(
1

2
ln

[
x3

y

])

.

(c) The system of characteristic equations can be expressed as

dx

dt
= 1, x(0) = s2

dy

dt
= y2, y(0) = s

du

dt
= cosu, u(0) = 1.

The solutions to the characteristic system are

x = t+ s2, y =
s

1− st
, ln | secu+ tanu| = t+ ln(sec 1 + tan 1).

Function u is defined implicitly.

(d) The system of characteristic equations can be expressed as

dx

dt
= y + u, x(0) = s

dy

dt
= y, y(0) = 1

du

dt
= x− y, u(0) = s+ 1.

The differential equation for y is readily solved to find y(t) = et. Substituting this expression in the
remaining characteristic differential equations and solving results in

x(t) = −e−t + (1 + s)et = (1 + s)y − 1/y and u(t) = e−t + set = sy + 1/y.

Eliminating parameter s produces

u(x, y) =
2

y
+ x− y.

2.2.5 The system of differential equations for the characteristic curves can be expressed as

dx

dt
= 1, x(0) = 0

dy

dt
= u, y(0) = s

du

dt
= 0, u(0) = f(s).

The solution to the first equation is x(t) = t. The solution to the third equation is u(t) = f(s). Using this
in the second equation produces y(t) = f(s)t+ s and thus

y − f(s)t = s ⇐⇒ y − u(x, y)x = s ⇐⇒ u(x, y) = f(y − u(x, y)x).

11



2.3.2

q = 10ρ = 10

(
1000

10

)

= 1000 vehicles/hour.

From Eq. (2.42),

10 = umax

(

1− 1000/10

133.333

)

=⇒ umax = 40 kilometers/hour.

2.3.4 The derivative dρ/dx is undefined when f ′(s) 6= 0 and

1− 2umaxt

ρmax
f ′(s) = 0 ⇐⇒ t =

ρmax

2umaxf ′(s)
.

2.3.6 The time of the first shock will occur when f ′(s) is maximized.

f ′(s) =
−6ρmaxs

(3 + 3s2)2

f ′′(s) =
2ρmax(3s

2 − 1)

3(1 + s2)3
= 0 =⇒ s =

−1√
3

Note that f ′(−1/
√
3) = ρmax

√
3/8, therefore

t0 =
4

umax

√
3

is the time of the first shock. The location of the first shock is

x = umax

(

1− 2f(s)

ρmax

)

t+ s = umax

(

1− 2f(−1/
√
3)

ρmax

)

4

umax

√
3
− 1√

3
=

1√
3
.

At t0 the maximum density is located at x = 4/(3
√
3).

3.1.2 The least period is lcm(T1, T2).
3.1.4

(a)

f ′(x+ T ) = lim
z→x+T

f(z)− f(x+ T )

z − (x + T )
= lim

z−T→x

f(z − T )− f(x)

(z − T )− x
= f ′(x)

(b)

G(x+ T ) =

∫ x+T

a

f(t) dt =

∫ a+T

a

f(t) dt+

∫ x+T

a+T

f(t) dt = 0 +

∫ x

a

f(t) dt = G(x)

3.2.1 Consider the sum and difference of angles formulas for the cosine.

cos(α+ β) = cosα cosβ − sinα sinβ

cos(α− β) = cosα cosβ + sinα sinβ

Add the two equations and then divide by 2 to produce Eq. (3.8). Subtract the first equation from the
second and divide by 2 to produce Eq. (3.10). Now recall the sum and difference of angles formulas for the
sine.

sin(α+ β) = sinα cosβ + cosα sinβ

sin(α− β) = sinα cosβ − cosα sinβ

Subtract the second equation from the first and divide by 2 to produce Eq. (3.9).
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3.2.3 Computing the inner product reveals,

〈x, x2〉 =
∫ 1

−1

x · x2 dx =

[
1

4
x4
]x=1

x=−1

=
1

4
− 1

4
= 0.

3.2.5 If f(x) = ax2 + bx + c is orthogonal to all linear functions on [−1, 1] then it is orthogonal to both x
and 1 on [−1, 1]. Consider the system of equations:

〈ax2 + bx+ c, 1〉 =
∫ 1

−1

(ax2 + bx+ c)(1) dx =
2

3
a+ 2c = 0

〈ax2 + bx+ c, x〉 =
∫ 1

−1

(ax2 + bx+ c)(x) dx =

∫ 1

−1

(ax3 + bx2 + cx) dx =
2

3
b = 0.

Hence b = 0 and a = −3c. Thus there are infinitely many solutions. In particular if c = 1 then f(x) =
−3x2 + 1 is orthogonal to all linear functions on [−1, 1].
3.3.1

(a) f(x) =

{
1 if −2 < x < 0
2 if 0 < x ≤ 2

-6 -4 -2 0 2 4 6
x

0.5

1.0

1.5

2.0

y

a0 =
1

2

∫ 2

−2

f(x) dx =
1

2

∫ 0

−2

1 dx+
1

2

∫ 2

0

2 dx = 3

an =
1

2

∫ 2

−2

f(x) cos
nπx

2
dx =

1

2

∫ 0

−2

cos
nπx

2
dx+

1

2

∫ 2

0

2 cos
nπx

2
dx = 0

bn =
1

2

∫ 2

−2

f(x) sin
nπx

2
dx =

1

2

∫ 0

−2

sin
nπx

2
dx+

1

2

∫ 2

0

2 sin
nπx

2
dx =

1− (−1)n

nπ

f(x) ∼ 3

2
+

∞∑

n=1

1− (−1)n

nπ
sin

nπx

2

(b) f(x) =

{
2 + x if −2 < x < 0

1 if 0 < x < 2

-6 -4 -2 0 2 4 6
x

0.5

1.0

1.5

2.0

y
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a0 =
1

2

∫ 2

−2

f(x) dx =
1

2

∫ 0

−2

(2 + x) dx+
1

2

∫ 2

0

1 dx = 2

an =
1

2

∫ 2

−2

f(x) cos
nπx

2
dx =

1

2

∫ 0

−2

(2 + x) cos
nπx

2
dx+

1

2

∫ 2

0

cos
nπx

2
dx =

2

n2π2
(1− (−1)n)

bn =
1

2

∫ 2

−2

f(x) sin
nπx

2
dx =

1

2

∫ 0

−2

(2 + x) sin
nπx

2
dx+

1

2

∫ 2

0

sin
nπx

2
dx =

−1

nπ
(1 + (−1)n)

f(x) ∼ 1 +

∞∑

n=1

[
2

n2π2
(1− (−1)n) cos

nπx

2
− 1

nπ
(1 + (−1)n) sin

nπx

2

]

(c) f(x) =

{
x if −π < x < 0

−1 if 0 < x < π

-3π -π π 3π
x

-3

-2

-1

1

2

3

y

a0 =
1

π

∫ π

−π

f(x) dx =
1

π

∫ 0

−π

x dx− 1

π

∫ π

0

1 dx = −1− π

2

an =
1

π

∫ π

−π

f(x) cos(nx) dx =
1

π

∫ 0

−π

x cos(nx) dx − 1

π

∫ π

0

cos(nx) dx =
1

n2π
(1− (−1)n)

bn =
1

π

∫ π

−π

f(x) sin(nx) dx =
1

π

∫ 0

−π

x sin(nx) dx − 1

π

∫ π

0

sin(nx) dx =
−1− (π − 1)(−1)n

nπ

f(x) ∼ −1

2
− π

4
+

∞∑

n=1

[
1

n2π
(1 − (−1)n) cos(nx)− 1 + (π − 1)(−1)n

nπ
sin(nx)

]

(d) f(x) =

{
0 if −π < x < 0

cosx if 0 < x < π

-3π -π π 3π
x

-1.0
-0.5

0.5
1.0

y

a0 =
1

π

∫ π

−π

f(x) dx =
1

π

∫ π

0

cosx dx = 0

an =
1

π

∫ π

−π

f(x) cos(nx) dx =
1

π

∫ π

0

cosx cos(nx) dx =

{
1/2 if n = 1
0 otherwise

bn =
1

π

∫ π

−π

f(x) sin(nx) dx =
1

π

∫ π

0

cosx sin(nx) dx =

{

0 if n = 1
n(1+(−1)n)
π(n2−1) otherwise

f(x) ∼ 1

2
cosx+

∞∑

n=2

n(1 + (−1)n)

π(n2 − 1)
sin(nx)
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(e) f(x) =







0 if −2 < x < 0
2 if 0 < x < 1
1 if 1 < x < 2

-6 -4 -2 2 4 6
x

0.5

1.0

1.5

2.0

y

a0 =
1

2

∫ 2

−2

f(x) dx =
1

2

∫ 1

0

2 dx+
1

2

∫ 2

1

1 dx =
3

2

an =
1

2

∫ 2

−2

f(x) cos
nπx

2
dx =

1

2

∫ 1

0

2 cos
nπx

2
dx+

1

2

∫ 2

1

cos
nπx

2
dx =

sin(nπ/2)

nπ

bn =
1

2

∫ 2

−2

f(x) sin
nπx

2
dx =

1

2

∫ 1

0

2 sin
nπx

2
dx +

1

2

∫ 2

1

sin
nπx

2
dx =

2− (−1)n − cos(nπ/2)

nπ

f(x) ∼ 3

4
+

∞∑

n=1

[
sin(nπ/2)

nπ
cos

nπx

2
+

2− (−1)n − cos(nπ/2)

nπ
sin

nπx

2

]

(f) f(x) = eax, for −π < x < π, where a 6= 0 is a constant.

-3π -π π 3π
x

5

10

15

20

y

a0 =
1

π

∫ π

0

eax dx =
2 sinh(aπ)

aπ

an =
1

π

∫ π

−π

eax cos(nx) dx =
2(−1)na sinh(aπ)

(a2 + n2)π

bn =
1

π

∫ π

−π

eax sin(nx) dx = −2n(−1)n sinh(aπ)

(a2 + n2)π

f(x) ∼ sinh(aπ)

aπ
+

∞∑

n=1

[
2(−1)na sinh(aπ)

(a2 + n2)π
cos(nx)− 2n(−1)n sinh(aπ)

(a2 + n2)π
sin(nx)

]
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3.3.3 If a ∈ Z the Fourier series is cos(|a|x). If a 6∈ Z then

a0 =
1

π

∫ π

−π

cos(a x) dx =
2 sin(aπ)

aπ

an =
1

π

∫ π

−π

cos(a x) cos(nx) dx =
2a(−1)n sin(aπ)

(a2 − n2)π

bn =
1

π

∫ π

−π

cos(a x) sin(nx) dx = 0

f(x) ∼ sin(aπ)

aπ
+

∞∑

n=1

[
2a(−1)n sin(aπ)

(a2 − n2)π
cos(nx).

]

3.3.5 In Example 3.4 it was determined that

| sinx| ∼ 2

π
− 4

π

∞∑

k=1

cos(2kx)

4k2 − 1
.

Thus if x = 0,

| sin 0| = 2

π
− 4

π

∞∑

k=1

cos(0)

4k2 − 1

2

π
=

4

π

∞∑

k=1

1

4k2 − 1

1

2
=

∞∑

k=1

1

4k2 − 1
.

When x = π/2,

| sin π
2
| = 2

π
− 4

π

∞∑

k=1

cos(2kπ/2)

4k2 − 1

1 =
2

π
− 4

π

∞∑

k=1

(−1)k

4k2 − 1

1

2
− π

4
=

∞∑

k=1

(−1)k

4k2 − 1
.

3.4.2 Take the case that f(x) is even then

d

dx
[f(−x)] = d

dx
[f(x)]

−f ′(−x) = f ′(x)

f ′(−x) = −f ′(x),

so f ′(x) is an odd function. When f(x) is an odd function,

d

dx
[f(−x)] = d

dx
[−f(x)]

−f ′(−x) = −f ′(x)

f ′(−x) = f ′(x),

so f ′(x) is an even function.
3.4.4
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(a) Suppose f and g are even functions, then

(f ◦ g)(−x) = f(g(−x)) = f(g(x)) = (f ◦ g)(x),

so f ◦ g is an even function.

(b) Suppose f and g are odd functions, then

(f ◦ g)(−x) = f(g(−x)) = f(−g(x)) = −f(g(x)) = −(f ◦ g)(x)

so f ◦ g is an odd function.

(c) Suppose f is an even function and g is an odd function, then

(f ◦ g)(−x) = f(g(−x)) = f(−g(x)) = f(g(x)) = (f ◦ g)(x)
(g ◦ f)(−x) = g(f(−x)) = g(f(x)) = (g ◦ f)(x)

thus f ◦ g and g ◦ f are even functions.

3.5.1

(a)

-6 -4 -2 2 4 6
x

-2

-1

1

2

y
even extension

-6 -4 -2 2 4 6
x

-2

-1

1

2

y
odd extension

Fourier cosine series:

a0 =
2

2

∫ 2

0

f(x) dx =

∫ 1

0

1 dx+

∫ 2

1

2 dx = 3

an =
2

2

∫ 2

0

f(x) cos
nπx

2
dx =

∫ 1

0

cos
nπx

2
dx+

∫ 2

1

2 cos
nπx

2
dx = −2 sin(nπ/2)

nπ

f(x) ∼ 3

2
−

∞∑

n=1

2 sin(nπ/2)

nπ
cos

nπx

2

Fourier sine series:

bn =
2

2

∫ 2

0

f(x) sin
nπx

2
dx =

∫ 1

0

sin
nπx

2
dx+

∫ 2

1

2 sin
nπx

2
dx =

4

nπ

(

cos2
nπ

4
− (−1)n

)

f(x) ∼
∞∑

n=1

4

nπ

(

cos2
nπ

4
− (−1)n

)

sin
nπx

2

(b)

-6 -4 -2 2 4 6
x

-1.0

-0.5

0.5

1.0

y
even extension

-6 -4 -2 2 4 6
x

-1.0

-0.5

0.5

1.0

y
odd extension
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Fourier cosine series:

a0 =
2

2

∫ 2

0

f(x) dx =

∫ 2

1

(1− x) dx = −1

2

an =
2

2

∫ 2

0

f(x) cos
nπx

2
dx =

∫ 2

1

(1− x) cos
nπx

2
dx =

4

n2π2

(

cos
nπ

2
− (−1)n

)

f(x) ∼ −1

4
+

∞∑

n=1

4

n2π2

(

cos
nπ

2
− (−1)n

)

cos
nπx

2

Fourier sine series:

bn =
2

2

∫ 2

0

f(x) sin
nπx

2
dx =

∫ 2

1

(1− x) sin
nπx

2
dx =

2

n2π2

(

nπ(−1)n + 2 sin
nπ

2

)

f(x) ∼
∞∑

n=1

2

n2π2

(

nπ(−1)n + 2 sin
nπ

2

)

sin
nπx

2

(c)

-3π -2π -π π 2π 3π
x

-3

-2

-1

1

2

3

y
even extension

-3π -2π -π π 2π 3π
x

-3

-2

-1

1

2

3

y
odd extension

Fourier cosine series:

a0 =
2

π

∫ π

0

x dx = π

an =
2

π

∫ π

0

x cos(nx) dx =
2

n2π
(−1 + (−1)n)

f(x) ∼ π

2
+

∞∑

n=1

2

n2π
(−1 + (−1)n) cos(nx)

Fourier sine series:

bn =
2

π

∫ π

0

x sin(nx) dx = − 2

n
(−1)n

f(x) ∼ −
∞∑

n=1

2(−1)n

n
sin(nx)

(d)

-6 -4 -2 2 4 6
x

-1.0

-0.5

0.5

1.0

y
even extension

-6 -4 -2 2 4 6
x

-1.0

-0.5

0.5

1.0

y
odd extension
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Fourier cosine series:

a0 =
2

2

∫ 2

0

(1 − x) dx = 0

an =
2

2

∫ 2

0

(1 − x) cos
nπx

2
dx =

4

n2π2
(1− (−1)n)

f(x) ∼
∞∑

n=1

4

n2π2
(1 − (−1)n) cos

nπx

2

Fourier sine series:

bn =
2

2

∫ 2

0

(1 − x) sin
nπx

2
dx =

2

nπ
(1 + (−1)n)

f(x) ∼
∞∑

n=1

2

nπ
(1 + (−1)n) sin

nπx

2

(e)

-3π -2π -π π 2π 3π
x

-3�
-20

-10

10

20

3�
y

even extension

-3π -2π -π π 2π 3π
x

-��
-20

-10

10

20

��
y

odd extension

Fourier cosine series:

a0 =
2

π

∫ π

0

x3 dx =
π3

2

an =
2

π

∫ π

0

x3 cos(nx) dx =
2

n4π
(6 + 3(−1)n(n2π2 − 2))

f(x) ∼ π3

4
+

∞∑

n=1

2

n4π
(6 + 3(−1)n(n2π2 − 2)) cos(nx)

Fourier sine series:

bn =
2

π

∫ π

0

x3 sin(nx) dx =
2(−1)n

n3
(6− n2π2)

f(x) ∼
∞∑

n=1

2(−1)n

n3
(6− n2π2) sin(nx)

(f)

-3π -2π -π π 2π 3π
x

-400

-200

200

400

y
even extension

-3π -2π -π π 2π 3π
x

-400

-200

200

400

y
odd extension
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Fourier cosine series:

a0 =
2

π

∫ π

0

e2x dx =
2eπ

π
sinhπ

an =
2

π

∫ π

0

e2x cos(nx) dx =
−4

(n2 + 4)π
(1 − (−1)ne2π)

f(x) ∼ eπ

π
sinhπ −

∞∑

n=1

4

(n2 + 4)π
(1− (−1)ne2π) cos(nx)

Fourier sine series:

bn =
2

π

∫ π

0

e2x sin(nx) dx =
2n

(n2 + 4)π
(1 − (−1)ne2π)

f(x) ∼
∞∑

n=1

2n

(n2 + 4)π
(1− (−1)ne2π) sin(nx)

3.5.3 Fourier cosine series:

a0 =
2

π

∫ π

0

eax dx =
2

aπ
(eaπ − 1)

an =
2

π

∫ π

0

eax cos(nx) dx =
−2a

(a2 + n2)π
(1− (−1)neaπ)

f(x) ∼ 1

aπ
(eaπ − 1)−

∞∑

n=1

2a

(a2 + n2)π
(1 − (−1)neaπ) cos(nx)

Fourier sine series:

bn =
2

π

∫ π

0

eax sin(nx) dx =
2n

(a2 + n2)π
(1 − (−1)neaπ)

f(x) ∼
∞∑

n=1

2n

(a2 + n2)π
(1− (−1)neaπ) sin(nx)

3.5.5

a0 =
1

L

∫ L

−L

ex dx =

[
1

L
ex
]x=L

x=−L

=
2

L
sinhL

an =
1

L

∫ L

−L

ex cos
nπx

L
dx =

[
ex

n2π2 + L2
(L cos

nπx

L
+ nπ sin

nπx

L
)

]x=L

x=−L

=
2L(−1)n

n2π2 + L2
sinhL

bn =
1

L

∫ L

−L

ex sin
nπx

L
dx =

[
ex

n2π2 + L2
(L sin

nπx

L
− nπ cos

nπx

L
)

]x=L

x=−L

= − 2nπ(−1)n

n2π2 + L2
sinhL

ex ∼ 1

L
sinhL+

∞∑

k=1

[
2(−1)n

n2π2 + L2
sinhL

(

L cos
nπx

L
− nπ sin

nπx

L

)]

3.6.1

20



(a) Piecewise smooth

(b) Neither

(c) Neither

(d) Piecewise continuous

(e) Piecewise smooth

(f) Piecewise continuous

(g) Piecewise smooth

(h) Neither (undefined on [−1, 0))

3.6.3 Fourier sine series:

bn =
2

π

∫ π

0

f(x) sin(nx) dx

=
2

π

∫ 1

0

x sin(nx) dx − 2

π

∫ 2

1

sin(nx) dx +
2

π

∫ π

2

2 sin(nx) dx

=
2

n2π
(−2n(−1)n − 2n cosn+ 3n cos(2n) + sinn)

f(x) ∼
∞∑

n=1

2

n2π
(−2n(−1)n − 2n cosn+ 3n cos(2n) + sinn) sin(nx)

=







0 if x = −π
−2 if −π < x < −2

−1/2 if x = −2
1 if −2 < x < −1
0 if x = −1
x if −1 < x < 1
0 if x = 1

−1 if 1 < x < 2
1/2 if x = 2
2 if 2 < x < π
0 if x = π
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Fourier cosine series:

a0 =
2

π

∫ π

0

f(x) dx

=
2

π

∫ 1

0

x dx− 2

π

∫ 2

1

1 dx+
2

π

∫ π

2

2 dx

= 4− 9

π

an =
2

π

∫ π

0

f(x) cos(nx) dx

=
2

π

∫ 1

0

x cos(nx) dx − 2

π

∫ 2

1

cos(nx) dx +
2

π

∫ π

2

2 cos(nx) dx

=
2

n2π
(−1 + cosn+ 2n sinn− 3n sin(2n))

f(x) ∼ 2− 9

2π
+

∞∑

n=1

2

n2π
(−1 + cosn+ 2n sinn− 3n sin(2n)) cos(nx)

=







2 if −π ≤ x < −2
−1/2 if x = −2
−1 if −2 < x < −1
0 if x = −1

|x| if −1 < x < 1
0 if x = 1

−1 if 1 < x < 2
1/2 if x = 2
2 if 2 < x ≤ π

3.6.5 If f is continuous at x0 then by the Dirichlet Convergence Theorem, the Fourier series evaluated at
x = x0 converges to f(x0). Thus f(x0) = 0.
3.6.7

a0 =

∫ 1

−1

f(x) dx =

∫ 0

−1

1 dx+

∫ 1

0

2 dx = 3

an =

∫ 1

−1

f(x) cos(nπx) dx =

∫ 0

−1

cos(nπx) dx +

∫ 1

0

2 cos(nπx) dx = 0

bn =

∫ 1

−1

f(x) sin(nπx) dx =

∫ 0

−1

sin(nπx) dx +

∫ 1

0

2 sin(nπx) dx =
1− (−1)n

nπ

f(x) ∼ 3

2
+

∞∑

n=1

2

(2n− 1)π
sin((2n− 1)πx)

Let x = 1/2, then

f(1/2) =
3

2
+

∞∑

n=1

2

(2n− 1)π
sin((2n− 1)π/2)

2 =
3

2
+

2

π

∞∑

n=1

(−1)n−1

2n− 1

π

4
=

∞∑

n=1

(−1)n−1

2n− 1
.
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3.7.1 Let x0 ∈ (−1, 1) then the sum
∑∞

k=0 x
k
0 is a geometric series which converges to 1/(1− x0). Since x0

was arbitrary in (−1, 1) then the series converges pointwise on the interval.
3.7.3 Let ǫ > 0 and assume the sequence {fk}∞k=1 converges uniformly to f on [a, b]. By definition there
exists N ∈ N such that for all ngeN , then |fn(x) − f(x)|2 < ǫ2 for all x ∈ [a, b]. This implies

(
∫ b

a

|fn(x)− f(x)|2 dx
)1/2

<

(
∫ b

a

ǫ2 dx

)1/2

= ǫ
√
b− a,

for all n ≥ N . Since ǫ is arbitrary then fn → f on [a, b] in the L2 sense.
3.7.5

(a) The even extension of f(x) is continuous on [−2, 2], f ′(x) is piecewise continuous on [−2, 2], and
f(−2) = f(2). Thus the Fourier cosine series for f(x) converges uniformly to f(x) on [−2, 2].

(b) Let Mn = 1
(2k−1)2 , then

∞∑

k=1

1

(2k − 1)2
cos

(2k − 1)πx

2
≤

∞∑

k=1

1

(2k − 1)2
.

Applying Parseval’s identity to the Fourier series of the function f(x) in Exercise 3.6.7 produces

1

2

∫ 1

−1

(f(x))2 dx =
5

2
=
a20
4

+
1

2

∞∑

n=1

(a2n + b2n) =
9

4
+

2

π2

∞∑

n=1

1

(2n− 1)2
.

This implies
∑∞

n=1
1

(2n−1)2 = π2/8. Hence

∞∑

k=1

1

(2k − 1)2
cos

(2k − 1)πx

2
≤ π2

8

and by the Weierstrass M -test the Fourier cosine series converges uniformly to f(x) and [0, 2].
3.7.7

(a) Consider the limit of the sequence as n→ ∞.

lim
n→∞

nx+ cos(nx2)

n
= lim

n→∞

(

x+
cos(nx2)

n

)

= x

(b) Let ǫ > 0 and let N = 1 +
q

1
ǫ

y

. For all n ≥ N ,

|fn(x)− x| =
∣
∣
∣
∣

nx+ cos(nx2)

n
− x

∣
∣
∣
∣
=

∣
∣
∣
∣

cos(nx2)

n

∣
∣
∣
∣
≤ 1

n
< ǫ

for all x ∈ R. Thus the convergence is uniform.

3.8.2 The even extension of f(x) is continuous on [−π, π], f ′(x) is piecewise continuous on [−π, π], and
f(−π) = f(π). Thus the Fourier cosine series for f(x) converges uniformly to f(x) on [−π, π]. Thus the
Fourier cosine series for f(x) can be differentiated term by term.
3.8.4 Let the Fourier series representation of f(x) be

f(x) ∼ a0
2

+

∞∑

n=1

(

an cos
nπx

L
+ bn sin

nπx

L

)

,
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then by Thm. 3.5 the Fourier series representation of f ′(x) is

f ′(x) ∼ π

L

∞∑

n=1

(

nbn cos
nπx

L
− nan sin

nπx

L

)

.

By Bessel’s inequality

π2

L2

∞∑

n=1

(
(nan)

2 + (nbn)
2
)
≤ 1

L

∫ L

−L

(f ′(x))2 dx <∞,

since f ′(x) is piecewise continuous on [−L,L]. Thus

lim
n→∞

(nan) = 0 = lim
n→∞

(nbn).

3.9.1

(a)

1

2π

∫ π

−π

x2 dx =
1

2

∞∑

n=1

(
2(−1)n+1

n

)2

π2

3
= 2

∞∑

n=1

1

n2

π2

6
=

∞∑

n=1

1

n2

(b)

π2

6
=

∞∑

n=1

1

n2
=

∞∑

n=1

1

(2n− 1)2
+

∞∑

n=1

1

(2n)2

π2

6
−
(
1

4

)(
π2

6

)

=
π2

8
=

∞∑

n=1

1

(2n− 1)2

3.9.3 On the interval (−π, π)

x3 ∼
∞∑

n=1

2(−1)n(6 − n2π2)

n3
sin(nx).

According to Parseval’s identity

1

2π

∫ π

−π

(x3)2 dx =
1

2

∞∑

n=1

[
2(−1)n(6− n2π2)

n3

]2

π6

7
=

∞∑

n=1

72

n6
−

∞∑

n=1

24π2

n4
+

∞∑

n=1

2π4

n2

π6

7
+

4π6

15
− π6

3
= 72

∞∑

n=1

1

n6

π6

945
=

∞∑

n=1

1

n6
.
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Taking just the odd indexed terms

π6

945
=

∞∑

n=1

1

n6
=

∞∑

n=1

1

(2n− 1)6
+

∞∑

n=1

1

(2n)6

π6

945
−
(

1

64

)(
π6

945

)

=
π6

960
=

∞∑

n=1

1

(2n− 1)6

3.9.5 We may define the odd, 2π-periodic extension of f as

fo(x) =







−f(−x) if −π ≤ x < 0
0 if x = 0

f(x) if 0 < x ≤ π.

Now calculate the Fourier series coefficients for fo(x) on [−π, π].

a0 =
1

π

∫ π

−π

fo(x) dx = 0

an =
1

π

∫ π

−π

fo(x) cos(nx) dx = 0

bn =
1

π

∫ π

−π

fo(x) sin(nx) dx =
2

π

∫ π

0

f(x) sin(nx) dx = 0

By Parseval’s identity,
1

2π

∫ π

−π

(fo(x))
2 dx = 0

which implies (fo(x))
2 = 0 on [−π, π] which in turn implies f(x) = 0 on [0, π].

3.10.2 Let m, n ∈ Z with m 6= n, then

〈eimπx/L, einπx/L〉 =
∫ L

−L

eimπx/Leinπx/L dx

=

∫ L

−L

eimπx/Le−inπx/L dx

=

∫ L

−L

ei(m−n)πx/L dx

=

[
L

i(m− n)π
ei(m−n)πx/L

]x=L

x=−L

=
L

i(m− n)π

(

ei(m−n)π − e−i(m−n)π
)

=
L

i(m− n)π
(cos((m− n)π) − cos(−(m− n)π))

= 0.
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When m = n, then

〈einπx/L, einπx/L〉 =
∫ L

−L

einπx/Leinπx/L dx

=

∫ L

−L

einπx/Le−inπx/L dx

=

∫ L

−L

1 dx

= 2L.

3.10.4 For n ∈ Z,

cn =
1

2L

∫ L

−L

exe−inπx/L dx

=
1

2L

∫ L

−L

exe(1−
inπ
L )x dx

=

[
1

2(L− inπ)
e(1−

inπ
L )x

]x=L

x=−L

=
1

2(L− inπ)

(

e(L−inπ) − e−(L−inπ)
)

=
sinh(L− inπ)

L− inπ
.

Therefore

ex =

∞∑

n=−∞

sinh(L− inπ)

L− inπ
einπx/L.

3.10.6 By definition,

sinh z =
ez − e−z

2
=
ea+bi − e−a−bi

2
=
ea+bi − e−a−bi

2
=
eaebi − e−ae−bi

2

=
ea(cos b+ i sin b)− e−a(cos b− i sin b)

2
=
ea cos b− e−a cos b+ i(ea sin b+ e−a sin b)

2
= sinh a cos b+ i cosha sin b

Hence Re (sinh z) = sinh a cos b and Im (sinh z) = cosha sin b.
3.11.2 The limit

lim
x→2kL

DN (x) = lim
x→2kL

sin
(

(2N+1)πx
2L

)

2 sin πx
2L

is indeterminate of the form 0/0. Apply l’Hôpital’s rule.

lim
x→2kL

(2N+1)π
2L cos

(
(2N+1)πx

2L

)

2π
2L cos πx

2L

=
(2N + 1) cos((2N + 1)kπ)

2 cos(kπ)

=
2N + 1

2

for each integer k.
3.11.4

∣
∣
∣
∣
ak cos

kπx

L
+ bk sin

kπx

L

∣
∣
∣
∣
=

∣
∣
∣
∣
Rk sin δ cos

kπx

L
+Rk cos δ sin

kπx

L

∣
∣
∣
∣

=

∣
∣
∣
∣
Rk sin

(
kπx

L
+ δ

)∣
∣
∣
∣
≤ |Rk|
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where ak = Rk sin δ and bk = Rk cos δ.

R2
k = a2k + b2k =⇒ |Rk| =

√

a2k + b2k

4.1.1 Using separation of variables and the boundary conditions, the general solution of the boundary value
problem is

u(x, t) =

∞∑

n=1

bne
−100n2π2t sin(nπx).

If t = 0 then

u(x, 0) =
∞∑

n=1

bn sin(nπx) = sin 2πx− sin 5πx

and thus b2 = 1, b5 = −1, and bn = 0 if n 6= 2 and n 6= 5. Thus the solution to the initial boundary value
problem is

u(x, t) = e−400π2t sin(2πx)− e−2500π2t sin(5πx).

4.1.3 Using separation of variables and the boundary conditions, the general solution of the boundary value
problem is

u(x, t) =

∞∑

n=1

bne
−100n2π2t sin(nπx).

If t = 0 then

u(x, 0) =

∞∑

n=1

bn sin(nπx) =







0 if 0 ≤ x < 1/4
100 if 1/4 ≤ x ≤ 3/4
0 if 3/4 < x ≤ 1.

The coefficients

bn = 2

∫ 1

0

u(x, 0) sin(nπx) dx = 200

∫ 3/4

1/4

sin(nπx) dx = 200

[

− 1

nπ
cos(nπx)

]x=3/4

x=1/4

=
200

nπ

(

cos
nπ

4
− cos

3nπ

4

)

.

Thus the solution to the initial boundary value problem is

u(x, t) ∼ 200

π

∞∑

n=1

(

cos
nπ

4
− cos

3nπ

4

)
e−n2π2t

n
sin(nπx).

4.1.5 The following initial boundary value problem models the metal rod.

ut =
1

4
uxx for 0 < x < 1 and t > 0

u(0, t) = u(1, t) = 0 for t > 0

u(x, 0) =

{
50 if 0 < x < 1/2
0 if 1/2 ≤ x ≤ 1

The coefficients of the Fourier sine series formal solution are

bn = 2

∫ 1/2

0

50 sin(nπx) dx =
200

nπ
sin2

(nπ

4

)

.

Thus the formal solution can be expressed as

u(x, t) =
200

π

∞∑

n=1

e−n2π2t/4

n
sin2

(nπ

4

)

sin(nπx).
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4.1.7 Assuming a product solution of the form u(x, t) = X(x)T (t) then

X(x)T ′(t) = X ′′(x)T (t)

X(x)T ′(t)

X(x)T (t)
=
X ′′(x)T (t)

X(x)T (t)

T ′(t)

T (t)
=
X ′′(x)

X(x)
= −c

where c is a constant. The function X(x) must satisfy the boundary value problem:

X ′′(x) + cX(x) = 0

X(0) = X ′(1) = 0.

If c ≤ 0 there are no nontrivial solutions. If c = λ2 > 0 with λ > 0 the general solution to the ordinary
differential equation is X(x) = A cos(λx) +B sin(λx). Since X(0) = A then A = 0.

X ′(1) = Bλ cos(λ) = 0 =⇒ λ = λn =
(2n− 1)π

2

Thus the eigenvalues and associated eigenfunctions are λn = (2n − 1)π/2 and Xn(x) = sin((2n − 1)πx/2)
for n ∈ N. The formal solution has the form

u(x, t) ∼
∞∑

n=1

bne
−(2n−1)2π2t/4 sin

(2n− 1)πx

2
.

The Fourier series coefficients are

bn = 2

∫ 1

0

x(2− x) sin
(2n− 1)πx

2
dx =

32

(2n− 1)3π3

and thus the formal solution is

u(x, t) ∼ 32

π3

∞∑

n=1

e−(2n−1)2π2t/4

(2n− 1)3
sin

(2n− 1)πx

2
.

4.1.9 Let u(x, t) = X(x)T (t) then

X(x)T ′(t) = κX ′′(x)T (t)− cX(x)T (t)

X(x)T ′(t)

κX(x)T (t)
=
κX ′′(x)T (t)

κX(x)T (t)
− cX(x)T (t)

κX(x)T (t)

T ′(t)

κT (t)
=
X ′′(x)

X(x)
− c

κ
= −γ

where γ is a constant. Thus function X(x) must satisfy the boundary value problem

X ′′(x) +
(

γ − c

κ

)

X(x) = 0

X(0) = X(L) = 0.

If γ ≤ c/κ there are no nontrivial solutions to the boundary value problem. If γ > c/κ the general solution
to the ordinary differential equation is

X(x) = A cos

(√

γ − c

κ
x

)

+B sin

(√

γ − c

κ
x

)

.
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Since X(0) = 0 then A = 0. Since X(L) = 0 then

B sin

(√

γ − c

κ
L

)

= 0 =⇒ γ = γn =
c

κ
+
n2π2

L2

where n ∈ N. The eigenfunctions are

Xn(x) = sin
nπx

L
.

Substituting the eigenvalues into the ordinary differential equation for T (t) produces

Tn(t) = e−(c+κn2π2/L2)t.

Thus the product solutions take the form

un(x, t) = e−(c+κn2π2/L2)t sin
nπx

L
.

The formal solution to the initial boundary value problem is

u(x, t) =

∞∑

n=1

bne
−(c+κn2π2/L2)t sin

nπx

L

where

bn =
2

L

∫ L

0

f(x) sin
nπx

L
dx.

4.1.11

(a) Suppose X(x) is a solution of the boundary value problem

X ′′(x) + λ2X(x) = 0

X(0) = 0 and X ′(1) +X(1) = 0.

The general solution to the ordinary differential equation has the form

X(x) = A cos(λx) +B sin(λx).

Since X(0) = 0 then A = 0. Thus X(x) = B sin(λx) and X ′(x) = λB cos(λx). The boundary condition
at x = 1 implies the equation.

λ cos(λ) + sin(λ) = 0 =⇒ tanλ = −λ

Numerically solving the equation produces the first four positive roots

λ1 ≈ 2.02876 < λ2 ≈ 4.91318 < λ3 ≈ 7.97867 < λ4 ≈ 11.0855.

(b) Product solutions:

u1(x, t) = e−2λ2
1t sin(λ1x)

u2(x, t) = e−2λ2
2t sin(λ2x)

u3(x, t) = e−2λ2
3t sin(λ3x)

u4(x, t) = e−2λ2
4t sin(λ4x)

4.2.2
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(a) Steady-state temperature distribution:

U(x) = A+
(B −A)x

L
.

(b) Initial boundary value problem solved by v(x, t).

vt = κvxx for 0 < x < L, t > 0

v(0, t) = 0

v(L, t) = 0

v(x, 0) = sin
πx

L
−A− (B −A)x

L

(c) Fourier series for v(x, t):

v(x, t) =

∞∑

n=1

bne
−κn2π2t/L2

sin
nπx

L

v(x, 0) =

∞∑

n=1

bn sin
nπx

L
= sin

πx

L
−A− (B −A)x

L

bn =
2

L

∫ L

0

(

sin
πx

L
−A− (B −A)x

L

)

sin
nπx

L
dx

b1 =
2

L

∫ L

0

(

sin
πx

L
−A− (B −A)x

L

)

sin
πx

L
dx = 1− 2

π
(A+B)

bn =
2

L

∫ L

0

(

sin
πx

L
−A− (B −A)x

L

)

sin
nπx

L
dx

= − 2

L

∫ L

0

(

A+
(B −A)x

L

)

sin
nπx

L
dx =

2

nπ
((−1)nB −A) (for n ≥ 2)

v(x, t) ∼ sin
πx

L
+

2

π

∞∑

n=1

((−1)nB −A

n
e−κn2π2t/L2

sin
nπx

L
.

(d) Solution to the original initial boundary value problem:

u(x, t) ∼ A+
(B −A)x

L
+ sin

πx

L
+

2

π

∞∑

n=1

((−1)nB −A

n
e−κn2π2t/L2

sin
nπx

L

4.2.4

(a) Reference temperature distribution r(x, t):

rx(x, t) = Bx/L

r(x, t) = Bx2/(2L).

(b) Initial boundary value problem solved by v(x, t):
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For 0 < x < L and t > 0,

ut = κuxx

(v + r)t = κ(v + r)xx

vt + 0 = κ

(

vxx +
B

L

)

vt = κvxx +
κB

L
.

At x = 0,

ux(0, t) = 0

(v + r)x(0, t) = 0

vx(0, t) + 0 = 0

vx(0, t) = 0.

At x = L,

ux(L, t) = B

(v + r)x(L, t) = B

vx(L, t) +B = B

vx(L, t) = 0.

At t = 0,

u(x, 0) = f(x)

v(x, 0) + r(x, 0) = f(x)

v(x, 0) = f(x)− Bx2

2L
.

Thus v(x, t) must satisfy the following initial boundary value problem.

vt = κvxx +
κB

L
for 0 < x < L and t > 0

vx(0, t) = 0

vx(L, t) = 0

v(x, 0) = f(x)− Bx2

2L

(c) Fourier series for v(x, t):

Suppose v(x, t) = v1(x, t) + v2(x, t) where v1(x, t) solves the initial boundary value problem

(v1)t = κ(v1)xx for 0 < x < L and t > 0

(v1)x(0, t) = 0

(v1)x(L, t) = 0

v1(x, 0) = f(x)− Bx2

2L

31



and v2(x, t) solves the initial boundary value problem

(v2)t = κ(v2)xx +
κB

L
for 0 < x < L and t > 0

(v2)x(0, t) = 0

(v2)x(L, t) = 0

v2(x, 0) = 0.

Then v1(x, t) can be expressed formally as

v1(x, t) ∼
a0
2

+
∞∑

n=1

ane
−κn2π2t/L2

cos
(nπx

L

)

where

an =
2

L

∫ L

0

(

f(x)− Bx2

2L

)

cos
(nπx

L

)

dx.

Assume v2(x, t) can be expressed as

v2(x, t) ∼
a0(t)

2
+

∞∑

n=1

an(t)e
−κn2π2t/L2

cos
(nπx

L

)

.

If we differentiate this solution we obtain

(v2)t ∼
a′0(t)

2
+

∞∑

n=1

(

a′n(t)−
κn2π2

L2
an(t)

)

e−κn2π2t/L2

cos
(nπx

L

)

(v2)xx ∼ −
∞∑

n=1

n2π2

L2
an(t)e

−κn2π2t/L2

cos
(nπx

L

)

.

Therefore (v2)t − κ(v2)xx = κB/L can be expressed as

κB

L
∼ a′0(t)

2
+

∞∑

n=1

a′n(t)e
−κn2π2t/L2

cos
(nπx

L

)

.

Thus we can make a′0(t) = 2κB/L and a′n(t) = 0 for n ≥ 1. Consequently a0(t) = 2κBt/L and
an(t) = 0 for n ≥ 0. This implies

v2(x, t) =
κBt

L
.

