Students’ Solution Manual
to accompany

A First Course in Partial Differential Fquations

This document contains a subset of the solutions and supporting derivations to the exercises in A
First Course in Partial Differential Equations, 2nd edition, by Dr. J Robert Buchanan and Dr. Zhoude
Shao. If any typographical or mathematical errors are found herein, please contact one of the authors
with the specifics of the error and it will be corrected. Email addresses for the authors can be found
at www.millersville.edu/math/. Where possible the exercises have been checked with the Wolfram (for-
merly Mathematica) application. The textbook was prepared using BTEX and specifically the xsim (eXercise
Sheets IMproved) package. The solution numbers correspond to the exercise numbers found in the textbook.
The exercises themselves are not repeated in this solution manual.

1.1.1 For i = 1,2,...,n let u;(x,t) be a solution to
Auyt + Bugy + Cugy + Duy + Euy + Fu = G,
valid on Q@ C R? and let ¢y, c2, ..., ¢, be constants. Define v(x,t) = > | ciu;(x,t), then
Avyy + Bvyy + Cvgy + Dvy + Evg + Fo

=A (Z ciui(:v,t)> +B (Z Ciui(l',t)) +C (Z ciui(:zc,t)) +D (Z ciui(:v,t)>

i=1 i=1 =1

+F (i ciui(z, t)) +F i ciui(z,t)
z i=1

i=1

= (Zcﬁluﬂx,t)) + <ZciBui(a:,t)> + (Zcicui(x,t)> + <ZCiDui(x,t)>

=1 i=1 i=1 =1

+ <i ciBu;(z, t)) + i ciFu;(z,t)
i=1

e i=1

n
Z i (Aui g + Bt g + Cj gz + Dy + By + Fuy)
i=1

CiGi.

|

i=1

If G; = 0 then v(z,t) solves Eq. (1.2).
1.1.3
(a) If u(z,y) = e** sinay then
Ugpe(,y) = a®e sinay
Uyy (T, y) = —a’e™® sin ay

and
Upy + Uyy = a2e*" sinay — a®e* sinay = 0.

Thus u(z,y) is a solution.
(b) If u(z,y,2) = (22 + y> + 22)~/2 then
Uaa (0,1, 2) = (202 — 2 — 22)(a? + 42 + 22) 75/
Uyy (2,9, 2) = (=22 4 2y% — 22) (22 + y? + 22)7%/2
wan (g, 2) = (=2 — 2 + 222) (22 + y? + 22) /2



and

Upy + Uyy + Uz = [(227 — y® — 2%) + (=2 + 2y — 2°) + (—2® — y* + 22%)| (2® + 9 + 22)75/2
— (O)(.’L’Q +y2 +Z2)75/2
=0.

Thus u(z,y, z) is a solution.

(c) If u(z,t) = e**=) then

gy = G/Qea(tfz)
Upy = a2ea(t—w)
and
Ut = aze“(t_m) = Ugy-

Thus u(z,t) is a solution.
1.1.5 Let u(x,t) = e* sin(bz) be a solution to the PDE.
0 = ae* sin(bx) — (b sin(bx))0 = (a + b?) sin(bx)

Thus for all b € R and a = —b? the function u(z,t) solves the partial differential equation.
1.1.7

(a) Let ue(z,y) = cax?/2 + (1 — ¢)y?/2 then
uww(xay) =c
Uyy(z,y) =1—c¢

and
Uggy + Uyy =Cc+1—c=1.

Thus u(z,y) is a solution.

(b) The Laplacian operator is linear, thus the Laplacian of v(z,y) is the Laplacian of u.(z,y) (which is 1)
plus the Laplacian of u(z,y) (which is 0).

(c) Let a =2 and ¢ = 3 then v(x,y) = €2 sin 2y + uz(w, y) is the desired solution.
1.2.2
(8) Uoe + Ute + U =0
4AC — B> =4(1)(1) — (1) =3 >0 = elliptic

(b) 5umm + 3utz + 2utt =0

4AC — B* = 4(2)(5) — (3)? = 32 = elliptic

(¢) t2uy — 2wt Upy + 2% Ugy = 0

4AC — B?* = 4(t*)(2?) — (=22 t)> = 0 = parabolic



(d) 22ug + 20t Usy + Uy = 0

4AC — B? = 4(2*)(t?) — (22 t)? = 0 = parabolic
1.2.4

(a) (1+t)uy — 20t Uy — 22Uz = 0

4AC — B* = 4(1 4+ t)(—2?) — (—2xt)? = —42*(1 +t + %)
The PDE is hyperbolic on the set {(x,t) |z # 0} and parabolic on the line where z = 0.

(b) 16wy + 8uty + Qg + uz =0

4AC — B* = 4(16)(9) — (8)> = 512> 0
The PDE is elliptic on the entire (z,t)-plane.

(¢) ugt + 4t uge + 4y, =0

4AC — B? = 4(1)(4x) — (4t)* = 16(x — t?)

The PDE is elliptic on the set {(z,t) |z > t?}, hyperbolic on the set {(z,t)|x < t?}, and parabolic on
the curve where x = 2.

1.2.6 Using the chain rule for derivatives,

Vg = YU

_ A2
Vg = 7Y Vzz-

Substituting these derivatives into the result of Exercise 1.2.5 produces,

21
0=wvy+ 4/72’022 - Z’U
21

=Vt + Vzz — Z’U

ify=1/2.
1.2.8 Differentiating and substituting into the partial differential equation yields
TP By 4 vp) = ae™ PN v 4 200, 4 Vr) + 0T (v + v,) + e TPV
Bv 4+ vy = a(a®v + 200, + Vpe) + blav + vg) + cv
U = aUgp + (2000 + D)V, + (ac? + ba + ¢ — B)v
Vg = QUgq

when o = —b/(2a) and 3 = ¢ — b?/(4a).
1.3.2

(a)

uy = 0.86Uy, for 0 <z < L and t >0
u(0,t) =u(L,t) =10 for t > 0
u(z,0) =100 for 0 < z < L



uy = 0.86Uy, for 0 <z < L and t >0
u(0,t) = uy(L,t) =0 for t > 0
u(z,0) =100 for 0 <z < L

up = 0.86Uy, for 0 <z < L and t >0
u(0,t) =0 and u(L,t) =100 for t > 0
u(z,0) =100 for 0 <z < L

(d) The temperature distributions will be as follows.

e In the first case limy_ oo u(z,t) = 10 for all 0 < z < L.
e In the second case lim; oo u(x,t) =0 for all 0 < = < L.
e In the third case lim; o u(z,t) = 100z/L.