Therefore

v(x, t) ∼ κBt

L
+
a0
2

+
∞∑

n=1

ane
−κn2π2t/L2

cos
(nπx

L

)

.

(d) Solution to the original initial boundary value problem:

u(x, t) ∼ Bx2

2L
+
κBt

L
+
a0
2

+

∞∑

n=1

ane
−κn2π2t/L2

cos
(nπx

L

)

.

4.2.6

(a) Reference temperature distribution r(x, t):

Let r(x, t) be the function which interpolates between the nonhomogeneous boundary conditions.

r(x, t) = 1− x+
xt

2
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(b) Let u(x, t) = v(x, t) + r(x, t) then ut = vt +
x
2 and uxx = vxx. Likewise u(0, t) = v(0, t) + r(0, t) =

v(0, t)+ 1 = 1 and u(1, t) = v(1, t)+ r(1, t) = v(1, t)+ t
2 = t

2 . When t = 0, u(x, 0) = v(x, 0)+ r(x, 0) =
v(x, 0) + 1− x. Consequently v(x, t) satisfies the initial boundary value problem below.

vt = vxx for 0 < x < 1 and t > 0

v(0, t) = 0 for t > 0

v(1, t) = 0 for t > 0

v(x, 0) = x− x2 for 0 < x < 1

(c) Fourier series for v(x, t):

bn = 2

∫ 1

0

(x− x2) sin(nπx) dx

=

[
2x2 − 2x

nπ
cos(nπx)

]x=1

x=0

−
∫ 1

0

(4x− 2)

nπ
cos(nπx) dx

=

∫ 1

0

4

n2π2
sin(nπx) dx

=

{
0 if n is even

8
n3π3 if n is odd

Therefore,

v(x, t) ∼
∞∑

n=1

8

(2n− 1)3π3
sin((2n− 1)πx).

(d) Solution to the original initial boundary value problem:

u(x, t) ∼ 1− x+
xt

2
+

∞∑

n=1

8

(2n− 1)3π3
e−(2n−1)2π2t sin((2n− 1)πx).

4.3.2 If u(x, t) solves the heat equation ut = κuxx then v(x, t) = −u(x, t) also solves the heat equation. By
the Maximum Principle

max
(x,t)∈S

v(x, t) = max
(x,t)∈∂R

v(x, t) ⇐⇒ max
(x,t)∈S

(−u(x, t)) = max
(x,t)∈∂R

(−u(x, t)) ⇐⇒ min
(x,t)∈S

u(x, t) = min
(x,t)∈∂R

u(x, t).

4.3.4 Set w(x, t) = u(x, t)− v(x, t), then w is a solution of

ut = κuxx for 0 < x < L and t > 0

and the assumptions on u and v and imply that

w(0, t) ≤ 0 and w(L, t) ≤ 0 for t > 0

and
w(x, 0) ≤ 0 for 0 ≤ x ≤ L.

These inequalities imply that for any fixed T > 0, the maximum of w on the set ∂R consisting of the portions
x = 0, x = L, or t = 0 of the region [0, L]× [0, t] is less than or equal to 0. By the Maximum Principle then

w(x, t) ≤ 0 for 0 ≤ x ≤ L and 0 ≤ t ≤ T .
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Since T > 0 is arbitrary, the proof is complete.
4.3.6 Since −6.29218 ≤ u(x, 0) ≤ 6.29218 for 0 ≤ x ≤ π then by the Maximum and Minimum Principles
m = −6.29218 ≤ u(x, y) ≤ 6.29218 =M .
4.3.8 Define function u(x, t) = (1 − e−t) sinx. Note that,

ut = e−t sinx

uxx = −(1− e−t) sinx

ut − uxx = sinx for 0 < x < 1 and t > 0

On the boundaries, u(0, t) = 0 and u(1, t) = 0 and at t = 0 it is the case that u(x, 0) = 0 ≤ sinx for
0 < x < 1. Hence by the Comparison Principle u(x, t) ≤ v(x, t) for all 0 ≤ x ≤ 1 and t ≥ 0.
4.4.2

(a) Taking the derivative with respect to r produces,

f ′(r) =
−c3√πre−c2r − c

√
πe−c2r/(2

√
r)

c2πr
=

−(1 + 2c2r)e−c2r

2c
√
πr3/2

< 0.

(b) Evaluate the limit:

lim
r→∞

f(r) = lim
r→∞

1

c
√
πrec2r

= 0.

4.4.4 Use integration by substitution.

erf(−x) = 2√
π

∫ −x

0

e−t2 dt

= − 2√
π

∫ x

0

e−u2

du

= − erf(x)

where u = −t.
4.4.6 Using the fundamental solution to the heat equation,

u(x, t) =
1√
4πκt

∫ ∞

−∞
e−(x−y)2/(4κt)u(y, 0) dy

=
1√
4πκt

∫ 1

−1

e−(x−y)2/(4κt) dy

=
1√
π

∫ x+1
√

4κt

x−1
√

4κt

e−u2

du

=
1

2
erf

(
x+ 1√
4κt

)

− 1

2
erf

(
x− 1√
4κt

)

.

4.4.8 Starting with the definition of the cumulative distribution function for the standard normal random
variable,

Φ (x) =
1√
2π

∫ 0

−∞
e−t2/2 dt+

1√
2π

∫ x

0

e−t2/2 dt

=
1

2
+

1√
π

∫ x/
√
2

0

e−z2

dz

=
1

2
+

1

2
· 2√

π

∫ x/
√
2

0

e−z2

dz

=
1

2
+

1

2
erf

(
x√
2

)

.
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Solving for erf(z) leads to another relationship,

erf(x) = 2Φ
(√

2x
)

− 1.

4.4.10 Using Thm. 4.7,

u(x, t) =

∫ ∞

0

(U(x− y, t) + U(x+ y, t))u(y, 0) dy

=
1√
4πκt

∫ 1

0

(

e−
(x−y)2

4κt + e−
(x+y)2

4κt

)

dy

=
1

2

(

erf

(
x+ 1

2
√
κt

)

− erf

(
x− 1

2
√
κt

))

4.4.12 Suppose u(x, t) = e−αtv(x, t) solves the differential equation.

−αe−αtv + e−αtvt = κe−αtvxx − αe−αtv

vt = κvxx

If u(x, 0) = f(x) then likewise v(x, 0) = f(x).

v(x, t) =
1√
4πκt

∫ ∞

−∞
e−

(x−y)2

4κt f(y) dy

u(x, t) =
e−αt

√
4πκt

∫ ∞

−∞
e−

(x−y)2

4κt f(y) dy

4.5.2 The formal solution to the initial boundary value problem is the double Fourier sine series

u(x, y, t) =

∞∑

n=1

∞∑

m=1

bn,me
−κ(n2+m2)π2t sin(nπx) sin(mπy).

Setting t = 0 and equating coefficients in the initial condition and the infinite series reveals b1,3 = 1 and
bn,m = 0 otherwise. Thus

u(x, y, t) = e−10κπ2t sin(πx) sin(3πy).

4.5.4 The initial boundary value problem can be summarized as follows.

ut = uxx + uyy for (x, y) ∈ (0, 1)× (0, 1) and t > 0

u(0, y, t) = u(1, y, t) = 0 for 0 < y < 1 and t > 0

u(x, 0, t) = 0 for 0 < x < 1 and t > 0

uy(x, 1, t) = 0 for 0 < x < 1 and t > 0

u(x, y, 0) = sin(2πx) sin(πy) for (x, y) ∈ (0, 1)× (0, 1)

The product solutions to this IBVP take the form:

um,n(x, y, t) = e
−
(

m2+ (2n−1)2

4

)

π2t
sin(mπx) sin

(
(2n− 1)πy

2

)

.

for m, n ∈ N. The solution to the initial boundary value problem can be expressed as the double sum,

u(x, y, t) =

∞∑

m=1

∞∑

n=1

bm,ne
−
(

m2+ (2n−1)2

4

)

π2t
sin(mπx) sin

(
(2n− 1)πy

2

)

.
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For m, n ∈ N,

bm,n = 4

∫ 1

0

∫ 1

0

sin(2πx) sin(πy) sin(mπx) sin

(
(2n− 1)πy

2

)

dx dy

= 4

∫ 1

0

sin(2πx) sin(mπx) dx ·
∫ 1

0

sin(πy) sin

(
(2n− 1)πy

2

)

dy

=

{
8(−1)n

π(4n2−4n−3) if m = 2

0 otherwise.

Therefore the solution can be expressed as

u(x, y, t) =

∞∑

n=1

8(−1)n sin(2πx)

π(4n2 − 4n− 3)
e
−
(

4+ (2n−1)2

4

)

π2t
sin

(
(2n− 1)πy

2

)

.

4.5.6 The initial boundary value problem can be summarized as follows.

ut =
1

4
(uxx + uyy) for (x, y) ∈ (0, 2)× (0, 1) and t > 0

u(0, y, t) = 0 for 0 < y < 1 and t > 0

u(x, 0, t) = 0 for 0 < x < 2 and t > 0

ux(2, y, t) = 0 for 0 < y < 1 and t > 0

uy(x, 1, t) = 0 for 0 < x < 2 and t > 0

u(x, y, 0) =

{
0 for 0 < x < 1 and 0 < y < 1

100 for 1 < x < 2 and 0 < y < 1

The product solutions to this IBVP take the form:

um,n(x, y, t) = e
− 1

4

(

(2m−1)2

16 + (2n−1)2

4

)

π2t
sin

(
(2m− 1)πx

4

)

sin

(
(2n− 1)πy

2

)

for m, n ∈ N. The solution to the initial boundary value problem can be expressed as the double sum,

u(x, y, t) =
∞∑

m=1

∞∑

n=1

bm,ne
− 1

4

(

(2m−1)2

16 + (2n−1)2

4

)

π2t
sin

(
(2m− 1)πx

4

)

sin

(
(2n− 1)πy

2

)

.

For m, n ∈ N

bm,n = 2

∫ 1

0

∫ 2

0

u(x, y, 0) sin

(
(2m− 1)πx

4

)

sin

(
(2n− 1)πy

2

)

dx dy

= 2

∫ 1

0

∫ 2

1

100 sin

(
(2m− 1)πx

4

)

sin

(
(2n− 1)πy

2

)

dx dy

= 200

∫ 1

0

sin

(
(2n− 1)πy

2

)

dy ·
∫ 2

1

sin

(
(2m− 1)πx

4

)

dx

= 200
4 sin

(
mπ
2 + π

4

)

π(2m− 1)

2

π(2n− 1)

=
1600 sin

(
mπ
2 + π

4

)

π2(2m− 1)(2n− 1)
.

5.1.1 The formal solution can be expressed as

u(x, t) =

∞∑

n=1

(an cos(nt) + bn sin(nt)) sin(nx),

36



where

an =
2

π

∫ π

0

sinx cosx sin(nx) dx =

{
1/2 if n = 2
0 if n 6= 2

bn = 0 for all n.

Thus the solution to the initial boundary value problem is

u(x, t) =
1

2
cos(2t) sin(2x).

5.1.3 The formal solution can be expressed as

u(x, t) =

∞∑

n=1

(an cos(nt) + bn sin(nt)) sin(nx)

where

an = 0 for all n

bn =
2

nπ

∫ π

0

sin(3x) sin(nx) dx =

{
1/3 if n = 3
0 if n 6= 3.

Thus the solution to the initial boundary value problem is

u(x, t) =
1

3
sin(3t) sin(3x).

5.1.5 The formal solution can be expressed as

u(x, t) =

∞∑

n=1

(an cos(nt) + bn sin(nt)) sin(nx)

where

an = 0 for all n

bn =
2

nπ

∫ π

0

x(x − π) sin(nx) dx =
−4

n4π
(1− (−1)n).

Thus the solution to the initial boundary value problem can be formally expressed as

u(x, t) = − 4

π

∞∑

n=1

1− (−1)n

n4
sin(nt) sin(nx).

5.1.7 The formal solution can be expressed as

u(x, t) =

∞∑

n=1

(an cos(nt) + bn sin(nt)) sin(nx)

where

an =
2

π

∫ π

0

x(x − π) sin(nx) dx =
−4

n3π
(1− (−1)n)

bn =
2

nπ

∫ π

0

sin(nx) dx =
2

n2π
(1− (−1)n).

Thus the solution to the initial boundary value problem can be formally expressed as

u(x, t) =
2

π

∞∑

n=1

[
(1− (−1)n)

n2
sin(nt)− 2(1− (−1)n)

n3
cos(nt)

]

sin(nx).

5.1.9
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(a) The function un(x, t) satisfies the boundary conditions since

un(0, t) = (cn cos(λnct) + dn sin(λnct)) sin(λn0) = 0

and

(un)x(x, t) = λn (cn cos(λnct) + dn sin(λnct)) cos(λnx)

(un)x(L, t) = λn (cn cos(λnct) + dn sin(λnct)) cos

(
(2n− 1)π

2

)

= 0

for n = 1, 2, . . .. The product solutions solve the wave equation since

(un)tt(x, t) = −λ2nc2 (cn cos(λnct) + dn sin(λnct)) sin(λnx)

(un)xx(x, t) = −λ2n (cn cos(λnct) + dn sin(λnct)) sin(λnx)

and thus (un)tt = c2(un)xx.

(b) By the Principle of Superposition

u(x, t) =

∞∑

n=1

(cn cos(λnct) + dn sin(λnct)) sin(λnx)

satisfies the wave equation and the boundary conditions. When t = 0 then

u(x, 0) = f(x) =

∞∑

n=1

cn sin

(
(2n− 1)πx

2L

)

.

Since
∫ L

0

sin(λnx) sin(λmx) dx =
L

2
δmn

where δmn is the Kronecker delta, then

cn =
2

L

∫ L

0

f(x) sin(λnx) dx.

Likewise when t = 0 then

ut(x, 0) = g(x) =
∞∑

n=1

λncdn sin

(
(2n− 1)πx

2L

)

,

where

dn =
2

cλnL

∫ L

0

g(x) sin(λnx) dx.

(c) In this case dn = 0 for n = 1, 2, . . . and

cn = 2

∫ 1

0

f(x) sin

(
(2n− 1)πx

2

)

dx

= 2

∫ 1/2

1/4

(

x− 1

4

)

sin

(
(2n− 1)πx

2

)

dx+ 2

∫ 3/4

1/2

(3/4− x) sin

(
(2n− 1)πx

2

)

dx

=
8 cos((2n+ 3)π/8)− 8 cos((2n+ 1)π/4)− (2n− 1)π sin((2n+ 1)π/4)

(2n− 1)2π2

+
8 cos((6n+ 1)π/8)− 8 cos((2n+ 1)π/4)− (2n− 1)π sin((2n+ 1)π/4)

(2n− 1)2π2

=
8

(2n− 1)2π2

[

2 sin

(
(2n− 1)π

4

)

− sin

(
3(2n− 1)π

8

)

− sin

(
(2n+ 1)π

8

)]

.
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Thus the formal solution can be expressed as

u(x, t) =
8

π2

∞∑

n=1

1

(2n− 1)2

[

2 sin

(
(2n− 1)π

4

)

− sin

(
3(2n− 1)π

8

)

− sin

(
(2n+ 1)π

8

)]

∗ cos
(
(2n− 1)πct

2

)

sin

(
(2n− 1)πx

2

)

.

5.2.1 According to Eq. (5.19),

u(x, t) =
1

2
[sin(2(x− ct)) + sin(2(x+ ct))] .

5.2.3 The solution to the struck string problem is

u(x, t) =
1

2c

∫ x+ct

x−ct

sinh s ds =
1

2c
[cosh(x+ ct)− cosh(x− ct)] .

5.2.5 This is another example of a plucked string. The solution takes the form of half of the initial displace-
ment moving left plus half of the initial displacement moving right.

u(x, t) =
1

2

{
1− |x− ct| if −1 < x− ct < 1

0 otherwise
+

1

2

{
1− |x+ ct| if −1 < x+ ct < 1

0 otherwise

=







0 if x+ ct < −1
1− 1

2 (|x− ct|+ |x+ ct|) if −1 < x− ct and x+ ct < 1
0 if x− ct > 1

1
2 (1− |x− ct|) if x+ ct > 1 and −1 < x− ct < 1

0 if x+ ct > 1 and x− ct < −1
1
2 (1− |x+ ct|) if −1 < x+ ct < 1 and x− ct < −1

5.2.7 Taking derivatives of the function produces,

utt = σ2eσt+ikx

uxx = −k2eσt+ikx.

Substituting these expressions into the wave equation results in the following.

σ2eσt+ikx = −c2k2eσt+ikx

σ2 = −c2k2

σ = ±ick

5.3.2 Since ut(x, 0) = g(x) is an odd, 2-periodic function d’Alembert’s solution is

u(x, t) =
1

2

∫ x+t

x−t

sin(πs) ds =
1

2π
[cos(π(x − t))− cos(π(x + t))] .
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5.3.4 Consider the solution evaluated at x = L/2.

u(L/2, t) =

∞∑

n=1

cn cos

(
nπct

L

)

sin
nπ

2

=

∞∑

k=1

c2k−1 cos

(
(2k − 1)πct

L

)

sin
(2k − 1)π

2

The last equation is true since sin(nπ/2) = 0 for n even. Thus u(L/2, t) = 0 for all t > 0 if c2k−1 = 0 for
k ∈ N.
5.3.6 Let fo(x) be the odd, 2-periodic extension of f(x).

fo(x) =

{
x(1 − x) if 0 ≤ x ≤ 1

(x− 1)(x− 2) if 1 < x ≤ 2

The d’Alembertian solution can be expressed as

u(x, t) =
1

2
(fo((x − t) mod 2) + fo((x + t) mod 2)) .

5.3.8 The initial displacement is already an odd, 2-periodic function. The initial velocity is an odd function
which can be extended 2-periodically to the real line. Define

go(x) =

{
x if 0 ≤ x ≤ 1,

x− 2 if 1 < x ≤ 2,

and

G(x) =

∫ x

0

go(s) ds =

{
x2

2 if 0 ≤ x ≤ 1
(x−2)2

2 if 1 < x ≤ 2.

The d’Alembertian form of the solution can be expressed as follows.

u(x, t) =
1

2
[sin(π(x + t)) + sin(π(x− t))] +

1

2
[G((x + t) mod 2)−G((x − t) mod 2)]

5.4.2 Assume the solution has the form

u(x, t) =

∞∑

n=1

Tn(t) sin(nπx).
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The function Tn(t) must satisfy the initial value problem

T ′′
n (t) + (nπ)2Tn(t) = 2

∫ 1

0

t sin(nπx) dx =
2t

nπ
(1 − (−1)2)

Tn(0) = T ′
n(0) = 0.

Using variation of parameters

Tn(t) =
2

n4π4
(1− (−1)n)(nπt− sin(nπt)).

Thus the formal solution to the initial boundary value problem is

u(x, t) =
2

π4

∞∑

n=1

(1− (−1)n)

n4
(nπt− sin(nπt)) sin(nπx).

5.4.4 Following the steps of the solution outlined for Exercise 5.4.3 let v(x, t) = etu(x, t). Differentiating
and substituting into the initial value problem produce a new initial value problem.

vtt = vxx for −∞ < x <∞ and t > 0,

v(x, 0) = ex for −∞ < x <∞,

vt(x, 0) = −ex for −∞ < x <∞.

The d’Alembertian solution to this initial value problem is

v(x, t) =
1

2

(
ex+t + ex−t

)
+

1

2

∫ x+t

x−t

(−es) ds

= ex−t.

Thus the solution to the telegraph equation is

u(x, t) = e−tv(x, t) = ex−2t.

5.4.6 Assume the solution can be written as u(x, t) = t+v(x, t), then v(x, t) must satisfy the initial boundary
value problem

vtt = vxx for 0 < x < 1 and t > 0,

v(0, t) = v(1, t) = 0 for t > 0,

v(x, 0) = 0 and vt(x, 0) = −1 for 0 < x < 1.

Formally the solution can be written as

v(x, t) =

∞∑

n=1

(an cos(nπt) + bn sin(nπt)) sin(nπx)

where

an = 0 for all n

bn =
2

nπ

∫ 1

0

(−1) sin(nπx) dx =
2

n2π2
((−1)n − 1).

Thus u(x, t) can be expressed formally as

u(x, t) = t+
2

π2

∞∑

n=1

((−1)n − 1)

n2
sin(nπt) sin(nπx).
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5.4.8 Assume the solution can be written as u(x, t) = (1− x) sin(πt) + v(x, t), then v(x, t) must satisfy the
initial boundary value problem

vtt = vxx + π2(1− x) sin(πt) for 0 < x < 1 and t > 0,

v(0, t) = v(1, t) = 0 for t > 0,

v(x, 0) = 0 and vt(x, 0) = π(x− 1) for 0 < x < 1.

Let v(x, t) be represented by the series

v(x, t) =

∞∑

n=1

Tn(t) sin(nπx)

where Tn(t) satisfies the initial value problem

T ′′
n (t) + (nπ)2Tn(t) = 2

∫ 1

0

π2(1− x) sin(πt) sin(nπx) dx =
2π

n
sin(πt)

Tn(0) = 0

T ′
n(0) = 2

∫ 1

0

π(x − 1) sin(nπx) dx = − 2

n
.

Using the method of undetermined coefficients, the solutions are

T1(t) =
−1

π
sin(πt)− t cos(πt)

Tn(t) =
2

n(n2 − 1)π
[sin(πt)− n sin(nπt)] for n > 1.

Formally the solution can be written as

u(x, t) = (1− x) sin(πt)−
(

t cos(πt) +
sin(πt)

π

)

sin(πx) +
2

π

∞∑

n=2

sin(πt)− n sin(nπt)

n(n2 − 1)
sin(nπx).

5.4.10 If u(x, t) = e−tv(x, t) then differentiating and substituting into the initial value problem produce the
following initial value problem for the unknown function v(x, t).

vtt = vxx − 2et sin t sinx+ et cos t sinx for −∞ < x <∞ and t > 0,

v(x, 0) = sinx for −∞ < x <∞,

vt(x, 0) = sinx for −∞ < x <∞.

Suppose v(x, t) = T (t) sinx then substituting this into the initial value problem results in

T ′′(t) = −T (t)− 2et sin t+ et cos t for t > 0,

T (0) = 1

T ′(0) = 1.

The solution to this nonhomogeneous ordinary differential equation is

T (t) = et cos t.

Therefore
u(x, t) = cos t sinx.
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5.5.2 Since the total energy is constant and ux(x, 0) = f ′(x) and ut(x, 0) = 0 then according to Eq. (5.48),

E(t) =
1

2

∫ L

0

T0(f
′(x))2 dx

=
T0
2

∫ L

0

[π

L
cos
(πx

L

)]2

dx

=
T0π

2

2L2

∫ L

0

cos2
(πx

L

)

dx

=
T0π

2

4L2

∫ L

0

[

1 + cos

(
2πx

L

)]

dx

=
T0π

2

4L
.

5.5.4

E′(t) = T0 [ut(L, t)ux(L, t)− ut(0, t)ux(0, t)] = T0 [(0)ux(L, t)− ut(0, t)(0)] = 0

5.5.6 Suppose that u1(x, t) and u2(x, t) are solutions to the initial boundary value problem and define
v(x, t) = u1(x, t)− u2(x, t). The function v(x, t) solves the following initial boundary value problem.

vtt = c2vxx for 0 < x < L and t > 0,

v(0, t) = v(L, t) = 0 for t > 0,

v(x, 0) = 0 for 0 < x < L,

vt(x, 0) = 0 for 0 < x < L.

Note that v(x, t) ≡ 0 is a solution to this initial boundary value problem. According to Thm. 5.1, this
solution is unique and thus u1(x, t) = u2(x, t) for 0 ≤ x ≤ L and t ≥ 0. Hence the original nonhomogeneous
initial boundary value problem has a unique solution as well.
6.1.2

(a) If u(x, y) = x3 − 3xy2, then

∆u =
∂2

∂x2
[
x3 − 3xy2

]
+

∂2

∂y2
[
x3 − 3xy2

]

=
∂

∂x

[
3x2 − 3y2

]
+

∂

∂y
[−6xy]

= 6x− 6x = 0.

(b) If u(x, y) = arctan y
x , then

∆u =
∂2

∂x2

[

arctan
y

x

]

+
∂2

∂y2

[

arctan
y

x

]

=
∂

∂x

[ −y
x2 + y2

]

+
∂

∂y

[
x

x2 + y2

]

=
2xy

(x2 + y2)2
+

−2xy

(x2 + y2)2
= 0.

6.1.4
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(a) If u(x, y, z) = 2x3 − 3xy2 − 3xz2, then

∆u =
∂2

∂x2
[
2x3 − 3xy2 − 3xz2

]
+

∂2

∂y2
[
2x3 − 3xy2 − 3xz2

]
+

∂2

∂z2
[
2x3 − 3xy2 − 3xz2

]

=
∂

∂x

[
6x2 − 3y2 − 3z2

]
+

∂

∂y
[−6xy] +

∂2

∂z2
[−6xz]

= 12x+ (−6x) + (−6x)

= 0.

(b) If u(x, y, z) = cosh((a2 + b2)1/2x) sin(ay) sin(bz), then

∆u =
∂2

∂x2

[

cosh((a2 + b2)1/2x) sin(ay) sin(bz)
]

+
∂2

∂y2

[

cosh((a2 + b2)1/2x) sin(ay) sin(bz)
]

+
∂2

∂z2

[

cosh((a2 + b2)1/2x) sin(ay) sin(bz)
]

=
∂

∂x

[

(a2 + b2)1/2 sinh((a2 + b2)1/2x) sin(ay) sin(bz)
]

+
∂

∂y

[

a cosh((a2 + b2)1/2x) cos(ay) sin(bz)
]

+
∂

∂z

[

b cosh((a2 + b2)1/2x) sin(ay) cos(bz)
]

= (a2 + b2) cosh((a2 + b2)1/2x) sin(ay) sin(bz) + (−a2) cosh((a2 + b2)1/2x) sin(ay) sin(bz)

+ (−b2) cosh((a2 + b2)1/2x) sin(ay) sin(bz)

= 0.

6.1.6 Define ξ = x cos θ − y sin θ and η = x sin θ + y cos θ.

ux = uξξx + uηηx = uξ cos θ + uη sin θ

uxx = uξξ cos
2 θ + 2uξη cos θ sin θ + uηη sin

2 θ

uy = uξξy + uηηy = −uξ sin θ + uη cos θ

uyy = uξξ sin
2 θ − 2uξη cos θ sin θ + uηη cos

2 θ

Add the second partial derivatives.

uxx + uyy = uξξ cos
2 θ + 2uξη cos θ sin θ + uηη sin

2 θ + uξξ sin
2 θ − 2uξη cos θ sin θ + uηη cos

2 θ

= uξξ + uηη

= 0

6.2.2 The formal solution is of the form

u(x, y) =

∞∑

n=1

an sinh(nπx) sin(nπy)

where

an =
2

sinh(nπ)

∫ 1

0

y(1− y) sin(nπy) dy =
4(1− (−1)n)

n3π3 sinh(nπ)
.

6.2.4 Let function u1(x, y) be formally

u1(x, y) =

∞∑

n=1

an sin(nπx) sinh(nπ(1 − y))

44



where

an =
2

sinh(nπ)

∫ 1

0

sin(πx) sin(nπx) dx =

{
1/ sinhπ if n = 1

0 if n 6= 1.

Thus function u1(x, y) can be written as

u1(x, y) =
sin(πx) sinh(π(1− y))

sinhπ
.

Similarly let function u3(x, y) be represented by the Fourier series

u3(x, y) =

∞∑

n=1

bn sin(nπx) sinh(nπy))

where

bn =
2

sinh(nπ)

∫ 1

0

(1) sin(nπx) dx =
2(1− (−1)n)

nπ sinh(nπ)
.

The desired solution to the boundary value problem can be expressed formally as u(x, y) = u1(x, y)+u3(x, y).
6.2.6 Let function u1(x, y) be formally

u1(x, y) =
∞∑

n=1

an sin(nπx) sinh(nπ(1 − y))

where

an =
2

sinh(nπ)

∫ 1

0

(1) sin(nπx) dx =
2(1− (−1)n)

nπ sinh(nπ)
.

Similarly defined function u2(x, y) formally as

u2(x, y) =

∞∑

n=1

bn sinh(nπx) sin(nπy)

where

bn =
2

sinh(nπ)

∫ 1

0

cos(2πy) sin(nπy) dy

=

{
2n(1− (−1)n)/(π(n2 − 4) sinh(nπ)) if n 6= 2

0 if n = 2.

Finally let function u3(x, y) be represented by the Fourier series

u3(x, y) =

∞∑

n=1

cn sin(nπx) sinh(nπy))

where

cn =
2

sinh(nπ)

∫ 1

0

(1) sin(nπx) dx =
2(1− (−1)n)

nπ sinh(nπ)
.

The desired solution to the boundary value problem can be expressed formally as u(x, y) = u1(x, y) +
u2(x, y) + u3(x, y).
6.3.2 As was done in Exercise 6.3.1 we arrive at the two equations

eα cosβ = r cos θ = x

eα sinβ = r sin θ = y.
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Dividing the second equation by the first yields

tanβ =
y

x
=⇒ β = Im (w) = Im (ln z) = tan−1 y

x
.

6.3.4 The general solution was found to be

u(r, θ) =
a0
2

+

∞∑

n=1

( r

2

)n

(an cos(nθ) + bn sin(nθ)).

To satisfy the boundary conditions let an = 0 for all n, b3 = 1, and bn = 0 for all n 6= 3. Thus the solution
to the boundary value problem is

u(r, θ) =
r3

8
sin(3θ).

6.3.6 The general solution was found to be

u(r, θ) =
a0
2

+

∞∑

n=1

rn(an cos(nθ) + bn sin(nθ)),

where

a0 =
1

π

∫ π

−π

f(θ) dθ =
1

π

∫ π/2

0

(1) dθ =
1

2

an =
1

π

∫ π

−π

f(θ) cos(nθ) dθ =
1

π

∫ π/2

0

cos(nθ) dθ =
1

nπ
sin
(nπ

2

)

bn =
1

π

∫ π

−π

f(θ) sin(nθ) dθ =
1

π

∫ π/2

0

sin(nθ) dθ =
1

nπ

(

1− cos
(nπ

2

))

.

6.3.8 The general solution was found to be

u(r, θ) =
a0
2

+

∞∑

n=1

( r

2

)n

(an cos(nθ) + bn sin(nθ)),

where

a0 =
1

π

∫ π

−π

f(θ) dθ =
1

π

∫ −π/2

−π

−2(θ + π)

π
dθ +

1

π

∫ π/2

0

2θ

π
dθ = 0

an =
1

π

∫ π

−π

f(θ) cos(nθ) dθ

= − 1

π

∫ −π/2

−π

2(θ + π)

π
cos(nθ) dθ +

1

π

∫ π/2

0

2θ

π
cos(nθ) dθ =

2((−1)n − 1)

n2π2
+

2

nπ
sin
(nπ

2

)

bn =
1

π

∫ π

−π

f(θ) sin(nθ) dθ

= − 1

π

∫ −π/2

−π

2(θ + π)

π
sin(nθ) dθ +

1

π

∫ π/2

0

2θ

π
sin(nθ) dθ =

4

n2π2
sin
(nπ

2

)

.

6.4.2 The general solution to this boundary value problem has the form,

u(r, θ) = c0 ln r + d0 +

∞∑

n=1

[(c+n r
n + c−n r

−n) cos(nθ) + (d+n r
n + d−n r

−n) sin(nθ)].
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The coefficients in the series solution must satisfy the set of equations below.

sin θ = c0 ln 1 + d0 +
∞∑

n=1

[(c+n + c−n ) cos(nθ) + (d+n + d−n ) sin(nθ)]

cos 2θ = c0 ln 2 + d0 +

∞∑

n=1

[(c+n 2
n + c−n 2

−n) cos(nθ) + (d+n 2
n + d−n 2

−n) sin(nθ)]

By equating coefficients of the trigonometric functions on both sides of the equations,

c+2 + c−2 = 0

c+2 2
2 + c−n 2

−2 = 1

which implies c+2 = 4
15 and c−2 = − 4

15 . Similarly,

d+1 + d−1 = 1

d+1 2
1 + d−1 2

−1 = 0

which implies d+1 = − 1
3 and d−1 = 4

3 . All other coefficients vanish. Hence the solution to the boundary value
problem is

u(r, θ) =

(
4

15
r2 − 4

15
r−2

)

cos(2θ) +

(

−1

3
r +

4

3
r−1

)

sin θ.

6.4.4 The formal solution can be written as

u(r, θ) =

∞∑

n=1

anr
2n sin(2nθ).

On the boundary where r = 1,

u(1, θ) = sin(4θ) =
∞∑

n=1

an sin(2nθ).

Thus by equating coefficients of the sine functions, a2 = 1 and an = 0 for n 6= 2. Hence the solution to the
boundary value problem is

u(r, θ) = r4 sin(4θ).

6.4.6 The formal solution can be written as

u(r, θ) =

∞∑

n=1

(a+n r
n + a−n r

−n) sin(nθ)

where a+n and a−n must solve the system of equations

a+n (1
n) + a−n (1

−n) =
2

π

∫ π

0

u(1, θ) sin(nθ) dθ =
2

π

∫ π/2

0

sin(nθ) dθ =
2

nπ

(

1− cos
nπ

2

)

a+n (2
n) + a−n (2

−n) =
2

π

∫ π

0

u(2, θ) sin(nθ) dθ = 0.

Thus

a+n =
−2

(4n − 1)nπ

(

1− cos
nπ

2

)

a−n =
22n+1

(4n − 1)nπ

(

1− cos
nπ

2

)

.
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6.4.8 The formal solution can be written as

u(r, θ) =
∞∑

n=1

(a+n r
2n/3 + a−n r

−2n/3) sin

(
2nθ

3

)

where a+n and a−n must solve the system of equations

a+n (1
2n/3) + a−n (1

−2n/3) =
4

3π

∫ 3π/2

0

u(1, θ) sin

(
2nθ

3

)

dθ =
4

3π

∫ 3π/2

0

sin

(
2nθ

3

)

dθ

=
2

nπ
(1 − (−1)n)

a+n (2
2n/3) + a−n (2

−2n/3) =
4

3π

∫ 3π/2

0

u(2, θ) sin

(
2nθ

3

)

dθ =
4

3

∫ π

0

θ sin

(
2nθ

3

)

dθ

=
1

n2

(

3 sin
2nπ

3
− 2nπ cos

2nπ

3

)

.

Thus

a+n =
−2(1− (−1)n)n− 2(2n+3)/3nπ2 cos 2nπ

3 + 22n/3(3π) sin 2nπ
3

n2π(4n/3 − 1)

a−n =
22n/3

(
2(2n+3)/3(1− (−1)n)n+ 2nπ2 cos 2nπ

3 − 3π sin 2nπ
3

)

n2π(4n/3 − 1)
.

6.5.2 Define the formal solution u(x, y) as follows.

u(x, y) = a0 +

∞∑

n=1

an cos(nπx) cosh(nπ(y − 1)).

This solution is harmonic and satisfies the boundary conditions ux(0, y) = ux(1, y) = 0 for 0 < y < 1 and the
boundary condition uy(x, 1) = 0 for 0 < x < 1. Differentiate the solution with respect to y and set y = 0.

uy(x, y) =

∞∑

n=1

annπ cos(nπx) sinh(nπ(y − 1))

uy(x, 0) =

∞∑

n=1

an(−nπ) sinh(nπ) cos(nπx)

sin(πx) =

∞∑

n=1

an(−nπ) sinh(nπ) cos(nπx)

Multiply both sides of the last equation by cos(mπx) and integrate with respect to x for 0 ≤ x ≤ 1. Since
the solution can be determined only up to an additive constant, the value of a0 is undetermined. When
n > 0,

∫ 1

0

cos(mπx) sin(πx) dx =

∞∑

n=1

an(−nπ) sinh(nπ)
∫ 1

0

cos(mπx) cos(nπx) dx

1 + (−1)n

π(1 − n2)
= −1

2
annπ sinh(nπ)

if m = n 6= 1. For the case when m = 1, the definite integral on the left-hand side of the equation is 0. In
fact whenever m = n is an odd integer, the definite integral vanishes. Therefore

an =

{
0 if n is odd

−4
n(1−n2)π2 sinh(nπ) if n is even.
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Thus the solution can be represented as

u(x, y) = a0 +

∞∑

n=1

−2 cos(2nπx) cosh(2nπ(y − 1))

n(1− 4n2)π2 sinh(2nπ)
.

6.5.4 Suppose u(x, y) = ax2 + bx+ cy2 + dy then

∆u = 2a+ 2c = 0 ⇐⇒ a = −c.

Hence look for a solution of the form u(x, y) = a(x2 − y2) + bx + dy. To satisfy the boundary conditions
consider the system of equations.

b = 1

2a+ b = 0

d = −1

−2a+ d = 0

The solution to the system is a = − 1
2 , b = 1, d = −1 and therefore

u(x, y) = −1

2
(x2 − y2) + x− y.

6.5.6 The additive constant a0, if present, is the average of the boundary condition on that boundary. In
this case,

1

1

∫ 1

0

sin(2πx) dx =

[

− 1

2π
cos(2πx)

]x=1

x=0

= 0

so no additive constant term is present in the series solution.
6.5.8 The solution to Laplace’s equation can be written as u(x, y) = u1(x, y)+u2(x, y) where u1(x, y) solves
Laplace’s equation with boundary conditions:

(u1)x(0, y) = 0 and (u1)x(1, y) = 0 for 0 < y < 1

(u1)y(x, 0) = sin(πx) and (u1)y(x, 1) = 0 for 0 < x < 1

and u2(x, y) solves Laplace’s equation with boundary conditions:

(u2)x(0, y) = sin(2πy) and (u2)x(1, y) = 0 for 0 < y < 1

(u2)y(x, 0) = 0 and (u2)y(x, 1) = 0 for 0 < x < 1.

These solutions were found in Exercises 6.5.2 and 6.5.7 respectively. Therefore the solution to Laplace’s
equation with the two nonhomogeneous Neumann boundary conditions can be written as follows.

u(x, y) = a0 +

∞∑

n=1

−2 cos(2nπx) cosh(2nπ(y − 1))

n(1− 4n2)π2 sinh(2nπ)

+

∞∑

n=1

8 cosh((2n− 1)π(x− 1)) cos((2n− 1)πy)

π2(2n− 1)((2n− 1)2 − 4) sinh((2n− 1)π)

6.6.2 The general solution can be written formally as

u(r, θ) = a0 +
∞∑

n=1

(r

3

)n

(an cos(nθ) + bn sin(nθ))
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where a0 is an arbitrary constant, a5 = 3/5, an = 0 for all n 6= 5, bn = 0 for all n. Thus the solution to the
boundary value problem is

u(r, θ) = a0 +
3

5

( r

3

)5

cos(5θ).

6.6.4 The general solution can be written formally as

u(r, θ) = a0 +

∞∑

n=1

an

(r

2

)n

cos(nθ).

Differentiating with respect to r and setting r = 2 result in

ur(2, θ) = cos θ =
∞∑

n=1

n

2
an cos(nθ).

Equating coefficients implies a1 = 2 and an = 0 for n > 1. Thus the solution to the boundary value problem
is

u(r, θ) = a0 + r cos(θ).

6.6.6 The general solution can be written formally as

u(r, θ) = a0 +

∞∑

n=1

r−n[an cos(nθ) + bn sin(nθ)].

Differentiating with respect to r and setting r = 1 result in

ur(1, θ) = θ2 − π2 =

∞∑

n=1

(−n)[an cos(nθ) + bn sin(nθ)].

The Fourier coefficients are found using the Euler-Fourier integral formulas.

−nan =
1

π

∫ π

−π

(θ2 − π2) cos(nθ) dθ =
4(−1)n

n2

−nbn =
1

π

∫ π

−π

(θ2 − π2) sin(nθ) dθ = 0

Hence the solution to the boundary value problem can be expressed as

u(r, θ) = a0 + 4

∞∑

n=1

(−1)n+1

n3rn
cos(nθ).

6.6.8 The formal series solution has the form,

u(r, θ) = d0 +

∞∑

n=1

(
rn + r−n

)
[an cos(nθ) + bn sin(nθ)].

The function u(r, θ) is harmonic and 2π-periodic on the annulus. The function also satisfies the homogeneous
Neumann boundary condition when r = 1. Differentiating the series with respect to r and setting r = 2
produce,

ur(r, θ) =

∞∑

n=1

(
nrn−1 − nr−n−1

)
[an cos(nθ) + bn sin(nθ)]

ur(2, θ) =

∞∑

n=1

n
(
2n−1 − 2−n−1

)
[an cos(nθ) + bn sin(nθ)]

cos(2θ) =

∞∑

n=1

n
(
2n−1 − 2−n−1

)
[an cos(nθ) + bn sin(nθ)]
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Equating coefficients of the trigonometric functions on both sides of the last equation suggests bn = 0 for
n ∈ N, an = 0 for n 6= 2 and when n = 2, a2 = 4

15 . Hence the solution can be expressed as follows.

u(r, θ) = d0 +
4

15

(
r2 + r−2

)
cos(2θ).