1.3.4 Differentiate the solution and substitute into Eq. (1.26).

2

%[l—xz—%{ﬂ :H%[1—$2—2Ht]

—2k = =2k

Hence u(z,t) solves Eq. (1.26). When 2 = 0 then w(0,t) = 1 — 2kt for t > 0. When 2z = L then
u(0,t) =1— L? — 2kt for t > 0. When ¢ =0 then u(0,¢) =1 — 22 for 0 <z < L.
1.3.6

(a) u(z,t) = e "tsinw; u(z,0) = sinz, u(0,t) = u(m,t) =0

uy = —kappae "t sin

Upy = —€ "lgina
Substituting these partial derivatives into the heat equation produces,
—ke "lsing = k(—e "'sinx)

which is satisfied for all ¢ and 0 < x < w. The initial and boundary conditions are satisfied as well.

=50 ¢in g = sinx

u(z,0) =e
e "sin(0) =0

u(m,t) = e " sin(r) =0

ﬁ
—
=
~

Il

(b) u(x,t) = e "tcosz; u(x,0) = cosz, u,(0,t) = uy(m,t) =0

up = —ke ®tcosx
Uy = —e "tsing
Upy = —€ "lcosa



Substituting these partial derivatives into the heat equation produces,

t t

—ke "'sinx = k(—e "'sinx)

which is satisfied for all ¢ and 0 < x < w. The initial and boundary conditions are satisfied as well.

u(z,0) = e " cosz = cosx
u.(0,1) = —e " sin(0) = 0

Uy (m,t) = —e "sin(r) = 0

(c) u(x,t) =1/2+ (1/2)e "t cos(2x); u(z,0) = cos? z, u,(0,t) = u,(mw,t) =0

uy = —2ke” " cos(2x)
Uy = —e ' sin(2z)
Upy = —2¢ 1 cos(2z)

Substituting these partial derivatives into the heat equation produces,
—2ke” !t cos(2x) = k(—2e 4! cos(2x))
which is satisfied for all t and 0 < x < w. The initial and boundary conditions are satisfied as well.
w(x,0) = 1/2 4 (1/2)e= 4O cos(22) = 1/2 + (1/2) cos(2z) = cos® x
u(0,t) = —e~*sin(2(0)) = 0
Uy (m,t) = —e " lsin(27) = 0
1.4.1 The equilibrium position of the string satisfies the boundary value problem

AU"(x) —g=0
U0) = U(L) = 0.

Integrating twice produces the general solution
2
gx

Since U(0) = 0 then B = 0. Since U(L) = 0 then A = —gL/(2c?) and therefore the equilibrium position of
the string is given by

2
gz gLx
V@) =5z ~ 52

1.4.3 Differentiate the function and substitute into the two-dimensional wave equation.
—kc*(m? + n?)n? sin(nmz) sin(mmry) sin(\/mcmf)
Upy = —kn?m? sin(nmz) sin(mry) sin(\/WCWt)

—km?n? sin(n7x) sin(mmy) sin(\/mcwt)

Utt

Uyy

Upon substitution,
—kc*(m? + n?)n? sin(nmz) sin(mmy) sin(\/mmrt) = — 2kn’n? sin(nmz) sin(mmy) sin(\/mcmf)
— km?*n? sin(nmz) sin(mmy) sin(\/mcwt)
= — k(m? + n?)n? sin(nmx) sin(mmy) sin(\/mcwt)



1.4.5 Since uy = c*uyy by assumption, then Differentiating both sides with respect to x yields

2
Uttey = C Ugaa

(ux)tt - CQ (ux)zz

Hence u,(z,t) is also a solution to the wave equation.

1.5.1
" — 2(x — xo)
T (= 20)? + (y — yo)?
o —2(z — 20)? + 2(y — y0)?
o [(z — 20)2 + (y — 50)?]°
w 2(y — wo)
Y (@ —x0)? + (y — yo)?
e m)? 2y — o’
P @ - w0)? + (y — 0)??
Ugs + Yyy = —2(z —0)? + 2(y — y0)? + 2(x — :1:032 —2(y —yo)? 0
[(x —20)? + (¥ — %0)?]
1.5.3

Ugg + Uyy = sinhz cosy + (—sinhz cosy) =0

1.5.5 Begin by finding the partial derivatives of u(z,y).

Y

.IQ +y2
2xy

(22 + 42)2
x

x? + y?
—2xy

Yov = (22 1 42)2

Uy =
Ugy =

'Lby:

Now it is seen that
2xy —2zy

@+ 22 (@2

1.5.7 Begin by taking partial derivatives.

2(—=2r + (14 172) cos )

r = (1472 —2rcosf)?
4(3r2 — r(r? + 3) cos  + cos(26))
Upy =
(1472 —2rcosf)?
2r(r? — 1) siné
Up =
(1472 —2rcosf)?
2r(r? — 1)((1 +72) cos @ + (=3 + cos(20)))
Ugy =

(1472 —2rcosf)3



Substitute the partial derivatives into the left-hand side of Laplace’s equation in polar coordinates.

4(3r% — r(r? 4+ 3) cos@ + cos(20))  2(=2r + (1 +r?) cosb)
(14 r2 —2rcosh)3 r(1+ 72— 2rcosf)?