6.7.2 Suppose m 6= n then

∫ 1

0

cos

(
(2m− 1)πy

2

)

cos

(
(2n− 1)πy

2

)

dy =

[
sin((m− n)πy)

2π(m− n)
+

sin((m+ n− 1)π)y

2π(m+ n− 1)

]y=1

y=0

= 0.

When m = n then
∫ 1

0

cos2
(
(2m− 1)πy

2

)

dy =

[
y

2
+

sin((2n− 1)πy)

2π(2n− 1)

]y=1

y=0

=
1

2
.

Therefore the eigenfunctions are orthogonal.
6.7.4 The general solution to the boundary value problem takes the form,

u(x, y) =

∞∑

n=1

an sinh(nπx) cos(nπy).

This general solution is harmonic and satisfies the homogeneous Neumann boundary conditions when y = 0
or y = 1. The homogeneous Dirichlet boundary condition at x = 0 is also met. When x = 2,

u(2, y) =

∞∑

n=1

an sinh(2nπ) cos(nπy) = −1

2
+ sin2(πy) = −1

2
cos(2πy).

Multiply the boundary condition and the infinite series by cos(nπy) and integrate over the interval 0 ≤ y ≤ 1.

∞∑

n=1

an sinh(2nπ)

∫ 1

0

cos2(nπy) dy =

∫ 1

0

−1

2
cos(2πy) cos(nπy) dy

1

2
an sinh(2nπ) =

{
− 1

4 if n = 2,
0 otherwise

Hence a2 = −1
2 sinh(4π) and a0 = 0 for n 6= 2. Therefore,

u(x, y) =
− sinh(2πx) cos(2πy)

2 sinh(4π)
.

6.7.6 Define the solution u(x, y) formally as

u(x, y) =

∞∑

n=1

an sinh(nπx) sin

(
(2n− 1)πy

2

)

,

where

an =
2

nπ cosh(2nπ)

∫ 1

0

(

y − 1

2

)

sin

(
(2n− 1)πy

2

)

dy =
−2((2n− 1)π + 4(−1)n)

nπ3(2n− 1)2 cosh(2nπ)
.

6.7.8 The general solution to this boundary value problem takes the form,

u(x, y) = a0 +

∞∑

n=1

an cosh(nπx) cos(nπy).
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This function is harmonic on Ω and satisfies the Neumann boundary conditions when x = 0, y = 0, or y = 1.
When x = 1,

u(1, y) = a0 +

∞∑

n=1

an cosh(nπ) cos(nπy) = cos(πy).

Equating coefficients of the trigonometric functions on both sides of the equation produces an = 0 for n 6= 1
and a1 = 1

coshπ . The solution is written as

u(x, y) =
cosh(πx) cos(πy)

coshπ
.

6.8.2 By Thm. 6.2 the value of u at the center of the disk is the average value of u on the boundary of the
disk. This average value is

1

2π

∫ π

−π

(2 sin(3θ)− 1) dθ =
1

2π

[−2

3
cos(3θ)− θ

]θ=π

θ=−π

= −1.

6.8.4 Following the approach of the last problem, first find a function v(x, y) such that ∆v = x y. The right
hand side of the equation suggests looking for a function of the form of v(x, y) = Ax3y + Bxy3. For this
choice

∆v = 6Axy + 6Bxy.

Thus choose A and B such that 6A + 6B = 1. There are many choices of A and B. However, considering
the underlying domain of the boundary value problem is a disk, it is convenient to choose A = B = 1/12.
Next, define w(x, y) = u(x, y) − v(x, y), then u is a solution of the original boundary value problem if and
only if w satisfies

∆w = 0 for x2 + y2 < a2

w(x, y) = − 1

12
a2x y for x2 + y2 = a2.

Note that w(x, y) = −a2xy/12 is a solution of this boundary value problem. Therefore u(x, y) =
1

12
x3y +

1

12
xy3 − 1

2
a2xy.

6.8.6 By Euler’s identity, sin(nx) = (einx − e−inx)/(2i) which implies

∞∑

n=1

ρn sin(nx) =
1

2i

∞∑

n=1

[
ρneinx − ρne−inx

]
=

1

2i

∞∑

n=1

[(
ρeix

)n −
(
ρe−ix

)n
]

=
1

2i

[
ρeix

1− ρeix
− ρe−ix

1− ρe−ix

]

=
1

2i

[
ρeix − ρe−ix

1− ρeix − ρe−ix + ρ2

]

=
ρ sinx

1− 2ρ cosx+ ρ2
.

6.8.8 Decompose the last boundary value problem into three problems such that each has only one nonzero
boundary condition on the boundary y = 0, x = π, and y = π. Denote the solutions of each of the new
boundary value problems by w1, w2, and w3 respectively. For the boundary value problem

∆w1 = 0 for 0 < x < π and 0 < y < π

w1(x, 0) = −x2 for 0 < x < π

the solution is

w1(x, y) =

∞∑

n=1

2

π sinhnπ

[∫ π

0

(−x2) sin(nx) dx
]

sinh(n(π − y)) sin(nx)

=

∞∑

n=1

2

π sinhnπ

(
(−1)nπ2

n
− 2((−1)n − 1)

n3

)

sinh(n(π − y)) sin(nx).
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For the boundary value problem

∆w2 = 0 for 0 < x < π and 0 < y < π

w2(π, y) = −π2 for 0 < y < π

the solution is

w2(x, y) =

∞∑

n=1

2

π sinhnπ

[∫ π

0

(−π2) sin(ny) dy

]

sinh(nx) sin(ny)

=

∞∑

n=1

2((−1)n − 1)π

n sinhnπ
sinh(nx) sin(ny).

Finally for the boundary value problem

∆w3 = 0 for 0 < x < π and 0 < y < π

w3(x, π) = −x2 for 0 < x < π

the solution is

w3(x, y) =

∞∑

n=1

2

π sinhnπ

[∫ π

0

(−x2) sin(nx) dx
]

sinh(ny) sin(nx)

=

∞∑

n=1

2

π sinhnπ

(
(−1)nπ2

n
− 2((−1)n − 1)

n3

)

sin(nx) sinh(ny).

Thus the solution to the original boundary value problem is

u(x, y) = x2 + w1(x, y) + w2(x, y) + w3(x, y).

6.9.2 The maximum and minimum of the solution to the boundary value problem are found on the boundary
of the disk. The boundary condition is u(θ) = 2 sin(3θ)− 1. Hence,

min
(x,y)∈Ω

u(x, y) = min
−π≤θπ

(2 sin(3θ)− 1) = −3

and
max

(x,y)∈Ω
u(x, y) = max

−π≤θπ
(2 sin(3θ)− 1) = 1

6.9.4 Suppose functions u1(x, y) and u2(x, y) both satisfy Poisson’s equation for (x, y) ∈ Ω and u1(x, y) =
u2(x, y) = φ(x, y) for (x, y) ∈ ∂Ω. Define the function v(x, y) = u1(x, y) − u2(x, y). Then ∆v = f(x, y) −
f(x, y) = 0 for (x, y) ∈ Ω and v(x, y) = 0 for (x, y) ∈ ∂Ω. By Cor. 6.2 then v(x, y) = 0 for (x, y) ∈ Ω.
Consequently u1(x, y) = u2(x, y) for all (x, y) ∈ Ω.
6.9.6 Define v(x, y) = u1(x, y)−u2(x, y) for all (x, y) ∈ Ω∪∂Ω, then v satisfies the following boundary value
problem.

∆v = 0 for (x, y) ∈ Ω

v(x, y) = φ1(x, y)− φ2(x, y) for (x, y) ∈ ∂Ω

By assumption −ǫ ≤ v(x, y) = φ1(x, y)− φ2(x, y) ≤ ǫ for all (x, y) ∈ ∂Ω. According to Cor. 6.2,

min
(x,y)∈Ω∪∂Ω

v(x, y) = min
(x,y)∈∂Ω

v(x, y) ≥ −ǫ

and thus v(x, y) ≥ −ǫ for all (x, y) ∈ Ω and

max
(x,y)∈Ω∪∂Ω

v(x, y) = max
(x,y)∈∂Ω

v(x, y) ≤ ǫ
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and thus v(x, y) ≤ ǫ for all (x, y) ∈ Ω. Therefore |v(x, y)| ≤ ǫ for all (x, y) ∈ Ω.
7.1.2 Integrate both sides of the equation twice with respect to x.

y′ +
1

2
x2 = A

y +
1

6
x3 = Ax +B

y(x) = −1

6
x3 +Ax+B

If x = 0 then y(0) = 1 = B. The other boundary condition implies

2 = −π
3

6
+Aπ + 1− π2

2
+A

and thus A = (6 + π3 + 3π2)/(6(π + 1)). Consequently

y(x) = −1

6
x3 +

(6 + π3 + 3π2)x

6(π + 1)
+ 1.

7.1.4 The general solution to the ordinary differential equation is y(x) = A cos(3x) + B sin(3x). Imposing
the boundary conditions produces the following system of equations.

3B = 0

A cosπ = 0

This system of equations has no nonzero solutions for A and B and thus there are no nontrivial solutions to
the original boundary value problem.
7.1.6 Proceed using the definition of the inner product, the definition of the operator and integrate by parts
twice.

〈L[f ], g〉 =
∫ b

a

([p(x)f ′(x)]′ + q(x)f(x)) g(x) dx

=

∫ b

a

[p(x)f ′(x)]′g(x) dx+

∫ b

a

q(x)f(x)g(x) dx

=
[

p(x)f ′(x)g(x)
]x=b

x=a
−
∫ b

a

p(x)f ′(x)g′(x) dx+

∫ b

a

q(x)f(x)g(x) dx

=
[

p(x)f ′(x)g(x)
]x=b

x=a
−
[

p(x)f(x)g′(x)
]x=b

x=a
+

∫ b

a

(p′(x)g′(x) + p(x)g′′(x))f(x) dx +

∫ b

a

q(x)f(x)g(x) dx

=
[

p(x)
(

f ′(x)g(x) − f(x)g′(x)
)]x=b

x=a
+

∫ b

a

(

[p(x)g′(x)]′ + q(x)g(x)
)

f(x) dx

=
[

p(x)
(

f ′(x)g(x) − f(x)g′(x)
)]x=b

x=a
+

∫ b

a

f(x)([p(x)g′(x)]′ + q(x)g(x)) dx

=
[

p(x)
(

f ′(x)g(x) − f(x)g′(x)
)]x=b

x=a
+ 〈f, L[g]〉

The complex conjugation of L[g](x) is possible due to p(x) and q(x) being real-valued. Now consider the
first term on the right-hand side of the last equation. If f and g satisfy the separated boundary conditions
of Eq. (7.11) then

[

p(x)
(

f ′(x)g(x) − f(x)g′(x)
)]x=b

x=a
= p(b)

(

f ′(b)g(b)− f(b)g′(b)
)

− p(a)
(

f ′(a)g(a)− f(a)g′(a)
)

.
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If none of the scalars α1, α2, β1, and β2 are zero then f ′(a) = −α1f(a)/β1, f
′(b) = −α2f(b)/β2, g

′(a) =
−α1g(a)/β1, and g

′(b) = −α2g(b)/β2. Substituting into the expression above,

[

p(x)
(

f ′(x)g(x) − f(x)g′(x)
)]x=b

x=a
= p(b)

(

−α2

β2
f(b)g(b) + f(b)

α2

β2
g(b)

)

− p(a)

(

−α1

β1
f(a)g(a) + f(a)

α1

β1
g(a)

)

= 0

The expression is likewise zero in the cases in which one or more of the coefficients in the separated boundary
conditions are zero. Thus 〈L[f ], g〉 = 〈f, L[g]〉 and the operator is self-adjoint.
7.1.8 Let u(x, t) = X(x)T (t) then

X(x)T ′(t) = kX ′′(x)T (t)− C0X
′(x)T (t)

X(x)T ′(t)

kX(x)T (t)
=
kX ′′(x)T (t)

kX(x)T (t)
− C0X

′(x)T (t)

kX(x)T (t)

T ′(t)

kT (t)
=
X ′′(x)

X(x)
− C0X

′(x)

kX(x)
= −λ

where λ is a constant. Thus function X(x) must solve the ordinary differential equation

X ′′(x) − C0

k
X ′(x) + λX(x) = 0.

If p(x) = e−C0x/k and both sides of the ordinary differential equation are multiplied by p(x) then

0 = e−C0x/kX ′′(x)− C0

k
e−C0x/kX ′(x) + λe−C0x/kX(x) =

[

e−C0x/kX ′(x)
]′
+ λe−C0x/kX(x),

which is the self-adjoint form.
7.1.10 Differentiate to find

φ′n(x) =
1

(x + 1)3/2

[
nπ

ln 2
cos

(
nπ ln(x+ 1)

ln 2

)

− 1

2
sin

(
nπ ln(x+ 1)

ln 2

)]

(1 + x)2φ′n(x) = (1 + x)1/2
[
nπ

ln 2
cos

(
nπ ln(x+ 1)

ln 2

)

− 1

2
sin

(
nπ ln(x+ 1)

ln 2

)]

d

dx

[
(1 + x)2φ′n(x)

]
=

1√
x+ 1

[
nπ

2 ln 2
cos

(
nπ ln(x+ 1)

ln 2

)

− 1

4
sin

(
nπ ln(x + 1)

ln 2

)]

− 1√
x+ 1

[( nπ

ln 2

)2

sin

(
nπ ln(x+ 1)

ln 2

)

+
nπ

2 ln 2
cos

(
nπ ln(x+ 1)

ln 2

)]

= −
[( nπ

ln 2

)2

+
1

4

]
1√
x+ 1

sin

(
nπ ln(x+ 1)

ln 2

)

= −
[( nπ

ln 2

)2

+
1

4

]

φn(x).

Thus φn(x) solves the ordinary differential equation.

φn(0) =
1√
1
sin

(
nπ ln(1)

ln 2

)

= 0

φn(1) =
1√
2
sin

(
nπ ln(2)

ln 2

)

= 0

Thus φn(x) satisfies the boundary conditions.
7.1.12

(a) f(x) = x2 − 6x+ 9

L[x2 − 6x+ 9] = 2− 6(2x− 6) + 9(x2 − 6x+ 9) = 9x2 − 66x+ 119
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(b) g(x) = e3x

L[e3x] = 9e3x − 6(3e3x) + 9e3x = 0

(c) h(x) = xe3x

L[xe3x] = 3e3x + 3e3x + 9xe3x − 6(e3x + 3xe3x) + 9xe3x = 0

(d) k(x) = cosh(3x)

L[cosh(3x)] = 9 cosh(3x)− 6(3 sinh(3x)) + 9 cosh(3x) = 18 cosh(3x)− 18 sinh(3x)

7.2.1 By Eq. (7.15)

uL[v]− v L[u] =
d

dx

[

p(x)

(

u(x)
dv

dx
− v(x)

du

dx

)]

,

thus
∫ b

a

(uL[v]− vL[u]) dx =

[

p(x)

(

u(x)
dv

dx
− v(x)

du

dx

)]x=b

x=a

.

7.2.3 By assumption

α1u(a) + β1u
′(a) = α2u(b) + β2u

′(b) = 0

α1v(a) + β1v
′(a) = α2v(b) + β2v

′(b) = 0

and thus

[

p(x)

(

u(x)
dv

dx
− v(x)

du

dx

)]x=b

x=a

= p(b) (u(b)v′(b)− v(b)u′(b))− p(a) (u(a)v′(a)− v(a)u′(a)) .

If α1 6= 0 and α2 6= 0 then
β1u

′(a)/α1 = u(a) and β2u
′(b)/α2 = u(b).

Likewise
β1v

′(a)/α1 = v(a) and β2v
′(b)/α2 = v(b).

Substituting into the equation above yields

p(b)

(
β2
α2
u′(b)v′(b)− β2

α2
u′(b)v′(b)

)

− p(a)

(
β1
α1
u′(a)v′(a)− β1

α1
u′(a)v′(a)

)

= 0.

If α1 6= 0 and β2 6= 0 then
β1u

′(a)/α1 = u(a) and α2u(b)/β2 = u′(b).

Likewise
β1v

′(a)/α1 = v(a) and α2v(b)/β2 = v′(b).

Substituting once again produces

p(b) (u(b)v′(b)− v(b)u′(b))− p(a) (u(a)v′(a)− v(a)u′(a))

= p(b)

(
α2

β2
u(b)v(b)− α2

β2
u(b)v(b)

)

− p(a)

(
β1
α1
u′(a)v′(a)− β1

α1
u′(a)v′(a)

)

= 0.

Similar results hold if β1 6= 0 and α2 6= 0. Finally if β1 6= 0 and β2 6= 0 then

α1u(a)/β1 = u′(a) and α2u(b)/β2 = u′(b).
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Likewise
α1v(a)/β1 = v′(a) and α2v(b)/β2 = v′(b).

Upon substitution the following equation results.

p(b) (u(b)v′(b)− v(b)u′(b))− p(a) (u(a)v′(a)− v(a)u′(a))

= p(b)

(
α2

β2
u(b)v(b)− α2

β2
u(b)v(b)

)

− p(a)

(
α1

β1
u(a)v(a)− α1

β1
u(a)v(a)

)

= 0

7.2.5 There are three cases to consider.

Case λ = 0: which implies y(x) = Ax+B. The boundary conditions imply A = B = 0.

Case λ = −γ2: where γ > 0. In this situation the general solution to the ordinary differential equation is
y(x) = A cosh(γx) +B sinh(γx). The boundary conditions imply A = B = 0.

Case λ = γ2: where γ > 0. In this situation the general solution to the ordinary differential equation is
y(x) = A cos(γx)+B sin(γx). The boundary conditions require the following two equations be satisfied.

0 = A+Bγ

0 = (B −Aγ) sin γ

If γ = nπ with n ∈ N then if A = −Bnπ the function

φn(x) = −Bnπ cos(nπx) +B sin(nπx)

is an eigenfunction corresponding to the eigenvalue λn = n2π2.

7.2.7 Suppose m 6= n then
∫ e

1

sin(mπ lnx) sin(nπ lnx)
1

x
dx =

∫ 1

0

sin(mπz) sin(nπz) dz

=
1

2

∫ 1

0

[cos((m− n)πz)− cos((m+ n)πz)] dz = 0.

If m = n then
∫ e

1

sin2(nπ lnx)
1

x
dx =

∫ 1

0

sin2(nπz) dz

=
1

2

∫ 1

0

[1− cos(2nπz)] dz =
1

2
.

7.2.9 Using the hint,

y(x) =
z(x)

x

y′(x) =
xz′(x)− z(x)

x2

y′′(x) =
x2z′′(x)− 2xz′(x) + 2z(x)

x3
.

Substituting these expressions into the ordinary differential equation produces,

x2
x2z′′(x) − 2xz′(x) + 2z(x)

x3
+ 2x

xz′(x)− z(x)

x2
+ γx2

z(x)

x
= 0

xz′′(x) − 2z′(x) +
2z(x)

x
+ 2z′(x)− 2z(x)

x
+ γxz(x) = 0

z′′(x) + γz(x) = 0.
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If γ = −λ2 < 0 with λ > 0 then z(x) = c1e
−λx + c2e

λx and thus y(x) = c1
e−λx

x + c2
eλx

x . If such as solution
is to be bounded as x → 0+ then c2 = 0. If y′(1) = 0 this implies λ = −1 < 0 which is a contradiction of
the assumption that λ > 0. Therefore there are no negative eigenvalues with nontrivial eigenfunctions.

If γ = 0 then z(x) = c1x + c2 and hence y(x) = c1 +
c2
x . If such as solution is to be bounded as x → 0+

then c2 = 0. Therefore y0(x) = a0 (a constant) is an eigenfunction corresponding to the eigenvalue γ0 = 0.

If γ = λ2 > 0 with λ > 0 then z(x) = c1 cos(λx) + c2 sin(λx) and thus y(x) = c1
cos(λx)

x + c2
sin(λx)

x . If
such as solution is to be bounded as x → 0+ then c1 = 0. If y′(1) = 0 this implies λ = tanλ > 0. If
λn is the nth positive solution to this equation, then λ2n is an eigenvalue with corresponding eigenfunction

yn(x) =
sin(λnx)

x .
7.2.11

(a) 〈f + g, h〉ρ = 〈f, h〉ρ + 〈g, h〉ρ

〈f + g, h〉ρ =

∫ b

a

(f + g)(x)h(x)ρ(x) dx =

∫ b

a

(f(x)h(x)ρ(x) + g(x)h(x)ρ(x)) dx

=

∫ b

a

f(x)h(x)ρ(x) dx +

∫ b

a

g(x)h(x)ρ(x)) dx = 〈f, h〉ρ + 〈g, h〉ρ

(b) 〈γ f, g〉ρ = γ〈f, g〉ρ

〈γ f, g〉ρ =

∫ b

a

γ f(x)g(x)ρ(x) dx = γ

∫ b

a

f(x)g(x)ρ(x) dx = γ〈f, g〉ρ

(c) 〈f, g〉ρ = 〈g, f〉ρ

〈f, g〉ρ =

∫ b

a

f(x)g(x)ρ(x) dx =

∫ b

a

g(x)f(x)ρ(x) dx = 〈g, f〉ρ

(d) 〈f, f〉ρ > 0 if and only if f(x) 6≡ 0 on (a, b).

If f(x) ≡ 0 on (a, b) then

〈f, f〉ρ =

∫ b

a

(0)2ρ(x) dx = 0.

If f(x) 6≡ 0 on (a, b) then there exists a < z < b such that f(z) 6= 0. Without loss of generality assume
f(z) > 0. Since f is continuous then there exists ǫ > 0 such that f(x) > 0 for a < z−ǫ < x < z+ǫ < b.

〈f, f〉ρ =

∫ b

a

(f(x))2ρ(x) dx ≥
∫ z+ǫ

z−ǫ

(f(x))2ρ(x) dx ≥ 0

7.3.1

(a) Note that

y′(x) =
v′(x)

x1/2
− v(x)

2x3/2
and y′′(x) =

v′′(x)

x1/2
− v′(x)

x3/2
+

3v(x)

4x5/2
.
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Substituting these expressions into Bessel’s equation produces

0 = x2
(
v′′(x)

x1/2
− v′(x)

x3/2
+

3v(x)

4x5/2

)

+ x

(
v′(x)

x1/2
− v(x)

2x3/2

)

+ (x2 − ν2)
v(x)

x1/2

= x3/2v′′(x)− x1/2v′(x) +
3

4x1/2
v(x) + x1/2v′(x)− v(x)

2x1/2
+ x3/2v(x)− ν2

x1/2
v(x)

= x3/2v′′(x) +

(
3

4x1/2
− 1

2x1/2
+ x3/2 − ν2

x1/2

)

v(x)

= x3/2v′′(x) +

(
3− 2 + 4x2 − 4ν2

4x1/2

)

v(x)

0 = v′′(x) +

(
1 + 4x2 − 4ν2

4x2

)

v(x).

(b) Suppose 0 < ν < 1/2 and define the linear operator L[y] = y′′+y. A solution to the ordinary differential
equation L[u] + (0)u = 0 is u(x) = sinx which has a root at every integer multiple of π. Now define
s(x) = (1 − 4ν2)/(4x2). Since 0 < r(x) < 1/(4x2) then by the Sturm Comparison Theorem if v(x) is
a solution to L[v] + s(x)v = 0 then v(x) has a root in the interval ((n− 1)π, n π) where n ∈ N.

(c) Suppose 0 < ν < 1/2, then since v(x) = x1/2y(x) has a root in the interval ((n− 1)π, n π) where n ∈ N

and x1/2 > 0 for x > 0 then y(x) has a root in the interval ((n− 1)π, n π).

7.3.3 Two solutions are y1(x) = sinx and y2(x) = cosx. The zeros of y1 are the set {nπ}n∈Z while the zeros

of y2 are the set { (2n+1)π
2 }n∈Z.

7.3.5 First consider the case of the interval [−1, 1]. Let q1(x) = x2 − 1 and q2(x) = 0 and note that
q1(x) ≤ q2(x) on [−1, 1]. The constant function ψ(x) = 1 is a nontrivial solution to the ODE y′′+q2(x)y = 0.
Since q1(x) ≤ q2(x) on [−1, 1] if y(x) is a nontrivial solution to y′′ + q1(x)y = 0 with two zeros in [−1, 1]
then ψ(x) must have a zero in [−1, 1] according to the Sturm Comparison Theorem. This is a contradiction
since ψ(x) > 0 always.

Now consider the interval (1,∞). For x ≥
√
2, x2 − 1 ≥ 1 and the function φ(x) = sinx is a nontrivial

solution to the ODE y′′ + (1)y = 0 which has infinitely many roots in (1,∞). By the Sturm Comparison
Theorem then any nontrivial solution to y′′ + (x2 − 1)y = 0 will also have infinitely many zeros in (1,∞).
The same reasoning applies to the interval (−∞,−1).
7.3.7 Let u(x) be a nontrivial solution to u′′ + g(x)u = 0 with consecutive zeros at z1 < z2. Note that
m(x) = sin(

√
A(x− z1)) is a solution to the ordinary differential equation

y′′ +Ay = 0

and that m(z1) = 0 = m(z1 + π/
√
A). Since 0 < A < g(x) the Sturm Comparison Theorem implies that

between any two zeros of m(x) there is a zero of u(x). Thus there exists z1 < z2 < z1 + π/
√
A for which

u(z2) = 0. Without loss of generality we may assume u has no other zeros in the interval (z1, z2). Thus
z2 − z1 < π/

√
A.

Likewise note that M(x) = sin(
√
B(x − z1)) is a solution to the ordinary differential equation

y′′ +B y = 0

withM(z1) = 0 =M(z1+π/
√
B). If z1 < z2 are consecutive zeros of u and g(x) < B, the Sturm Comparison

Theorem implies there exists a zero of M between z1 and z2. Since z1 and z1 + π/
√
B are consecutive zeros

of M then z1 < z1 + π/
√
B < z2 which implies π/

√
B < z2 − z1.
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7.4.2 Evaluate the definite integral below.

〈yn(x), yn(x)〉ρ =

∫ L

0

sin2
(
(2n− 1)πx

2L

)

dx

=
1

2

∫ L

0

[

1− cos

(
(2n− 1)πx

L

)]

dx

=
L

2

Hence the normalized eigenfunctions are

φn(x) =

√

2

L
sin

(
(2n− 1)πx

2L

)

for n ∈ N.
7.4.4 The roots of the characteristic equation are r1 = −1 −

√
1− λ and r2 = −1 +

√
1− λ. When λ < 1

the general solution to the ODE has the form,

y(x) = Ae−x(1+
√
1−λ) +Be−x(1−

√
1−λ)

y′(x) = −A(1 +
√
1− λ)e−x(1+

√
1−λ) −B(1 −

√
1− λ)e−x(1−

√
1−λ).

When x = 0,

0 = −A(1 +
√
1− λ)−B(1−

√
1− λ)

−B =
1 +

√
1− λ

1−
√
1− λ

A.

When x = L,

0 = −A(1 +
√
1− λ)e−L(1+

√
1−λ) −B(1−

√
1− λ)e−L(1−

√
1−λ)

= −A(1 +
√
1− λ)e−L(1+

√
1−λ) +A(1 +

√
1− λ)e−L(1−

√
1−λ)

−
√
1− λ =

√
1− λ

which has no solution. Hence there are no eigenvalues less than 1.
If λ = 1 the general solution to the ODE is

y(x) = (A+Bx)e−x

y′(x) = (B −A−Bx)e−x.

When x = 0,
0 = B −A ⇐⇒ A = B.

When X = L,

0 = (B −A−BL)e−L

= A−A−AL

which implies A = B = 0 and hence there are no nontrivial solutions when λ = 1.
If λ > 1 the general solution to the ODE is

y(x) = e−x(A cos(
√
λ− 1x) +B sin(

√
λ− 1x))

y′(x) = e−x((B
√
λ− 1−A) cos(

√
λ− 1x) + (B −A

√
λ− 1) sin(

√
λ− 1x)).
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When x = 0,

0 = B
√
λ− 1−A

A = B
√
λ− 1.

When x = L,

0 = e−L((B
√
λ− 1−A) cos(

√
λ− 1L) + (B −A

√
λ− 1) sin(

√
λ− 1L))

= (B −B(λ− 1)) sin(
√
λ− 1L)).

If B = 0 there are no nontrivial solutions, so assume B 6= 0. Therefore,

sin(
√
λ− 1L) = 0 ⇐⇒ λn = 1+

n2π2

L2

for n ∈ N. The corresponding eigenfunctions are

yn(x) = e−x
(nπ

L
cos
(nπx

L

)

+ sin
(nπx

L

))

for n ∈ N. The eigenfunctions are normalized as follows.

〈yn(x), yn(x)〉 =
∫ L

0

e−2x

(
n2π2

L2
cos2

(nπx

L

)

+
nπ

L
sin

(
2nπx

L

)

+ sin2
(nπx

L

))

dx

=
(1 − e−2L)n2π2(n2π2 + 5L2)

4L2(n2π2 + L2)

Thus the normalized eigenfunctions are

φn(x) =
2L

√
n2π2 + L2

nπ
√

(1 − e−2L)(n2π2 + 5L2)
e−x

(nπ

L
cos
(nπx

L

)

+ sin
(nπx

L

))

for n ∈ N.
7.4.6 There are no nontrivial solutions to the boundary value problem for λ ≤ 0. For λ > 0 the general
solution to the ordinary differential equation has the form,

y(x) = A cos(
√
λ lnx) +B sin(

√
λ lnx).

When x = 1, A = 0 and when x = L
0 = B sin(

√
λ lnL).

If B = 0 there are no nontrivial solutions, so assume B 6= 0. Therefore,

sin(
√
λ lnL) = 0 ⇐⇒ λn =

n2π2

(lnL)2

for n ∈ N. The corresponding eigenfunctions are

yn(x) = sin

(
nπ lnx

lnL

)

for n ∈ N. The eigenfunctions are normalized as follows.

〈yn(x), yn(x)〉 =
∫ L

1

sin2
(
nπ lnx

lnL

)

dx

=
2(L− 1)n2π2

4n2π2 + (lnL)2
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Thus the normalized eigenfunctions are

φn(x) =

√

4n2π2 + (lnL)2

nπ
√

2(L− 1)
sin

(
nπ lnx

lnL

)

for n ∈ N.

7.5.2 If
dφ(a)

dx
=
dφ(b)

dx
= 0, then

p(b)φ(b)
dφ

dx
(b)− p(a)φ(a)

dφ

dx
(a) = 0.

7.5.4 Various answers are possible, for example if y(x) = x then the boundary conditions are satisfied.

R[y] =
−
∫ 1

0
x(0) dx

∫ 1

0
x2 dx

= 0

Thus λ1 ≤ 0 (in fact, since y(x) is an eigenfunction, λ1 = 0).
7.5.6 Consider the trial function y(x) = sin(πx).

R[y] =
−
∫ 1

0
sin(πx)(−π2 sin(πx)) dx

∫ 1

0

(
1 + x

100

)
sin2(πx) dx

=
π2/2

201/400
≈ 9.8205

7.5.8 If λ = 0 the solution to the ODE is a linear function y(x) = Ax + B. If x = 0 then y(0) = B = 0
implies y(x) = Ax. When x = 1 the boundary condition implies,

2A+ 37A = 0 ⇐⇒ A = 0

and hence there are no nontrivial solutions. If λ > 0 the oscillatory solutions to the ODE are of the form,

y(x) = A cos(
√
λx) +B sin(

√
λx).

If y(0) = 0 this implies A = 0. At x = 1,

0 = 37B sin(
√
λ) + 2B

√
λ cos(

√
λ)

= 37 sin(
√
λ) + 2

√
λ cos(

√
λ).

Plotting the right-hand side of the last equation as a function of λ reveals infinitely many positive zeros.
Using Newton’s method the four smallest positive zeros are approximately

λ1 ≈ 8.89107

λ2 ≈ 35.6527

λ3 ≈ 80.5178

λ4 ≈ 143.791

7.6.2 Use the piecewise-defined function,

θ =

{
arctan y

x if x > 0,
π + arctan y

x if x < 0.

7.6.4 Differentiate y(x).

y′(x) = − A

p(x)
cos

(

B −
∫ x

a

1

p(u)
du

)

y′′(x) = − A

(p(x))2
sin

(

B −
∫ x

a

1

p(u)
du

)

+
Ap′(x)

(p(x))2
cos

(

B −
∫ x

a

1

p(u)
du

)
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The ordinary differential equation takes the following form.

L[y](x) +
1

p(x)
y(x) = p(x)y′′(x) + p′(x)y′(x) +

1

p(x)
y(x)

= − A

p(x)
sin

(

B −
∫ x

a

1

p(u)
du

)

+
Ap′(x)

p(x)
cos

(

B −
∫ x

a

1

p(u)
du

)

− Ap′(x)

p(x)
cos

(

B −
∫ x

a

1

p(u)
du

)

+
A

p(x)
sin

(

B −
∫ x

a

1

p(u)
du

)

= 0

This demonstrates y(x) solves Eq. (7.10).
7.6.6 Let K = 0 and L = 1 in the result of Exercise 7.6.5, then f(x) = 0.
8.1.2 By definition Γ(p+ 1) =

∫∞
0 e−xxp dx. If u2 = x then 2u du = dx and

Γ(p+ 1) =

∫ ∞

0

e−u2

(u2)p(2u) du = 2

∫ ∞

0

e−u2

u2p+1 du.

8.1.4

Γ

(

n+
1

2

)

=
1

2

(
3

2

)

· · ·
(
2n− 1

2

)√
π =

(1)(3) · · · (2n− 1)
√
π

2n
=

(2n!)
√
π

(2)(4) · · · (2n)2n =
(2n)!

√
π

22nn!

8.1.6

(a) Let Γ(p) = 2
∫∞
0
e−u2

u2(p−1)+1 du and Γ(q) = 2
∫∞
0
e−v2

v2(q−1)+1 dv, then

Γ(p)Γ(q) =

(

2

∫ ∞

0

e−u2

u2p−1 du

)(

2

∫ ∞

0

e−v2

v2q−1 dv

)

= 4

∫ ∞

0

∫ ∞

0

e−u2−v2

u2p−1v2q−1 du dv.

(b) Let u = r cos t and v = r sin t then

Γ(p)Γ(q) = 4

∫ ∞

0

∫ ∞

0

e−u2−v2

u2p−1v2q−1 du dv = 4

∫ π/2

0

∫ ∞

0

e−r2(r cos t)2p−1(r sin t)2q−1r dr dt

=

(

2

∫ π/2

0

cos2p−1 t sin2q−1 t dt

)(

2

∫ ∞

0

e−r2r2(p+q)−1 dr

)

= 2Γ(p+ q)

∫ π/2

0

cos2p−1 t sin2q−1 t dt.

8.1.8

(a)

∫ π/2

0

sin2n t dt =
π

2

(2n)!

22n(n!)2
=

∫ π/2

0

cos2n t dt for n = 0, 1, 2, . . ..

∫ π/2

0

sin2n t dt =

∫ π/2

0

cos2n t dt =
Γ(1/2)Γ(n+ 1/2)

2Γ(n+ 1)
=

√
π (2n)!

√
π

22nn!

2(n!)
=
π

2

(2n)!

22n(n!)2

(b)

∫ π/2

0

sin2n+1 t dt =
22n(n!)2

(2n+ 1)!
=

∫ π/2

0

cos2n+1 t dt for n = 0, 1, 2, . . ..

∫ π/2

0

sin2n+1 t dt =

∫ π/2

0

cos2n+1 t dt =
Γ(1/2)Γ(n+ 1)

2Γ(n+ 1 + 1/2)
=

√
πn!

(2) (2n+2)!
√
π

22n+2(n+1)!

=
22n(n!)2

(2n+ 1)!
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8.1.10 If lnx = −t then x = e−t and dx = −e−t dt. As x→ 0+ then t→ ∞ while as x→ 1−, t→ 0.

∫ 1

0

(lnx)r dx =

∫ 0

∞
(−t)r(−e−t) dt

= (−1)n
∫ ∞

0

tre−t dt

= (−1)n
∫ ∞

0

t(r+1)−1e−t dt

= (−1)nΓ(r + 1)

8.2.2

cos(x sin θ − nθ) = cos(x sin θ) cos(nθ) + sin(x sin θ) sin(nθ)

If n = 2m−1 is odd cos(x sin θ) cos((2m−1)θ) exhibits odd symmetry about θ = π/2 and sin(x sin θ) sin((2m−
1)θ) exhibits even symmetry about θ = π/2. Thus

∫ π

0

cos(x sin θ) cos((2m− 1)θ) dθ = 0

and
∫ π

0

sin(x sin θ) sin((2m− 1)θ) dθ = 2

∫ π/2

0

sin(x sin θ) sin((2m− 1)θ) dθ

If n = 2m is even cos(x sin θ) cos(2mθ) exhibits even symmetry about θ = π/2 and sin(x sin θ) sin(2mθ)
exhibits odd symmetry about θ = π/2. Thus

∫ π

0

sin(x sin θ) sin(2mθ) dθ = 0

and
∫ π

0

cos(x sin θ) cos(2mθ) dθ = 2

∫ π/2

0

cos(x sin θ) cos(2mθ) dθ.

8.2.4

(a) f(x) =

{
1 if 0 < x < 1/2,
0 if 1/2 < x < 1.

with p = 0.

The nth coefficient in the series is

an =
2
∫ 1

0
f(x)J0(λ0,nx)x dx

(J1(λ0,n))2
=

2
∫ 1/2

0
J0(λ0,nx)x dx

(J1(λ0,n))2
.

Numerically approximated the first five coefficients are a1 ≈ 0.769756, a2 ≈ 0.661472, a3 ≈ −0.282963,

a4 ≈ −0.464336, and a5 ≈ 0.198712. Thus f(x) =

∞∑

n=1

anJ0(λ0,nx).

(b) f(x) = x2 with p = 2.

The nth coefficient in the series is

an =
2
∫ 1

0
f(x)J2(λ2,nx)x dx

(J3(λ2,n))2
=

2
∫ 1

0
J2(λ2,nx)x

3 dx

(J3(λ2,n))2
.

Numerically approximated the first five coefficients are a1 ≈ 1.14652, a2 ≈ −0.875544, a3 ≈ 0.74048,

a4 ≈ −0.654457, and a5 ≈ 0.593202. Thus f(x) =

∞∑

n=1

anJ2(λ2,nx).
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(c) f(x) = x3 with p = 3.

The nth coefficient in the series is

an =
2
∫ 1

0
f(x)J3(λ3,nx)x dx

(J4(λ3,n))2
=

2
∫ 1

0
J3(λ3,nx)x

4 dx

(J4(λ3,n))2
.

Numerically approximated the first five coefficients are a1 ≈ 1.05095, a2 ≈ −0.821503, a3 ≈ 0.703991,

a4 ≈ −0.627577, and a5 ≈ 0.572301. Thus f(x) =

∞∑

n=1

anJ3(λ3,nx).

(d) f(x) = x4 with p = 4.

The nth coefficient in the series is

an =
2
∫ 1

0 f(x)J4(λ4,nx)x dx

(J5(λ4,n))2
=

2
∫ 1

0 J4(λ4,nx)x
5 dx

(J5(λ4,n))2
.

Numerically approximated the first five coefficients are a1 ≈ 0.982109, a2 ≈ −0.779533, a3 ≈ 0.674312,

a4 ≈ −0.605009, and a5 ≈ 0.554342. Thus f(x) =

∞∑

n=1

anJ4(λ4,nx).

8.2.6 When n = 0, Eq. (8.35) gives

x0+1

√

2

πx

cosx

x
=

√

2

πx
cosx = J−1/2(x).

For n = 1, Eq. (8.35) gives

x1+1

√

2

πx

d

x dx

[cosx

x

]

= −
√

2

πx

(
1

x
cosx− sinx

)

= J−3/2(x).

To use the principle of mathematical induction, suppose the claim has been established for some m ∈ N.
Then Eq. (8.24) with p = −m− 1/2 can be written as

J−m−3/2(x) =
−m− 1/2

x
J−m−1/2(x) + J ′

−m−1/2(x).