2r(r? — 1)((1 +72) cos @ + (=3 + cos(20)))
+ r2(1 4 r2 — 2rcos )3
_4r?(3r% — r(r? + 3) cos 0 + cos(26)) + 2r?(—=2r + (1 + r?) cos 0)(1 + r* — 2r cos §)

r2(1 4 r2 — 2rcosf)3
2r3(r?2 = 1)((1 4+ 7?) cos § + r(—3 + cos(26)))
+ r2(1 4 r2 — 2rcosf)3
8(—1+ 72 + cos? @ — 72 cos® § + sin? § — 2 sin” 0)
(14 r2 —2rcosh)3

Upp + —Up + —211,99 =
T T

=0
1.6.2

(a) This is a mathematical model of a one-dimensional rod of unit length whose ends are kept at constant
temperature of 0. The initial temperature distribution along the length of the rod is given by sin(wz).

(b) Since the ends of the rod are kept at temperature 0 and are not insulated, in the long term all heat
energy will flow out of the rod into the surrounding environment. Thus tlim u(z,t) = 0.
—00
(¢) The fundamental solution expressed in Eq. (1.58) solves the initial boundary value problem when n = 1,
L=1,and By =1. Thus

—m2kt

u(z,t) =e sin(mx)

and

tlim u(z,t) = tlim e TRt sin(mrzx) = 0.
— 00 — 00

1.6.4 The finite sum solution expressed in Eq. (1.59) solves the initial boundary value problem when xk = 4,
L =2,and N =6. In this case let By =1, By = —1/2, By = By = B; =0, and Bg = 3 and thus

1
u(z,t) = e~ Tsin (%) - 56_4F2t sin (7z) + 3¢ 367 gin (3mx).

1.6.6 Assume there is a product solution of the form u(x,t) = X (x)T'(t) then

X(2)T'(t) =k X" (2)T(t)
X(@)T'(t) _ s X"(@)T(t)
EX(@)T(t) wX(@)T(t)

() _ X"(x)

kT(E) X(x)

where c is a constant. The boundary conditions can be written as
X'0)Tt) =X'"(L)Tt) =0 = X'(0)=X'(L)=0.

The implied boundary value problem is

There are three cases to consider.



Case ¢ = 0: which implies X (2) = Bx+ A. The boundary conditions require A = 0 and thus the nontrivial
solutions may be expressed as Xo(z) = Ao where Ag is a nonzero constant.

Case c > 0: in which case ¢ = \? for some A > 0. The general solution to the ordinary differential equation
is X(z) = A, cos(Ax) + Bpsin(Az). The boundary conditions require B, = 0. If A, # 0 then
A=A, =nn/L with n € N. Thus X,,(x) = A, cos(nmz/L) is a nontrivial solution corresponding to
c=n?n?/L2.

Case c < 0: in which case ¢ = —\? for some A > 0. The general solution to the ordinary differential equation
is X(x) = Ay cosh(Ax) + B, sinh(Ax). The boundary conditions require A, = B,, = 0. There are no
nontrivial solutions in this case.

The eigenfunctions are members of the set {cos(nwz/L)}3, with corresponding eigenvalues {n?mr?/L?}2° .
1.6.8 Assume there is a product solution of the form u(x,t) = X (x)T'(t) then

X(2)T'(t) =k X" (2)T(t)
X(x)T'(t) _ kX" (2)T(t)
kX(x)T(t) rkX(@)T(t)

T'(t) _ X"(x) _

kT(t) X(z)

where c is a constant. The boundary conditions can be written as
X0)T(t)=X"(L)T(t)=0 = X(0)=X'(L) =0.
The implied boundary value problem is

X"(z) +cX(x)=0

There are three cases to consider.

Case ¢ = 0: which implies X (z) = Bx + A. The boundary conditions require A = B = 0 and thus there
are no nontrivial solutions in this case.

Case ¢ > 0: in which case ¢ = A\? for some A > 0. The general solution to the ordinary differential equation
is X (z) = A, cos(Azx) + By sin(Az). The boundary condition X (0) = 0 requires A, = 0. If B, # 0
then A\ = A\, = (2n — 1)7/(2L) with n € N. Thus X, () = B, sin((2n — 1)7z/(2L)) is a nontrivial
solution corresponding to ¢ = (2n — 1)?7%/(2L)2.

Case c < 0: in which case ¢ = —\? for some A > 0. The general solution to the ordinary differential equation
is X(x) = Ay cosh(A\x) + B, sinh(Az). The boundary conditions require A, = B,, = 0. There are no
nontrivial solutions in this case.

(2n — )7z

5T } with corresponding eigenvalues {

The eigenfunctions are members of the set {sin
n=1

(2L)?
2.1.2 Both Alice and Bob are correct. Differentiating Alice’s solution produces

Uy = —ge*“/“f(bx — ay) + be™ /2 f! (bx — ay)

uy = —ae” /' (b — ay),
and thus

aty + buy + cu = —ce ™/ f (bx — ay) + abe =/ f' (bx — ay) — abe ™/ f'(bx — ay) + ce /2 f (bx — ay)
= 0.

(2n —1)%x2

oo
}n—l



Differentiating Bob’s solution produces

Uy = be =Y/ Pg(bx — ay)

Uy = —gefcy/bg(bx — ay) — ae='bg (bx — ay),
and thus

Aty + buy, 4 cu = abe =¥/ g(bx — ay) — ce=Y/Pg(bx — ay) — abe=Y/*¢' (bx — ay) + ce=¥/Pg(bx — ay)
=0.

2.1.4

d
—x:x — x = ke¥
dy

and assuming u(x,y) = u(x(y),y) then

d 1 1
& ugke! +u, =y = u(r,y) = zy*> + f(k) = zy* + f(ze ).
dy 2 2
Using the boundary condition,
u(,0) = f(x) = 2
and thus 1
u(z,y) = §y2 + e,
(b) P
& _Z = y=k+Inx
dr «x
and assuming u(x,y) = u(x, y(z)) then
d 1 k+1 1 1
£ = u, + —uy = % = —|—$nx = u(z,y) =klnz+ 5(1nx)2+f(k:) =ylnz— 5(1n:1:)2+f(y—1n33)

Using the boundary condition,
1
u(z,0) = —§(lnx)2 + f(=lnz) =22
and thus f(z) = e~ 2% + 22/2 and consequently

1
u(z,y) = Sy* +a%e™.

2.1.6 According to Exercise 2.1.2 the general solution to this partial differential equation can be expressed
as

u(,y) = e f(3x — 29).

Attempting to impose the side condition results in
e’ =u(x,(3x—1)/2) = e f(B3z — 3z — 1)) = f(1) ="

This is impossible since f(1) is a constant. Thus there is no particular solution in this case.



2.1.8 The system of characteristic ordinary differential equations can be written as

dx

—=1= ax=t+4

dt S

d

d_zéze”” — y=e"4+B=¢"+B

dz

o =¢ = z=—-In(C-A-t)=—-In(C —x)
where A, B, and C are constants. Assuming that u(z,y, z) = u(x, y(z), 2(x)) then

d
ﬁ =2r—e%)e" = e “=e" —2? + f(B,C)=e" —2® + f(y—e*,x + e ?)

where f is an arbitrary differentiable function.
2.2.1

(a)
(ku1)(ku1 z) + kui y = kQ(uluLI) +kuiy=0 <= k=0ork=1.
(b) Define v(x,y) = ui(x,y) + ua(z,y) then
Vg + vy = (ur +u2)(ure +uze) + (U1, +uzy)

= ULUL e + ULy + U2U2 z + U2y + UTUL 5z + U2UL o

= ujug z + Uy 5 # 0

in general.

(c¢) The partial differential equation is not linear in the dependent variable.

2.2.3

(a) The system of characteristic equations can be expressed as

d
d—f =1, z(0)=s
dy
—=-1 0)=2s—1
— , y(0) =2s
d
d—? =u?, u(0) = 4.
The solutions to the characteristic system are
t+ t+2s—1 4
x = s =— s — u = .
) y 3 4t _ 1
Solving for s and t in terms of x and y and substituting into the expression for u yields the solution

12
3—4R2zx—y—1)

u(z,y) =

(b) The system of characteristic equations can be expressed as

dx

i z(0) =s
dy _ _ 3
=Y v0)=s
d
d_ltL =secu, u(0)=0.

10



The solutions to the characteristic system are
z = se, Yy = s3et, sinu = t.

Solving for s and ¢ in terms of x and y and substituting into the expression for u yields the solution

u(z,y) = sin~! (% In [%BD .

(¢) The system of characteristic equations can be expressed as

dzr

o 33(0):52
dy 2
_— = 0 =
=Y v =s
d
d—?:cosu, u(0) = 1.

The solutions to the characteristic system are

r=t+s% y= %, In|secu + tanu| = ¢+ In(sec1 4+ tan1).
-

Function u is defined implicitly.

(d) The system of characteristic equations can be expressed as

d

d—f:y—i—u, z(0)=s
dy
o 0) =1
o =Y v(0)

d

d—?:x—y, u(0) =s+1.

The differential equation for y is readily solved to find y(t) = e. Substituting this expression in the
remaining characteristic differential equations and solving results in

z(t)=—e "+ (1+s)e' =(1+s)y—1/yand u(t) =e " +se' =sy+1/y.
Eliminating parameter s produces

2
u(x,y):§+x—y-

2.2.5 The system of differential equations for the characteristic curves can be expressed as

dx
i 1, z(0)=0
dy
du

The solution to the first equation is x(¢) = ¢. The solution to the third equation is u(t) = f(s). Using this
in the second equation produces y(t) = f(s)t + s and thus

y—fls)t=s <= y—u@yz=s < uz,y) = fy —ul@,y)z).

11



2.3.2

1
g=10p =10 <%) = 1000 vehicles/hour.

From Eq. (2.42),

= Umax = 40 kilometers/hour.

1000/10
10 = umax (1 / )

© 133.333
2.3.4 The derivative dp/dz is undefined when f’(s) # 0 and

B 2Umaxt Pmax

1 fl(s)=0 < t=

Pmax 2Umax.f'(8) '

2.3.6 The time of the first shock will occur when f’(s) is maximized.

/ _ _6pmax3
1) = 533
2pmax(352 — 1) -1
" _ ZPmax\0> — 1) _ -
Note that f'(—1/v/3) = pmaxV/3/8, therefore
. 4
0 B /LLI'IIB.X\/g
is the time of the first shock. The location of the first shock is
x:umax(l_m)t+szumax 1_2f(_1/\/§) 4 _i:i
Pmax Pmax umax\/g \/g \/g
At ¢y the maximum density is located at = = 4/(3+/3).
3.1.2 The least period is lem(Ty, T%).
3.1.4
) f(z) = fl@+T) f(z=T)— f(2)
, . . z)— f(x+ . X z — - Jz) 4
flatD) = tm == ..o /@
(b)

z+T a+T z+T T
f(t)dt:/ f(t)dt+/ f(t)dt:0+/ £t dt = G(x)

+T

G(x—l—T):/

a

3.2.1 Consider the sum and difference of angles formulas for the cosine.

cos(a + ) = cosacos B — sinasin 3

cos(a — ) = cosacos 8 + sin asin 8

Add the two equations and then divide by 2 to produce Eq. (3.8). Subtract the first equation from the
second and divide by 2 to produce Eq. (3.10). Now recall the sum and difference of angles formulas for the
sine.

sin(a + ) = sina cos 8 + cos asin 8

sin(a — ) = sinacos 8 — cos asin 8

Subtract the second equation from the first and divide by 2 to produce Eq. (3.9).

12



3.2.3 Computing the inner product reveals,

1 r=1
1 1 1
2 = . 2d = [ = 4 :———:O
(x,z%) /133 x* dx 2% 171

- r=—1

3.2.5 If f(x) = ax? + bx + c is orthogonal to all linear functions on [—1,1] then it is orthogonal to both x
and 1 on [—1,1]. Consider the system of equations:

1
2
(ax2—|—baz—|—c,1>:/ (az? + bx +c)(1)dx = §a+2020
-1

1 1

2
(ax2—|—baz—|—c)(x)daz:/ (a$3+b$2+0$)d$:§b20.