Substituting the expression from the right-hand side of Eq. (8.35) into the right-hand side of the last equation
yields

J−m−3/2(x) =
−m− 1/2

x
xm+1

√

2

πx

(
d

x dx

)m
cosx

x
+

d

dx

[

xm+1

√

2

πx

(
d

x dx

)m
cosx

x

]

= (−m− 1

2
)xm

√

2

πx

(
d

x dx

)m
cosx

x
+ (m+

1

2
)xm

√

2

πx

(
d

x dx

)m
cosx

x

+ xm+1

√

2

πx

d

dx

[(
d

x dx

)m
cosx

x

]

= xm+2

√

2

πx

(
d

x dx

)m+1
cosx

x
,

which is Eq. (8.35) with n replaced by m+ 1.
8.2.8
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(a)
d

dx

[
xn+1jn(x)

]
= xn+1jn−1(x)

d

dx

[
xn+1jn(x)

]
=

d

dx

[

xn+1

√
π

2x
Jn+1/2(x)

]

= (n+ 1)xn
√

π

2x
Jn+1/2(x)−

xn

2

√
π

2x
Jn+1/2(x)

+ xn+1

√
π

2x

(

Jn−1/2(x)−
n+ 1/2

x
Jn+1/2(x)

)

= xn+1

√
π

2x
Jn−1/2(x) = xn+1jn−1(x)

(b)
d

dx

[
x−njn(x)

]
= −x−njn+1(x)

d

dx

[
x−njn(x)

]
=

d

dx

[

x−n

√
π

2x
Jn+1/2(x)

]

= − nx−n−1

√
π

2x
Jn+1/2(x)−

x−n−1

2

√
π

2x
Jn+1/2(x)

+ x−n

√
π

2x

(
n+ 1/2

x
Jn+1/2(x)− Jn+3/2(x)

)

= − x−n

√
π

2x
Jn+3/2(x) = −x−njn+1(x)

(c) jn−1(x) + jn+1(x) =
2n+ 1

x
jn(x)

jn−1(x) + jn+1(x) =

√
π

2x

(
Jn−1/2(x) + Jn+3/2(x)

)

=

√
π

2x

(

J ′
n+1/2(x) +

n+ 1/2

x
Jn+1/2(x) +−Jn+1/2(x) +

n+ 1/2

x
Jn+1/2(x)

)

=
2n+ 1

x

√
π

2x
Jn+1/2(x) =

2n+ 1

x
jn(x)

(d) n jn−1(x)− (n+ 1)jn+1(x) = (2n+ 1)j′n(x)
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(2n+ 1)j′n(x) = (2n+ 1)

(

− 1

2x

√
π

2x
Jn+1/2(x) +

√
π

2x
J ′
n+1/2(x)

)

=
−(2n+ 1)

2x

√
π

2x
Jn+1/2(x)

+
(2n+ 1)

2

√
π

2x

(
n+ 1/2

x
Jn+1/2(x) − Jn+3/2(x) + Jn−1/2(x)−

n+ 1/2

x
Jn+1/2(x)

)

=
−(2n+ 1)

2x

√
π

2x
Jn+1/2(x) +

(2n+ 1)

2

√
π

2x

(
Jn−1/2(x)− Jn+3/2(x)

)

=
−(2n+ 1)

2x
jn(x) +

(2n+ 1)

2
(jn−1(x)− jn+1(x))

= − 1

2
(jn−1(x) + jn+1(x)) +

(2n+ 1)

2
(jn−1(x)− jn+1(x))

= n jn−1(x)− (n+ 1)jn+1(x)

8.2.10 Let x = ρ/a then

∫ a

0

jn

(
λn+1/2,kρ

a

)

jn

(
λn+1/2,lρ

a

)

ρ2 dρ = a3
∫ 1

0

jn(λn+1/2,kx)jn(λn+1/2,lx)x
2 dx

=
a3

2

(
jn+1(λn+1/2,k)

)2
δkl,

according to Cor. 8.2.
8.2.12 Using Eq. (8.42)

G(Jn(x); 1) =
∞∑

n=−∞
Jn(x)(1)

n = e
x
2 (1−1−1) = e0 = 1.

8.2.14 Making use of the hint,

G(Jn(x); z)G(Jn(x); z
−1) = e

x
2 (z−z−1)e

x
2 (z

−1−z) = e0 = 1.

Therefore we may write,

1 =

∞∑

m=−∞
Jm(x)zm

∞∑

n=−∞
Jn(x)z

−n

=

∞∑

k=−∞

(
∑

m−n=k

Jm(x)Jn(x)

)

zm−n

=

∞∑

k=−∞

( ∞∑

n=−∞
Jn+k(x)Jn(x)

)

zk

=

∞∑

n=−∞
J2
n(x)z

0 +

∞∑

k∈Z

k 6=0

( ∞∑

n=−∞
Jn+k(x)Jn(x)

)

zk.

When z = 0 then

1 =

∞∑

n=−∞
J2
n(x).
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8.2.16 In Exercise 8.2.14 we derived that

1 =

∞∑

n=−∞
J2
n(x) +

∞∑

k∈Z

k 6=0

( ∞∑

n=−∞
Jn+k(x)Jn(x)

)

zk

1 = 1 +

∞∑

k∈Z

k 6=0

( ∞∑

n=−∞
Jn+k(x)Jn(x)

)

zk

0 =

∞∑

k∈Z

k 6=0

( ∞∑

n=−∞
Jn+k(x)Jn(x)

)

zk

Equating powers like powers of z on both sides of the last equation reveals,

∞∑

n=−∞
Jn+k(x)Jn(x) = 0.

8.3.2 Making use of the hints,

∫ 1

−1

f(x)Pn(x) dx =

∫ 1

−1

f(x)
1

2nn!

dn

dxn
[
(x2 − 1)n

]
dx

=
1

2nn!

([

f(x)
dn−1

dxn−1

[
(x2 − 1)n

]
]x=1

x=−1

−
∫ 1

−1

f ′(x)
dn−1

dxn−1

[
(x2 − 1)n

]
dx

)

=
−1

2nn!

∫ 1

−1

f ′(x)
dn−1

dxn−1

[
(x2 − 1)n

]
dx

...

=
(−1)n

2nn!

∫ 1

−1

f (n)(x)(x2 − 1)n dx.

8.3.4

(a)

∫ 1

−1

(1− x)P2(x) dx

∫ 1

−1

(1 − x)P2(x) dx = 0

since deg(1− x) = 1 < 2.

(b)

∫ 1

−1

(1− x2)P2(x) dx

∫ 1

−1

(1− x2)P2(x) dx =
(−1)2

222!

∫ 1

−1

(−2)(x2 − 1)2 dx = − 4

15

(c)

∫ 1

−1

xnPn(x) dx
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∫ 1

−1

xnPn(x) dx =
(−1)n

2nn!

∫ 1

−1

n!(x2 − 1)n dx =
(−1)n

2n

∫ 1

−1

(x2 − 1)n dx

=
(−1)n

2n

∫ 1

−1

n∑

k=0

n!x2k(−1)n−k

k!(n− k)!
dx =

n!

2n

n∑

k=0

2(−1)k

k!(n− k)!

∫ 1

0

x2k dx

=
n!

2n−1

n∑

k=0

(−1)k

(2k + 1)k!(n− k)!

(d)

∫ 1

−1

xnPn−1(x) dx

∫ 1

−1

xnPn−1(x) dx =
(−1)n−1

2n−1(n− 1)!

∫ 1

−1

n!x(x2 − 1)n−1 dx =
(−1)n−1

2n−1

∫ 1

−1

x(x2 − 1)n−1 dx = 0

8.3.6

(a) f(x) =

{
−1 if −1 < x < 0,
1 if 0 < x < 1.

an = −2n+ 1

2

∫ 0

−1

Pn(x) dx+
2n+ 1

2

∫ 1

0

Pn(x) dx =

{

0 if n = 0
(2n+1)

√
π

2Γ(1−n/2)Γ((3+n)/2) if n ≥ 1

f(x) ∼
∞∑

n=1

(2n+ 1)
√
π

2Γ(1− n/2)Γ((3 + n)/2)
Pn(x)

(b) f(x) =

{
0 if −1 < x < 0,
x if 0 < x < 1.

an =
2n+ 1

2

∫ 1

0

xPn(x) dx =
(2n+ 1)

√
π

8Γ(2 + n/2)Γ((3− n)/2)

f(x) ∼
∞∑

n=0

(2n+ 1)
√
π

8Γ(2 + n/2)Γ((3− n)/2)
Pn(x)

(c) f(x) = |x|.

an = −2n+ 1

2

∫ 0

−1

xPn(x) dx +
2n+ 1

2

∫ 1

0

xPn(x) dx =

{

0 if n is odd
(2n+1)

√
π

4Γ(2+n/2)Γ((3−n)/2) if n is even

f(x) ∼
∞∑

n=0

(4n+ 1)
√
π

4(n+ 1)!Γ(3/2− n)
P2n(x)

(d) f(x) = sin
πx

2
.

69



an =
2n+ 1

2

∫ 1

−1

sin
(πx

2

)

Pn(x) dx =
(2n+ 1)(−1)n

2n+1n!

∫ 1

−1

[

sin
πx

2

](n)

(x2 − 1)n dx

=







0 if n is even
(4k − 1)(−1)kπ2k−1

24k−2(2k − 1)!

∫ 1

0

cos
πx

2
(x2 − 1)2k−1 dx if n = 2k − 1 is odd

f(x) ∼
∞∑

k=1

a2k−1P2k−1(x)

8.3.8

P ′
n+1(x)− xP ′

n(x) = (n+ 1)Pn(x)

nPn(x) = P ′
n+1(x) − xP ′

n(x)− Pn(x) = P ′
n+1(x)−

d

dx
[xPn(x)]

n

∫ 1

0

Pn(x) dx =

∫ 1

0

P ′
n+1(x) dx −

∫ 1

0

d

dx
[xPn(x)] dx

= Pn+1(1)− Pn+1(0)− Pn(1) = −Pn+1(0)

8.3.10 Recall that if n = 0 then P0(x) = 1 and P ′
0(x) = 0. Substituting into Eq. (8.76) produces

∫ 1

t

Pm(x) dx =
(1 − t2)P ′

m(t)

m(m+ 1)
.

8.3.12

(a) n = 2 and m = −1

P−1
2 (x) =

(2− 1)!

(2 + 1)!
(1− x2)1/2

d

dx
[P2(x)] =

1

6
(1− x2)1/2(3x) =

x

2
(1− x2)1/2

(b) n = 3 and m = 0

P 0
3 (x) = P3(x) =

1

2
(5x3 − 3x)

(c) n = 4 and m = 2

P 2
4 (x) = (1− x2)

d2

dx2
[P4(x)] = (1− x2)

1

8
(420x2 − 60) =

15

2
(x2 − 1)(1− 7x2)

(d) n = 4 and m = −2

P−2
4 (x) =

(4 − 2)!

(4 + 2)!
(1 − x2)

d2

dx2
[P4(x)] =

2

720
(1− x2)

1

8
(420x2 − 60) =

1

48
(x2 − 1)(1− 7x2)
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8.3.14 When n is even, an = 0.

a2n−1 =
4n− 1

2

(2n− 2)!

(2n)!

∫ 1

−1

(1− x2)P 1
2n−1(x) dx for n ∈ N

a1 = −9π

32

a3 =
7π

256

a5 =
11π

4096

a7 =
45π

65536

a9 =
133π

524288

8.3.16

G(Pn(−1); z) =
1√

1 + 2z + z2
∞∑

n=0

Pn(−1)zn =
1

1 + z

=

∞∑

n=0

(−1)nzn

Equating coefficients of the powers of reveals Pn(−1) = (−1)n for n = 0, 1, 2, . . ..
8.3.18 Suppose n ∈ {0} ∪ N and m ∈ {0, 1, . . . , n}. Find the mth derivative of G(Pn(x); z) with respect to
x.

d0

dx0

[

(1− 2xz + z2)−1/2
]

= (1− 2xz + z2)−1/2

d1

dx1

[

(1− 2xz + z2)−1/2
]

= (1)z(1− 2xz + z2)−3/2

d2

dx2

[

(1− 2xz + z2)−1/2
]

= (1)(3)z2(1− 2xz + z2)−5/2

d3

dx3

[

(1− 2xz + z2)−1/2
]

= (1)(3)(5)z3(1− 2xz + z2)−7/2

...

dm

dxm

[

(1− 2xz + z2)−1/2
]

= (1)(3)(5) · · · (2m− 1)zm(1− 2xz + z2)−m−1/2

=
(2m)!

2mm!

zm

(1− 2xz + z2)m+1/2

This is equivalent to differentiating inside the infinite series.

(2m)!

2mm!

zm

(1− 2xz + z2)m+1/2
=

∞∑

n=0

P (m)
n (x)zn
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Multiply both sides of this equation by (−1)m(1− x2)m/2 to obtain the generating function,

G(Pm
n (x); z) =

∞∑

n=0

Pm
n (x)zn

=
(2m)!

2mm!

(−1)m(1− x2)m/2zm

(1 − 2xz + z2)m+1/2
.

8.4.1 Make the substitution x = cosϕ, then

∫ π

−π

∫ π

0

eim θPm
n (cosϕ)e−i m̂ θP m̂

n̂ (cosϕ) sinϕdϕdθ =

∫ π

−π

ei(m−m̂)θ dθ

∫ 1

−1

Pm
n (x)P m̂

n̂ (x) dx

If m 6= m̂ the first integral on the right-hand side becomes

∫ π

−π

ei(m−m̂)θ dθ =

[
1

i(m− m̂)
ei(m−m̂)θ

]θ=π

θ=−π

=
1

i(m− m̂)

(

ei(m−m̂)π − e−i(m−m̂)π
)

= 0

by Euler’s identity. Now suppose n 6= n̂. If m 6= m̂ then the result has already been proved, so without loss
of generality assume m = m̂.

∫ π

−π

∫ π

0

eim θPm
n (cosϕ)e−i m̂ θP m̂

n̂ (cosϕ) sinϕdϕdθ = 2π

∫ 1

−1

Pm
n (x)Pm

n̂ (x) dx = 0

by Thm. 8.10.
Now suppose m = m̂ and n = n̂, then

∫ π

−π

∫ π

0

eim θPm
n (cosϕ)e−i m̂ θP m̂

n̂ (cosϕ) sinϕdϕdθ = 2π

∫ 1

−1

(Pm
n (x))

2
dx =

4π

2n+ 1

(n+m)!

n−m)!

by Thm. 8.11.
8.4.3

Y n
n (ϕ, θ) =

√

2n+ 1

4π

(n− n)!

(n+ n)!
einθPn

n (cosϕ)

By definition, Pn
n (x) = (−1)n(1 − x2)n/2P

(n)
n (x). Since Pn(x) is a polynomial of degree n with leading

coefficient (2n)!
2n(n!)2 then Pn

n (x) = (−1)n(1− x2)n/2 (2n)!
2nn! . This implies

Y n
n (ϕ, θ) =

√

2n+ 1

4π(2n)!
einθ(−1)n(1 − cos2 ϕ)n/2

(2n)!

2nn!

=
(−1)n

2nn!

√

(2n+ 1)!

4π(2n)!
einθ sinn ϕ.
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8.4.5

Y m
n (π − ϕ, π + θ) =

√

2n+ 1

4π

(n−m)!

(n+m)!
eim(π+θ)Pm

n (cos(π − ϕ))

= eimπ

√

2n+ 1

4π

(n−m)!

(n+m)!
eimθPm

n (cosπ cosϕ+ sinπ sinϕ)

= (cos(mπ) + i sin(mπ))

√

2n+ 1

4π

(n−m)!

(n+m)!
eimθPm

n (− cosϕ)

= (−1)m

√

2n+ 1

4π

(n−m)!

(n+m)!
eimθPm

n (− cosϕ)

= (−1)m(−1)m+n

√

2n+ 1

4π

(n−m)!

(n+m)!
eimθPm

n (cosϕ) (by Lemma 8.11)

= (−1)nY m
n (ϕ, θ)

8.5.1 Using integration by parts,
∫ ∞

0

f(x)Ln(x)e
−x dx =

1

n!

∫ ∞

0

f(x)
dn

dxn
[
e−xxn

]
dx

=
1

n!

[

f(x)
dn−1

dxn−1
(e−xxn)

]x→∞

x=0

− 1

n!

∫ ∞

0

f ′(x)
dn−1

dxn−1

[
e−xxn

]
dx

=
−1

n!

∫ ∞

0

f ′(x)
dn−1

dxn−1

[
e−xxn

]
dx

...

=
(−1)n

n!

∫ ∞

0

f (n)(x)e−xxn dx.

8.5.3

an =

∫ ∞

0

J0(2
√
x)Ln(x)e

−x dx =

∫ ∞

0

Ln(x)e
−x

∞∑

k=0

(−1)k

(k!)2
xk dx

=

∞∑

k=0

(−1)k

(k!)2

∫ ∞

0

xkLn(x)e
−x dx =

∞∑

k=0

(−1)k+n

(k!)2(n!)

∫ ∞

0

[
xk
](n)

xne−x dx

=

∞∑

k=n

(−1)k+n

(k!)2(n!)

∫ ∞

0

k(k − 1) · · · (k − n+ 1)xk−nxne−x dx =

∞∑

k=n

(−1)k+n

(k!)(n!)(k − n)!

∫ ∞

0

xke−x dx

=

∞∑

k=n

(−1)k+n

(n!)(k − n)!
=

1

n!

∞∑

k=n

(−1)k−n

(k − n)!
=
e−1

n!

J0(2
√
x) = e−1

∞∑

n=0

Ln(x)

n!

8.5.5 Multiply both sides of the equation by xαe−x.

xy′′ + (α + 1− x)y′ + ny = 0

xα+1e−xy′′ + (α+ 1− x)xαe−xy′ + nxαe−xy = 0
[
xα+1e−xy′

]′
+ nxαe−xy = 0
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8.5.7

d

dx
[Lα

n(x)] =
d

dx

[
x−αex

n!

dn

dxn
(e−xxn+α)

]

=
d

dx

[

x−αex

n!

n∑

k=0

n!

k!(n− k)!

[
e−x

](k) [
xn+α

](n−k)

]

=
d

dx

[
n∑

k=0

(−1)k

k!(n− k)!
(n+ α)(n− 1 + α) · · · (n− (n− k − 1) + α)xk

]

=

n∑

k=1

(−1)k

(k − 1)!(n− k)!
(n+ α)(n − 1 + α) · · · (n− (n− k − 1) + α)xk−1

= −
n−1∑

k=0

(−1)k

k!(n− k − 1)!
(n+ α)(n − 1 + α) · · · (n− (n− k − 2) + α)xk

= −
n−1∑

k=0

(−1)k

k!((n− 1)− k)!





n−k−2∏

j=0

((n− 1)− j + (α+ 1))



 xk

= −
n−1∑

k=0

(−1)kΓ((n− 1) + 1 + (α+ 1))

k!((n− 1)− k)!Γ(k + 1 + (α+ 1))
xk = −Lα+1

n−1(x)

8.5.9 Starting with the Rodrigues’ formula for Lα
n(x),

Lα
n(x) =

x−αex

n!

dn

dxn
[
xn+αe−x

]
=
x−αex

n!

dn−1

dxn−1

[
(n+ α)xn−1+αe−x − xn+αe−x

]

=
(n+ α)

n

x−αex

(n− 1)!

dn−1

dxn−1

[
xn−1+αe−x

]
− x−αex

n!

dn−1

dxn−1

[
xn+αe−x

]

=
(n+ α)

n
Lα
n−1(x)−

x−αex

n!

dn−1

dxn−1

[
xn+αe−x

]
.

Differentiate both sides of the equation.

d

dx
[Lα

n(x)] =
(n+ α)

n

d

dx

[
Lα
n−1(x)

]
− −αx−α−1ex + x−αex

n!

dn−1

dxn−1

[
xn+αe−x

]
− x−αex

n!

dn

dxn
[
xn+αe−x

]

=
(n+ α)

n

d

dx

[
Lα
n−1(x)

]
+
α

n

x−(α+1)ex

(n− 1)!

dn−1

dxn−1

[
xn−1+α+1e−x

]

− x

n

x−(α+1)ex

(n− 1)!

dn−1

dxn−1

[
xn−1+α+1e−x

]
− Lα

n(x)

=
(n+ α)

n

d

dx

[
Lα
n−1(x)

]
+
α

n
Lα+1
n−1(x) −

x

n
Lα+1
n−1(x) − Lα

n(x)

=
(n+ α)

n

d

dx

[
Lα
n−1(x)

]
− α

n

d

dx
[Lα

n(x)] +
x

n

d

dx
[Lα

n(x)] − Lα
n(x)

Using the result of Exercise 8.5.8,

d

dx
[Lα

n(x)] =
(

1 +
α

n

) d

dx

[
Lα
n−1(x)

]
+
x− α

n

d

dx
[Lα

n(x)] −
x

n

d

dx

[
Lα
n−1(x)

]
−
(

1 +
α

n
− x

n

)

Lα
n−1(x)

=
(

1 +
α

n
− x

n

) d

dx

[
Lα
n−1(x)

]
+
x− α

n

d

dx
[Lα

n(x)] −
(

1 +
α

n
− x

n

)

Lα
n−1(x)

=
d

dx

[
Lα
n−1(x)

]
− Lα

n−1(x) +
x− α

n

(

Lα
n−1(x) +

d

dx
[Lα

n(x)] −
d

dx

[
Lα
n−1(x)

]
)

0 =
x− α− n

n

(

Lα
n−1(x) +

d

dx
[Lα

n(x)]−
d

dx

[
Lα
n−1(x)

]
)
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which implies

Lα
n−1(x) +

d

dx
[Lα

n(x)] −
d

dx

[
Lα
n−1(x)

]
= 0

and the identity is established.
8.5.11 Using integration by parts,

∫ ∞

0

f(x)Lα
n(x)x

αe−x dx =
1

n!

∫ ∞

0

f(x)x−αex
dn

dxn
[
e−xxn+α

]
xαe−x dx

=
1

n!

∫ ∞

0

f(x)
dn

dxn
[
e−xxn+α

]
dx

=
1

n!

[

f(x)
dn−1

dxn−1
(e−xxn+α)

]x→∞

x=0

− 1

n!

∫ ∞

0

f ′(x)
dn−1

dxn−1
[e−xxn+α] dx

= − 1

n!

∫ ∞

0

f ′(x)
dn−1

dxn−1
[e−xxn+α] dx

...

=
(−1)n

n!

∫ ∞

0

f (n)(x)xn+αe−x dx

8.5.13 Start by expanding the right-hand side of the proposed generating function as a Taylor series in z.

1

1− z
e−

xz
1−z =

1

1− z

∞∑

n=0

1

n!

(

− xz

1− z

)n

=

∞∑

n=0

(−1)n

n!

xnzn

(1− z)n+1

If |z| < 1 then (1 − z)−1 =
∑∞

k=0 z
k. Differentiating this geometric series n times produces

n!

(1− z)n+1
=

∞∑

k=n

k(k − 1) · · · (k − n+ 1)zk−n =

∞∑

k=n

k!

(k − n)!
zk−n =

∞∑

k=0

(k + n)!

k!
zk.

Substituting this into the Taylor series expansion above gives

1

1− z
e−

xz
1−z =

∞∑

n=0

(

(−1)n

n!
xnzn

∞∑

k=0

(k + n)!

k!n!
zk

)

=

∞∑

n=0

(

(−1)n

(n!)2
xn

∞∑

k=0

(k + n)!

k!
zn+k

)

=
∞∑

n=0

∞∑

k=0

(−1)n

(n!)2
xn

(k + n)!

k!
zn+k.

To find the coefficient of the mth power of z in the double summation suppose m = k + n. The summation
above can be rewritten as

1

1− z
e−

xz
1−z =

∞∑

m=0

∑

k+n=m
k,n≥0

(−1)n

(n!)2
xn

(k + n)!

k!
zm

=

∞∑

m=0

(

m!

m∑

n=0

(−1)n

(n!)2(m− n)!
xn

)

zm

=

∞∑

m=0

Lm(x)zm = G(Lm(x); z).
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8.5.15 Proceeding as in Exercise 8.5.13 we have

1

(1− z)α+1
e−

xz
1−z =

∞∑

n=0

(−1)n

n!

xnzn

(1− z)n+α+1
.

The next step is to expand (1 − z)−(n+α+1) as a Taylor series about z0 = 0.

1

(1 − z)n+α+1
=

∞∑

k=0

(n+ α+ 1)(n+ α+ 2) · · · (n+ α+ k)zk

k!

Substituting this into the Taylor series expansion above gives

1

(1− z)α+1
e−

xz
1−z =

∞∑

n=0

∞∑

k=0

(−1)n

n!
xn

(n+ α+ 1) · · · (n+ α+ k)

k!
zn+k

=

∞∑

n=0

∞∑

k=0

(−1)n

n!
xn

Γ(n+ α+ k + 1)

k!Γ(n+ α+ 1)
zn+k,

by Lemma 8.3. To find the coefficient of the mth power of z in the double summation suppose m = k + n.
The summation above can be rewritten as

1

(1− z)α+1
e−

xz
1−z =

∞∑

m=0







∑

k+n=m
k,n≥0

(−1)n

n!
xn

Γ(m+ α+ 1)

k!Γ(n+ α+ 1)






zm

=

∞∑

m=0

m∑

n=0

(
(−1)nΓ(m+ α+ 1)xn

n!(m− n)!Γ(n+ α+ 1)

)

zm

=

∞∑

m=0

Lα
m(x)zm = G(Lα

m(x); z).

8.6.2

Hn+1(x) = (−1)n+1ex
2 dn+1

dxn+1

[

e−x2
]

= (−1)n+1ex
2 dn

dxn

[

−2xe−x2
]

= (−1)nex
2

n∑

k=0

n!

k!(n− k)!
[2x](k)

[

e−x2
](n−k)

= (−1)nex
2

1∑

k=0

n!

k!(n− k)!
[2x](k)

[

e−x2
](n−k)

= (−1)nex
2

(

2x
[

e−x2
](n)

+ 2n
[

e−x2
](n−1)

)

= 2x(−1)nex
2 dn

dxn

[

e−x2
]

− 2n(−1)n+1ex
2 dn−1

dxn−1

[

e−x2
]

= 2xHn(x) − 2nHn−1(x)

8.6.4 Since f(x) is a quadratic function, it must be a linear combination of H0(x), H1(x), and H2(x).

x2 + x+ 1 = a(1) + b(2x) + c(4x2 − 2) = 4cx2 + 2bx+ (a− 2c)

Equating coefficients results in a = 3/2, b = 1/2, and c = 1/4.
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8.6.6

an =
1

2nn!
√
π

∫ ∞

−∞
exHn(x)e

−x2

dx =
1

2nn!
√
π

∫ ∞

−∞
[ex](n)e−x2

dx

=
1

2nn!
√
π

∫ ∞

−∞
exe−x2

dx =
1

2nn!
√
π

∫ ∞

−∞
e−(x2−x) dx

=
e1/4

2nn!
√
π

∫ ∞

−∞
e−(x2−x+1/4) dx =

e1/4

2nn!
√
π

∫ ∞

−∞
e−(x−1/2)2 dx

=
e1/4

2nn!

f(x) ∼ e1/4
∞∑

n=0

1

2nn!
Hn(x)

8.6.8

(−1)n

22n+1n!
√
x
H2n+1(

√
x) =

(−1)n

22n+1n!
√
x
(2n+ 1)!

n∑

k=0

(−1)k

k!(2n+ 1− 2k)!
(2
√
x)2n+1−2k

=
(2n+ 1)!

n!

n∑

k=0

(−1)n−kxn−k

22kk!(2(n− k) + 1)!
=

(2n+ 1)!

n!

n∑

k=0

(−1)kxk

22(n−k)(n− k)!(2k + 1)!

=

n∑

k=0

(−1)k22k(2n+ 1)!xk

22nn!(n− k)!(2k + 1)!
=

n∑

k=0

(−1)k(n+ 1/2)(n− 1/2) · · · (3/2)(1/2)xk
k!(n− k)!(k + 1/2)(k − 1/2) · · · (3/2)(1/2)

=

n∑

k=0

(−1)kΓ(n+ 1 + 1/2)xk

k!(n− k)!Γ(k + 1 + 1/2)
= L1/2

n (x)

8.6.10

G

(
1

n!
Hn(−x); z

)

=

∞∑

n=0

1

n!
Hn(−x)zn

=

∞∑

n=0

1

n!
(−1)nHn(x)z

n

=

∞∑

n=0

1

n!
Hn(x)(−z)n

= G

(
1

n!
Hn(x);−z

)

Equating like powers of z on both sides of the equation implies Hn(−x) = (−1)nHn(x) or equivalently
Hn(x) = (−1)nHn(−x) for n ∈ {0} ∪N.

This can also be shown directly from the formula for the Hermite polynomials in Eq. (8.104).

8.6.12 When n = 0,
(
2x− d

dx

)0
[1] = 1 = H0(x). Likewise when n = 1,

(
2x− d

dx

)1
[1] = 2x − 0 = 2x =
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H1(x). Suppose there exists an n ∈ N such that the formula holds for all k ≤ n. Consider the case of n+ 1.

(

2x− d

dx

)n+1

[1] =

(

2x− d

dx

)[(

2x− d

dx

)n

[1]

]

=

(

2x− d

dx

)

[Hn(x)]

= 2xHn(x) −H ′
n(x)

= 2xHn(x) − 2nHn−1(x) (by Exercise 8.6.3)

= Hn+1(x) (by Exercise 8.6.2)

Hence the formula holds for all n ∈ {0} ∪ N.
8.7.2

(a) (x− 1)[T2n+1(x) − 1] = [Tn+1(x) − Tn(x)]
2

Using Eq. (8.121) and the product-to-sum formula for the cosine

[Tn+1(x)− Tn(x)]
2 = Tn+1(x)Tn+1(x) − 2Tn+1(x)Tn(x) + Tn(x)Tn(x)

=
1

2
(T2n+2(x) − 1)− (T2n+1(x) + T1(x)) +

1

2
(T2n(x)− 1)

=
1

2
T2n+2(x) − T2n+1(x) − T1(x) +

1

2
T2n(x) − 1

= T1(x)T2n+1(x) − T2n+1(x)− T1(x) − 1

= xT2n+1(x) − T2n+1(x) − x− 1 = (x− 1)[T2n+1(x)− 1].

(b) 2(x2 − 1)[T2n(x) − 1] = [Tn+1(x)− Tn−1(x)]
2

Using Eq. (8.121) and the product-to-sum formula for the cosine

[Tn+1(x)− Tn−1(x)]
2 = Tn+1(x)Tn+1(x) − 2Tn+1(x)Tn−1(x) + Tn−1(x)Tn−1(x)

=
1

2
(T2n+2(x) − 1)− (T2n(x) + T2(x)) +

1

2
(T2n−2(x) − 1)

=
1

2
T2n+2(x) − T2n(x) − T2(x) +

1

2
T2n−2(x) − 1

= T2(x)T2n(x) − T2n(x)− T2(x)− 1

= (2x2 − 1)T2n(x) − T2n(x)− (2x2 − 1)− 1

= 2(x2 − 1)T2n(x) − 2(x2 − 1) = 2(x2 − 1)[T2n(x)− 1].

8.7.4 Since p(x) is a polynomial of degree n, there exist constants ck for k = 0, 1, . . . , n such that p(x) =
∑n

k=0 ckTk(x). By assumption p(x) is orthogonal to T0(x) on [−1, 1] with respect to the weighting function
(1− x2)−1/2.

0 =

∫ 1

−1

T0(x)p(x)(1 − x2)−1/2 dx =
n∑

k=0

ck

∫ 1

−1

Tk(x)T0(x)√
1− x2

dx = πc0 ⇐⇒ c0 = 0

Let m ∈ {1, 2, . . . , n − 1}, then since p(x) is orthogonal to Tm(x) on [−1, 1] with respect to the weighting
function (1− x2)−1/2,

0 =

∫ 1

−1

Tm(x)p(x)(1 − x2)−1/2 dx =

n∑

k=0

ck

∫ 1

−1

Tm(x)Tk(x)√
1− x2

dx =
π

2
cm ⇐⇒ cm = 0.
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Since the degree of p(x) is n, then cn 6= 0 and p(x) = cnTn(x).
8.7.6 The generating function takes the form,

∞∑

n=0

Tn(x)z
n =

∞∑

n=0

cos(nθ)zn

=

∞∑

n=0

Re
(
einθ

)
zn

= Re

( ∞∑

n=0

einθzn

)

= Re

( ∞∑

n=0

(zeiθ)n

)

= Re

(
1

1− zeiθ

)

if |z| < 1. Multiply numerator and denominator by the complex conjugate.

∞∑

n=0

Tn(x)z
n = Re

(
1− ze−iθ

(1− zeiθ)(1 − ze−iθ)

)

= Re

(
1− z cos θ + iz sin θ

1− 2z cos θ + z2

)

=
1− z cos θ

1− 2z cos θ + z2

=
1− xz

1− 2xz + z2
.

8.7.8 If n = 0 then the extreme value of T0(x) = 1. Suppose n ≥ 1, then

Tn(x) = cos(n arccosx)

T ′
n(x) =

−n√
1− x2

sin(n arccosx).

Thus the function Tn(x) has critical numbers at x = cos kπ
n for k = 1, 2, . . . , n − 1. By the Extreme Value

Theorem the extrema of Tn(x) occur either at the critical numbers or at x = ±1.

Tn

(

cos
kπ

n

)

= cos(kπ) = (−1)k

When x = −1, Tn(x) = cos(n arccos(−1)) = cos(nπ) = (−1)n. When x = 1, Tn(x) = cos(n arccos(1)) =
cos(0) = 1. Hence the absolute minimum of Tn(x) on [−1, 1] is −1 while the absolute maximum of Tn(x) on
[−1, 1] is 1.
8.7.10 Let x = 0 in Eq. (8.129).

G(Tn(0); z) =
1

1 + z2
∞∑

n=0

Tn(0)z
n =

∞∑

m=0

(−1)mz2m

Thus when n is odd, Tn(0) = 0 and when n = 2m is even, T2m(0) = (−1)m.
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9.1.2 If γ = 0 then Eq. (9.6) becomes

(L− x)X ′′(x)−X ′(x) = 0 for 0 < x < L

X(0) = 0.

Let v(x) = X ′(x) and divide both sides by L− x.

v′(x) − 1

L− x
v(x) = 0

v′(x)

v(x)
=

1

L− x

v(x) =
c1

L− x

X(x) = c2 − c1 ln(L− x)

where c1 and c2 are constants. Since X(0) = 0 then c2 = c1 lnL which implies X(x) = c1 ln
L

L−x . This

solution is bounded as x→ L− only when c1 = 0. Thus X(x) = 0.
If γ > 0, then T ′′(t)− γ g T (t) = 0 has solutions of the form T (t) = Acosh((γ g)1/2t) +B sinh((γ g)1/2t)

which are unbounded except in the trivial case in which A = B = 0.
9.1.4

0 = (L − x)
d2X

dx2
− dX

dx
− cX(x)

= αξβ
(
ξ1−β

αβ

)2
d2X

dξ2
+ αξβ

(1− β)ξ1−2β

α2β2

dX

dξ
+
ξ1−β

αβ

dX

dξ
− cX

=
1

αβ2
ξ2−β d

2X

dξ2
+

(
1− β

αβ2
+

1

αβ

)

ξ1−β dX

dξ
− cX

= ξ2−β d
2X

dξ2
+ ξ1−β dX

dξ
− αβ2cX

9.1.6 Since we are assuming c < 0 or equivalently −c > 0 let −c = λ2 > 0 and consider the ordinary
differential equation,

vX ′′(v) +X ′(v) + λ2X(v) = 0.

The point v = 0 is a singular point for this ODE. The limits

lim
v→0

v
1

v
= 1 = p0

lim
v→0

v2
λ2

v
= 0 = q0

imply that v = 0 is a regular singular point. Assume an infinite series of the form X(v) =
∑∞

k=0 akv
k+r

solves the ODE. Differentiating this series and substituting it into the ODE result in

0 = v

∞∑

k=0

ak(k + r − 1)(k + r)vk+r−2 +

∞∑

k=0

ak(k + r)vk+r−1 + λ2
∞∑

k=0

akv
k+r

=

∞∑

k=0

ak(k + r)2vk+r−1 + λ2
∞∑

k=0

akv
k+r

= a0r
2vr +

∞∑

k=0

(
ak+1(k + r + 1)2 + λ2ak

)
vk+r.

80



If r = 0 the first term vanishes and the equation can be rewritten as

0 =

∞∑

k=0

(
ak+1(k + 1)2 + λ2ak

)
vk.

This implies the recurrence relation for the series is

ak+1 = − λ2

(k + 1)2
ak for k ∈ {0} ∪ N.

If a0 is arbitrary then by induction we see that

ak =
(−1)kλ2k

(k!)2
a0 for k ∈ N.

Hence one solution to the ODE is

X1(v) =

∞∑

k=0

(−1)kλ2kvk

(k!)2
=

∞∑

k=0

(−1)k(λ
√
v)2k

(k!)2
=

∞∑

k=0

(−1)k

(k!)2

(
2λ

√
v

2

)2k

= J0(2λ
√
v).

A second linearly independent solution will be X2(t) = Y0(2λ
√
v). The general solution is then X(v) =

c1J0(2λ
√
v) + c2Y0(2λ

√
v). If this solution satisfies the boundary condition X(L) = 0 then

X(v) = c1

(

J0(2λ
√
v)− J0(2λ

√
L)Y0(2λ

√
v)

Y0(2λ
√
L)

)

.

9.1.8According to Eq. (9.8) if the initial displacement of the chain is 0 then An = 0 for n ∈ N. Differentiating
Eq. (9.8) with respect to t and setting t = 0 produces,

x =
1

2

√
g

L

∞∑

n=1

Bnλ0,nJ0

(

λ0,n

√

1− x

L

)

.

Make the change of variable

ξ =

√

1− x

L
⇐⇒ x = L(1− ξ2)

and then

L(1− ξ2) =
1

2

√
g

L

∞∑

n=1

Bnλ0,nJ0 (λ0,nξ)

2L

√

L

g
(1− ξ2) =

∞∑

n=1

Bnλ0,nJ0 (λ0,nξ) .

Multiply both sides of this equation by 2ξJ0(λ0,mξ)/(J1(λ0,m))2 and integrate over [0, 1]. Using the orthog-
onality of the Bessel function of the first kind of order 0, the only nonzero term of the right-hand side of the
equation will be the one for which n = m.

Bnλ0,n = 4L

√

L

g

∫ 1

0 (1 − ξ2)J0(λ0,nξ)ξ dξ

(J1(λ0,n))2

Bn =
16L2

λ40,nJ1(λ0,n)

√

L

g
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Thus the formal solution may be expressed as

u(x, t) = 16L2

√

L

g

∞∑

n=1

1

λ40,nJ1(λ0,n)
sin

(
λ0,n
2

√
g

L
t

)

J0

(

λ0,n

√

1− x

L

)

.

9.1.10 Suppose the linear density of the chain is a constant ρ. At a distance of x from the axle, an infinitesimal
chain element of length dx experiences the fictional centrifugal force ω2xρ dx. This will be balanced by the
infinitesimal tension element in the chain denoted −T ′(x) dx.

−T ′(x) dx = ω2ρx dx

−
∫ L

x

T ′(v) dv =

∫ L

x

ω2ρv dv

T (x)− T (L) =
1

2
ω2ρ(L2 − x2)

T (x) =
1

2
ω2ρ(L2 − x2)

since T (L) = 0 (there is no tension at the end of the chain). Substituting this expression for the tension
function in Eq. (9.3) yields,

ρutt =

(
1

2
ω2ρ(L2 − x2)ux

)

x

utt =
1

2
ω2
(
L2 − x2ux

)

x

since ρ is constant.
9.1.12 The product solutions to this initial, boundary value problem have the form,

un(x, t) = Pn

( x

L

)
[

An cos

(

ωt

√

n(n+ 1)

2

)

+Bn sin

(

ωt

√

n(n+ 1)

2

)]

when n is an odd integer. Thus the series solution is

u(x, t) =

∞∑

n=1

P2n−1

( x

L

)
[

A2n−1 cos

(

ωt

√

2n(2n− 1)

2

)

+B2n−1 sin

(

ωt

√

2n(2n− 1)

2

)]

.

When t = 0,

u(x, 0) = f(x) =

∞∑

n=1

A2n−1P2n−1

( x

L

)

.

Multiply both sides of the equation by P2m−1(x/L) and integrate over the interval [0, L].

∫ L

0

f(x)P2m−1

( x

L

)

dx =
∞∑

n=1

A2n−1

∫ L

0

P2m−1

( x

L

)

P2n−1

( x

L

)

dx

=

∞∑

n=1

A2n−1L

∫ 1

0

P2m−1(v)P2n−1(v) dv

Recall that the set of Legendre polynomials is orthogonal on [−1, 1]. Since P2m−1(x) and P2n−1(x) are odd
functions, their product is even and

∫ 1

0

P2m−1(v)P2n−1(v) dv =
1

2

∫ 1

−1

P2m−1(v)P2n−1(v) dv

=
1

2

2

2(2m− 1) + 1
δmn =

1

4m− 1
δmn,
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where δmn is the Dirac delta function. Therefore

∞∑

n=1

A2n−1L

∫ 1

0

P2m−1(v)P2n−1(v) dv =
L

4m− 1
A2m−1

4m− 1

L

∫ L

0

f(x)P2m−1

( x

L

)

dx = A2m−1.

Taking the derivative with respect to t of the series solution, evaluating that derivative at t = 0, and setting
the sum of zero (since there is no initial displacement velocity) reveal that B2n−1 = 0 for all n. Hence the
series solution may be expressed as follows.

u(x, t) =

∞∑

m=1

A2m−1P2m−1

( x

L

)

cos

(

ωt

√

2m(2m− 1)

2

)

.