-1

(ax2—|—bx+c,x>:/

-1

Hence b = 0 and a = —3¢. Thus there are infinitely many solutions. In particular if ¢ = 1 then f(z) =
—3z2 + 1 is orthogonal to all linear functions on [—1,1].
3.3.1

1 if-2<x<0

@)ﬂ@_{2 if0<z<2

2.0
15¢
—t
05¢
: : * - - — X
-6 -4 -2 0 2 4 6

== de = = lde+ < [ 2dz=3
ao 2/_2f($)$ 2/_2 x+2/0 x

12 1[0 1 [?
anza/ f(:t)cos?dx:—/ cos@dx—i——/ 2 cos “L gy =
—92 0

2/, 2 2 2
1 I 1 1—(=1)"
an5[2f($)SiHL7;Ed$=5[2SinL7;Td$+§/() QSinn—;mdxz#
3 =1—(=1)"  nmx
@~ g+ iy
242 f-2<x<0
w)ﬂ@_{ 1 if0<z<2
- X
-6 -4 2 4 6

13



/ flx —/(2—|—x)daz+;/021da:_2

0 T 2

1 nmx 1 /2 n
” — _ 2 _ — _— =—(1—-(-1)"
a / fla 0s T gy = 2/_2( + x) cos 5 dr + 2/0 cos — dx n27r2( (=n")

1[0 1 [? —1
by, = / f(z sm@dx——/ (2+x)sinn—gxdx+§/ smn2ﬂdx——(1+(—1)")
0

2/ 5 nmw
nmw 1 o . NTT
Nl—'—z |:n27-‘—2 —1) )COST—E(l‘F( 1) )SIHT]
r if—r<2<0
(c) f(x)_{ -1 if0<z<nm
y
3,
2»
1E
. . . oy
-3 -7t T 37
~1 —_—
2F
-3F

s 0 s
ao:l/ f(x)dle/ xdaz—l/ 1d3::—1—z
™ —T Q0 —T Q0 0 2

s 0 s
an = l/ f(x) cos(nz) dr = l/ x cos(nx) der — %/O cos(nzx) dx = L(l - (="

™) _x Ly

T 0 i S .
b, = %/ f(fﬂ) sin(n:z:) dr = l/ xsin(n:z;) do — %/0 Sin(nfﬂ) do — 1 ( 1)( 1)

- T J—m

1+ (=11

nm

sinrn)|

n2r

Fo)~ =g = 3+ 2 |1 = (1)) costae) ~

n=1

0 if Tt<ax<0
cosz if0<z<m

y

RN AN ~

BT

1 [ [
ag = — f(x)dx:—/ cosxdr =0
0

1 [7 I if n=
ap = — f(x)cos(nx) dr = —/ cos z cos(nx) dx = { 1/2 ifn !
0

T T 0 otherwise

b_lw . d—lﬂ _ e — 0 ifn=1
o= 27 @) sin(na) de = 1 / coszain(na) 47 =} 2L goryise

m 7T m(n2—-1)

14



0 if-2<x2<0
(e) f)={ 2 ifo<z<1
1 ifl<z<?2

15¢

05F

-6 -4 2 p . :

1 2 1 1 1 2 3
~2 =5/ 2 S lde=2
ag 2/72f(:1:)d:1: 2/0 d$+2/1 di ,

1 2 1 1 1 2 ) )
2/ 2 2 o . 5

2 2 2 nmw
1 /2 1 ! 1 2 o (L1 _ )
bnzg/_2f($)slnngxd$:§/o 2Slnn—;$d$—|—§/l Sin?d.@: ( ) nﬂ-COS(TLTr/ )
3 = [sin(n7/2) nrr 2 — (—1)" — cos(n/2) . nmx
f(x) 1 + ,;1 [ - cos 5 + — sin 5

(f) f(z) =e", for —w < & < 7, where a # 0 is a constant.

1 /™ 2 sinh
aO:—/ eamdx:L(aTr)
0

aTm

1 (" 92(—1)"a sinh
ap, = —/ e cos(nx) dv = (=1)"asinh(ar)
TJr (a® +n?)m

L " azx _: - 2”(—1)n Sinh(aw)
b = ™ /_Tr e sin(nz) dz = — (a2 +n?)m

2n(—1)" sinh(ar)
(a2 +n2)w

cos(nx) —

sin(nzx)

(o) ~ bl $ [2(_1)n“ sinh(a)

2 2
o (a® +n?)m

15



3.3.3 If a € Z the Fourier series is cos(|a|z). If a & Z then

3

cos(az)dr = 2sin(am)

N
=)
|

aTm

|
3

2a(—1)"sin(am)

cos(ax)cos(nz)dr = (a2 —n?)w

3

=)
3
I

cos(ax)sin(nx)dr =0

S
3
Il
Nl 3= 3=
3

|
3

sin(am) <= [2a(—1)"sin(ar)
f(z) ~ o + 7;1 [W cos(nz).
3.3.5 In Example 3.4 it was determined that
cos(2kx)
| sin z| ~———Z T
Thus if z = 0,
) 24X cos(0)
[sin0] =2 =23 gy
k=1
2 4 i 1
T T 4k — 1
k=1
I «— 1
2= o
k=1
When 2 = 7/2,
2 4 K cos(2km/2)
sl = 2 e
k=1
2 4 (—1)F
1=
T T Z 4k% — 1
k=1
I 1 o= (1)
2 4 2 4k? -1

L)) = - (@)
fl(=z) = f'(x)
fl(=z) = —f'(=),
so f'(x) is an odd function. When f(z) is an odd function,
d d

[f(-2) = [/ (@)
~f(=2) =~ f'(2)
J'(=2) = f'(@),

so f’(x) is an even function.
3.4.4



(a) Suppose f and g are even functions, then

(fog)(—z) = f(g(=x)) = f(g(x)) = (f o g)(),
so f og is an even function.

(b) Suppose f and g are odd functions, then

(fog)(—=) = flg(—2)) = f(—g(x)) = —f(g(x)) = —(f o g)(x)

so f og is an odd function.

(¢) Suppose f is an even function and g is an odd function, then

(g0 f)(=x) = g(f(==)) = g(f(x)) = (g° f)(x)
thus fog and g o f are even functions.
3.5.1
| (2) |
even extension odd extension

— — — 2y, —— — — 2y, — —
%6 _‘4 2 2 4 s e ) 2 2 4 6

-1 — ——tr —

—2F —_— — 2} —_—

Fourier cosine series:

9 2 1 2
ap = = f(a:)da::/ lda:—l—/ 2dx =3
2 Jo 0 1

9 2 1 2
an:—/ f(x)coswdaz:/ coswdaﬂ—/ 2 cos 2Ly =
2 J; 2 o 2 . 2

3 <= 2sin(n7/2) nwx
f(x)wﬁ—zimr €08 —

Fourier sine series:

2 1 2
4
f(x)sin@dxz/ sin@dx—i—/ 2sin L dp = — (

4 9 T nw
L o ™ (1)) o ™2
E: — (cos (=1)™ ) sin 5

(b)

even extension odd extension

y

g \ AN

2sin(nm/2)
nw

nm
COS2 —_— —

4

(-1)")

N e N TN TN

17



Fourier cosine series:

ao:g 2f($)d$—/12(1—$)d$_—%

2.Jo
2 [? ? 4
an = 3 ; f(z)cos —dz = /1 (1—2)cos —dz = 32 (cos % - (—1)")
1 «— 4
flx) ~ ~1 2 (COS n2_7r - (—1)") cos 1%

nem
n=1
(c)
even extension odd extension
y y
3 3
2 2F
1 1F
-3 -2 -7 v 2 3 X—3n 27T -7 s T 3
-1 ~1
-2 -2
-3 -3
Fourier cosine series:
2 ™
ag = — rzdr=m
™ Jo
2 [" 2 .
an == [ xcos(nr)dr = ——(-1+(=1)")
s nem
0
o0
™ 2
flx) ~ =+ g —— (=14 (=1)") cos(nz)
2 nem
n=1
Fourier sine series:
2 2
— zsin(nz)de = ——(—1)"
™ 0 n
oo 2 'Il
E sin(nx)
n=1
(d)
even extension odd extension
y y

BVA Y. NA NN NN
N NN TNN NN N




Fourier cosine series:

Q

o

I
N

~
5
S—
2
()¢
NS
(V]
—
—
|
T
—
\./
\_/
o
]
wn

3
Il
-

Fourier sine series:

even extension odd extension
y

30 30
20 20
10 10
. L . . " L g " . . " Ly
-3 -2 -1 bad 2m 3 -3m -2 -1 bad 2m 3
-10 -10
-20 -20
-30 -30

Fourier cosine series:

2 [T 3
apg = —/ 23dr =
™ Jo 2
an, = 2 ﬂx?’ cos(nzx)dx = i(6 +3(=1)"(n*1? — 2))
R nim
7T— + i 2 (6 +3(=1)"(n?r? — 2)) cos(n )
4~ n4ﬂ'
Fourier sine series:
2 (7 2(—-1)"
by, = —/ 3 sin(n ) dr = ( 3) (6 —n?m?)
™ Jo n

even extension odd extension
y y

19



Fourier cosine series:

2 [T 4
ao——/ e dr = ——sinhnw

™ 0 ™

Q/ﬂ 2 cos(na) d — (1—(=1)"e*)
an = — e nx) dr — e

T Jo (n?2+4)m

T 0 4

fz) ~ — sinh — ; e 4)7r(1 — (=1)"e?™) cos(nz)
Fourier sine series:

2 T 2x 2n n 2w

b, = ;/0 e“¥sin(nx) der = e —|—4)7r(1 — (=1)"e"™)

3.5.3 Fourier cosine series:

2 [T 2
CL():—/ edxr = —(e"" - 1)
0

T am
2 T ax —2a n_am
an_;/o e cos(nz) dx (a2+n2)7r( (—=1)"e™)
P~ e 1) = 3 2 (1 (1)) cos(na)
z) ~ — (e —1) — - e nx
am — (a® +n?)m
Fourier sine series:
2 T axr 2n n _am
bn_;/O e sin(nz) dx = (a2+n2)7r(1_( 1)"et™)
- 2n n _am
J@)~ D Gy L e sinGu)
3.5.5
1 /L [1 ]IL .
ag = — etdx = |=e€" = —sginh L
L —L L r=—1L
I/L zcosmmd e* (Lcosmm—l— i mrx) e=L
an = — e —dr=|—-— —— 4+ nmwsin —
L) . L n2m2 + L? L L ._ .
2L(—1)"
= ey o sinhl
1 [F nwx e’ nwx nwx o=l
b'n, = 3/711 ezsianx = {m(LSIDT — N7 COS T):|w__L
2nmw(—=1)" |
= ey p il
1 [ 2(=1)”
e’ ~ ZsinhL—l— ,; {#ﬁ[ﬁ sinh L (Lcos? — nmsin ?)}
3.6.1
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(a) Piecewise smooth
(b) Neither
(c) Neither

)
)
)
(d) Piecewise continuous
e) Piecewise smooth
)
)
)

f

(
(f) Piecewise continuous
(g
(

Piecewise smooth

3.6.3 Fourier sine series:

b, =

h) Neither (undefined on [—1,0))

/Oﬁf(:r
1

2 [? 2 (7
= / xsin(nz) dr — = / sin(nx) dz + — / 2sin(nz) dx
0 ™ T J2

2
T
2

T
2

s

=2
>

) sin(nz) dx

—— (—2n(—1)" — 2ncosn + 3n cos(2n) + sinn)

(—2n(—=1)" — 2n.cosn + 3n cos(2n) + sinn) sin(nx)

fx=—-m

if —r<xz<-2
ifr=-2

if 2<z<-1
fx=-1
if-l<z<l1
fxz=1
ifl<ax<?2
frx=2
f2<ax<mw
fex=m
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Fourier cosine series:

w=2 [ e
0
2 (! 2 [T
—/xx——/ 1dx+—/ 2dz
T Jo T J2
=4-
g/ f(z) cos(nx) dx
T Jo
2 (! 2 [? 2 (7
—/ x cos(nx dx——/ cos(n:v)d:v—i——/ 2 cos(nz) dx
T Jo T J1 T Jo
= n2 (=14 cosn + 2nsinn — 3nsin(2n))
f(z) ~2——+Zn2 (=14 cosn + 2nsinn — 3nsin(2n)) cos(nx)
2 << -2
“1/2 ifx=-2
-1 if-2<z<-1
0 ife=-1
= lz] if-1l<z<1
0 ifz=1
-1 ifl<z<?2
1/2 ifz =2
2 if2<zx<nm

3.6.5 If f is continuous at ¢ then by the Dirichlet Convergence Theorem, the Fourier series evaluated at
x = xo converges to f(xg). Thus f(zo) = 0.