9.2.2 When the initial displacement of the membrane is 0, a doubly-infinite series for the solution takes the
form (with r0 = 1 and c = 1):

u(r, θ, t) =

∞∑

m=0

∞∑

n=1

[Jm(λm,nr) (Am,n cos(mθ) +Bm,n sin(mθ)) sin(λm,nt)]

Since the initial and boundary conditions are independent of θ, the solution will be as well which enables
the series solution to simplify by setting m = 0.

u(r, t) =

∞∑

n=1

A0,nJ0(λ0,nr) sin(λ0,nt)

Calculate the partial derivative of this series with respect to t and set t = 0.

ut(r, 0) =

∞∑

n=1

A0,nλ0,nJ0(λ0,nr)

1− r =

∞∑

n=1

A0,nλ0,nJ0(λ0,nr)

(1 − r)J0(λ0,n̂r)r =

∞∑

n=1

A0,nλ0,nJ0(λ0,nr)J0(λ0,n̂r)r

∫ 1

0

(r − r2)J0(λ0,n̂r) dr =
∞∑

n=1

A0,nλn,0

∫ 1

0

J0(λ0,nr)J0(λ0,n̂r)r dr

∫ 1

0

(r − r2)J0(λ0,n̂r) dr =
λ0,n̂
2
A0,n̂ (J1(λ0,n))

2

A0,n̂ =
2

λ0,n̂(J1(λ0,n̂))2

∫ 1

0

(r − r2)J0(λ0,n̂r) dr

9.2.4 Assuming the radius of the drumhead is r0 > 0 then the initial boundary value problem can be stated
as

utt = c2
(

urr +
1

r
ur +

1

r2
uθθ

)

for r < r0, −∞ < θ <∞, and t > 0

u(r0, θ, t) = 0 for −∞ < θ <∞ and t > 0

u(r, θ, 0) = 0 for r < r0 and −∞ < θ <∞
ut(r, θ, 0) = g(r, θ) for r < r0 and −∞ < θ <∞.
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The formal solution to the initial boundary value problem found through separation of variables and the
Principle of Superposition can be written as

u(r, θ, t) =

∞∑

m=0

∞∑

n=1

[

Jm

(
λm,nr

r0

)

(Am,n cos(mθ) +Bm,n sin(mθ)) sin

(
cλm,nt

r0

)]

.

Assuming the infinite series can be differentiated term-by-term, then

g(r, θ) =

∞∑

m=0

∞∑

n=1

[
cλm,n

r0
Jm

(
λm,nr

r0

)

(Am,n cos(mθ) +Bm,n sin(mθ))

]

.

The values of the coefficients can be determined from the definite integrals below.

A0,n =
2r0

cλ0,nπ(J1(λ0,n))2

∫ 1

0

z J0(λ0,nz)

(∫ π

−π

g(r0z, θ) dθ

)

dz

Am,n =
2r0

cλm,nπ(Jm+1(λm,n))2

∫ 1

0

z Jm(λm,nz)

(∫ π

−π

g(r0z, θ) cos(mθ) dθ

)

dz

Bm,n =
2r0

cλm,nπ(Jm+1(λm,n))2

∫ 1

0

z Jm(λm,nz)

(∫ π

−π

g(r0z, θ) sin(mθ) dθ

)

dz

9.2.6 Assuming the radius of the drumhead is r0 > 0 then the initial boundary value problem can be stated
as

utt = c2
(

urr +
1

r
ur +

1

r2
uθθ

)

for r < r0, −∞ < θ <∞, and t > 0

u(r0, θ, t) = 0 for −∞ < θ <∞ and t > 0

u(r, θ, 0) = f(r, θ) for r < r0 and −∞ < θ <∞
ut(r, θ, 0) = g(r, θ) for r < r0 and −∞ < θ <∞.

Let u(r, θ, t) = v(r, θ, t) + w(r, θ, t) where function v(r, θ, t) solves the initial boundary value problem

vtt = c2
(

vrr +
1

r
vr +

1

r2
vθθ

)

for r < r0, −∞ < θ <∞, and t > 0

v(r0, θ, t) = 0 for −∞ < θ <∞ and t > 0

v(r, θ, 0) = f(r, θ) for r < r0 and −∞ < θ <∞
vt(r, θ, 0) = 0 for r < r0 and −∞ < θ <∞

and w(r, θ, t) solves the initial boundary value problem

wtt = c2
(

wrr +
1

r
wr +

1

r2
wθθ

)

for r < r0, −∞ < θ <∞, and t > 0

w(r0, θ, t) = 0 for −∞ < θ <∞ and t > 0

w(r, θ, 0) = 0 for r < r0 and −∞ < θ <∞
wt(r, θ, 0) = g(r, θ) for r < r0 and −∞ < θ <∞.

The two solutions can be expressed as infinite series where

v(r, θ, t) =

∞∑

m=0

∞∑

n=1

[

Jm

(
λm,nr

r0

)

(Am,n cos(mθ) +Bm,n sin(mθ)) cos

(
cλm,nt

r0

)]
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with

A0,n =
2

π(J1(λ0,n))2

∫ 1

0

z J0(λ0,nz)

(∫ π

−π

f(r0z, θ) dθ

)

dz

Am,n =
2

π(Jm+1(λm,n))2

∫ 1

0

z Jm(λm,nz)

(∫ π

−π

f(r0z, θ) cos(mθ) dθ

)

dz

Bm,n =
2

π(Jm+1(λm,n))2

∫ 1

0

z Jm(λm,nz)

(∫ π

−π

f(r0z, θ) sin(mθ) dθ

)

dz

and

w(r, θ, t) =

∞∑

m=0

∞∑

n=1

[

Jm

(
λm,nr

r0

)

(Âm,n cos(mθ) + B̂m,n sin(mθ)) sin

(
cλm,nt

r0

)]

with

Â0,n =
2r0

cλ0,nπ(J1(λ0,n))2

∫ 1

0

z J0(λ0,nz)

(∫ π

−π

g(r0z, θ) dθ

)

dz

Âm,n =
2r0

cλm,nπ(Jm+1(λm,n))2

∫ 1

0

z Jm(λm,nz)

(∫ π

−π

g(r0z, θ) cos(mθ) dθ

)

dz

B̂m,n =
2r0

cλm,nπ(Jm+1(λm,n))2

∫ 1

0

z Jm(λm,nz)

(∫ π

−π

g(r0z, θ) sin(mθ) dθ

)

dz.

9.3.2 The formal solution may be expressed as an infinite series of the form

u(ρ, ϕ) =
∞∑

n=0

anρ
nPn(cosϕ).

On the boundary,

∞∑

n=0

anPn(cosϕ) = cos2 ϕ

=
2

3
P2(cosϕ) +

1

3
P0(ϕ).

Therefore the solution can be expressed as the finite sum,

u(ρ, ϕ) =
1

3
+

2

3
ρ2P2(cosϕ).

9.3.4 The formal solution may be expressed as an infinite series of the form

u(ρ, ϕ) =
∞∑

n=0

bn
ρn+1

Pn(cosϕ).

On the boundary,

∞∑

n=0

bnPn(cosϕ) = cos2 ϕ

=
1

3
P0(cosϕ) +

2

3
P2(cosϕ)

Therefore the solution can be expressed as the finite sum,

u(ρ, ϕ) =
1

3ρ
P0(cosϕ) +

2

3ρ3
P2(cosϕ).
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9.3.6 Since the mass density is constant and the potential on the surface of the sphere is independent of the
angular coordinates Eq. (8.80) allows Poisson’s equation to be written as

uρρ +
2

ρ
uρ = 4πGσ0

ρ2uρρ + 2ρuρ = 4πGσ0ρ
2

[ρ2uρ]ρ = 4πGσ0ρ
2

ρ2uρ =
4πGσ0

3
ρ3 +A

uρ =
4πGσ0

3
ρ+

A

ρ2

u(ρ, ϕ, θ) =
2πGσ0

3
ρ2 − A

ρ
+B.

In order for the solution to be bounded as ρ→ 0+ the constant A = 0. Therefore,

u(ρ, ϕ, θ) =
2πGσ0

3
ρ2 +B

for 0 ≤ ρ ≤ R0 where B is a constant.
9.3.8 If the solution is smooth at ρ = R0 then the partial derivative with respect to ρ is continuous at
ρ = R0. This implies

4

3
πGσ0R0 =

A

R2
0

⇐⇒ A =
4

3
πGσ0R

3
0.

Hence the u(ρ, ϕ, θ) = − 4πGσ0R
3
0

3ρ for ρ > R0. The solution must also be a continuous function of ρ at ρ = R0.
Therefore,

2

3
πGσ0R

2
0 +B = −4

3
πGσ0R

2
0 ⇐⇒ B = −2πGσ0R

2
0

which implies for 0 ≤ ρ ≤ R0

u(ρ, ϕ, θ) =
2

3
πGσ0ρ

2 − 2πGσ0R
2
0

=
2

3
πGσ0(ρ

2 − 3R2
0).

The gravitational potential can be expressed as the piecewise-defined function,

u(ρ, ϕ, θ) =

{
2
3πGσ0(ρ

2 − 3R2
0) for 0 ≤ ρ ≤ R0,

− 4πGσ0R
3
0

3ρ for ρ > R0.

9.4.1

Y −m
n (ϕ, θ) =

√

2n+ 1

4π

(n− (−m))!

(n+ (−m))!
ei(−m)θP−m

n (cosϕ)

=

√

2n+ 1

4π

(n+m)!

(n−m)!
ei(−m)θ(−1)m

(n−m)!

(n+m)!
Pm
n (cosϕ) (by Eq. (8.66))

= (−1)m

√

2n+ 1

4π

(n−m)!

(n+m)!
eim(−θ)Pm

n (cosϕ)

= (−1)mY m
n (ϕ,−θ)
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9.4.3
∫ π

−π

e±2iθ sin(2θ) dθ =

∫ π

−π

(cos(±2θ) + i sin(±2θ)) sin(2θ) dθ

=

∫ π

−π

cos(2θ) sin(2θ) dθ ± i

∫ π

−π

sin2(2θ) dθ

= ± i

2

∫ π

−π

(1− cos(4θ)) dθ

= ± i

2
(2π) = ±π i

9.4.5 The displacement can be written formally as an infinite series of the form

u(ϕ, θ, t) =

∞∑

n=0

n∑

m=−n

Y m
n (ϕ, θ)(an,m cos(

√

n(n+ 1)t) + bn,m sin(
√

n(n+ 1)t)

where bn,m = 0 and

an,m =

√

2n+ 1

4π

(n−m)!

(n+m)!

∫ π

−π

∫ π

0

1

16
sin(2ϕ) sin(3θ)e−imθPm

n (cosϕ) sinϕdϕdθ.

Note that an,m = 0 except when m = ±3 and an,−3 = an,3.

an,3 = − i

16
π

√

2n+ 1

4π

(n− 3)!

(n+ 3)!

∫ π

0

sin(2ϕ)P 3
n(cosϕ) sinϕdϕ

= − i

16

√

(2n+ 1)π
(n− 3)!

(n+ 3)!

∫ π

0

cosϕ sin2(ϕ)P 3
n(cosϕ) dϕ

= − i

16

√

(2n+ 1)π
(n− 3)!

(n+ 3)!

∫ 1

−1

x(1 − x2)1/2P 3
n(x) dx

If n is odd then n + 3 is even and therefore the integrand is an odd function and hence an,3 = 0 when n is
odd. Suppose n = 2k is even.

a2k,3 = − i

16

√

(4k + 1)π
(2k − 3)!

(2k + 3)!

∫ 1

−1

x(1 − x2)1/2P 3
2k(x) dx

=
i

16

√

(4k + 1)π
(2k − 3)!

(2k + 3)!

∫ 1

−1

x(1 − x2)2
d3

dx3
[P2k(x)] dx

= − i

16

√

(4k + 1)π
(2k − 3)!

(2k + 3)!

∫ 1

−1

(1− x2)(1− 5x2)
d2

dx2
[P2k(x)] dx

=
i

4

√

(4k + 1)π
(2k − 3)!

(2k + 3)!

∫ 1

−1

x(5x2 − 3)
d

dx
[P2k(x)] dx

=
i

4

√

(4k + 1)π
(2k − 3)!

(2k + 3)!

(
[
x(5x2 − 3)P2k(x)

]x=1

x=−1
−
∫ 1

−1

(15x2 − 3)P2k(x) dx

)

= i

√

(4k + 1)π
(2k − 3)!

(2k + 3)!
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Note that k must be greater than or equal to 2 for otherwise P 3
2k(x) is not defined. Thus the displacement

of the spherical membrane is

u(ϕ, θ, t) =

∞∑

k=2

[

i

√

(4k + 1)π
(2k − 3)!

(2k + 3)!
cos(

√

2k(2k + 1)t)
(
Y −3
2k (ϕ, θ) + Y 3

2k(ϕ, θ)
)

]

=
∞∑

k=2

[

i

√

(4k + 1)π
(2k − 3)!

(2k + 3)!
cos(

√

2k(2k + 1)t)
(
Y 3
2k(ϕ, θ)− Y 3

2k(ϕ,−θ)
)

]

=

∞∑

k=2

[

i

√

(4k + 1)π
(2k − 3)!

(2k + 3)!

√

4k + 1

4π

(2k − 3)!

(2k + 3)!
cos(

√

2k(2k + 1)t)P 3
2k(cosϕ)

(
ei3θ − e−i3θ

)

]

= − sin(3θ)
∞∑

k=2

[

(4k + 1)
(2k − 3)!

(2k + 3)!
cos(

√

2k(2k + 1)t)P 3
2k(cosϕ)

]

.

9.5.1 The formal solution may be expressed as an infinite series of the form

u(ρ, ϕ, θ, t) =

∞∑

n=0

∞∑

q=1

n∑

m=−n

An,m,qjn(λn+ 1
2 ,q
ρ)Y m

n (ϕ, θ)e
−λ2

n+1
2
,q
t
.

Since the initial condition is independent of ϕ and θ the solution to the heat equation will be as well. This
simplifies the series solution to

u(ρ, t) =

∞∑

q=1

A0,0,qj0(λ 1
2 ,q
ρ)e

−λ2
1
2
,q
t
.

At time t = 0,

u(ρ, 0) = sin(πρ)
∞∑

q=1

A0,0,qj0(λ 1
2 ,q
ρ) = πρj0(πρ)

= λ 1
2 ,1
ρj0(λ 1

2 ,1
ρ).

Multiply both sides of this equation by j0(λ 1
2 ,q̂
ρ)ρ2 and integrate with respect to ρ over the interval [0, 1].

∞∑

q=1

A0,0,q

∫ 1

0

j0(λ 1
2 ,q
ρ)j0(λ 1

2 ,q̂
ρ)ρ2 dρ =

∫ 1

0

λ 1
2 ,1
ρj0(λ 1

2 ,1
ρ)j0(λ 1

2 ,q̂
ρ)ρ2 dρ

1

2
A0,0,q̂(j1(λ 1

2 ,q̂
))2 =

1

q̂π

∫ 1

0

ρ sin(πρ) sin(q̂πρ) dρ

A0,0,q̂(j1(q̂π))
2 =

1

q̂π

∫ 1

0

ρ(cos(π(1 − q̂)ρ)− cos(π(1 + q̂)ρ)) dρ

A0,0,q̂
1

(q̂π)2
=

−4(1 + (−1)q̂)

π3(q̂2 − 1)2

A0,0,q̂ =
−4q̂2(1 + (−1)q̂)

π(q̂2 − 1)2
,
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if q̂ > 1. For the case when q = 1,

A0,0,1(j1(π))
2 =

1

π

∫ 1

0

ρ(1− cos(2πρ)) dρ

A0,0,1
1

π2
=

1

2π

A0,0,1 =
π

2
.

Formally the solution can be expressed as the infinite series,

u(ρ, t) =
π

2
j0(πρ)e

−π2t − 8

π

∞∑

q=1

4q2

(4q2 − 1)2
j0(2qπρ)e

−4q2π2t.

9.5.3 The formal solution may be expressed as an infinite series of the form

u(ρ, ϕ, θ, t) =

∞∑

n=0

∞∑

q=1

n∑

m=−n

An,m,qjn(λn+ 1
2 ,q
ρ)Y m

n (ϕ, θ)e
−λ2

n+1
2
,q
t
.

Since the initial condition is independent of ϕ and θ the solution to the heat equation will be as well. This
simplifies the series solution to

u(ρ, t) =

∞∑

q=1

A0,0,qj0(λ 1
2 ,q
ρ)e

−λ2
1
2
,q
t
.

At time t = 0,

u(ρ, 0) =

∞∑

q=1

A0,0,qj0(λ 1
2 ,q
ρ) = ρ− ρ2.

Multiply both sides of this equation by j0(λ 1
2 ,q̂
ρ)ρ2 and integrate with respect to ρ over the interval [0, 1].

∞∑

q=1

A0,0,q

∫ 1

0

j0(λ 1
2 ,q
ρ)j0(λ 1

2 ,q̂
ρ)ρ2 dρ =

∫ 1

0

(ρ− ρ2)j0(λ 1
2 ,q̂
ρ)ρ2 dρ

1

2
A0,0,q̂(j1(λ 1

2 ,q̂
))2 =

∫ 1

0

(ρ3 − ρ4)j0(λ 1
2 ,q̂
ρ) dρ

1

2
A0,0,q̂

1

(q̂π)2
=

1

q̂π

∫ 1

0

(ρ2 − ρ3) sin(q̂πρ) dρ

=
−2(1 + 2(−1)q̂)

(q̂π)4

A0,0,q̂ =
−4(1 + 2(−1)q̂)

(q̂π)2
.

Formally the solution can be expressed as the infinite series,

u(ρ, t) =
−4

π2

∞∑

q=1

(1 + 2(−1)q)

q2
j0(qπρ)e

−q2π2t.

9.5.5 The formal solution may be expressed as an infinite series of the form

u(ρ, ϕ, θ, t) =

∞∑

n=0

∞∑

q=1

n∑

m=−n

An,m,qjn(λn+ 1
2 ,q
ρ)Y m

n (ϕ, θ)e
−λ2

n+1
2
,q
t
.

89



Since the initial condition is independent of θ the solution to the heat equation will be as well. This simplifies
the series solution to

u(ρ, ϕ, t) =

∞∑

n=0

∞∑

q=1

An,0,qjn(λn+ 1
2 ,q
ρ)Pn(cosϕ)e

−λ2

n+1
2
,q
t
.

At time t = 0,

u(ρ, ϕ, 0) =

∞∑

n=0

∞∑

q=1

An,0,qjn(λn+ 1
2 ,q
ρ)Pn(cosϕ)

=

{
(1− ρ) cosϕ for 0 < ρ < 1, 0 < ϕ < π

2 ,
0 for 0 < ρ < 1, π

2 < ϕ < π.

Multiply both sides of the last equation by jn̂(λn̂+ 1
2 ,q̂
ρ)Pn̂(cosϕ)ρ

2 sinϕ and integrate over the unit sphere.

∞∑

n=0

∞∑

q=1

An,0,q

∫ 1

0

∫ π

0

∫ π

−π

jn(λn+ 1
2 ,q
ρ)Pn(cosϕ)jn̂(λn̂+ 1

2 ,q̂
ρ)Pn̂(cosϕ)ρ

2 sinϕdϕdθ dρ

=

∫ 1

0

∫ π
2

0

∫ π

−π

(1− ρ) cosϕjn̂(λn̂+ 1
2 ,q̂
ρ)Pn̂(cosϕ)ρ

2 sinϕdϕdθ dρ

∞∑

n=0

∞∑

q=1

An,0,q

∫ 1

0

∫ π

0

jn(λn+ 1
2 ,q
ρ)jn̂(λn̂+ 1

2 ,q̂
ρ)ρ2Pn(cosϕ)Pn̂(cosϕ) sinϕdϕdρ

=

∫ 1

0

∫ π
2

0

(ρ2 − ρ3)jn̂(λn̂+ 1
2 ,q̂
ρ)Pn̂(cosϕ) cosϕ sinϕdϕdρ

If n 6= n̂ or if q 6= q̂ the left-hand side of the equation is zero. When n = n̂, and q = q̂,

An̂,0,q̂

(2n̂+ 1)(jn̂+1(λn̂+ 1
2 ,q̂

))2
=

∫ 1

0

(ρ2 − ρ3)jn̂(λn̂+ 1
2 ,q̂
ρ) dρ

∫ π
2

0

Pn̂(cosϕ) cosϕ sinϕdϕ

Consider the definite integral with respect to the zenith angle ϕ. For the case of n̂ = 0,

∫ π
2

0

P0(cosϕ) cosϕ sinϕdϕ =

∫ 1

0

x dx =
1

2
.

If n̂ = 1,
∫ π

2

0

P1(cosϕ) cosϕ sinϕdϕ =

∫ 1

0

x2 dx =
1

3
.

From Eq. (8.76) if n̂ 6= 1 and t = 0, then

∫ π
2

0

Pn̂(cosϕ) cosϕ sinϕdϕ =

∫ 1

0

P1(x)Pn̂(x) dx

=
P ′
1(0)Pn(0)− P1(0)P

′
n(0)

(1)(2)− n̂(n̂+ 1)

=
Pn̂(0)

2− n̂(n̂+ 1)

=







0 if n̂ is odd and greater than 1,

(−1)k
(2k)!

22k(k!)2
if n̂ = 2k with k ∈ N, Eq. (8.51).
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Therefore if n̂ = 2k (an even integer)

A2k,0,q̂

(4k + 1)(j2k+1(λ2k+ 1
2 ,q̂

))2
= (−1)k

(2k)!

22k(k!)2

∫ 1

0

(ρ2 − ρ3)j2k(λ2k+ 1
2 ,q̂
ρ) dρ

A2k,0,q̂ = (−1)k
(4k + 1)(j2k+1(λ2k+ 1

2 ,q̂
))2(2k)!

22k(k!)2

∫ 1

0

(ρ2 − ρ3)j2k(λ2k+ 1
2 ,q̂
ρ) dρ.

If n̂ is an odd integer great than 1, then An̂,0,q = 0. Finally if n̂ = 1,

A1,0,q̂

3(j2(λ 3
2 ,q̂

))2
=

1

3

∫ 1

0

(ρ2 − ρ3)j1(λ 3
2 ,q̂
ρ) dρ

A1,0,q̂ = (j2(λ 3
2 ,q̂

))2
∫ 1

0

(ρ2 − ρ3)j1(λ 3
2 ,q̂
ρ) dρ.

9.5.7 The initial, boundary value problem describing this situation is as follows.

ut = ∆u for 0 < ρ < 1, 0 < ϕ < π, 0 ≤ θ < 2π, and t > 0

u(1, θ, ϕ, t) = 0 for 0 < ϕ < π, 0 ≤ θ < 2π, and t > 0

u(ρ, θ, ϕ, 0) =
sin(πρ) cosϕ

ρ
for 0 < ρ < 1, 0 < ϕ < π, and 0 ≤ θ < 2π

The formal series solution has the form,

u(ρ, ϕ, θ, t) =

∞∑

n=0

∞∑

q=1

n∑

m=−n

An,m,qjn
(
λn+1/2,qρ

)
Y m
n (ϕ, θ)e−κλ2

n+1/2,qt.

Note that the initial condition
sin(πρ) cosϕ

ρ
= πj0(λ 1

2 ,1
ρ)P 0

1 (cosϕ)

Using the orthogonality of the eigenfunctions, An,m,q = 0 except when n = 1 and m = 0. The Fourier series
expansion of the initial condition can be simplified to

u(ρ, ϕ, θ, 0) =

∞∑

q=1

A1,0,qj1

(

λ 3
2 ,q
ρ
)

Y 0
1 (ϕ, θ)

πj0(λ 1
2 ,1
ρ) cosϕ =

1

2

√

3

π

∞∑

q=1

A1,0,qj1

(

λ 3
2 ,q
ρ
)

cosϕ

2π

√
π

3
j0(λ 1

2 ,1
ρ) =

∞∑

q=1

A1,0,qj1

(

λ 3
2 ,q
ρ
)

.

Multiply both sides of the last equation by j1(λ 3
2 ,q̂
ρ)ρ2 and integrate with respect to ρ over the interval

[0, 1]. According to Cor. 8.2,

2π

√
π

3

∫ 1

0

j0(λ 1
2 ,1
ρ)j1(λ 3

2 ,q̂
ρ)ρ2 dρ =

∞∑

q=1

A1,0,q

∫ 1

0

j1

(

λ 3
2 ,q
ρ
)

j1(λ 3
2 ,q̂
ρ)ρ2 dρ

=
1

2
A1,0,q̂

(

j2(λ 3
2 ,q̂

)
)2

4π
√

π
3

(

j2(λ 3
2 ,q̂

)
)2

∫ 1

0

j0(λ 1
2 ,1
ρ)j1(λ 3

2 ,q̂
ρ)ρ2 dρ = A1,0,q̂.
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9.6.2 Note that 0 < P (u) for −A < u < A.

∫ A

−A

1

π
√
A2 − u2

du =
1

π

∫ π/2

−π/2

A cos t
√

A2 −A2 sin2 t
dt =

1

π

∫ π/2

−π/2

1 dt = 1

Thus P (u) is a valid probability density function.
9.6.4

(a) Replace n+ 1 with 2n in Eq. (8.111).

H2n(x) = 2xH2n−1(x)− 2(2n− 1)H2n−2(x)

e
−3x2

4 H2n(x) = 2xe
−3x2

4 H2n−1(x)− 2(2n− 1)e
−3x2

4 H2n−2(x)
∫ ∞

−∞
e

−3x2

4 H2n(x) dx = 2

∫ ∞

−∞
xe

−3x2

4 H2n−1(x) dx − 2(2n− 1)

∫ ∞

−∞
e

−3x2

4 H2n−2(x) dx

(b) Using integration by parts and the identity in the hint,

2

∫ ∞

−∞
xe−3x2/4H2n−1(x) dx =

[

−4

3
e−3x2/4H2n−1(x)

]x→∞

x→−∞
+

4

3

∫ ∞

−∞
e−3x2/4H ′

2n−1(x) dx

=
8

3
(2n− 1)

∫ ∞

−∞
e−3x2/4H2n−2(x) dx.

(c) Combining the results of the two previous parts of the exercise yields,

∫ ∞

−∞
e−3x2/4H2n(x) dx =

8

3
(2n− 1)

∫ ∞

−∞
e−3x2/4H2n−2(x) dx − 2(2n− 1)

∫ ∞

−∞
e−3x2/4H2n−2(x) dx

=
2

3
(2n− 1)

∫ ∞

−∞
e−3x2/4H2n−2(x) dx.

(d) When n = 0,

∫ ∞

−∞
e−3x2/4H0(x) dx =

∫ ∞

−∞
e−3x2/4 dx =

√

2

3

∫ ∞

−∞
e−z2/2 dz

= 2

√
π

3
= 2

√
π

3

(0)!

30(0!)
.

Now suppose the result holds for n = k, then

∫ ∞

−∞
e−3x2/4H2(k+1)(x) dx =

2

3
(2k + 1)

∫ ∞

−∞
e−3x2/4H2k(x) dx =

2

3
(2k + 1)2

√
π

3

(2k)!

3k(k!)

= 2

√
π

3

(2(k + 1))!

3k+1((k + 1)!)

and the formula holds for n = k + 1. Thus by the principle of mathematical induction, the formula
holds for all nonnegative integers n.

9.6.6 The energy and amplitude for the classical harmonic oscillator are related through the equation
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A =
√

2E/k.

An =

√

2

(

n+
1

2

)
~ω

k

=

√

(2n+ 1)
~ω

µω2

=

√

(2n+ 1)
~

µω

9.6.8 Integrate the probability density function for the quantum harmonic oscillator over the interval [−1, 1].

∫ 1

−1

1√
π
e−x2

dx =
2√
π

∫ 1

0

e−x2

dx = erf(1) ≈ 0.8427

Thus the quantum harmonic oscillator will be found outside of the interval [−1, 1] with probability approxi-
mately 1− 0.8427 = 0.1583.
9.7.2 Replacing e20

√

−µ/(32π2ǫ20E~2) with n in Eq. (9.47) results in the equation,

xy′′(x) + ((2l + 1)1 − x)y′(x) + (n− l − 1)y(x) = 0.

This is the ordinary differential equation satisfied by the generalized Laguerre polynomial when λ = n− l−1
is a nonnegative integer. The solution can be expressed as L2l+1

n−l−1(x).
9.7.4 By the result of Exercise 8.5.10 of Chap. 8,

0 = (n+ 1)Lα
n+1(x) − (2n+ α+ 1− x)Lα

n(x) + (n+ α)Lα
n−1(x).

Multiplying both sides of this equation by Lα
n(x)x

αe−x and integrating over the interval [0,∞) produces

0 = (n+ 1)

∫ ∞

0

Lα
n+1(x)L

α
n(x)x

αe−x dx− (2n+ α+ 1)

∫ ∞

0

(Lα
n(x))

2
xαe−x dx

+

∫ ∞

0

(Lα
n(x))

2
xα+1e−x dx+ (n+ α)

∫ ∞

0

Lα
n−1(x)L

α
n(x)x

αe−x dx

∫ ∞

0

(Lα
n(x))

2 xα+1e−x dx = (2n+ α+ 1)
Γ(n+ α+ 1)

n!

by Thm. 8.14. Now replace n with n− l − 1 and replace α with 2l+ 1.
9.7.6 From Eq. (9.49)

E1 = −
(1.67262×10−27)(9.10938×10−31)
(1.67262×10−27)+(9.10938×10−31) (1.60218× 10−19)4

32π2(8.854× 10−12)2(1.05457× 10−34)2

= −2.17869× 10−18
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The eigenfunction associated with this energy is Ψ100(ρ, ϕ, θ, t) where

Ψ100(ρ, ϕ, θ, t) =

√

α3(1 − 0− 1)!

2Γ(1 + 0 + 1)
e−

iE1
~

te−
αρ
2 (αρ)0L

2(0)+1
1−0−1(αρ)Y

0
0 (ϕ, θ)

=

√

α3

2
e−

iE1
~

te−
αρ
2

1

2
√
π

=

√

α3

8π
e−

iE1
~

te−
αρ
2

=

√
√
√
√

(
2
a0

)3

8π
e−

iE1
~

te−
2
a0

ρ

2

=

√

1

a30π
e−

iE1
~

te−
ρ
a0 .

9.7.8 Let P (ρ, ϕ, θ) = Ψ100(ρ, ϕ, θ, t)Ψ100(ρ, ϕ, θ, t), then

P (ρ, ϕ, θ) =
1

a30π
e
− 2ρ

a0

according to Eq. (9.52) and the result of Exercise 9.7.5. The probability of the electron having 0 < ρ < a0
is then

∫ a0

0

∫ π

0

∫ π

−π

1

a30π
e−

2ρ
a0 ρ2 sinϕdθ dϕdρ =

4π

a30π

∫ a0

0

e−
2ρ
a0 ρ2 dρ =

4

a30

a30(e
2 − 5)

4e2
=

(e2 − 5)

e2
≈ 0.323324.

10.1.1 Suppose u(x, t) = v(x, t)∆t is a solution to Eq. (10.6) with ∆t > 0 constant.

ut(x, t) = ut(x, t)∆t

uxx(x, t) = uxx(x, t)∆t

Note that u(0, t) = v(0, t)∆t = 0 and u(L, t) = v(L, t)∆t = 0 for t > ∆t. This implies v(0, t) = v(L, t) = 0
for t > ∆t. When t = ∆t then u(x,∆t) = v(x,∆t)∆t = g(x, 0)∆t which implies v(x,∆t) = g(x, 0). Hence
v(x, t) solves the initial boundary value problem

vt = κ vxx for 0 < x < L and t > ∆t,

v(0, t) = v(L, t) = 0 for t > ∆t,

v(x,∆t) = g(x, 0) for 0 ≤ x ≤ L.

10.1.3 Using Lemma 1.1,

d

dt

∫ t

0

tan−1(s2t)(1 + st)2 ds = tan−1(t3)(1 + t2)2 +

∫ t

0

[
s2(1 + st)2

1 + s4t2
+ 2s(1 + st) tan−1(s2t)

]

ds.

10.1.5 Differentiate the proposed solution with respect to variable x twice.

ux(x, t) =

∫ t

0

∫ ∞

−∞

1
√

4πκ(t− s)
e

−(x−y)2

4κ(t−s)

(−2(x− y)

4κ(t− s)

)

f(y, s) dy ds

uxx(x, t) =

∫ t

0

∫ ∞

−∞

1
√

4πκ(t− s)
e

−(x−y)2

4κ(t−s)

(
(x − y)2

4κ2(t− s)2
− 1

2κ(t− s)

)

f(y, s) dy ds
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Now carefully differentiate with u(x, t) with respect to variable t.

ut(x, t) = f(x, t) +

∫ t

0

∫ ∞

−∞

1
√

4πκ(t− s)

[ −2πκ

4πκ(t− s)
+

(x− y)2

4κ(t− s)2

]

e
−(x−y)2

4κ(t−s) f(y, s) dy ds

= f(x, t) +

∫ t

0

∫ ∞

−∞

1
√

4πκ(t− s)
e

−(x−y)2

4κ(t−s)

[
(x− y)2

4κ(t− s)2
− 1

2(t− s)

]

f(y, s) dy ds

= f(x, t) + κ

∫ t

0

∫ ∞

−∞

1
√

4πκ(t− s)
e

−(x−y)2

4κ(t−s)

[
(x− y)2

4κ2(t− s)2
− 1

2κ(t− s)

]

f(y, s) dy ds

= κuxx + f(x, t)

10.2.1 The solution can be expressed as u(x, t) =
∫ t

0
v̂(x, t − s; s) ds where v̂(x, t; s) is the solution to the

auxiliary initial boundary value problem

v̂t(x, t; s) = v̂xx(x, t; s) for 0 < x < π and t > 0,

v̂(0, t; s) = v̂(π, t; s) = 0 for t > 0,

v̂(x, 0; s) = sin(3x) for 0 < x < π.

By direct substitution v̂(x, t; s) = e−9t sin(3x) and thus

u(x, t) =

∫ t

0

e−9(t−s) sin(3x) ds = e−9t sin(3x)

∫ t

0

e9s ds =
1

9
(1− e−9t) sin(3x).

10.2.3 The solution can be expressed as the sum of the solution to the homogeneous portion of the initial
boundary value problem and the particular solution to the nonhomogeneous partial differential equation
with homogeneous boundary conditions and zero initial conditions (found in Exercise 10.2.1). The solution
to

vt = vxx for 0 < x < π and t > 0,

v(0, t) = v(π, t) = 0 for t > 0,

v(x, 0) = x
(

1− x

π

)

for 0 < x < π

can be expressed as

v(x, t) =

∞∑

n=1

ane
−n2t sin(nx)

where

an =
2

π

∫ π

0

x
(

1− x

π

)

sin(nx) dx =

{
0 if n is even,

8/(n3π2) if n is odd.

Thus the solution to the original initial value problem is

u(x, t) =
1

9
(1− e−9t) sin(3x) +

8

π2

∞∑

n=1

e−(2n−1)2t

(2n− 1)3
sin((2n− 1)x).

10.2.5 If function u1(x, t) = (e−t−1)x/π+1 and u(x, t) = u1(x, t)+w(x, t), then w(x, t) solves the following
initial value problem.

wt = wxx + sin(3x) +
x

π
e−t for 0 < x < π and t > 0,

w(0, t) = w(π, t) = 0 for t > 0,

w(x, 0) = cos(2x)− 1 for 0 < x < π
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The solution to this initial boundary value problem can be expressed as the sum of the solution to the homo-
geneous portion of the initial boundary value problem and the particular solution to the nonhomogeneous
partial differential equation with homogeneous boundary conditions and zero initial conditions. The solution
to

wt = wxx for 0 < x < π and t > 0,

w(0, t) = w(π, t) = 0 for t > 0,

w(x, 0) = cos(2x)− 1 for 0 < x < π

can be expressed as

w(x, t) =

∞∑

n=1

ane
−n2t sin(nx)

where

an =
2

π

∫ π

0

(cos(2x)− 1) sin(nx) dx =

{
0 if n is even,

16/(n(n2 − 4)π) if n is odd.

Therefore define

u2(x, t) =
16

π

∞∑

n=1

e−(2n−1)2t

(2n− 1)((2n− 1)2 − 4)
sin((2n− 1)x).

The solution to the nonhomogeneous initial boundary value problem

wt = wxx + sin(3x) +
x

π
e−t for 0 < x < π and t > 0,

w(0, t) = w(π, t) = 0 for t > 0,

w(x, 0) = 0 for 0 < x < π

can be expressed as w(x, t) =
∫ t

0 v̂(x, t − s; s) ds where v̂(x, t; s) is the solution to

v̂t(x, t; s) = v̂xx(x, t; s) for 0 < x < π and t > 0,

v̂(0, t; s) = v̂(π, t; s) = 0 for t > 0,

v̂(x, 0; s) = sin(3x) +
x

π
e−s for 0 < x < π

The function v̂(x, t; s) is

v̂(x, t; s) =

∞∑

n=1

bne
−n2t sin(nx)

where

bn =
2

π

∫ π

0

(

sin(3x) +
x

π
e−s
)

sin(nx) dx =

{

1 + 2e−s/(3π) if n = 3,
2(−1)n+1e−s

nπ if n 6= 3.

Consequently

v̂(x, t− s; s) = e−9(t−s) sin(3x)− 2e−s

π

∞∑

n=1

(−1)n

n
e−n2(t−s) sin(nx).

Assuming v̂ can be integrated term by term then the particular solution takes the form

u3(x, t) =
1

9
(1− e−9t) sin(3x) +

2te−t

π
sinx− 2

π

∞∑

n=2

(−1)n

n(n2 − 1)

(

e−t − e−n2t
)

sin(nx).

Finally the solution to the original initial boundary value problem is u(x, t) = u1(x, t) + u2(x, t) + u3(x, t).
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10.2.7 Multiply both sides of the ordinary differential equation by the integrating factor µ(t) = e4t. This
produces

(T ′
2(t) + 4T2(t)) e

4t =
e4t

π
sin t+ e3t

(

1− 1

π

)

d

dt

[
e4tT2(t)

]
=
e4t

π
sin t+ e3t

(

1− 1

π

)

∫ t

0

d

ds

[
e4sT2(s)

]
ds =

∫ t

0

e4s

π
sin s+ e3s

(

1− 1

π

)

ds

e4tT2(t) =
1

17π

(
1− e4t(cos t− 4 sin t)

)
+
π − 1

3π
(e3t − 1)

T2(t) =
1

17π

(
e−4t − cos t+ 4 sin t

)
+
π − 1

3π
(e−t − e−4t)

=
4

17π
sin t+

(20− 17π)e−4t

51π
+

(π − 1)e−t

3π
− 1

17π
cos t.

10.2.9 If function u1(x, t) = sin t and u(x, t) = u1(x, t) + w(x, t), then w(x, t) solves the following initial
value problem.

wt = wxx + cos(x)− cos(t) for 0 < x < π and t > 0,

wx(0, t) = w(π, t) = 0 for t > 0,

w(x, 0) = 0 for 0 < x < π

The solution to this nonhomogeneous initial boundary value problem can be expressed as w(x, t) =
∫ t

0
v̂(x, t−

s; s) ds where v̂(x, t; s) is the solution to

v̂t(x, t; s) = v̂xx(x, t; s) for 0 < x < π and t > 0,

v̂x(0, t; s) = v̂(π, t; s) = 0 for t > 0,

v̂(x, 0; s) = cos(x)− cos(s) for 0 < x < π

The function v̂(x, t; s) is

v̂(x, t; s) =
∞∑

n=1

bne
−(2n−1)2t/4 cos

(
(2n− 1)x

2

)

where

bn =
2

π

∫ π

0

(cos(x)− cos(s)) cos

(
(2n− 1)x

2

)

dx =
4(−1)n(4 + (4n2 − 4n− 3)(1 + cos s))

(4n2 − 1)(2n− 3)π
.

Consequently

v̂(x, t− s; s) =
4

π

∞∑

n=1

(−1)n(4 + (4n2 − 4n− 3)(1 + cos s))

(4n2 − 1)(2n− 3)
e−(2n−1)2(t−s)/4 cos

(
(2n− 1)x

2

)

.

Assuming v̂ can be integrated term by term then the particular solution takes the form

u3(x, t) =
16

π

∞∑

n=1

(−1)n(1− e−(2n−1)2t/4)

(4n2 − 1)(2n− 3)
cos

(
(2n− 1)x

2

)

+
16

π

∞∑

n=1

(−1)n
(

4 sin t+ (2n− 1)2
[

cos t− e−(2n−1)2t/4
])

(2n− 1)(8n(n− 1)(2n2 − 2n+ 1) + 17)
cos

(
(2n− 1)x

2

)

.
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Finally the solution to the original initial boundary value problem is u(x, t) = u1(x, t) + u3(x, t).
10.2.11 The solution u(x, t) = u1(x, t) + u2(x, t) where u1(x, t) is the solution to the following initial value
problem.

(u1)t = κ(u1)xx for −∞ < x <∞ and t > 0,

u1(x, 0) = φ(x) for −∞ < x <∞.

According to Thm. 4.3

u1(x, t) =

∫ ∞

−∞
U(x− y, t)φ(y) dy

for t > 0. The other component u2(x, t) solves

(u2)t = κ(u1)xx + f(x, t) for −∞ < x <∞ and t > 0,

u1(x, 0) = 0 for −∞ < x <∞.