3.6.7
1 0 1
ag = f(a:)d:z::/ ldx—l—/ 2dx =3
—1 0

f ) cos(nmz) de = /O

1
cos(nmzx) dx +/ 2 cos(nmx) =0
-1 0

0 1—(—1)"

1
sin(nma) dx + 2sin(nmz) =
0 nm

) dr =
f )sin(nmrz) de = /_1
3 2 .
flx) ~ 5 + n§:1 @1 sin((2n — 1)7z)
Let x = 1/2, then

F(1/2) = g +> ﬁ sin((2n — 1)7/2)

n=1
3 2= (1)t
2=2-4+=
2+7rnz::1 om—1
T Oo(—l"_1
Z_nz::l o —1
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3.7.1 Let xo € (—1,1) then the sum Y .-, zf is a geometric series which converges to 1/(1 — z). Since xo
was arbitrary in (—1, 1) then the series converges pointwise on the interval.

3.7.3 Let € > 0 and assume the sequence {f;}32, converges uniformly to f on [a,b]. By definition there
exists N € N such that for all ngeN, then |f,(x) — f(z)|? < € for all x € [a,b]. This implies

(/ | fn (@ )Izdaf) " < </ab62 dar) " =evb—aq,

for all n > N. Since € is arbitrary then f,, — f on [a,b] in the L? sense.
3.7.5

(a) The even extension of f(x) is continuous on [—2,2], f’(z) is piecewise continuous on [—2,2], and

f(=2) = f(2). Thus the Fourier cosine series for f(z) converges uniformly to f(z) on [-2,2].
(b) Let M,, =

(2/€+1)2 y then

Mg

i 1 C08(%-1
S (2k — 1) 2k —1)2

k:l

Applying Parseval’s identity to the Fourier series of the function f(x) in Exercise 3.6.7 produces

I 5 a2 1 92 & 1
Z d =204 b2 4= - -
2/,1(“@) v 2 4 22236“L ! w2z::(2n—1)2
This implies 3.7 | 5775z = 7°/8. Hence
i L (2k — Dz _ w
242k —1)? 2 =8

and by the Weierstrass M-test the Fourier cosine series converges uniformly to f(x) and [0, 2].
3.7.7

(a) Consider the limit of the sequence as n — occ.

2
i PEFcos(nat) <x+7

n— 00 n n— 00

(b) Let € > 0 and let N =1+ [1]. For alln > N,

nr n$2
fu(2) — 2 = L()_I

n

for all x € R. Thus the convergence is uniform.

3.8.2 The even extension of f(x) is continuous on [—m, x|, f'(z) is piecewise continuous on [—7, 7|, and
f(=m) = f(n). Thus the Fourier cosine series for f(z) converges uniformly to f(z) on [—m,«]. Thus the
Fourier cosine series for f(z) can be differentiated term by term.

3.8.4 Let the Fourier series representation of f(z) be

nmwr
o™ b sin "0
—I—Z(a CcOSs + smL
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then by Thm. 3.5 the Fourier series representation of f/(x) is

f(z) ~ I (nbn cos ? — nay, sin ”Lﬂ) .

n=1
By Bessel’s inequality
2 & 1 [E
Y (0 + b)) < 7 [ (P )P <,
n=1
since f’(x) is piecewise continuous on [—L, L]. Thus

nlgrxgo(nan) =0= nl;rxgo(nbn)

3.9.1

- n=1
9 oo
moayd
2 e 1
T

n=1 n=1 n=1
2 1 2 - 2 - i 1
6 4)\6) 8 “(2n—1)?

P n3
n=1
76 =72 . 2472 ot
DD D ) B
n=1 n=1 n=1
P CE 201
ST ©) il
7 15 3 ngl 6
76 1
05~ 2
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Taking just the odd indexed terms

(L) () W_G _ i #
945 64) \945) 960 4~ (2n—1)°
3.9.5 We may define the odd, 27-periodic extension of f as

—f(—z) if—7<z<0
fol@) = 0 ifz=0
flz) ifo<az<m.

Now calculate the Fourier series coefficients for f,(z) on [—, 7.

1 us
=— o(x)dz =0

a0 = - folz) d
1 us

ap = — fo(x) cos(nz) de =
™
1 ™

b, = — fo(x) sin(nz) / f(z) sin(nz)
T™J-n

By Parseval’s identity,
1

which implies (f,(x))? = 0 on [—n, 7] which in turn implies f(z) = 0 on [0, 7].

3.10.2 Let m, n € Z with m # n, then
<61m7'rz/L,elnrrz/L> _ / elmﬂ-z/Leinﬂ'z/L dx

1m7'rz/L 7177,71'1/[‘ dx

/ 1m nwx/de

L
=L

z m— n)Trm/L:|
r=—L

- z(m —n)w (el(m - e*i(m*n)ﬂ)

= ——— (cos((m — n)m) — cos(—(m

25
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When m = n, then

L
<ein7rm/L, eimrac/L> _ / einﬂ'ﬂc/Leinwx/L dr
-L
L
— / einﬂ'm/Le—inTr;E/L dx
—L
L
= / ldz
—L
=2L.
3.10.4 For n € Z,
1 [t :
_ z , —inwx/L d
Cn = e’e T
°L ),
L[ i)
= — e’e L)% dx
°L ),
) x=L
_ L (-3
2(L —inm) se—L
1 , ,
- - (L—inm) _ —(L—znﬂ))
2(L — inm) (e c
_sinh(L — inm)
N L—int

Therefore
e =, sinh(L — inn) T
- Z L—inn = '

3.10.6 By definition,

e? — e % eaeri _ efafbi eaeri _ efafbi eaebi _ efaefbi
sinh z = = = =
2 2 2 2
e*(cosb+isinb) — e *(cosb—isinb) e®cosb—e %cosb+ i(e®sinb+ e *sinb) . ) .
= 5 = 5 = sinhacosb +icoshasinb

Hence Re (sinh z) = sinh a cosb and Im (sinh z) = coshasinb.