By Thm. 10.3

u2(x, t) =

∫ t

0

∫ ∞

∞
U(x− y, t− s)f(y, s) dy ds.

10.3.1 The solution can be represented as the sum of a solution to the homogeneous initial value problem

vtt = vxx for −∞ < x <∞ and t > 0,

v(x, 0) = 0 for −∞ < x <∞,

vt(x, 0) = sinx for −∞ < x <∞.

which takes the form of a d’Alembert solution

v(x, t) =
1

2

∫ x+t

x−t

sin s ds = sinx sin t,

and a particular solution w(x, t) to the nonhomogeneous problem

wtt = wxx + sin(x− t) for −∞ < x <∞ and t > 0,

w(x, 0) = 0 for −∞ < x <∞,

wt(x, 0) = 0 for −∞ < x <∞.

According to Thm. 10.4,

w(x, t) =
1

2

∫ t

0

∫ x+(t−s)

x−(t−s)

sin(r − s) dr ds =
1

2

∫ t

0

(cos(x− t)− cos(x+ t− 2s)) ds

=
t

2
cos(x− t)− 1

2
cosx sin t.

The solution to the original initial value problem is thus

u(x, t) = sinx sin t+
t

2
cos(x− t)− 1

2
cosx sin t.

10.3.3 Suppose that

ω2x

L
sin(ωs) =

∞∑

n=1

an(s)nπc

L
sin

nπx

L
,
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then multiplying both sides of the equation by sin(mπx/L) and integrating over [0, L] produces the following.

ω2

L
sin(ωs)

∫ L

0

x sin
mπx

L
dx =

∞∑

n=1

an(s)nπc

L

∫ L

0

sin
nπx

L
sin

mπx

L
dx

ω2

L
sin(ωs)

(−1)m+1L2

mπ
=
am(s)mπc

L

L

2

am(s) =
2(−1)m+1Lω2

m2π2c
sin(ωs).

This assumes that the order of integration and summation can be interchanged.
10.3.5 Let u1(x, t) = (−t + sin t)x/π then if u(x, t) = u1(x, t) + v(x, t), the function v(x, t) satisfies the
following initial boundary value problem.

vtt = vxx + sin(x − t) +
x

π
sin t for 0 < x < π and t > 0,

v(0, t) = v(π, t) = 0 for t > 0,

v(x, 0) = vt(x, 0) = 0 for 0 < x < π

Suppose the solution can be written formally as

v(x, t) =

∞∑

n=1

an(t) sin(nx),

where the functions an(t) are as yet unknown. The partial differential equation can be written as

sin(x− t) +
x

π
sin t =

∞∑

n=1

(a′′n(t) + n2an(t)) sin(nx).

Multiplying both sides of the equation by sin(mx) and integrating over the interval [0, π] produces the
following equation.

a′′m(t) +m2am(t) =
2(−1)m+1 sin t

mπ
+







cos t if m = 1,
0 if m is odd and m > 2,

−4m
(m2−1)π sin t if m is even.

If am(0) = a′m(0) = 0 then the initial conditions of the initial boundary value problem will be satisfied. Thus
when m = 1 the following initial value problem must be solved.

a′′1(t) + a1(t) =
2

π
sin t+ cos t

a1(0) = a′1(0) = 0

The reader can verify the solution is a1(t) = (1/π+ t/2) sin t− (t/π) cos t. When m is odd and greater than
1 the initial value problem to be solved takes the form

a′′m(t) +m2am(t) =
2(−1)m+1 sin t

mπ
am(0) = a′m(0) = 0.

The solution in this case can be written as

am(t) =
2(−1)m(sin(mt)−m sin t)

m2(m2 − 1)π
.
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When m is even the initial value problem becomes

a′′m(t) +m2am(t) =
2(−1)m+1 sin t

mπ
− 4m

(m2 − 1)π
sin t

am(0) = a′m(0) = 0

The solution can be verified to be

am(t) =
2(−1)m(sin(mt)−m sin t)

m2(m2 − 1)π
+

4(sin(mt)−m sin t)

(m2 − 1)2π

Thus the solution to the original initial boundary value problem can be formally written as

u(x, t) = (−t+ sin t)
x

π
+

([
1

π
+
t

2

]

sin t− t

π
cos t

)

sinx

+
∞∑

n=2

(2(2n− 1) sin t− sin((2n− 1)t))

(2n− 1)2((2n− 1)2 − 1)π
sin((2n− 1)x)

+

∞∑

n=1

(
2(sin(2nt)− 2n sin t)

4n2(4n2 − 1)π
+

4(sin(2nt)− 2n sin t)

(4n2 − 1)2π

)

sin(2nx).

11.1.1

f̂(ω) =
1√
2π

∫ ∞

−∞
f(x)e−iωx dx

=
1√
2π

∫ ∞

0

e−axe−iωx dx

=
1√
2π

lim
M→∞

∫ M

0

e−(a+iω)x dx

=
−1

(a+ iω)
√
2π

lim
M→∞

[

e−(a+iω)x
]x=M

x=0

=
−1

(a+ iω)
√
2π

lim
M→∞

(

e−(a+iω)M − 1
)

Since 0 ≤ |e−iωM |e−aM ≤ e−aM then by the Squeeze Theorem (Thm. 2.7 of [?]),

lim
M→∞

(

e−(a+iω)M − 1
)

= −1 =⇒ f̂(ω) =
1

(a+ iω)
√
2π
.

11.1.3

(a) Using the definition of the Fourier transform, inverse Fourier transform, and a “dummy” variable of
integration yield

F−1[f̂ ](x) =
1√
2π

∫ ∞

−∞

(
1√
2π

∫ ∞

−∞
f(y)e−iωy dy

)

eiωx dω

=
1√
2π

∫ ∞

−∞

∫ ∞

−∞

1√
2π
f(y)eiω(x−y) dy dω

(b) Make the substitution u = x− y.

F−1[f̂ ](x) =
1√
2π

∫ ∞

−∞

∫ ∞

−∞

1√
2π
f(x− u)eiωu du dω

=
1√
2π

∫ ∞

−∞
f(x− u)

∫ ∞

−∞

1√
2π
eiωu dω du
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(c) Since the Fourier transform of the Dirac delta function is 1/
√
2π then

F−1[f̂ ](x) =

∫ ∞

−∞
f(x− u)

(
1√
2π

∫ ∞

−∞

1√
2π
eiωu dω

)

du

=

∫ ∞

−∞
f(x− u)δ(u) du

= f(x).

11.1.5

f̂(ω) =
1√
2π

∫ ∞

−∞
xe−x2

e−iωx dx

=
1√
2π

∫ ∞

−∞
xe−(x2+iωx) dx

=
e−ω2/4

√
2π

∫ ∞

−∞
xe−(x+iω/2)2 dx

=
e−ω2/4

√
2π

∫ ∞

−∞

(

x+
iω

2

)

e−(x+iω/2)2 dx− e−ω2/4

√
2π

∫ ∞

−∞

iω

2
e−(x+iω/2)2 dx

=
e−ω2/4

√
2π

∫ ∞

−∞
ze−z2

dz − iω

2

e−ω2/4

√
2π

∫ ∞

−∞
e−z2

dz

= − iω
2
e−ω2/4 1√

2π

∫ ∞

−∞
e−z2

dz

= − iω

2
√
2
e−w2/4

11.1.7

f(x) =
1√
2π

∫ ∞

−∞
f̂(ω)eiωx dω

=
1√
2π

∫ ∞

−∞
e−aω2

eiωx dω

=
1√
2π
e−x2/4a

∫ ∞

−∞
e−a(ω− ix

2a )
2

dω

=
1√
2π
e−x2/(4a)

∫ ∞

−∞
e−az2

dz

=
1√
2a
e−x2/(4a)

The last step follows since
∫ ∞

−∞
e−az2

dz =

√
π

a
.

11.1.9Use the complex exponential form of sinx and the technique of completing the square in the exponents
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to evaluate the integral.

F [e−x2

sinx](ω) =
1√
2π

∫ ∞

−∞
e−x2 eix − e−ix

2i
e−iωx dx

=
1

2i
√
2π
e

−(ω−1)2

4

∫ ∞

−∞
e−(x+

i(ω−1)
2 )

2

dx− 1

2i
√
2π
e

−(ω+1)2

4

∫ ∞

−∞
e−(x+

i(ω+1)
2 )

2

dx

=
1

2i
√
2
e−

(ω−1)2

4 − 1

2i
√
2
e−

(ω+1)2

4

=
i

2
√
2

(

e−
(ω+1)2

4 − e−
(ω−1)2

4

)

11.1.11 Using the definition of the Fourier transform given in Eq. (11.1) and the complex exponential
formula for sinx produce,

F [f ](ω) =
1√
2π

∫ ∞

−∞
f(x)e−iωx dx =

1√
2π

∫ ∞

0

e−x e
ix − e−ix

2i
e−iωx dx

=
1

2i
√
2π

∫ ∞

0

(

e(i(1−ω)−1)x − e−(i(1+ω)+1)x
)

dx

= lim
M→∞

[
1

2i
√
2π

(
e(i(1−ω)−1)x

i(1− ω)− 1
+
e−(i(1+ω)+1)x

i(1 + ω) + 1

)]x=M

x=0

=
−1

2i
√
2π

(
1

i(1− ω)− 1
+

1

i(1 + ω) + 1

)

=
−1

((ω − i)2 − 1)
√
2π
.

11.2.1 Making use of Thm. 11.3,

F [f ](ω) = i
d

dω
[F [erf](ω)]

= i
d

dω

[ √
2

iω
√
π
e−

ω2

4

]

(using Exercise 11.1.12)

=

√
2√
π

d

dω

[
1

ω
e−

ω2

4

]

=

√
2√
π

(−1

ω2
e−

ω2

4 − 1

2
e−

ω2

4

)

= − (2 + ω2)

ω2
√
2π

e−
ω2

4 .

11.2.3 The transform G(ω) can be re-written as

G(ω) =

√

2

π

(√
π

2
δ(ω − ω0)−

√
π

2
δ(ω + ω0)

)

=

√

2

π

(√
π

2
δ(ω − ω0)−

i

(ω − ω0)
√
2π

−
√
π

2
δ(ω + ω0) +

i

(ω + ω0)
√
2π

)

.
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Using the linearity property, the shifting property, and the result of Example 11.5,

F−1[G](x) =

√

2

π

(
eiω0xH(x)− e−iω0xH(x)

)

=

√

2

π

(
eiω0x − e−iω0x

)
H(x)

= 2

√

2

π
i sin(ω0x)H(x).

11.2.5 The piecewise-defined function f(x) from Exercise 11.1.11 can be written using the Heaviside function
H(x) as

f(x) = H(x)e−x sinx.

Thus from Exercise 11.1.11 and Thm. 11.4,

F
[

f
(

x+
π

2

)]

(ω) =
−eiωπ/2

((ω − i)2 − 1)
√
2π

F
[

H
(

x+
π

2

)

e−x−π
2 sin

(

x+
π

2

)]

(ω) =
−eiωπ/2

((ω − i)2 − 1)
√
2π

e−
π
2 F
[

H
(

x+
π

2

)

e−x cosx
]

(ω) =
−eiωπ/2

((ω − i)2 − 1)
√
2π

F
[

H
(

x+
π

2

)

e−x cosx
]

(ω) =
−e(iω+1)π/2

((ω − i)2 − 1)
√
2π

1√
2π

∫ 0

−π/2

e−x cosxe−iωx dx + F
[
H(x)e−x cosx

]
(ω) =

−e(iω+1)π/2

((ω − i)2 − 1)
√
2π

1√
2π

(
1 + iω

(ω − i)2 − 1

)

− 1√
2π

(
e(iω+1)π/2

(ω − i)2 − 1

)

+ F [g](ω) =
−e(iω+1)π/2

((ω − i)2 − 1)
√
2π

F [g](ω) =
−1− iω

((ω − i)2 − 1)
√
2π

11.2.7

(f ∗ g)(x) = 1√
2π

∫ ∞

−∞
ze−(x−z)2 dz

=
1√
2π

∫ ∞

−∞
(x− u)e−u2

du

=
x√
2π

∫ ∞

−∞
e−u2

du− 1√
2π

∫ ∞

−∞
ue−u2

du

=
x
√
π√

2π
− 0 =

x√
2

11.2.9

(f ∗ g)′(x) = d

dx

[
1√
2π

∫ ∞

−∞
f(x− z)g(z) dz

]

=
1√
2π

∫ ∞

−∞

d

dx
[f(x− z)] g(z) dz

=
1√
2π

∫ ∞

−∞
f ′(x− z)g(z) dz = (f ′ ∗ g)(x)
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11.3.1 Make use of completing the square in the exponents.

u(x, t) =
1√
2π

∫ ∞

−∞

i

2
√
2

(

e−
(ω+1)2

4 − e−
(ω−1)2

4

)

e−κω2teiωx dω

=
i

4
√
π

∫ ∞

−∞

(

e−
(1+4κt)

4 (ω2+ 2(1−2ix)ω
1+4κt + 1

1+4κt) − e−
(1+4κt)

4 (ω2− 2(1+2ix)ω
1+4κt + 1

1+4κt )
)

dω

=
i

4
√
π
e
− (1+4κt)

4

(

− (1−2ix)2

(1+4κt)2
+ 1

1+4κt

)

∫ ∞

−∞
e−

(1+4κt)
4 (ω+ 1−2ix

1+4κt)
2

dω

− i

4
√
π
e
− (1+4κt)

4

(

− (1+2ix)2

(1+4κt)2
+ 1

1+4κt

)

∫ ∞

−∞
e−

(1+4κt)
4 (ω− 1+2ix

1+4κt )
2

dω

=
i

4
√
π
e

(1−2ix)2−(1+4κt)
4(1+4κt)

2√
1 + 4κt

∫ ∞

−∞
e−u2

du− i

4
√
π
e

(1+2ix)2−(1+4κt)
4(1+4κt)

2√
1 + 4κt

∫ ∞

−∞
e−u2

du

=
i

2
√
1 + 4κt

e−
x2+κt
1+4κt

(

e−
ix

1+4κt − e
ix

1+4κt

)

=
1√

1 + 4κt
e−

x2+κt
1+4κt sin

(
x

1 + 4κt

)

11.3.3 Fourier transforming both sides of the PDE and solving the resulting ODE produce û(ω, t) =

û(ω, 0)e−κω2t, where û(ω, 0) = F [δ](ω) = 1√
2π

according to Exercise 11.1.2. Now find the inverse Fourier

Transform of û(ω, t).

u(x, t) = F−1[
1√
2π
e−κω2t](x)

=
1√
2π

∫ ∞

−∞

1√
2π
e−κω2t+iωx dω

=
1

2π
e

−x2

4κt

∫ ∞

−∞
e−κt(ω+ ix

2κt )
2

dω

=
1√
4κπt

e
−x2

4κt

11.3.5 Start by taking the Fourier transform of both sides of the partial differential equation. Integrate with
respect to x since the boundary condition is a function of x.

F [uxx + uyy](ω) = F [0](ω)

−ω2û(ω, y) + ûyy(ω, y) = 0

û(ω, y) = A(ω)eωy +B(ω)e−ωy

If we assume limy→∞ u(x, y) = 0 then limy→∞ û(ω, y) = 0 which implies the function û(ω, y) may be written
as

û(ω, y) = C(ω)e−|ω|y.

The Fourier transform of the boundary condition is

f̂(ω) =
1√
2π

∫ ∞

−∞
f(s)e−iωs ds.

Since û(ω, 0) = C(ω) = f̂(ω) then û(ω, y) = f̂(ω)e−|ω|y. Now the solution to the boundary value problem is
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found by inverse Fourier transforming û(ω, y).

u(x, y) =
1√
2π

∫ ∞

−∞
f̂(ω)e−|ω|yeiωx dω

=
1

2π

∫ ∞

−∞

(∫ ∞

−∞
f(s)e−iωs ds

)

eiωx−|ω|y dω

=
1

2π

∫ ∞

−∞
f(s)

∫ ∞

−∞
eiω(x−s)−|ω|y dω ds

=
1

2π

∫ ∞

−∞
f(s)

(∫ 0

−∞
eiω(x−s)+ωy dω +

∫ ∞

0

eiω(x−s)−ωy dω

)

ds

=
1

2π

∫ ∞

−∞
f(s)

([
eiω(x−s)+ωy

i(x− s) + y

]ω=0

ω→−∞
+

[
eiω(x−s)−ωy

i(x− s)− y

]ω→∞

ω=0

)

ds

=
1

2π

∫ ∞

−∞
f(s)

(
1

i(x− s) + y
− 0 + 0− 1

i(x− s)− y

)

ds

=
1

2π

∫ ∞

−∞

−2yf(s)

−(x− s)2 − y2
ds

=
y

π

∫ ∞

−∞

f(s)

(x− s)2 + y2
ds

This integral form of the solution holds for y > 0.
11.3.7 Note that û(ω, y) given in Eq. (11.13) can be factored as

√
πe−(1+y)|ω|

√
2

=

(√
π√
2
e−|ω|

)(

e−y|ω|
)

where

F−1

[√
π√
2
e−|ω|

]

(x) =
1

1 + x2
and F−1

[

e−y|ω|
]

(x) =

√
2√
π

y

x2 + y2
.

Hence by Thm. 11.5,

√
πe−(1+y)|ω|

√
2

= F
[

1√
2π

∫ ∞

−∞

1

1 + (x − z)2
·
√
2√
π

y

z2 + y2
dz

]

(ω)

which implies the solution to Laplace’s equation can be written as the convolution,

u(x, y) =
1

π

∫ ∞

−∞

1

1 + (x − z)2
· y

z2 + y2
dz.

11.4.1 Since the cosine is an even function,

f̂ c(−ω) =
√

2

π

∫ ∞

0

f(x) cos(−ωx) dx =

√

2

π

∫ ∞

0

f(x) cos(ωx) dx = f̂ c(ω).

Thus f̂ c(ω) is an even function of ω.
Since the sine is an odd function,

f̂ s(−ω) =
√

2

π

∫ ∞

0

f(x) sin(−ωx) dx = −
√

2

π

∫ ∞

0

f(x) sin(ωx) dx = −f̂ s(ω).

Thus f̂ s(ω) is an odd function of ω.
11.4.3
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(a) Suppose f is an even function, then f̂ c(ω) is an even function.

F [f ](ω) = Fc[f ](ω)

F−1[f̂ ](x) = F−1[f̂ c](x)

f(x) =
1√
2π

∫ ∞

−∞
f̂ c(ω)eiωx dω

=

√

2

π

∫ ∞

0

f̂ c(ω) cos(ωx) dω

= F−1
c [f̂ c](x)

(b) Suppose f is an odd function, then f̂ s(ω) is an odd function.

F [f ](ω) = −iFs[f ](ω)

F−1[f̂ ](x) = F−1[−if̂ s(ω)](x)

f(x) =
−i√
2π

∫ ∞

−∞
f̂ s(ω)eiωx dω

=

√

2

π

∫ ∞

0

f̂ s(ω) sin(ωx) dω

= F−1
s [f̂ s](x)

11.4.5 Follow a line of reasoning similar to that used to prove Thm. 11.3.

Fs[x
2f(x)](ω) =

√

2

π

∫ ∞

0

x2f(x) sin(ωx) dx

=

√

2

π

∫ ∞

0

f(x)(x2 sin(ωx)) dx

= −
√

2

π

∫ ∞

0

f(x)
d2

dω2
[sin(ωx)] dx

= − d2

dω2

[√

2

π

∫ ∞

0

f(x) sin(ωx) dx

]

= − d2

dω2
Fs[f ](ω)

A similar calculation shows,

Fs[x
2f(x)](ω) = − d2

dω2
Fc[f ](ω).

11.4.7 By definition,

Fs[f ](ω) =

√

2

π

∫ ∞

0

e−αx sin(βx) sin(ωx) dx.

Using the product to sum identity in Eq. (3.10) this integral can be re-written as

f̂ s(ω) =
1

2

√

2

π

∫ ∞

0

e−αx(cos([ω − β]x) − cos([ω + β]x)) dx

=
1

2

√

2

π

∫ ∞

0

e−αx cos([ω − β]x) dx − 1

2

√

2

π

∫ ∞

0

e−αx cos([ω + β]x)) dx

=
1

2

√

2

π

(
α

α2 + (ω − β)2
− α

α2 + (ω + β)2

)

.
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11.4.9 By definition,

Fs[e
−αx2

sin(βx)](ω) =

√

2

π

∫ ∞

0

e−αx2

sin(βx) sin(ωx) dx.

Using the product to sum identity in Eq. (3.10) this integral can be re-written as

f̂ s(ω) =
1

2

√

2

π

∫ ∞

0

e−αx2

(cos([ω − β]x) − cos([ω + β]x)) dx

=
1

4

√

2

π

∫ ∞

0

e−αx2
(

ei(ω−β)x + e−i(ω−β)x − ei(ω+β)x − e−i(ω+β)x
)

dx

=
1

4

√

2

π
e−

(ω−β)2

4α

∫ ∞

0

e−α(x− i(ω−β)
2α )

2

dx+
1

4

√

2

π
e−

(ω−β)2

4α

∫ ∞

0

e−α(x+ i(ω−β)
2α )

2

dx

− 1

4

√

2

π
e−

(ω+β)2

4α

∫ ∞

0

e−α(x− i(ω+β)
2α )

2

dx− 1

4

√

2

π
e−

(ω+β)2

4α

∫ ∞

0

e−α(x+ i(ω+β)
2α )

2

dx

=

√
2

4
√
π
e−

(ω−β)2

4α

( √
π

2
√
α
− 1

2
√
α
erf

(
i(β − ω)

2
√
α

))

+

√
2

4
√
π
e−

(ω−β)2

4α

( √
π

2
√
α
+

1

2
√
α
erf

(
i(β − ω)

2
√
α

))

−
√
2

4
√
π
e−

(ω+β)2

4α

( √
π

2
√
α
+

1

2
√
α
erf

(
i(β + ω)

2
√
α

))

−
√
2

4
√
π
e−

(ω+β)2

4α

( √
π

2
√
α
− 1

2
√
α
erf

(
i(β + ω)

2
√
α

))

=
1

2
√
2α
e−

(ω−β)2

4α − 1

2
√
2α
e−

(ω+β)2

4α

=
1√
2α
e−

ω2+β2

4α sinh

(
βω

2α

)

.

11.5.1 Using the definition of the multidimensional Fourier transform in Eq. (11.21),

F [af + bg](ω) =

(
1√
2π

)n ∫ ∞

−∞
· · ·
∫ ∞

−∞
[af(x1, . . . , xn) + bg(x1, . . . , xn)]e

−iω1x1−···−iωnxn dx1 · · · dxn

= a

(
1√
2π

)n ∫ ∞

−∞
· · ·
∫ ∞

−∞
f(x1, . . . , xn)e

−iω1x1−···−iωnxn dx1 · · · dxn

+ b

(
1√
2π

)n ∫ ∞

−∞
· · ·
∫ ∞

−∞
g(x1, . . . , xn)e

−iω1x1−···−iωnxn dx1 · · · dxn

= aF [f ](ω) + bF [g](ω).

11.5.3

F−1[δ(ω1 − ω1,0, ω2 − ω2,0)](x1, x2) =
1

2π

∫ ∞

−∞

∫ ∞

−∞
δ(ω1 − ω1,0, ω2 − ω2,0)e

iω1x1+iω2x2 dω1 dω2

=
1

2π
eiω1,0x1+iω2,0x2

11.5.5 By definition

F [f(a1x1, a2x2)](ω1, ω2) =
1

2π

∫ ∞

−∞

∫ ∞

−∞
f(a1x1, a2x2)e

−iω1x1−iω2x2 dx1 dx2.

Make the substitutions u1 = a1x1 and u2 = a2x2.

F [f(a1x1, a2x2)](ω1, ω2) =
1

2a1a2π

∫ ∞

−∞

∫ ∞

−∞
f(u1, u2)e

− iω1u1
a1

− iω2u2
a2 du1 du2

=
1

a1a2
f̂

(
ω1

a1
,
ω2

a2

)
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11.5.7 Suppose t > 0. According to the chain rule and product rule for derivatives,

∂

∂t
[u(x, t)] = u(x, t)

(
x · x
4κt2

− 3

2t

)

∂2

∂x21
[u(x, t)] =

1

2κt
u(x, t)

(
x21
2κt

− 1

)

∂2

∂x22
[u(x, t)] =

1

2κt
u(x, t)

(
x22
2κt

− 1

)

∂2

∂x23
[u(x, t)] =

1

2κt
u(x, t)

(
x23
2κt

− 1

)

.

Substituting these partial derivatives into the expression,

ut − κ∆u = u(x, t)

(
x · x
4κt2

− 3

2t

)

− 1

2t
u(x, t)

(
x · x
2κt

− 3
)

= 0

which demonstrates the function given in Eq. (11.30) solves the heat equation.
11.5.9 Compute the two-dimensional Fourier transform of both sides of the Schrödinger equation with
respect to x.

F [i~Ψt(x, t)](ω) = F [− ~
2

2m
∆Ψ(x, t)](ω)

i~
d

dt
[Ψ̂(ω, t)] = − ~

2

2m
(−ω2

1 − ω2
2)Ψ̂(ω, t)

d

dt
[Ψ̂(ω, t)] = − i~

2m
(ω · ω)Ψ̂(ω, t)

Ψ̂(ω, t) = Ψ̂(ω, 0)e−
i~
2m (ω·ω)t

The function Ψ̂(ω, 0) is the Fourier transform of the initial condition of the wave function (not explicitly
stated in the problem). The wave function is the inverse Fourier transform of Ψ̂(ω, t).

Ψ(x, t) =
1

2π

∫

R2

Ψ̂(ω, 0)e−
i~
2m (ω·ω)teiω·x dω =

1

2π

∫

R2

Ψ̂(ω, 0)eiω·(x− ~t
2mω) dω

12.1.1 Using the derivative, for a < x < b

d

dx
[p(x)W [u1, u2](x)] = p′(x)(u1(x)u

′
2(x) − u′1(x)u2(x)) + p(x)(u′1(x)u

′
2(x) + u1(x)u

′′
2 (x) − u′′1(x)u2(x) − u′1(x)u

′
2(x))

= u1(x)[p(x)u
′
2(x)]

′ − u2(x)[p(x)u
′
1(x)]

′

= u1(x)(−q(x)u2(x)) − u2(x)(−q(x)u1(x))
= 0.

Hence by the Mean Value Theorem p(x)W [u1, u2](x) is constant on (a, b).
12.1.3

u′(x) = −
∫ x

z1

f(y)u′1(x)u2(y)

p(y)W [u1, u2](y)
dy − f(x)u1(x)u2(x)

p(x)W [u1, u2](x)

+

∫ x

z2

f(y)u1(y)u
′
2(x)

p(y)W [u1, u2](y)
dy +

f(x)u1(x)u2(x)

p(x)W [u1, u2](x)

= −
∫ x

z1

f(y)u′1(x)u2(y)

p(y)W [u1, u2](y)
dy +

∫ x

z2

f(y)u1(y)u
′
2(x)

p(y)W [u1, u2](y)
dy
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12.1.5 By use of the inner product,

∫ b

a

L[u](x)v(x) dx =

∫ b

a

([p(x)u′(x)]′v(x) + q(x)u(x)v(x)) dx

= [p(x)u′(x)v(x)]
x=b
x=a −

∫ b

a

(p(x)u′(x)v′(x) + q(x)u(x)v(x)) dx

= [p(x)(u′(x)v(x) − u(x)v′(x))]
x=b
x=a +

∫ b

a

([p(x)v′(x)]′ + q(x)v(x))u(x) dx

= [p(x)(u′(x)v(x) − u(x)v′(x))]
x=b
x=a +

∫ b

a

L[v](x)u(x) dx

Hence the linear differential operator of Sturm-Liouville type is formally self-adjoint. The surface terms
vanish since if β1 6= 0 and β2 6= 0 (the other cases are similar)

p(b)(u′(b)v(b)− u(b)v′(b))− p(a)(u′(a)v(a) − u(a)v′(a))

= p(b)

(−α2u(b)

β2
v(b)− u(b)v′(b)

)

− p(a)

(−α1u(a)

β1
v(a) − u(a)v′(a)

)

= −p(b)u(b)
(
α2v(b) + β2v

′(b)

β2

)

+ p(a)u(a)

(
α1v(a) + β1v

′(a)

β1

)

= 0.

Therefore the Sturm-Liouville linear differential operator is self-adjoint.
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12.1.7 Use integration by parts.

∫ x

0

(y + 1)2 sin(4y) dy =

[−(y + 1)2

4
cos(4y)

]y=x

y=0

+

∫ x

0

y + 1

2
cos(4y) dy

=
1

4
− (x+ 1)2

4
cos(4x) +

∫ x

0

y + 1

2
cos(4y) dy

=
1

4
− (x+ 1)2

4
cos(4x) +

[
y + 1

8
sin(4y)

]y=x

y=0

−
∫ x

0

1

8
sin(4y) dy

=
1

4
− (x+ 1)2

4
cos(4x) +

x+ 1

8
sin(4x)−

∫ x

0

1

8
sin(4y) dy

=
1

4
− (x+ 1)2

4
cos(4x) +

x+ 1

8
sin(4x) +

[
1

32
cos(4y)

]y=x

y=0

=

(
1

32
− (x+ 1)2

4

)

cos(4x) +
x+ 1

8
sin(4x) +

7

32
∫ 1

x

(y + 1)2 cos(4y − 4) dy =

[
(y + 1)2

4
sin(4y − 4)

]y=1

y=x

−
∫ 1

x

y + 1

2
sin(4y − 4) dy

= − (x+ 1)2

4
sin(4x− 4)−

∫ 1

x

y + 1

2
sin(4y − 4) dy

= − (x+ 1)2

4
sin(4x− 4) +

[
y + 1

8
cos(4y − 4)

]y=1

y=x

−
∫ 1

x

1

8
cos(4y − 4) dy

=
1

4
− (x+ 1)2

4
sin(4x− 4)− x+ 1

8
cos(4x− 4)−

∫ 1

x

1

8
cos(4y − 4) dy

=
1

4
− (x+ 1)2

4
sin(4x− 4)− x+ 1

8
cos(4x− 4)−

[
1

32
sin(4y − 4)

]y=1

y=x

=

(
1

32
− (x+ 1)2

4

)

sin(4x− 4)− x+ 1

8
cos(4x− 4) +

1

4

Consequently the solution may be expressed as

u(x) =
− cos(4x− 4)

4 cos(4)

[(
1

32
− (x+ 1)2

4

)

cos(4x) +
x+ 1

8
sin(4x) +

7

32

]

− sin(4x)

4 cos(4)

[(
1

32
− (x+ 1)2

4

)

sin(4x− 4)− x+ 1

8
cos(4x− 4) +

1

4

]

=
−1

4

(
1

32
− (x+ 1)2

4

)

− 7 cos(4x− 4)

128 cos(4)
− sin(4x)

16 cos(4)

=
1

16

(

(x+ 1)2 − 1

8

)

− 7 cos(4x− 4)

128 cos(4)
− sin(4x)

16 cos(4)
.

12.1.9 Integrating the ordinary differential equation twice produces

u(x) =
1

12
x4 + Ax+B

where A and B are constants to be determined from the boundary conditions. If u(a) = 0 then

1

12
a4 +Aa+B = 0 =⇒ B =

−1

12
a4 −Aa.
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If u(b) = 0 then
1

12
b4 +Ab− −1

12
a4 −Aa = 0 =⇒ A =

−1

12
(a2 + b2(a+ b).

Hence the solution may be expressed as

u(x) =
1

12
(x4 − a4)− 1

12
(a2 + b2)(a+ b)(x− a)

=
1

12
(x− a)(x − b)(x2 + (a+ b)x+ a2 + ab+ b2).

12.1.11 After multiplying the ODE by e2x it can be written as

e2xu′′(x) + 2e2xu′(x) + e2xu(x) =
[
e2xu′(x)

]′
+ e2xu(x) = e2x cosx.

Applying Thm. 12.1 the Green’s function G(x; y) must solve the given ordinary differential equation for
x 6= y, be continuous along the line where x = y, and solve the given boundary conditions. This leads to a
general solution of

G(x; y) =

{
a1(y)e

−x + a2(y)xe
−x for 0 ≤ x < y ≤ 1,

b1(y)e
−x + b2(y)xe

−x for 0 ≤ y < x ≤ 1.

If G(x; y) is continuous on the line x = y, then

(a1(y)− b1(y))e
−y + (a2(y)− b2(y))ye

−y = 0.

Satisfying the boundary conditions results in two more equations.

−a1(y) + a2(y) = 0

−b1(y)e−1 = 0

The partial derivative of G(x; y) with respect to x must have a jump discontinuity across the line x = y.
This condition produces a fourth linear equation of

(a1(y)− b1(y))e
−y + (b2(y)− a2(y))(1 − y)e−y =

1

e2y
.

Solving the system of four equations produces

a1 = ye−y

a2 = ye−y

b1 = 0

b2 = (1 + y)e−y.

Therefore the Green’s function for this boundary value problem is found to be

G(x; y) = e−x−y

{
(1 + x)y for 0 ≤ x < y ≤ 1
x(1 + y) for 0 ≤ y < c ≤ 1.

The solution to the boundary value problem may be found using the integral below.

u(x) =

∫ 1

0

G(x; y)e2y cos y dy =
cos 1

2
(1 + x)e1−x − x

2
e−x +

1

2
sinx
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12.2.1 Let u(x) and v(x) be n-times differentiable functions on [a, b] and let c be a constant.

L[u+ c v] = an(x)
dn

dxn
[u+ c v] + an−1(x)

dn−1

dxn−1
[u+ c v] + · · ·+ a1(x)

d

dx
[u+ c v] + a0(x)[u + c v]

= an(x)
dn

dxn
[u] + an−1(x)

dn−1

dxn−1
[u] + · · ·+ a1(x)

d

dx
[u] + a0(x)[u]

+ can(x)
dn

dxn
[v] + can−1(x)

dn−1

dxn−1
[v] + · · ·+ ca1(x)

d

dx
[v] + ca0(x)[v]

= L[u] + c L[v]

12.2.3 Use a property of the definite integral.

u(x) =

∫ x

a

(y − x)H(y − x)
︸ ︷︷ ︸

=0

f(y) dy +

∫ b

x

(y − x)H(y − x)
︸ ︷︷ ︸

=1

f(y) dy

+

∫ x

a

(x − b)(y − a)

b− a
f(y) dy +

∫ b

x

(x− b)(y − a)

b− a
f(y) dy

=
x− b

b− a

∫ x

a

(y − a)f(y) dy +

∫ b

x

[

y − x+
(x− b)(y − a)

b− a

]

f(y) dy

=
x− b

b− a

∫ x

a

(y − a)f(y) dy +
x− a

b− a

∫ b

x

(y − b)f(y) dy

12.2.5

(a) Using the piecewise-defined formula for G(x; y) given in Eq. (12.22) yields the following.

∂G

∂x
=

1

nπ
cos
(nπx

L

)

sin
(nπy

L

)

− x

L
sin
(nπx

L

)

sin
(nπy

L

)

− cos
(nπx

L

)

cos
(nπy

L

)

lim
x→y−

∂G

∂x
=

1

nπ
cos
(nπy

L

)

sin
(nπy

L

)

− y

L
sin
(nπy

L

)

sin
(nπy

L

)

− cos
(nπy

L

)

cos
(nπy

L

)

=
1

2nπ
sin

(
2nπy

L

)

− y

L
sin2

(nπy

L

)

− cos2
(nπy

L

)

(b) Using the piecewise-defined formula for G(x; y) given in Eq. (12.22) yields the following.

∂G

∂x
=

1

nπ
cos
(nπx

L

)

sin
(nπy

L

)

− x

L
sin
(nπx

L

)

sin
(nπy

L

)

+ sin
(nπx

L

)

sin
(nπy

L

)

lim
x→y+

∂G

∂x
=

1

nπ
cos
(nπy

L

)

sin
(nπy

L

)

− y

L
sin
(nπy

L

)

sin
(nπy

L

)

+ sin
(nπy

L

)

sin
(nπy

L

)

=
1

2nπ
sin

(
2nπx

L

)

− y − L

L
sin2

(nπx

L

)

12.2.7

G(0; y) = (0) cos(0) sin
(nπy

L

)

+B(y) sin(0)− L

nπ
sin(0) cos

(nπy

L

)

= 0

G(L; y) =
L

nπ
cos(nπ) sin

(nπy

L

)

+B(y) sin(nπ)− L

nπ
cos(nπ) sin

(nπy

L

)

= 0
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12.2.9 Assuming u and G satisfy the homogeneous boundary conditions,

∫ L

0

(u′′(x) + σ2u(x))G(x; y) dx = −
∫ L

0

u′(x)Gx(x; y) dx+

∫ L

0

σ2u(x)G(x; y) dx

=

∫ L

0

u(x)Gxx(x; y) dx+

∫ L

0

σ2u(x)G(x; y) dx

=

∫ L

0

u(x)(Gxx(x; y) + σ2G(x; y)) dx.

12.2.11 Let φ(x) be a test function, then φ′(x) and φ′′(x) are also test functions.

∫ ∞

−∞
H(x)φ′′(x) dx = [H(x)φ′(x)]

x→∞
x→−∞ −

∫ ∞

−∞
H ′(x)φ′(x) dx

= −
∫ ∞

−∞
δ(x)φ′(x) dx

−φ′(0) = − [δ(x)φ(x)]
x→∞
x→−∞ +

∫ ∞

−∞
δ′(x)φ(x) dx

=

∫ ∞

−∞
δ′(x)φ(x) dx

Since the test function φ is arbitrary then the symbolic second derivative of the Heaviside function is δ′(x).
12.2.13 Consider the improper integral

∫ ∞

−∞
|c|δ(cx)f(x) dx,

where f(x) is any function continuous in an open interval containing 0. Assume that integration by substi-
tution is valid for generalized functions and distributions. If c > 0 then make the substitution x = u/c and
dx = (1/c)du.

∫ ∞

−∞
|c|δ(cx)f(x) dx =

∫ ∞

−∞

|c|
c
δ(u)f

(u

c

)

du =

∫ ∞

−∞

c

c
δ(u)f

(u

c

)

du =

∫ ∞

−∞
δ(u)f

(u

c

)

du = f(0)

If c < 0 then make the substitution x = u/c and dx = (1/c)du.

∫ ∞

−∞
|c|δ(cx)f(x) dx =

∫ −∞

∞

|c|
c
δ(u)f

(u

c

)

du =

∫ −∞

∞

−c
c
δ(u)f

(u

c

)

du =

∫ ∞

−∞
δ(u)f

(u

c

)

du = f(0)

Since this holds for any continuous function, |c|δ(cx) = δ(x).
12.2.15 Note that the sign function can be written as

sgn(x) = −1 + 2H(x)

therefore the symbolic derivative d
dx [sgn(x)] = 2δ(x).

12.2.17 The general solution of the ordinary differential equation

u′′′(x) = ex

has the form u(x) = ex + c0 + c1x+ c2x
2. If u(0) = 0 then c0 = −1. If u′(0) = 0 then c1 = −1. If u′′(1) = 0

then c2 = −e/2. Hence the solution to the boundary value problem is

u(x) = ex − 1− x− ex2

2
.
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12.3.1 The Green’s function has the form

G(t; τ) =

{
0 if 0 ≤ t < τ <∞,

A(τ) cos(σt) +B(τ) sin(στ) if 0 ≤ τ < t <∞.

The continuity of G(t; τ) and the jump discontinuity of Gt(t; τ) imply the following two equations.

A(τ) cos(στ) +B(τ) sin(στ) = 0

−σA(τ) sin(στ) + σB(τ) cos(στ) = 1

These equations are satisfied simultaneously when A(τ) = −1
σ sin(στ) and B(τ) = 1

σ cos(στ). Using a
difference of angles formula for the sine function,

G(t; τ) =
1

σ

{
0 if 0 ≤ t < τ <∞,

sin(σ(t − τ)) if 0 ≤ τ < t <∞.

12.3.3 By inspection the Green’s function is of the form G(t; τ) = H(t − τ)(At + B) where A and B are
functions of τ which must be chosen to satisfy the continuity and jump conditions of G(τ ; τ) and Gt(τ ; τ)
respectively. If G(τ ; τ) = Aτ + B = 0 then B = −Aτ . If Gt(τ ; τ) = A = 1 this implies B = −τ . Hence the
Green’s function is G(t; τ) = H(t− τ)(t − τ). The solution to the initial value problem is

u(t) =

∫ ∞

0

H(t− τ)(t − τ)e3τ dτ

=

∫ t

0

(t− τ)e3τ dτ

=
1

9
e3t − t

3
− 1

9

12.3.5 Consider the related ordinary differential equation with homogeneous initial conditions. A funda-
mental set of solutions to the equation is {e3t, e4t}. A Green’s function for this ordinary differential equation
is

G(t; τ) = H(t− τ)
(
Ae3t + Be4t

)

where A and B are functions of τ . To satisfy the continuity condition of G(τ ; τ) = 0 requires

Ae3τ +Be4τ = 0 =⇒ A = −Beτ .

The jump condition Gt(τ ; τ) = 1 requires

3Ae3τ + 4Be4τ = 1 =⇒ B = e−4τ and A = −e−3τ .

Hence the Green’s function for this ordinary differential equation is

G(t; τ) = H(t− τ)
(

e4(t−τ) − e3(t−τ)
)

.

A particular solution to the ordinary differential equation is

up(t) =

∫ ∞

0

H(t− τ)
(

e4(t−τ) − e3(t−τ)
)

5e4τ dτ

=

∫ t

0

(

e4(t−τ) − e3(t−τ)
)

5e4τ dτ

= 5(t− 1)e4t + 5e3t.

The general solution to the ordinary differential equation can be written as

u(t) = c1e
3t + c2e

4t + 5(t− 1)e4t + 5e3t.
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Using the initial conditions specified produces a system of two linear equations in the two unknowns c1 and
c2.

c1 + c2 = 0

3c1 + 4c2 = 1

The solutions are c1 = −1 and c2 = 1. Hence the solution to the original initial value problem is

u(t) = (5t− 4)e4t + 4e3t.

12.3.7 Consider the related ordinary differential equation with homogeneous initial conditions. A fundamen-
tal set of solutions to the equation is {e−t, e−2t}. A Green’s function for this ordinary differential equation
is

G(t; τ) = H(t− τ)
(
Ae−t +Be−2t

)

where A and B are functions of τ . To satisfy the continuity condition of G(τ ; τ) = 0 requires

Ae−τ +Be−2τ = 0 =⇒ A = −Be−τ .

The jump condition Gt(τ ; τ) = 1 requires

−Ae−τ − 2Be−2τ = 1 =⇒ B = −e2τ and A = eτ .

Hence the Green’s function for this ordinary differential equation is

G(t; τ) = H(t− τ)
(

e−(t−τ) − e−2(t−τ)
)

.

A particular solution to the ordinary differential equation is

up(t) =

∫ ∞

0

H(t− τ)
(

e−(t−τ) − e−2(t−τ)
)

τ cos τ dτ

=

∫ t

0

(

e−(t−τ) − e−2(t−τ)
)

τ cos τ dτ

= − 3

25
e−2t +

5t+ 6

50
cos t+

15t− 17

50
sin t.

The general solution to the ordinary differential equation can be written as

u(t) = c1e
−t + c2e

−2t +
5t+ 6

50
cos t+

15t− 17

50
sin t.

Using the initial conditions specified produces a system of two linear equations in the two unknowns c1 and
c2.

c1 + c2 +
3

25
= 1

−c1 − 2c2 −
6

25
= 0

The solutions are c1 = 2 and c2 = −28/25. Hence the solution to the original initial value problem is

u(t) = 2e−t − 28

25
e−2t +

5t+ 6

50
cos t+

15t− 17

50
sin t.

12.3.9 A fundamental set of solutions to the associated 4th order homogeneous ordinary differential equation
is {cosh t, sinh t, cos t, sin t}. The Green’s function has the form,

G(t; τ) = H(t− τ)(A cosh t+B sinh t+ C cos t+D sin t)
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where A, B, C, and D are functions of τ . These expressions must be chosen to satisfy the continuity and
jump conditions of the Green’s function when t = τ . This produces the system of equations below.

G(τ ; τ) = A cosh t+B sinh t+ C cos τ +D sin τ = 0

Gt(τ ; τ) = A sinh t+B cosh t− C sin τ +D cos τ = 0

Gtt(τ ; τ) = A cosh t+B sinh t− C cos τ −D sin τ = 0

Gttt(τ ; τ) = A sinh t+B cosh t+ C sin τ −D cos τ = 1

Adding the third equation to the first and adding the second equation to the fourth yield a system of two
equations in the unknowns A and B.

2A cosh τ + 2B sinh τ = 0

2A sinh τ + 2B cosh τ = 1

The solutions are A = − 1
2 sinh τ and B = 1

2 cosh τ . Subtracting the third equation from the first and
subtracting the second equation from the fourth yield a system of two equations in the unknowns C and D.

2C cos τ + 2D sin τ = 0

2C sin τ − 2D cos τ = 1

The solutions are C = 1
2 sin τ and D = − 1

2 cos τ .
The Green’s function can be expressed as

G(t; τ) = H(t− τ)

(

−1

2
sinh τ cosh t+

1

2
cosh τ sinh t+

1

2
sin τ cos t− 1

2
cos τ sin t

)

=
1

2
H(t− τ)(sinh(t− τ)− sin(t− τ)).

The solution to the initial value problem is

u(t) =

∫ ∞

0

1

2
H(t− τ)(sinh(t− τ)− sin(t− τ))τ2 dτ

=
1

2

∫ t

0

(sinh(t− τ) − sin(t− τ))τ2 dτ

= cosh t− cos t− t2.

12.4.1 Define the vector field F = 〈vBuy, (vB)xu〉 and apply Thm. 12.4.

∫∫

R

[vBuxy − (vB)xyu] dA =

∮

∂R

[vBuyi− (vB)xuj] ·N ds

∫∫

R

vBuxy dA =

∮

∂R

[vBuyi− (vB)xyj] ·N ds+

∫∫

R

(vB)xyu dA

12.4.3 Define the vector field F = 〈0, vEu〉 and apply Thm. 12.4.

∫∫

R

[vEuy + (vE)yu] dA =

∮

∂R

vEuj ·N ds

∫∫

R

vEuy dA =

∮

∂R

vEuj ·N ds−
∫∫

R

(vE)yu dA
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12.4.5 Suppose f and g are scalar functions defined on R ⊂ R
2 with continuous second partial derivatives

on R.

∇ · (g∇f) =
〈
∂

∂x
,
∂

∂y

〉

·
(

g

〈
∂f

∂x
,
∂f

∂y

〉)

=
∂g

∂x

∂f

∂x
+ g

∂2f

∂x2
+
∂g

∂y

∂f

∂y
+ g

∂2f

∂y2

= (∇f) · (∇g) + g(∆f).

Taking the double integral of both sides of this equation, applying the flux form of Green’s Theorem given
in Thm. 12.4 to the left-hand side, and splitting the right-hand side into two double integrals at the addition
sign produce ∮

∂R

(g∇f) ·N ds =

∫∫

R

(∇f) · (∇g) dA +

∫∫

R

g(∆f) dA.

12.4.7 By construction each function γk(x, y) > 0 for all x and y. Without loss of generality it can be
assumed that ǫ < 1. Fix R > 0 and once again consider the double integral in polar coordinates.

∫ 2π

0

∫ ∞

R

k

π
re−kr2 dr dθ = 2k

∫ ∞

R

re−kr2 dr

=

∫ ∞

kR2

e−u dr

= e−kR2

This expression can be made smaller than 0 < ǫ < 1 when

e−kR2

< ǫ

−kR2 < ln ǫ

k >
ln ǫ

−R2
.

The last expression is positive since ln ǫ < 0.
12.4.9

∫∫

R2

δ(x − ξ)δ(y − η)h(x, y) dA =

∫ ∞

−∞
δ(x− ξ)

[∫ ∞

−∞
δ(y − η)h(x, y) dy

]

dx

=

∫ ∞

−∞
δ(x− ξ)h(x, η) dx

= h(ξ, η)

12.4.11 Adopting variable t in place of variable y in Eq. (12.26) implies A = −c2 and C = 1 in the general
second-order linear partial differential equation. Using this in Eq. (12.29) produces,

∫∫

R

L[u]v dA =

∮

∂R

[(−c2uxv + c2uvx)i+ (utv − uvt)j] ·N ds+

∫∫

R

uL∗[v] dA

where L∗[v] = −c2vxx + vtt. By comparing L[u] and L∗[v] one may see that the linear differential operator
for the wave equation is formally self-adjoint.
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12.5.2

∫∫

R2

∆Uǫ dA = lim
R→∞

∫ R

0

∫ 2π

0

c1ǫ

r(r + ǫ)2
r dθ dr

= 2πc1ǫ lim
R→∞

∫ R

0

1

(r + ǫ)2
dr

= 2πc1ǫ lim
R→∞

[ −1

r + ǫ

]r=R

r=0

= 2πc1ǫ lim
R→∞

(
1

ǫ
− 1

R+ ǫ

)

= 2πc1

12.5.4 Use integration by parts.

∫ ǫ

0

rY0(kr) dr ≈ lim
R→0+

∫ ǫ

R

rY0(kr) dr

= lim
R→0+

∫ ǫ

R

2

π
r ln r dr (for small r > 0)

=
2

π
lim

R→0+

(
1

2
ǫ2 ln ǫ− 1

2
R2 lnR− 1

4
ǫ2 +

1

4
R2

)

=
2

π

(
1

2
ǫ2 ln ǫ − 1

4
ǫ2
)

This limit holds according to the result of Exercise 12.5.3. Applying the same limit result again reveals

lim
ǫ→0+

∫ ǫ

0

rY0(kr) dr = 0

12.5.6 Replacing the r and r′ in Eq. (12.45) with the expressions found in Exercise 12.5.5 yields the desired
result.

G =
1

4π
ln

R2(ρ̂2 + ρ2 − 2ρ̂ρ cos(θ̂ − θ))

ρ2
(

R4

ρ2 + ρ̂2 − 2ρ̂
(

R2

ρ

)

ρ cos(θ̂ − θ)
)

=
1

4π
ln

R2(ρ̂2 + ρ2 − 2ρ̂ρ cos(θ̂ − θ))

R4 + ρ̂2ρ2 − 2R2ρ̂ρ cos(θ̂ − θ)

12.5.8 If the source term φ = 0 in Eq. (12.47) the formula for the solution reduces to the following.

u(ρ, θ) =

∫ 2π

0

f(θ̂)

[
∂G

∂ρ̂

]

ρ̂=R

Rdθ̂

=

∫ 2π

0

f(θ̂)
R2 − ρ2

2πR[R2 + ρ2 − 2Rρ cos(θ̂ − θ)]
Rdθ̂

=
1

2π

∫ 2π

0

f(θ̂)
R2 − ρ2

R2 + ρ2 − 2Rρ cos(θ̂ − θ)
dθ̂

This is equivalent to the formula stated in Eq. (6.46).

118



12.5.10 Let x = ρ cos θ and y = ρ sin θ and note that

√

(ξ − x)2 + (η − y)2 =

√

(ρ̂ cos θ̂ − r cos θ)2 + (ρ̂ sin θ̂ − r sin θ)2

=

√

ρ̂2 cos2 θ̂ − 2ρ̂r cos θ̂ cos θ + r2 cos2 θ + ρ̂2 sin2 θ̂ − 2ρ̂r sin θ̂ sin θ + r2 sin2 θ

=

√

ρ̂2 − 2ρ̂r(cos θ̂ cos θ + sin θ̂ sin θ) + r2

=

√

ρ̂2 + r2 − 2ρ̂r cos(θ̂ − θ).

When ρ̂ = R the boundary condition for g is

g(R, θ̂) = −1

4
Y0(k

√

ρ̂2 + r2 − 2ρ̂r cos(θ̂ − θ)).

12.6.1 By definition,

U =
1√
2π

∫ ∞

−∞
Û(ω)eiωξ dω.

Substituting the given function Û gives

U =
H(t− τ)

2π

∫ ∞

−∞
e−iωx−ω2κ(t−τ)eiωξ dω

=
H(t− τ)

2π

∫ ∞

−∞
eiω(ξ−x)−ω2κ(t−τ) dω

Complete the square in the exponent with respect to the variable ω.

U =
H(t− τ)

2π

∫ ∞

−∞
e−κ(t−τ)(ω− i(ξ−x)

2κ(t−τ) )
2− (ξ−x)2

4κ(t−τ) dω

=
H(t− τ)

2π
e−

(ξ−x)2

4κ(t−τ)

∫ ∞

−∞
e−κ(t−τ)(ω− i(ξ−x)

2κ(t−τ) )
2

dω

Now make the substitutions

γ =
√

κ(t− τ)

(

ω − i(ξ − x)

2κ(t− τ)

)

,

1
√

κ(t− τ)
dγ = dω.

The improper integral becomes

U =
H(t− τ)

2π
√

κ(t− τ)
e−

(ξ−x)2

4κ(t−τ)

∫ ∞− i(ξ−x)

2
√

κ(t−τ)

−∞− i(ξ−x)

2
√

κ(t−τ)

e−γ2

dγ

=
H(t− τ)

√

4πκ(t− τ)
e−

(ξ−x)2

4κ(t−τ) .

12.6.3

G(x, t; 0, τ) = U(x, t; 0, τ)− U(−x, t; 0, τ)

=
H(t− τ)

√

4πκ(t− τ)
e−

(0−x)2

4κ(t−τ) − H(t− τ)
√

4πκ(t− τ)
e−

(0+x)2

4κ(t−τ)

= 0
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12.6.5 Let the reference solution r(x, t) = 1−x and suppose u(x, t) = v(x, t)+r(x, t). The unknown function
v(x, t) must satisfy the following initial boundary value problem with homogeneous Dirichlet boundary
conditions.

vt − vxx = sin(πx) for 0 < x < 1 and t > 0,

v(0, t) = 0 for t > 0,

v(1, t) = 0 for t > 0,

v(x, 0) = cos
(πx

2

)

+ x− 1 for 0 < x < 1.

The eigenfunctions of the boundary value problem are φn(x) = sin(nπx) with corresponding eigenvalues
λn = n2π2 for n ∈ N. According to Eq. (12.58) the Green’s function for this initial boundary value problem
is

G(x, t; ξ, τ) = 2

∞∑

n=1

e−n2π2(t−τ) sin(nπx) sin(nπξ).

Using this Green’s function,

u(x, t) = 1− x+

∫ 1

0

2

(

cos

(
πξ

2

)

+ x− 1

) ∞∑

n=1

e−n2π2t sin(nπx) sin(nπξ) dξ

+

∫ t

0

∫ 1

0

2 sin(πξ)

∞∑

n=1

e−n2π2(t−τ) sin(nπx) sin(nπξ) dξ dτ

= 1− x+ 2
∞∑

n=1

e−n2π2t sin(nπx)

∫ 1

0

(

cos

(
πξ

2

)

+ x− 1

)

sin(nπξ) dξ

+ 2

∞∑

n=1

sin(nπx)

∫ t

0

e−n2π2(t−τ)

∫ 1

0

sin(πξ) sin(nπξ) dξ dτ

= 1− x+

∞∑

n=1

2

nπ(4n2 − 1)
e−n2π2t sin(nπx) + sin(πx)

∫ t

0

e−π2(t−τ) dτ

= 1− x+

∞∑

n=1

2e−n2π2t

nπ(4n2 − 1)
sin(nπx) +

(1− e−π2t)

π2
sin(πx).

12.6.7 Using the Green’s function in Eq. (??)s a model,

G(x, t; ξ, τ) =
2

L

∞∑

n=1

cos

(
(2n− 1)πx

2L

)

cos

(
(2n− 1)πξ

2L

)

e−κ(2n−1)2π2(t−τ)/(4L2).

12.7.1 If t < τ then the expression above is zero and the argument of the Heaviside function in Eq. (12.66)
is less than zero making the Green’s function zero. If t > τ then H(t− τ) = 1 and

H(ξ − (x+ c(t− τ))) −H(ξ − (x− c(t− τ))) = 1

if and only if

x− c(t− τ) < ξ < x+ c(t− τ)

−x+ c(t− τ) > −ξ > −x− c(t− τ)

c(t− τ) > x− ξ > −c(t− τ)

|x− ξ| < c(t− τ)
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and zero otherwise. This implies for t > τ that

H(ξ − (x+ c(t− τ))) −H(ξ − (x− c(t− τ))) = H(c(t− τ)− |x− ξ|).
12.7.3 Let f(x) = sinx, g(x) = cosx, and F (x, t) = e−(x−t). Using Exercise 12.7.2 and the Green’s function
given in Eq. (12.66), the solution can be written as

u(x, t) =
1

2
(sin(x+ ct) + sin(x− ct)) +

1

2c

∫ x+ct

x−ct

cos ξ dξ

+
1

2c

∫ t

0

∫ x+c(t−τ)

x−c(t−τ)

e−(ξ−τ) dξ dτ

= cos(ct) sin(x) +
1

c
cos(x) sin(ct) +

1

c

∫ t

0

e−(x−τ) sinh(c(t− τ)) dτ

= cos(ct) sin(x) +
1

c
cos(x) sin(ct) +

e−x

c(c2 − 1)
(c cosh(ct)− cet + sinh(ct))

12.7.5The nth orthonormal eigenfunction for the associated boundary value problem is φn(x) =
√

2
L sin(nπxL )

with corresponding eigenvalue n2π2

L2 for n ∈ N. According to Eq. (12.73) the appropriate Green’s function is

G(x, t; ξ, τ) = H(t− τ)

∞∑

n=1

sin
(

cnπ(t−τ)
L

)√
2
L sin

(
nπξ
L

)√
2
L sin

(
nπx
L

)

cnπ/L

= 2H(t− τ)

∞∑

n=1

sin
(

cnπ(t−τ)
L

)

sin
(

nπξ
L

)

sin
(
nπx
L

)

cnπ
.

13.1.1 Let u(x, t) = u1(x, t) + u2(x, t), then

u(x, t) = A (cos(kx− ωt) + cos(kx+ ωt+ φ))

= A

(

cos(kx +
φ

2
− (ωt+

φ

2
)) + cos(kx+

φ

2
+ ωt+

φ

2
)

)

= A

(

cos(kx +
φ

2
) cos(ωt+

φ

2
) + sin(kx+

φ

2
) sin(ωt+

φ

2
) + cos(kx+

φ

2
) cos(ωt+

φ

2
)− sin(kx+

φ

2
) sin(ωt+

φ

2
)

)

= 2A cos(kx+
φ

2
) cos(ωt+

φ

2
)

13.1.3 Setting u(x, t) = U(x− c t) where ξ = x− c t and substituting into the Klein-Gordon equation results
in the following

c2U ′′ − α2U ′′ + U = 0.

If c2 = α2 then U ≡ 0. If c2 < α2 the solution of ordinary differential equation above is

U(ξ) = Aeξ/
√
α2−c2 +Be−ξ/

√
α2−c2

which is unbounded unless A = B = 0. If c2 > α2 the solution of the ordinary differential equation above is

U(ξ) = A cos
ξ√

c2 − α2
+B sin

ξ√
c2 − α2

.

Therefore the bounded traveling wave solutions of the Klein-Gordon equation have the form

u(x, t) = A cos
x− c t√
c2 − α2

+B sin
x− c t√
c2 − α2

where A and B are arbitrary constants.
13.1.5
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(a) The linear Klein-Gordon equation: assume that u(x, t) = Aei(kx−ωt) is a solution of the linear Klein-
Gordon equation, then

−Aω2ei(kx−ωt) +Aei(kx−ωt) = −Aα2k2ei(kx−ωt)

1− ω2 = −α2k2

ω2 = α2k2 + 1.

(b) The beam equation: assume that u(x, t) = Aei(kx−ωt) is a solution of the beam equation, then

−Aω2ei(kx−ωt) +Aα2k4ei(kx−ωt) = 0

−ω2 + α2k4 = 0

ω2 = α2k4.

(c) The linear Korteweg-de Vries equation: assume that u(x, t) = Aei(kx−ωt) is a solution of the linear
KdV equation, then

−iAωei(kx−ωt) + iAαkei(kx−ωt) − iAβk3ei(kx−ωt) = 0

−ω + αk − βk3 = 0

ω = k(α− βk2).

13.2.1

(a) Let f(U) = U2−2c U −2A. If f(U) = 0 has complex roots, then c2+2A < 0. In this case the absolute
minimum of f(U) is −c2 − 2A > 0. This implies in Eq. (13.14) that

dU

dξ
≥ −c

2 + 2A

2ν

which implies

U(ξ) ≥ − (c2 + 2A)ξ

2ν

which is unbounded as ξ → ±∞.

(b) Let f(U) = U2 − 2c U − 2A. If f(U) = 0 has a repeated real root, then c2 + 2A = 0 and f(c) = 0. In
this case the absolute minimum of f(U) is 0. This implies in Eq. (13.14) that

dU

dξ
=

1

2ν
(U − c)2

1

(U − c)2
dU =

1

2ν
dξ (assuming U(ξ) 6= c)

−1

U − c
=
ξ +B

2ν
(where B is a constant)

U(ξ) = c− 2ν

ξ +B
.

Note that as ξ → B− and as ξ → B+ the solution U(ξ) grows unbounded if ν > 0. On the other hand
if U(ξ) = c then U is bounded and solves the ordinary differential equation.
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13.2.3 Suppose u(x, t) =
U1 + U2e

α(x−c t)+B

1 + eα(x−c t)+B
, then

ut =
α c(U1 − U2)e

α(x−c t)+B

(1 + eα(x−c t)+B)2

ux =
−α(U1 − U2)e

α(x−c t)+B

(1 + eα(x−c t)+B)2

uxx =
−α2(U1 − U2)e

α(x−c t)+B(1− eα(x−c t)+B)

(1 + eα(x−c t)+B)3

If u(x, t) is a solution to the viscous Burgers’ equation, then substituting these partial derivatives in Eq. (13.8)
produces the equation

0 =
α c(U1 − U2)e

α(x−c t)+B

(1 + eα(x−c t)+B)2
− α(U1 − U2)e

α(x−c t)+B(U1 + U2e
α(x−c t)+B)

(1 + eα(x−c t)+B)3

+
α2ν(U1 − U2)e

α(x−c t)+B(1− eα(x−c t)+B)

(1 + eα(x−c t)+B)3

= c(1 + eα(x−c t)+B)− (U1 + U2e
α(x−c t)+B) + αν(1 − eα(x−c t)+B)

c =
U1 − α ν + (U2 + αν)eα(x−c t)+B

1 + eα(x−c t)+B

Recall that α = (U1 − U2)/(2ν) and thus

c =

(
U1+U2

2

)
+
(
U1+U2

2

)
eα(x−c t)+B

1 + eα(x−c t)+B
=
U1 + U2

2
.

13.2.5 Let u(x, t) = Kv(z, τ) where z = x
√
γ and τ = γt, then

ut = Kγvτ

ux = K
√
γvz

uxx = Kγvzz.

Substituting these expressions into Fisher’s equation produces,

Kγvτ −Kγvzz = γ K v

(

1− K v

K

)

vτ − vzz = v(1− v).

Renaming τ by t, z by x, and v by u results in the nondimensional form of Fisher’s equation.
Now suppose u(x, t) = U(ξ) where ξ = x − c t. Substituting this in the nondimensional form of Fisher’s

equation produces,

−c U ′ − U ′′ = U(1− U)

U ′′ + c U ′ + U − U2 = 0.

13.2.7 According to Eq. (13.28)

u(x, t) =

{
−1 if x < −t
1 if x > t.

For the region where −t < x < t the solution must be constant along the characteristic lines emanating from
x = 0. A continuous solution would “interpolate” between the values of −1 and 1. Therefore a suitable
solution would be

u(x, t) =







−1 if x < −t
x
t if −t ≤ x ≤ t
1 if x > t.
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13.3.1 Since VT +
6BC

A
V VX +

B

A3
VXXX = 0, equating coefficients

•
6BC
A = 1 and B

A3 = k implies A = 1/
√
6k, B = 1/(6

√
6k), and C = 1.

•
6BC
A = −6 and B

A3 = 1 implies A = 1, B = 1, and C = −1.

•
6BC
A = 1 and B

A3 = 1 implies A = 1/
√
6, B = 1/(6

√
6), and C = 1.

•
6BC
A = α and B

A3 = β implies A =
√

α/(6β), B = α
6

√

α/(6β), and C = 1 if αβ > 0). When αβ < 0
then C = −1.

13.3.3 Differentiating the function above produces,

ut =
c2
√
c

2
sech2

(√
c

2
(x− c t) +A

)

tanh

(√
c

2
(x− c t) + A

)

ux = −c
√
c

2
sech2

(√
c

2
(x− c t) +A

)

tanh

(√
c

2
(x− c t) +A

)

uxx =
c2

4
sech4

(√
c

2
(x− c t) +A

)
(
cosh

(√
c(x− c t) + 2A

)
− 2
)

uxxx = −c
2√c
4

sech4
(√

c

2
(x − c t) +A

)

tanh

(√
c

2
(x − c t) +A

)
(
cosh

(√
c(x− c t) + 2A

)
− 5
)
.

For the sake of compactness of notation, let z =

√
c

2
(x − c t) +A and substitute these partial derivatives in

the KdV equation.

ut + 6u ux + uxxx =
c2
√
c

2
sech2(z) tanh(z)− 3c2

√
c

2
sech4(z) tanh(z)− c2

√
c

4
sech4(z) tanh(z) (cosh(2z)− 5)

=
c2
√
c

2
sech2(z) tanh(z)

(

1− 3 sech2(z)− 1

2
sech2(z)(cosh(2z)− 5)

)

=
c2
√
c

2
sech2(z) tanh(z)

(

1− 3 sech2(z)− 1

2
sech2(z)(2 cosh2(z)− 6)

)

= 0

Hence u(x, t) is a traveling wave solution to the KdV equation. Several plots of the solution appear below.
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13.3.5 Let v(x, t) = V (x− c t) = V (ξ) be a solution to the modified KdV equation, then

V ′′′ − 6V 2V ′ − c V ′ = 0.

Integrating both sides of the ordinary differential equation produces,

V ′′ − 2V 3 − c V = A

where A is a constant of integration. If it is assumed that as ξ → ±∞ that V → 0, V ′ → 0, and V ′′ → 0,
then A = 0 and hence

d2V

dξ2
− 2V 3 − c V = 0.

Multiplying the ordinary differential equation by V ′ and integrating both sides of the resulting equation
yields

1

2

(
dV

dξ

)2

− 1

2
V 4 − c

2
V 2 = B

where B is again a constant of integration. The assumptions made earlier that V → 0 and V ′ → 0 as ξ → ∞
and ξ → −∞ imply that B = 0, and therefore,

1

2

(
dV

dξ

)2

− 1

2
V 4 − c

2
V 2 = 0

(
dV

dξ

)2

= V 4 + c V 2.
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After solving for dV/dξ,
dV

dξ
= ±V

√

c+ V 2.

The sign associated with the right-hand side is unimportant and will be dropped. Separating the variables
and integrating both sides of the equation results in

1

V
√
c+ V 2

dV = dξ

∫
1

V
√
c+ V 2

dV = ξ + ξ0,

Where ξ0 is a constant of integration. If c = 1, the integral above can be simplified.

∫
1

V
√
1 + V 2

dV = ξ + ξ0

ln

∣
∣
∣
∣

V

1 +
√
1 + V 2

∣
∣
∣
∣
= ξ + ξ0

V

1 +
√
1 + V 2

= eξ+ξ0 .

Solving for V yields

V =
2eξ+ξ0

1− e2(ξ+ξ0)
.

Simplifying further produces

V (ξ) =
2

e−(ξ+ξ0) − eξ+ξ0

v(x, t) = − csch(x− t).

13.3.7 Let u(x, t) = vx(x, t)− (v(x, t))2 where v(x, t) is a solution to Eq. (13.44). Taking partial derivatives
yields

ut = vxt − 2v vt

ux = vxx − 2v vx

uxx = vxxx − 2(vx)
2 − 2v vxx

uxxx = vxxxx − 6vxvxx − 2v vxxx.

Therefore,

ut + 6u ux + uxxx = vxt − 2v vt + 6(vx − v2)(vxx − 2v vx) + vxxxx − 6vxvxx − 2v vxxx

= vxt − 2v vt + 12v3vx − 12v(vx)
2 − 6v2vxx − 2v vxxx + vxxxx

= −2v(vt − 6v2vx + vxxx) + vtx − 12v(vx)
2 − 6v2vxx + 12vxvxx + vxxxx

= (vt − 6v2vx + vxxx)x

= 0
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13.4.1 Using the function/inverse function relationship, for 0 < x < 1

sech
(
sech−1 x

)
= x

d

dx

[
sech

(
sech−1 x

)]
=

d

dx
[x]

− sech
(
sech−1 x

)
tanh

(
sech−1 x

) d

dx

[
sech−1 x

]
= 1

tanh
(
sech−1 x

) d

dx

[
sech−1 x

]
=

−1

x
√

tanh2
(
sech−1 x

) d

dx

[
sech−1 x

]
=

−1

x
√

1− sech2
(
sech−1 x

) d

dx

[
sech−1 x

]
=

−1

x
√

1− x2
d

dx

[
sech−1 x

]
=

−1

x
d

dx

[
sech−1 x

]
=

−1

x
√
1− x2

.

13.4.3 Note that

ψt = ieit sech(x)

ψxx = eit(sech(x) tanh2(x) − sech3(x))

|ψ|2 = sech2(x).

Substituting these expressions into the partial differential equation reveals,

iψt + ψxx + 2|ψ|2ψ = −eit sech(x) + eit(sech(x) tanh2(x)− sech3(x)) + 2 sech2(x)eit sech(x)

= eit
(
− sech(x) + sech(x) tanh2(x)− sech3(x) + 2 sech3(x)

)

= eit
(
− sech(x) + sech(x)(1 − sech2(x)) + sech3(x)

)

= 0.

Hence ψ(x, t) solves the nonlinear Schrödinger equation.
13.4.5 Making use of the product and chain rules for differentiation produces.

ψt = ψ(x, t)
[

−iω + 2k(k2 − ω)
1
2 tanh((k2 − ω)

1
2 (x− 2kt+A))

]

ψx = ψ(x, t)
[

ik − (k2 − ω)
1
2 tanh((k2 − ω)

1
2 (x− 2kt+ A))

]

ψxx = ψ(x, t)
(

−k2 − 2ik(k2 − ω)
1
2 tanh((k2 − ω)

1
2 (x− 2kt+A)) + (k2 − ω)(1− 2 sech2((k2 − ω)

1
2 (x− 2kt+A)))

)
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Substituting these partial derivatives into Eq. (13.45) produces

iψt + ψxx + γ|ψ|2ψ = iψ(x, t)
[

−iω + 2k(k2 − ω)
1
2 tanh((k2 − ω)

1
2 (x− 2kt+A))

]

+ ψ(x, t)
(

−k2 − 2ik(k2 − ω)
1
2 tanh((k2 − ω)

1
2 (x − 2kt+A))

+ (k2 − ω)(1 − 2 sech2((k2 − ω)
1
2 (x− 2kt+A)))

)

+ 2γ
k2 − ω

γ
ψ(x, t) sech2(

√

k2 − ω(x− 2kt+A))

= ψ(x, t)
[

ω − k2 + (k2 − ω)(1− 2 sech2((k2 − ω)
1
2 (x− 2kt+A)))

+ 2(k2 − ω) sech2(
√

k2 − ω(x− 2kt+A))
]

= ψ(x, t)
[

−2(k2 − ω) sech2((k2 − ω)
1
2 (x− 2kt+A))) + 2(k2 − ω) sech2(

√

k2 − ω(x− 2kt+A))
]

= 0.

Hence the solution given in Eq. (13.51) solves the nonlinear Schrödinger equation given in Eq. (13.45).
13.4.7 Suppose the solution takes the form of ψ(x, t) = f(x− ct)ei(kx−ωt). Differentiating and substituting
into Eq. (13.45) produce,

0 = i(−cf ′ − iωf)ei(kx−ωt) + (f ′′ + 2ikf ′ − k2f)ei(kx−ωt) − 2f3ei(kx−ωt)

0 = −cif ′ + ωf + f ′′ + 2ikf ′ − k2f − 2f3

0 = i(2k − c)f ′ + (ω − k2)f + f ′′ − 2f3

Assume again the imaginary portion of the equation vanishes, meaning that c = 2k. This implies,

0 = f ′′ + (ω − k2)f − 2f3

0 = 2f ′f ′′ + 2(ω − k2)ff ′ − 4f3f ′
∫

0 dξ =

∫

2f ′(ξ)f ′′(ξ) dξ + (ω − k2)

∫

2f(ξ)f ′(ξ) dξ −
∫

4(f(ξ))3f ′(ξ) dξ

A = (f ′(ξ))2 + (ω − k2)(f(ξ))2 − (f(ξ))4

(f ′(ξ))2 = A− (f(ξ))2
[
(ω − k2)− (f(ξ))2

]
.

If the solution ψ(x, t) and its derivative ψx(x, t) vanish as x→ ±∞ then A = 0. This implies

f ′(ξ) = ±f(ξ)
√

(k2 − ω) + (f(ξ))2
∫

f ′(ξ)

f(ξ)
√

(k2 − ω) + (f(ξ))2
dξ =

∫

1 dξ

−1√
k2 − ω

tanh−1

(√

(k2 − ω) + (f(ξ))2√
k2 − ω

)

= ξ +A

−
√

(k2 − ω) + (f(ξ))2 =
√

k2 − ω tanh(
√

k2 − ω(ξ +A))

(f(ξ))2 = (k2 − ω)
[

−1 + tanh2(
√

k2 − ω(ξ +A))
]

(f(ξ))2 = (k2 − ω)
[

− sech2(
√

k2 − ω(ξ +A))
]

f(ξ) = i
√

k2 − ω sech(
√

k2 − ω(ξ +A))

ψ(x, t) = i
√

k2 − ωei(kx−ωt) sech(
√

k2 − ω(x− 2kt+A))
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where A is a constant of integration.
13.4.9 Let ξ = x− ct and differentiate the proposed solution.

ψt = (−cf ′(ξ) + iωf(ξ))ei(−kx+ωt+θ0)

ψx = (f ′(ξ)− ikf(ξ))ei(−kx+ωt+θ0)

ψxx = (f ′′(ξ)− 2ikf ′(ξ)− k2f(ξ))ei(−kx+ωt+θ0)

Substitute into the nonlinear PDE.

0 = (−cf ′(ξ) + iωf(ξ))ei(−kx+ωt+θ0) + α(f ′′(ξ)− 2ikf ′(ξ)− k2f(ξ))ei(−kx+ωt+θ0)

+ γ
∣
∣
∣f(ξ)ei(−kx+ωt+θ0

∣
∣
∣

2m

f(ξ)ei(−kx+ωt+θ0

= (−cf ′(ξ) + iωf(ξ)) + α(f ′′(ξ)− 2ikf ′(ξ)− k2f(ξ)) + γ |f(ξ)|2m f(ξ)

= αf ′′(ξ)− (ω + αk2)f(ξ) + γ(f(ξ))2m+1 − i(c+ 2αk)f ′(ξ)

The imaginary part of the equation implies c = −2αk. Consider the real part of the equation.

αf ′′(ξ)− (ω + αk2)f(ξ) + γ(f(ξ))2m+1 = 0

αf ′′(ξ)f ′(ξ)− (ω + αk2)f(ξ)f ′(ξ) + γ(f(ξ))2m+1f ′(ξ) = 0

Integrate with respect to ξ over the real number line and assume that limξ→±∞ f(ξ) = 0 and limξ→±∞ f ′(ξ) =
0.

α

2
(f ′(ξ))2 − 1

2
(ω + αk2)(f(ξ))2 +

γ

2m+ 2
(f(ξ))2m+2 = A

α(f ′(ξ))2 − (ω + αk2)(f(ξ))2 +
γ

m+ 1
(f(ξ))2m+2 = 0

Make the substitution g(ξ) = (f(ξ))2 then solve for g′(ξ).

α

(
g′(ξ)

2f(ξ)

)2

− (ω + αk2)g(ξ) +
γ

m+ 1
(g(ξ))m+1 = 0

(g′(ξ))2

4g(ξ)
−
(ω

α
+ k2

)

g(ξ) +
γ

α(m+ 1)
(g(ξ))m+1 = 0

(g′(ξ))2 − 4
(ω

α
+ k2

)

(g(ξ))2 +
4γ

α(m+ 1)
(g(ξ))m+2 = 0

dg

dξ
= 2g(ξ)

√(ω

α
+ k2

)

− γ

α(m+ 1)
(g(ξ))m

dg

g
√(

ω
α + k2

)
− γ

α(m+1)g
m

= 2 dξ

Make the substitution u = gm/2 and 2
mu du = 1

g dg.

2 du

mu
√(

ω
α + k2

)
− γ

α(m+1)u
2
= 2 dξ
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Simplify and integrate both sides of the last equation.
∫

1

mu
√(

ω
α + k2

)
− γ

α(m+1)u
2
du =

∫

1 dξ

−1

m

√
α

αk2 + ω
tanh−1

(√
α

αk2 + ω

√
ω

α
+ k2 − γ

α(m+ 1)
u2
)

= ξ + C

− tanh−1

(√
α

αk2 + ω

√
ω

α
+ k2 − γ

α(m+ 1)
u2
)

= m

√
ω

α
+ k2ξ + C

√
α

αk2 + ω

√
ω

α
+ k2 − γ

α(m+ 1)
u2 = − tanh

(

m

√
ω

α
+ k2ξ + C

)

ω

α
+ k2 − γ

α(m+ 1)
u2 =

(ω

α
+ k2

)

tanh2
(

m

√
ω

α
+ k2ξ + C

)

γ

α(m+ 1)
u2 =

(ω

α
+ k2

)

sech2
(

m

√
ω

α
+ k2ξ + C

)

u(ξ) =

√
m+ 1

γ
(ω + αk2) sech

(

m

√
ω

α
+ k2ξ + C

)

(g(ξ))m/2 =

√
m+ 1

γ
(ω + αk2) sech

(

m

√
ω

α
+ k2ξ + C

)

(f(ξ))m =

√
m+ 1

γ
(ω + αk2) sech

(

m

√
ω

α
+ k2ξ + C

)

f(ξ) =

(√
m+ 1

γ
(ω + αk2) sech

[

m

√
ω

α
+ k2ξ + C

]) 1
m

The expression C is a constant of integration. Finally

ψ(x, t) =

(√
m+ 1

γ
(ω + αk2) sech

[

m

√
ω

α
+ k2(x+ 2αkt) + C

]) 1
m

ei(−kx+ωt+θ0).

13.5.1 Compute the partial derivatives of the proposed solution.

ut = −8α3
(
−3α(x+ 4α2t)

)−1/3

uxxx = −8α3
(
−3α(x+ 4α2t)

)−7/3

Hence we see that

−8α3
(
−3α(x+ 4α2t)

)−1/3
=
[(
−3α(x+ 4α2t)

)2/3
]3

− 8α3
(
−3α(x+ 4α2t)

)−7/3

ut = u3uxxx.

13.5.3

(a) Setting ξ = x− c t and substituting U(ξ) into Eq. (13.53), produce

(c2 − 1)
d2U

dξ2
+ sinU = 0 ⇐⇒ d2U

dξ2
=

1

1− c2
sinU.

Multiplying both sides of this equation by 2dU/dξ and integrating both sides yield

(
dU

dξ

)2

=
2

1− c2
(A− cosU)

where A is an arbitrary constant of integration. This the ordinary differential equation for U(ξ).
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(b) Assume U → 0 and U ′ → 0 as ξ → ±∞ and solve the ordinary differential equation in the previous
part.

Under the assumptions that U → 0 and U ′ → 0 as ξ → ±∞ it must be the case that A = 1 and thus

(
dU

dξ

)2

=
2

1− c2
(1− cosU) =

sin(U/2)

1− c2

where we have used a half-angle formula. Solving for dU/dξ,

1

sin(U/2)

dU

dξ
= ± 2√

1− c2

and therefore

±2(ξ − ξ0)√
1− c2

=

∫
1

sin(U/2)
dU =

∫
sin(U/2)

1− cos2(U/2)
dU.

The integral can be evaluated by making the change of variable z = cos(U/2).

±2(ξ − ξ0)√
1− c2

= −2

∫
1

1− z2
dz

= −2

∫ (
1

1 + z
− 1

1− z

)

dz = ln

∣
∣
∣
∣

1− z

1 + z

∣
∣
∣
∣

= ln
1− cos(U/2)

1 + cos(U/2)
= ln

sin2(U/4)

cos2(U/4)
= 2 ln tan

U

4

Finally solve for U(ξ) to obtain

U(ξ) = 4 tan−1
(

e±(ξ−ξ0)/
√
1−c2

)

.

The soliton solution above is called a “kink” if the “+” sign is used, and is called an “antikink” if the
“− ” is used. The graph below illustrates the kink and antikink when c = 1/2 and ξ0 = 0.

-4 -2 2 4
ξ

1

2

3

4

5

6

u

kink

antikink

13.5.5

(a) Suppose ξ = x− ct, then

−cU ′(ξ) = U ′′(ξ) + U(ξ)(U(ξ) − a)(1− U(ξ))

−cU ′(ξ) = U ′′(ξ)− (U(ξ))3 + (1 + a)(U(ξ))2 − aU(ξ)

U ′′(ξ) = −cU ′(ξ) + (U(ξ))3 − (1 + a)(U(ξ))2 + aU(ξ)
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(b) Define a new function Ψ(U) = U ′(ξ), then U ′′(ξ) = Ψ′(U)U ′(ξ) = Ψ′(U)Ψ(U). Thus the previous
second-order ordinary differential equation can be written as a first-order ordinary differential equation
in Ψ.

Ψ′(U)Ψ(U) = −cΨ(U) + (U(ξ))3 − (1 + a)(U(ξ))2 + aU(ξ)

2Ψ′(U)Ψ(U) = −2cΨ(U) + 2(U(ξ))3 − 2(1 + a)(U(ξ))2 + 2aU(ξ)
[
(Ψ(U))2

]′
= −2cΨ(U) + 2(U(ξ))3 − 2(1 + a)(U(ξ))2 + 2aU(ξ)

(c) Assume that Ψ(U) = αU2 + βU + γ, then

[
(αU2 + βU + γ)2

]′
= −2c(αU2 + βU + γ) + 2U3 − 2(1 + a)U2 + 2aU

4α2U3 + 6αβU2 + (2β2 + 4αγ)U + 2βγ = 2U3 + (−2− 2a− 2αc)U2 + (2a− 2βc)U − 2γc

Equating coefficients of U on both sides of the last equation produces the following system of equations.

4α2 = 2

6αβ = −2− 2a− 2αc

2β2 + 4αγ = 2a− 2βc

2βγ = −2γc

(d) Assume without loss of generality that α = 1/
√
2. Substituting this into the remaining three equations

yields

3√
2
β = −1− a− c√

2

β2 +
√
2γ = a− βc

βγ = −γc.

Solve the first equation for c and substitute into the last equation. This produces the equation,

γ(2β +
√
2(1 + a)) = 0.

There are two cases to consider.

Case γ = 0: the second equation can then be written as

β2 = a− βc

β2 + βc− a = 0

β2 − 3β2 −
√
2(1 + a)β − a = 0

2β2 +
√
2(1 + a)β + a = 0

β =
−1√
2
or β =

−a√
2
.

If β = −1/
√
2 then Ψ(U) = 1√

2
U2 − 1√

2
U = U ′(ξ) 6= 0 for 0 < U < 1. Solving the separable
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ordinary differential equation,

dU

dξ
=

1√
2
U(U − 1)

1

U(U − 1)
dU =

1√
2
dξ

∫
1

U
dU +

∫
1

1− U
dU =

ξ

2
√
2
+ C

ln
U

1− U
=

ξ

2
√
2
+ C

U(ξ) =
Ĉe

ξ
√

2

1 + Ĉe
ξ

√

2

u(x, t) =
Ĉe

x−ct
√

2

1 + Ĉe
x−ct
√

2

where C and Ĉ are constants. On the other hand if β = −a/
√
2 then Ψ(U) = 1√

2
U(U − a) =

U ′(ξ) = 0 for 0 < U = a < 1. This implies the change of variable Ψ(U) = U ′(ξ) may not be
invertible. Hence this solution will be ignored.

Case γ 6= 0: then β = −c = −1√
2
(1 + a) which in turn implies γ = a/

√
2. In this case

Ψ(U) =
1√
2
U2 − 1√

2
(1 + a)U +

a√
2
=

1√
2
(a− U)(1− U).

Again Ψ(U) = 0 when 0 < U = a < 1 and this case can be ignored.

14.1.1

(a)

f ′(1) =
f(1.1)− f(1)

0.1
− 0.1

2
f ′′(z)

f ′(1) ≈ f(1.1)− f(1)

0.1
= 1.38857

(b)

E ≤ 0.1

2
max

1≤z≤1.1
|f ′′(z)| = (0.05)(0.239134) = 0.0119567

14.1.3

(a)

f ′′(1) =
f(1.1)− 2f(1) + f(0.9)

(0.1)2
− (0.1)2

12
f (4)(z)

f ′′(1) ≈ f(1.1)− 2f(1) + f(0.9)

0.01
= 0.238035

(b)

E ≤ (0.1)2

12
max

0.9≤z≤1.1

∣
∣
∣f (4)(z)

∣
∣
∣ =

0.01

12
(1.78145) = 0.00148454
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14.1.5 First express f(x) as a Taylor polynomial of degree 2 centered at x0.

f(x) = f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(x0)(x− x0)

2 +O((x − x0)
3)

This implies

f(x0 + αh) = f(x0) + αhf ′(x0) +
α2h2

2
f ′′(x0) + α3O(h3)

f(x0 + 2h) = f(x0) + 2hf ′(x0) + +4h2f ′′(x0) + 8O(h3).

Multiply the first equation by 4 and the second equation by α2 and then subtract.

4f(x0 + αh)− α2f(x0 + 2h) = (4− α2)f(x0) + (4αh− 2α2h)f ′(x0) + (4α3 − 8α2)O(h3)

2αh(2− α)f ′(x0) = 4f(x0 + αh)− α2f(x0 + 2h)− (4− α2)f(x0)− (4α3 − 8α2)O(h3)

f ′(x0) =
4

2αh(2− α)
f(x0 + αh)− α2

2αh(2− α)
f(x0 + 2h)− 4− α2

2αh(2− α)
f(x0)−

4α3 − 8α2

2αh(2− α)
O(h3)

=
1

2h

[

−2 + α

α
f(x0) +

4

α(2− α)
f(x0 + αh)− α

2− α
f(x0 + 2j)

]

+O(h2)

14.1.7

f(x− 2h) = f(x) + f ′(x)(−2h) +
f ′′(x)

2!
(−2h)2 +

f ′′′(x)

3!
(−2h)3 +

f (4)(x)

4!
(−2h)4 +

f (5)(x)

5!
(−2h)5 +

f (6)(z−2h)

6!
(−2h)6

f(x− h) = f(x) + f ′(x)(−h) + f ′′(x)

2!
(−h)2 + f ′′′(x)

3!
(−h)3 + f (4)(x)

4!
(−h)4 + f (5)(x)

5!
(−h)5 + f (6)(z−h)

6!
(−h)6

f(x+ h) = f(x) + f ′(x)h+
f ′′(x)

2!
h2 +

f ′′′(x)

3!
h3 +

f (4)(x)

4!
h4 +

f (5)(x)

5!
h5 +

f (6)(zh)

6!
h6

f(x+ 2h) = f(x) + f ′(x)(2h) +
f ′′(x)

2!
(2h)2 +

f ′′′(x)

3!
(2h)3 +

f (4)(x)

4!
(2h)4 +

f (5)(x)

5!
(2h)5 +

f (6)(z2h)

6!
(2h)6

Form the following linear combination of the Taylor polynomials.

f(x− 2h)− 4f(x− h) + 6f(x)− 4f(x+ h) + f(x+ 2h)

= 8f(x) + 4h2f ′′(x) +
4

3
h4f (4)(x)− 4f(x) + 4hf ′(x)− 2h2f ′′(x) +

2

3
h3f ′′′(x)

− 1

6
h4f (4)(x) +

1

30
h5f (5)(x)− 4f(x)− 4hf ′(x)− 2h2f ′′(x)− 2

3
h3f ′′′(x)

− 1

6
h4f (4)(x) − 1

30
h5f (5)(x) +

4h6

45
f (6)(z−2h)−

h6

180
f (6)(z−h)−

h6

180
f (6)(zh) +

4h6

45
f (6)(z2h)

= h4f (4)(x) +
4h6

45
f (6)(z−2h)−

h6

180
f (6)(z−h)−

h6

180
f (6)(zh) +

4h6

45
f (6)(z2h)

If f (6)(u) is continuous on (x− 2h, x+ 2h) there exists z ∈ (x− 2h, x+ 2h) such that

4

45
f (6)(z−2h)−

1

180
f (6)(z−h)−

1

180
f (6)(zh) +

4

45
f (6)(z2h) =

1

6
f (6)(z).

Rearranging terms yields

f (4)(x) =
1

h4
(f(x− 2h)− 4f(x− h) + 6f(x)− 4f(x+ h) + f(x+ 2h))− h2

6
f (6)(z)

where x− 2h < z < x+ 2h.
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14.2.2

u0i = 1 + sin

(

π(a+ i(b−a)
N − a)

b− a

)

= 1 + sin

(
π i

N

)

uj0 = e−j∆t

ujN =
1

1 + j∆t

for i = 0, 1, . . . , N and j ∈ N.
14.2.4

u0i = 1 +
i

N

(

1− i

N

)

uj0 =
N

N + 1
uj1 + (N + 1) sin(j∆t)

ujN =
N

N + 1
ujN−1 + (N + 1)(1− e−j∆t)

for i = 0, 1, . . . , N and j ∈ N.
14.2.6

u0i = cos

(
2πi

N

)

uj−1 =
N

2
uj0 + uj1

ujN+1 = ujN−1 −
N

2
ujN

for i = 0, 1, . . . , N and j ∈ N.
14.3.2 Define ξ = (x− a)/(b− a) and τ = κt/(b− a)2, then

uξ = uxxξ = ux(b− a)

uξξ = uxx(b− a)2

uτ = uttτ = ut
(b − a)2

κ
.

Therefore the partial differential equation in the new variables becomes

κ

(b− a)2
uτ =

κ

(b − a)2
uξξ ⇐⇒ uτ = uξξ,

where x ∈ [a, b] implies ξ ∈ [0, 1].
14.3.4

uj+1
i − uji
k

=
uji−1 − 2uji + uji+1

h2
+ 2 ·

uji+1 − uji−1

2h

uj+1
i =

k(1− h)uji−1 + (h2 − 2k)uji + k(1 + h)uji+1

h2

for i = 1, 2, . . . , N − 1 and j = 0, 1, . . .. At x = 0 or equivalently i = 0,

uj1 − uj−1

2h
= 0 ⇐⇒ uj−1 = uj1,
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which implies

uj+1
0 =

k(1− h)uj−1 + (h2 − 2k)uj0 + k(1 + h)uj1
h2

=
(h2 − 2k)uj0 + 2kuj1

h2
.

At x = 1 or equivalently i = N ,

ujN+1 − ujN−1

2h
= 0 ⇐⇒ ujN+1 = ujN−1.

which implies

uj+1
N =

k(1− h)ujN−1 + (h2 − 2k)ujN + k(1 + h)ujN+1

h2
=

2kujN−1 + (h2 − 2k)ujN
h2

.

The table below lists the approximations to the solution for ten time steps.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.000 1.0000 1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000
0.001 1.0000 1.0000 1.0000 1.0000 1.1100 1.9100 2.0000 2.0000 2.0000 2.0000 2.0000
0.002 1.0000 1.0000 1.0000 1.0121 1.1881 1.8479 1.9919 2.0000 2.0000 2.0000 2.0000
0.003 1.0000 1.0000 1.0013 1.0304 1.2448 1.8044 1.9798 1.9993 2.0000 2.0000 2.0000
0.004 1.0000 1.0001 1.0044 1.0513 1.2871 1.7733 1.9662 1.9976 1.9999 2.0000 2.0000
0.005 1.0000 1.0006 1.0092 1.0731 1.3194 1.7508 1.9523 1.9950 1.9997 2.0000 2.0000
0.006 1.0001 1.0015 1.0154 1.0944 1.3446 1.7341 1.9388 1.9917 1.9993 2.0000 2.0000
0.007 1.0004 1.0029 1.0229 1.1148 1.3650 1.7216 1.9262 1.9878 1.9987 1.9999 2.0000
0.008 1.0009 1.0049 1.0312 1.1341 1.3817 1.7120 1.9146 1.9834 1.9979 1.9998 2.0000
0.009 1.0017 1.0074 1.0401 1.1520 1.3957 1.7045 1.9039 1.9788 1.9968 1.9997 1.9999
0.010 1.0028 1.0105 1.0495 1.1688 1.4078 1.6987 1.8942 1.9741 1.9955 1.9994 1.9999

14.3.6 As in Exercise 14.3.5,

−ruj+1
i−1 + 2(1 + r − k)uj+1

i − ruj+1
i+1 = ruji−1 + 2(1− r + k)uji + ruji+1

for i = 1, 2, . . . , N − 1. The homogeneous Neumann boundary conditions are handled by introducing the
fictitious points at i = −1 and i = N + 1. At x = 0 or equivalently i = 0,

uj1 − uj−1

2h
= 0 ⇐⇒ uj−1 = uj1,

which implies

−ruj+1
−1 + 2(1 + r − k)uj+1

0 − ruj+1
1 = ruj−1 + 2(1− r + k)uj0 + ruj1

(1 + r − k)uj+1
0 − ruj+1

1 = (1 − r + k)uj0 + ruj1

At x = 1 or equivalently i = N ,

ujN+1 − ujN−1

2h
= 0 ⇐⇒ ujN+1 = ujN−1.

which implies

−ruj+1
N−1 + 2(1 + r − k)uj+1

N − ruj+1
N+1 = rujN−1 + 2(1− r + k)ujN + rujN+1

−ruj+1
N−1 + (1 + r − k)uj+1

N = rujN−1 + (1 − r + k)ujN

The table below lists the approximations to the solution for ten time steps.
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t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 −1.0000 −1.0000 −1.0000 −1.0000 −1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.01 −1.0112 −1.0022 −0.9576 −0.7889 −0.1624 0.1625 0.7890 0.9579 1.0033 1.0153 1.0178
0.02 −0.9903 −0.9583 −0.8351 −0.5549 −0.2378 0.2381 0.5557 0.8374 0.9657 1.0129 1.0244
0.03 −0.9289 −0.8804 −0.7305 −0.4971 −0.1641 0.1655 0.5003 0.7391 0.9031 0.9857 1.0095
0.04 −0.8493 −0.8004 −0.6593 −0.4314 −0.1530 0.1574 0.4401 0.6793 0.8454 0.9427 0.9741
0.05 −0.7712 −0.7257 −0.5927 −0.3882 −0.1315 0.1419 0.4059 0.6280 0.7944 0.8947 0.9282
0.06 −0.6983 −0.6562 −0.5350 −0.3475 −0.1159 0.1353 0.3769 0.5870 0.7466 0.8458 0.8793
0.07 −0.6312 −0.5929 −0.4821 −0.3114 −0.0994 0.1304 0.3545 0.5509 0.7027 0.7980 0.8304
0.08 −0.5699 −0.5349 −0.4338 −0.2776 −0.0836 0.1281 0.3355 0.5190 0.6619 0.7523 0.7832
0.09 −0.5137 −0.4818 −0.3892 −0.2463 −0.0679 0.1271 0.3194 0.4903 0.6241 0.7092 0.7383
0.10 −0.4622 −0.4329 −0.3481 −0.2168 −0.0528 0.1273 0.3054 0.4643 0.5892 0.6689 0.6962

14.3.8 As in Exercise 14.3.5,

−ruj+1
i−1 + 2(1 + r − k)uj+1

i − ruj+1
i+1 = ruji−1 + 2(1− r + k)uji + ruji+1

for i = 1, 2, . . . , N . The homogeneous Neumann boundary condition is handled by introducing the fictitious
point at i = −1. At x = 0 or equivalently i = 0,

uj1 − uj−1

2h
= 0 ⇐⇒ uj−1 = uj1.

which implies

−ruj+1
−1 + 2(1 + r − k)uj+1

0 − ruj+1
1 = ruj−1 + 2(1− r + k)uj0 + ruj1

(1 + r − k)uj+1
0 − ruj+1

1 = (1 − r + k)uj0 + ruj1

The table below lists the approximations to the solution for ten time steps.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 2.0000 1.9511 1.8090 1.5878 1.3090 1.0000 0.6910 0.4122 0.1910 0.0489 0.0000
0.01 1.9452 1.9000 1.7686 1.5639 1.3060 1.0201 0.7338 0.4746 0.2649 0.1148 0.0000
0.02 1.8965 1.8546 1.7330 1.5437 1.3049 1.0398 0.7731 0.5277 0.3190 0.1473 0.0000
0.03 1.8533 1.8146 1.7020 1.5266 1.3050 1.0579 0.8066 0.5695 0.3572 0.1706 0.0000
0.04 1.8153 1.7794 1.6751 1.5121 1.3056 1.0734 0.8338 0.6018 0.3861 0.1876 0.0000
0.05 1.7820 1.7486 1.6516 1.4996 1.3058 1.0860 0.8555 0.6271 0.4082 0.2005 0.0000
0.06 1.7528 1.7217 1.6310 1.4884 1.3055 1.0957 0.8725 0.6468 0.4254 0.2104 0.0000
0.07 1.7273 1.6981 1.6128 1.4783 1.3044 1.1030 0.8857 0.6621 0.4387 0.2182 0.0000
0.08 1.7049 1.6773 1.5967 1.4689 1.3026 1.1082 0.8957 0.6740 0.4490 0.2241 0.0000
0.09 1.6850 1.6589 1.5822 1.4601 1.3002 1.1115 0.9032 0.6830 0.4570 0.2288 0.0000
0.10 1.6674 1.6424 1.5690 1.4517 1.2971 1.1134 0.9085 0.6898 0.4631 0.2323 0.0000

14.3.10

uj+1
i − uji
k

=
e−ih

2h2
(uji−1 − 2uji + uji+1)

+
e−ih

2h2
(uj+1

i−1 − 2uj+1
i + uj+1

i+1 )

−re−ihuj+1
i−1 + 2(1 + re−ih)uj+1

i − re−ihuj+1
i+1 = re−ihuji−1 + 2(1− re−ih)uji + re−ihuji+1

where r = k/h2 for i = 1, 2, . . . , N − 1. At x = 0 or equivalently i = 0,

uj1 − uj−1

2h
= 0 ⇐⇒ uj−1 = uj1,
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which implies

−ruj+1
−1 + 2(1 + r)uj+1

0 − ruj+1
1 = ruj−1 + 2(1− r)uj0 + ruj1

(1 + r)uj+1
0 − ruj+1

1 = (1 − r)uj0 + ruj1.

At x = 1 or equivalently i = N ,

ujN+1 − ujN−1

2h
= 0 ⇐⇒ ujN+1 = ujN−1,

which implies

−re−Nhuj+1
N−1 + 2(1 + re−Nh)uj+1

N − re−Nhuj+1
N+1 = re−NhujN−1 + 2(1− re−Nh)ujN + re−NhujN+1

−re−Nhuj+1
N−1 + (1 + re−Nh)uj+1

N = re−NhujN−1 + (1− re−Nh)ujN .

The table below lists the approximations to the solution for ten time steps.

t u(0.0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 0.0000 0.8100 2.5600 4.4100 5.7600 6.2500 5.7600 4.4100 2.5600 0.8100 0.0000
0.01 1.1930 1.5760 2.7122 4.1203 5.2463 5.6994 5.3168 4.1789 2.6103 1.1658 0.5314
0.02 1.8595 2.1430 2.9266 3.9619 4.8516 5.2368 4.9322 3.9813 2.6651 1.4690 0.9541
0.03 2.3407 2.5383 3.1095 3.8760 4.5561 4.8591 4.6067 3.8145 2.7159 1.7232 1.2994
0.04 2.6847 2.8311 3.2512 3.8220 4.3332 4.5565 4.3372 3.6754 2.7600 1.9352 1.5844
0.05 2.9391 3.0471 3.3589 3.7830 4.1615 4.3155 4.1174 3.5611 2.7978 2.1118 1.8206
0.06 3.1273 3.2075 3.4385 3.7518 4.0266 4.1236 3.9401 3.4683 2.8302 2.2589 2.0168
0.07 3.2667 3.3260 3.4962 3.7248 3.9191 3.9705 3.7977 3.3942 2.8585 2.3817 2.1801
0.08 3.3693 3.4126 3.5365 3.7003 3.8323 3.8480 3.6839 3.3356 2.8836 2.4845 2.3162
0.09 3.4438 3.4749 3.5633 3.6773 3.7613 3.7496 3.5931 3.2899 2.9063 2.5710 2.4300
0.10 3.4968 3.5186 3.5798 3.6556 3.7026 3.6702 3.5208 3.2547 2.9271 2.6440 2.5254

14.4.2 The table below lists the approximations to the solution for ten time steps.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 0.0000 0.3600 0.6400 0.8400 0.9600 1.0000 0.9600 0.8400 0.6400 0.3600 0.0000
0.05 0.0000 0.3905 0.6776 0.8455 0.9206 0.9400 0.9206 0.8455 0.6776 0.3905 0.0000
0.10 0.0000 0.3951 0.6853 0.8277 0.8673 0.8703 0.8673 0.8277 0.6853 0.3951 0.0000
0.15 0.0000 0.3735 0.6561 0.7843 0.8048 0.7991 0.8048 0.7843 0.6561 0.3735 0.0000
0.20 0.0000 0.3292 0.5883 0.7139 0.7358 0.7307 0.7358 0.7139 0.5883 0.3292 0.0000
0.25 0.0000 0.2674 0.4871 0.6176 0.6600 0.6649 0.6600 0.6176 0.4871 0.2674 0.0000
0.30 0.0000 0.1936 0.3636 0.4993 0.5749 0.5966 0.5749 0.4993 0.3636 0.1936 0.0000
0.35 0.0000 0.1140 0.2315 0.3659 0.4763 0.5175 0.4763 0.3659 0.2315 0.1140 0.0000
0.40 0.0000 0.0352 0.1037 0.2266 0.3604 0.4177 0.3604 0.2266 0.1037 0.0352 0.0000
0.45 0.0000 −0.0352 −0.0105 0.0900 0.2254 0.2893 0.2254 0.0900 −0.0105 −0.0352 0.0000
0.50 0.0000 −0.0907 −0.1058 −0.0379 0.0725 0.1289 0.0725 −0.0379 −0.1058 −0.0907 0.0000

14.4.4 Using h = 0.1 and k = 0.05 the first ten time steps of the numerical solution are given below.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 0.0000 0.3090 0.5878 0.8090 0.9511 1.0000 0.9511 0.8090 0.5878 0.3090 0.0000
0.05 0.0000 0.3052 0.5806 0.7991 0.9394 0.9878 0.9394 0.7991 0.5806 0.3052 0.0000
0.10 0.0000 0.2941 0.5594 0.7699 0.9051 0.9516 0.9051 0.7699 0.5594 0.2941 0.0000
0.15 0.0000 0.2758 0.5246 0.7221 0.8488 0.8925 0.8488 0.7221 0.5246 0.2758 0.0000
0.20 0.0000 0.2509 0.4772 0.6568 0.7721 0.8118 0.7721 0.6568 0.4772 0.2509 0.0000
0.25 0.0000 0.2199 0.4182 0.5756 0.6767 0.7115 0.6767 0.5756 0.4182 0.2199 0.0000
0.30 0.0000 0.1835 0.3491 0.4805 0.5649 0.5940 0.5649 0.4805 0.3491 0.1835 0.0000
0.35 0.0000 0.1428 0.2716 0.3738 0.4395 0.4621 0.4395 0.3738 0.2716 0.1428 0.0000
0.40 0.0000 0.0986 0.1875 0.2581 0.3034 0.3190 0.3034 0.2581 0.1875 0.0986 0.0000
0.45 0.0000 0.0520 0.0989 0.1361 0.1600 0.1682 0.1600 0.1361 0.0989 0.0520 0.0000
0.50 0.0000 0.0041 0.0079 0.0108 0.0128 0.0134 0.0128 0.0108 0.0079 0.0041 0.0000
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14.4.6 Using h = 0.1 and k = 0.05 the first ten time steps of the numerical solution are given below.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 0.0000 0.0814 0.1310 0.1556 0.1609 0.1516 0.1317 0.1043 0.0719 0.0366 0.0000
0.05 0.0000 0.0929 0.1433 0.1826 0.1995 0.1979 0.1808 0.1512 0.1120 0.0519 0.0000
0.10 0.0000 0.0955 0.1520 0.2042 0.2335 0.2402 0.2267 0.1955 0.1477 0.0684 0.0000
0.15 0.0000 0.0901 0.1585 0.2206 0.2619 0.2775 0.2681 0.2353 0.1769 0.0864 0.0000
0.20 0.0000 0.0801 0.1628 0.2319 0.2841 0.3086 0.3036 0.2687 0.1990 0.1046 0.0000
0.25 0.0000 0.0703 0.1639 0.2389 0.2996 0.3324 0.3315 0.2938 0.2151 0.1201 0.0000
0.30 0.0000 0.0648 0.1614 0.2419 0.3082 0.3478 0.3503 0.3093 0.2264 0.1301 0.0000
0.35 0.0000 0.0654 0.1559 0.2412 0.3102 0.3541 0.3585 0.3149 0.2333 0.1329 0.0000
0.40 0.0000 0.0708 0.1494 0.2364 0.3058 0.3507 0.3552 0.3112 0.2348 0.1287 0.0000
0.45 0.0000 0.0780 0.1444 0.2277 0.2952 0.3375 0.3403 0.2992 0.2291 0.1192 0.0000
0.50 0.0000 0.0831 0.1422 0.2154 0.2781 0.3146 0.3150 0.2794 0.2143 0.1070 0.0000

14.4.8 Using h = 0.1 and k = 0.05 the first ten time steps of the numerical solution are given below.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.05 0.0000 0.0294 0.0476 0.0476 0.0294 0.0000 −0.0294 −0.0476 −0.0476 −0.0294 0.0000
0.10 0.0000 0.0560 0.0907 0.0907 0.0560 0.0000 −0.0560 −0.0907 −0.0907 −0.0560 0.0000
0.15 0.0000 0.0775 0.1253 0.1253 0.0775 0.0000 −0.0775 −0.1253 −0.1253 −0.0775 0.0000
0.20 0.0000 0.0917 0.1483 0.1483 0.0917 0.0000 −0.0917 −0.1483 −0.1483 −0.0917 0.0000
0.25 0.0000 0.0973 0.1574 0.1574 0.0973 0.0000 −0.0973 −0.1574 −0.1574 −0.0973 0.0000
0.30 0.0000 0.0939 0.1519 0.1519 0.0939 0.0000 −0.0939 −0.1519 −0.1519 −0.0939 0.0000
0.35 0.0000 0.0817 0.1322 0.1322 0.0817 0.0000 −0.0817 −0.1322 −0.1322 −0.0817 0.0000
0.40 0.0000 0.0619 0.1002 0.1002 0.0619 0.0000 −0.0619 −0.1002 −0.1002 −0.0619 0.0000
0.45 0.0000 0.0363 0.0588 0.0588 0.0363 0.0000 −0.0363 −0.0588 −0.0588 −0.0363 0.0000
0.50 0.0000 0.0074 0.0119 0.0119 0.0074 0.0000 −0.0074 −0.0119 −0.0119 −0.0074 0.0000

14.4.10 Using h = 0.1 and k = 0.05 the first ten time steps of the numerical solution are given below.

t u(0, t) u(0.1, t) u(0.2, t) u(0.3, t) u(0.4, t) u(0.5, t) u(0.6, t) u(0.7, t) u(0.8, t) u(0.9, t) u(1.0, t)
0.00 0.0000 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000 0.0000
0.05 0.0000 0.0003 0.0059 0.1056 0.8441 0.9382 0.8441 0.1056 0.0059 0.0003 0.0000
0.10 0.0000 0.0034 0.0404 0.3470 0.5494 0.8192 0.5494 0.3470 0.0404 0.0034 0.0000
0.15 0.0000 0.0172 0.1343 0.5689 0.2619 0.5811 0.2619 0.5689 0.1343 0.0172 0.0000
0.20 0.0000 0.0568 0.2916 0.6365 0.0979 0.2148 0.0979 0.6365 0.2916 0.0568 0.0000
0.25 0.0000 0.1368 0.4652 0.5160 0.0670 −0.1886 0.0670 0.5160 0.4652 0.1368 0.0000
0.30 0.0000 0.2558 0.5730 0.2832 0.0795 −0.4736 0.0795 0.2832 0.5730 0.2558 0.0000
0.35 0.0000 0.3809 0.5467 0.0586 0.0280 −0.5199 0.0280 0.0586 0.5467 0.3809 0.0000
0.40 0.0000 0.4503 0.3769 −0.0777 −0.1206 −0.3334 −0.1206 −0.0777 0.3769 0.4503 0.0000
0.45 0.0000 0.3985 0.1204 −0.1290 −0.2972 −0.0555 −0.2972 −0.1290 0.1204 0.3985 0.0000
0.50 0.0000 0.1963 −0.1369 −0.1573 −0.3868 0.1247 −0.3868 −0.1573 −0.1369 0.1963 0.0000

14.5.2 The system of equations can be written in matrix/vector form as follows.











4 −1 0 −1 0 0
−1 4 −1 0 −1 0
0 −1 4 0 0 −1

−1 0 0 4 −1 0
0 −1 0 −1 4 −1
0 0 −1 0 −1 4





















u11
u12
u13
u21
u22
u23











=











−1
−e

4− e2

3− e−1

5
17− e











Express the system of equations as a 6× 7 matrix where the additional 7th column is the vector of constants
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from the right-hand side of the equations.










4 −1 0 −1 0 0 −1
−1 4 −1 0 −1 0 −e
0 −1 4 0 0 −1 4− e2

−1 0 0 4 −1 0 3− e−1

0 −1 0 −1 4 −1 5
0 0 −1 0 −1 4 17− e











Use elementary row operations to convert this matrix to reduced, row-echelon form. The numerical approx-
imation to the solution is 









u11
u12
u13
u21
u22
u23











=











0.1096
0.0815
0.2491
1.3568
2.6856
4.3041











14.5.4 Proceeding as general development of the linear system Au = b, if h = 1/4 then N = 4 and

uT =
[
u11 u12 u13 u21 u22 u23 u31 u32 u33

]
.

Matrix Â has the form

Â =





4 −1 0
−1 4 −1
0 −1 4





so that

A =

















4 −1 0 −1 0 0 0 0 0
−1 4 −1 0 −1 0 0 0 0
0 −1 4 −1 0 −1 0 0 0

−1 0 0 4 −1 0 −1 0 0
0 −1 0 −1 4 −1 0 −1 0
0 0 −1 0 −1 4 0 0 −1
0 0 0 −1 0 0 4 −1 0
0 0 0 0 −1 0 −1 4 −1
0 0 0 0 0 −1 0 −1 4

















.

The vector b is found as

b =
−1

16

















−2π2 sin
(
π
4

)
sin
(
π
4

)

−2π2 sin
(
π
2

)
sin
(
π
4

)

−2π2 sin
(
3π
4

)
sin
(
π
4

)

−2π2 sin
(
π
4

)
sin
(
π
2

)

−2π2 sin
(
π
2

)
sin
(
π
2

)

−2π2 sin
(
3π
4

)
sin
(
π
2

)

−2π2 sin
(
π
4

)
sin
(
3π
4

)

−2π2 sin
(
π
2

)
sin
(
3π
4

)

−2π2 sin
(
3π
4

)
sin
(
3π
4

)

















=
π2

8

















1/2

1/
√
2

1/2

1/
√
2

1

1/
√
2

1/2

1/
√
2

1/2

















≈

















0.61685
0.872358
0.61685

0.872358
1.2337

0.872358
0.61685

0.872358
0.61685

















14.5.6 The linear system can be expressed as Au = b where matrix A is as shown in Eq. (14.29). The
vector b = b1 + b2 + b3 where

b1 =
(
f1
1 , . . . , f

1
N−1, f

2
1 , . . . , f

2
N−1, . . . , f

M−1
1 , . . . , fM−1

N−1

)T

b2 =
h2

12

(
(∆f)11, . . . , (∆f)

1
N−1, (∆f)

2
1, . . . , (∆f)

2
N−1, . . . , (∆f)

M−1
1 , . . . , (∆f)M−1

N−1

)T
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and b3 = g4 + g where g4 and g may be found in Eqs. (14.30) and (14.31) respectively.
14.6.2 The iterates of the Gauss-Seidel method are shown in the table below.

k u
(k)
1 u

(k)
2 u

(k)
3 u

(k)
4 u

(k)
5

0 0.0000 0.0000 0.0000 0.0000 0.0000
1 1.2500 −2.0833 0.9167 1.2708 2.2031
2 0.9909 −1.2678 1.5520 1.5688 1.8797
3 0.7090 −0.8628 1.5786 1.6062 1.6745
4 0.6524 −0.8225 1.5597 1.5974 1.6518
5 0.6528 −0.8319 1.5551 1.5940 1.6562
6 0.6551 −0.8353 1.5551 1.5937 1.6580
7 0.6556 −0.8356 1.5552 1.5938 1.6582
8 0.6556 −0.8355 1.5553 1.5938 1.6581

14.6.4 The first five iterates of the Jacobi method are shown in the table below.

k u
(k)
1 u

(k)
2 u

(k)
3

0 0.0000 0.0000 0.0000
1 1.0000 −5.0000 0.5000
2 16.5000 −2.0000 3.0000
3 10.0000 44.5000 1.5000
4 −131.0000 25.0000 −21.7500
5 −95.7500 −398.0000 −12.0000

14.6.6 The first five iterates of the Gauss-Seidel method are shown in the table below.

k u
(k)
1 u

(k)
2 u

(k)
3

0 0.0000 0.0000 0.0000
1 1.0000 −2.0000 1.5000
2 8.5000 20.5000 −9.7500
3 −70.2500 −215.7500 108.3750
4 756.6250 2264.8750 −1131.9375
5 −7925.5625 −23781.6875 11891.3438

14.6.8 The iterates of the SOR method are shown in the table below.

k u
(k)
1 u

(k)
2 u

(k)
3 u

(k)
4 u

(k)
5 u

(k)
5

0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1 1.5000 0.4500 1.9350 0.0000 1.8000 −0.0600
2 1.0650 0.8100 1.6560 0.5400 1.5840 −0.1128
3 1.0440 0.6480 1.6632 0.3672 1.5595 −0.1096
4 1.0968 0.6984 1.6769 0.3944 1.5735 −0.1060
5 1.0711 0.6847 1.6700 0.3932 1.5714 −0.1074
6 1.0804 0.6882 1.6724 0.3928 1.5713 −0.1071
7 1.0775 0.6873 1.6717 0.3928 1.5714 −0.1071
8 1.0783 0.6875 1.6719 0.3929 1.5714 −0.1071

14.6.10 In this exercise choose N = M = 10 which implies h = 1/10. The homogeneous Neumann
boundary condition along the edge where x = 1 implies that ujN+1 = ujN−1 for j = 1, 2, . . . ,M − 1. Likewise

homogeneous Neumann boundary condition along the edge where y = 1 implies that uM+1
i = uM−1

i for i =
1, 2, . . . , N−1. With ǫ = 10−6 the Gauss-Seidel method requires 400 iterations from an initial approximation
of u(0) = 0 to converge to the solution in the table below.

141



0 1 2 3 4 5 6 7 8 9 10
0 2.7183 2.4596 2.2255 2.0138 1.8221 1.6487 1.4918 1.3499 1.2214 1.1052 1.0000
1 2.4596 2.2851 2.1105 1.9445 1.7899 1.6482 1.5198 1.4056 1.3077 1.2312 1.1907
2 2.2255 2.1105 1.9871 1.8636 1.7450 1.6342 1.5335 1.4452 1.3726 1.3213 1.3003
3 2.0138 1.9445 1.8636 1.7780 1.6923 1.6102 1.5348 1.4690 1.4163 1.3810 1.3680
4 1.8221 1.7899 1.7450 1.6923 1.6359 1.5796 1.5265 1.4798 1.4426 1.4183 1.4097
5 1.6487 1.6482 1.6342 1.6102 1.5796 1.5457 1.5117 1.4809 1.4561 1.4399 1.4342
6 1.4918 1.5198 1.5335 1.5348 1.5265 1.5117 1.4939 1.4761 1.4611 1.4510 1.4474
7 1.3499 1.4056 1.4452 1.4690 1.4798 1.4809 1.4761 1.4685 1.4610 1.4555 1.4536
8 1.2214 1.3077 1.3726 1.4163 1.4426 1.4561 1.4611 1.4610 1.4588 1.4566 1.4557
9 1.1052 1.2312 1.3213 1.3810 1.4183 1.4399 1.4510 1.4555 1.4566 1.4564 1.4562
10 1.0000 1.1907 1.3003 1.3680 1.4097 1.4342 1.4474 1.4536 1.4557 1.4562 1.4562

14.7.2

Av = λv

A−1Av = λA−1v

v = λA−1v

1

λ
v = A−1v

Since A is invertible λ 6= 0.
14.7.4 Equation (14.19) can be written as

uj+1 = (A(r))−1B(r)uj − uj−1.

Suppose uj is the exact solution to the linear system for j ∈ N and ûj is the numerical solution. Thus
ûj = uj + ej where the vector ej is interpreted as the error in the jth numerical solution. Substituting this
into the linear system yields

uj+1 + ej+1 = (A(r))−1B(r)(uj + ej)− (uj−1 + ej−1)

ej+1 = (A(r))−1B(r)ej − ej−1.

The finite difference scheme will be stable provided the eigenvalues of (A(r))−1B(r) lie inside the unit disk in
the complex plane. According to Lemma 14.1 the eigenvectors of A(r) and B(r) are for j = 1, 2, . . . , N − 1,

vj =

(

sin
jπ

N
, sin

2jπ

N
, . . . , sin

(N − 1)jπ

N

)T

.

The corresponding eigenvalues of A(r) are

λj = 2(2 + r2) + 2r2 cos
jπ

N

and the corresponding eigenvalues of B(r) are

µj = 4(2− r2) + 4r2 cos
jπ

N
.
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Thus the eigenvalues of (A(r))−1B(r) are

µj

λj
=

4− 2r2 + 2r2 cos jπ
N

2 + r2 + r2 cos jπ
N

=
2− 2r2 sin2 jπ

2N

1 + r2 cos2 jπ
2N

∣
∣
∣
∣

µj

λj

∣
∣
∣
∣
=

2
∣
∣1− r2 sin2 jπ

2N

∣
∣

1 + r2 cos2 jπ
2N

The expression |µj/λj | ≤ 1 when

2

∣
∣
∣
∣
1− r2 sin2

jπ

2N

∣
∣
∣
∣
≤ 1 + r2 cos2

jπ

2N

−1− r2 cos2
jπ

2N
≤ 2− 2r2 sin2

jπ

2N
≤ 1 + r2 cos2

jπ

2N

−3− r2 cos2
jπ

2N
≤ −2r2 sin2

jπ

2N
≤ −1 + r2 cos2

jπ

2N
1

2
− r2

2
cos2

jπ

2N
≤ r2 sin2

jπ

2N
≤ 3

2
+
r2

2
cos2

jπ

2N

The first inequality above implies

1 ≤ r2
(

1 + sin2
jπ

2N

)

= r2
(
3

2
− 1

2
cos

jπ

N

)

≤ 2r2,

and thus r2 ≥ 1/2. The second inequality from above implies that

r2 sin2
jπ

2N
≤ 3 + r2 cos

jπ

N
⇐⇒ r2

(

sin2
jπ

2N
− cos

jπ

N

)

≤ 3

and thus r2 ≤ 3/2.
14.7.6

(a) By definition A is symmetric so the lower triangular portion of A, is the transpose of the upper
triangular portion of matrix A. Let L be the negative of the strictly lower triangular portion of matrix
A and let D be the diagonal matrix whose diagonal entries are the diagonal entries of matrix A, then
A = D − L− LT . By Thm. B.24 (D)ii = (A)ii > 0 for i = 1, 2, . . . , n.

(b) D − L is a lower triangular matrix with diagonal entries (D − L)ii = (D)ii > 0 for i = 1, 2, . . . , n and
thus D − L is nonsingular.

(c) Matrix P is symmetric since,

PT = (A− STAS)T = AT − STAT (ST )T = A− STATS = P.

(d) By definition,

S = (D − L)−1LT = (D − L)−1(D − L−A) = (D − L)−1(D − L)− (D − L)−1A = I − (D − L)−1A.

(e) If Q = (D − L)−1A then
S = I − (D − L)−1A = I −Q.
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Since P = A− STAS then

P = A− (I −Q)TA(I −Q)

= A− (I −QT )(A−AQ)

= A− (A−QTA)− (−AQ−QTAQ)

= QTA−QTAQ+AQ

= QTAQ−1Q−QTAQ+QT (QT )−1AQ

= QT
(
AQ−1Q−AQ+ (QT )−1AQ

)

= QT
(
AQ−1 −A+ (QT )−1A

)
Q.

(f) Recall that Q = (D − L)−1A and thus

P = QT
(
AQ−1 −A+ (QT )−1A

)
Q

= QT

(

A
[
(D − L)−1A

]−1 −A+
[(
(D − L)−1A

)T
]−1

A

)

Q

= QT

(

AA−1(D − L)−A+
[(
(D − L)−1A

)−1
]T

A

)

Q

= QT
(

D − L−A+
[
A−1(D − L)

]T
A
)

Q

= QT
(
LT + (D − L)T (A−1)TA

)
Q

= QT
(
LT + (D − LT )(AT )−1A

)
Q

= QT
(
LT + (D − LT )A−1A

)
Q

= QT
(
LT +D − LT

)
Q

= QTDQ

Let the n× n matrix B =
√
DQ where

√
D is the n× n diagonal matrix for which (

√
D)ii =

√

(D)ii
for i = 1, 2, . . . , n. Then P = BTB and by Thm. B.24 matrix P is positive definite.

(g) Suppose x 6= 0 is an eigenvector of S corresponding to eigenvalue λ. Earlier it was shown that matrix
P is positive definite.

xTP x > 0

xT (A− STAS)x > 0

xTAx− xTSTA(S x) > 0

xTAx− (xTST )Aλx > 0

xTAx− λ(S x)TAx > 0

xTAx− λ2xTAx > 0

xTAx(1 − λ2) > 0

1− λ2 > 0

Since A is positive definite. In order to satisfy the inequality |λ| < 1.

(h) Since the strictly upper triangular portion of a symmetric matrix is just the transpose of the strictly
lower triangular portion of the same matrix, the matrix S defined earlier is the Gauss-Seidel matrix
for the symmetric matrix A.
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