3.11.2 The limit
sin ((2N+1)m)

. . 2L
lim Dy(xz) = lim —
z—2kL z—2kL 2sin 57

is indeterminate of the form 0/0. Apply ’'Hépital’s rule.

@N+D7T oo ((2N+1)7rz)

. 2L 2L (2N + 1) cos((2N + 1)km)
im =
w—2kL 2% cos 2% 2 cos(km)

2N 41

2
for each integer k.
3.11.4

k k k k
ay, cos %:v + by, sin %x‘ = ‘Rk sin d cos %:c + Ry cos5sin%x‘

k
e ‘Rk sin <% +5)‘ < |Rg|
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where a,, = Rjsind and by, = Ry, cosd.

R} =ai +b; = |Ry|=/a? +1?

4.1.1 Using separation of variables and the boundary conditions, the general solution of the boundary value
problem is

o0
u(z,t) = Z by e 100 %t sin(nnz).
n=1

If ¢t = 0 then

u(z,0) = Z by, sin(nmx) = sin 2rx — sin brx
n=1
and thus by = 1, b5 = —1, and b, = 0 if n # 2 and n # 5. Thus the solution to the initial boundary value
problem is
u(z,t) = g 400m’t sin(2rx) — 250077 sin(5mx).

4.1.3 Using separation of variables and the boundary conditions, the general solution of the boundary value
problem is

o0
u(w,t) = Z by e~ 100n7 w7t sin(nmx).
n=1

If t =0 then
0 ifo<z<1/4

u(w,0) =Y bysin(nrz) = ¢ 100 if 1/4 <z <3/4
=1 0 if3/4<z<1.
The coefficients

3/4 :|$—3/4

1
by, = 2/ u(z,0) sin(nrz) de = 200/
0 1

200 cos nmw cos 3nm
T onrw 4 4 )

1
sin(nma) dz = 200 [—— cos(nmx)
nm

/4 r=1/4

Thus the solution to the initial boundary value problem is

.0) 200 nw 3nr\ e Tt ()
u\x ~ — COS — — COS —— siminmx).
’ T 4 4 n T

n=1
4.1.5 The following initial boundary value problem models the metal rod.

1
utzzuzzfor0<x<1andt>0

u(0,¢) = u(1,¢) =0 for ¢ > 0
[ 50 fO0o<z<1/2
“(5”’0)_{ 0 ifl/2<z<1

The coefficients of the Fourier sine series formal solution are

12 200
by, = 2/ 50 sin(n7x) de = —— sin? (n_w) .
0 nm 4

Thus the formal solution can be expressed as

e’ 2, 2
200 e~ A i
) =—3 i (—) i .
u(z,t) 2 sin” { — sin(nmx)
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4.1.7 Assuming a product solution of the form u(z,t) = X (z)T(t) then

X (2)T'(t) = X" (2)T(t)
X(@)T'(t) _ X"(@)T(t
X(2)T(

where ¢ is a constant. The function X () must satisfy the boundary value problem:

X"(z)+cX(x)=0
X(0)=X'(1)=0.

If ¢ < 0 there are no nontrivial solutions. If ¢ = A\? > 0 with A > 0 the general solution to the ordinary
differential equation is X (z) = A cos(Az) + Bsin(Az). Since X (0) = A then A = 0.

X'(1) = Bhcos(\) =0 = A=\, = (2"%)”

Thus the eigenvalues and associated eigenfunctions are A, = (2n — 1)7/2 and X,,(z) = sin((2n — 1)7z/2)
for n € N. The formal solution has the form

= on —1
u(z,t) ~ Z b,e~ (=1 7t/4 gy w
n=1

The Fourier series coefficients are

! (2n — )7z 32
by, =2 2—z)sih———dor = ————
/0 z(2 — x)sin 5 x G 1

and thus the formal solution is

S

32 i e~ @n=D7%t/4 (9p )7y
2n —1)3 2

where v is a constant. Thus function X () must satisfy the boundary value problem

X"() + (7 - g) X(z) =0

If v < ¢/k there are no nontrivial solutions to the boundary value problem. If v > ¢/k the general solution
to the ordinary differential equation is

K e (| ) e (%)
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Since X (0) = 0 then A = 0. Since X (L) = 0 then

. / c c  n’n?
Bsm( 7—;[,):0 = VZW"ZE—FL—Z

where n € N. The eigenfunctions are

nwx
X, () = sin 2L
(x) = sin T

Substituting the eigenvalues into the ordinary differential equation for T'(t) produces
T (t) = e (/20
Thus the product solutions take the form

) _ ef(chanﬂ-z/Lz)t . hrmx

Up (2, sin ——.

The formal solution to the initial boundary value problem is
o0
u(z,t) = Z b, e (cHrn’m® /L)t iy nmx
’ L
n=1

where .
2
by, = Z/o f(a:)sin?d:z:.
4.1.11

(a) Suppose X () is a solution of the boundary value problem

X"(x) + N X (x) =
X(0) =

The general solution to the ordinary differential equation has the form

0
0 and X'(1) + X (1) = 0.

X (x) = Acos(Az) + Bsin(Ax).

Since X (0) = 0 then A = 0. Thus X (z) = Bsin(Az) and X'(z) = AB cos(Az). The boundary condition
at x = 1 implies the equation.

Acos(A) +sin(A) =0 = tan A = —A\
Numerically solving the equation produces the first four positive roots

A1~ 2.02876 < Ag &~ 4.91318 < A3 = 7.97867 < A4 ~ 11.0855.

(b) Product solutions:

up(x,t) = e 2N sin(A1z)
ug(x,t) = e 2Nt sin(Aqz)
us(x,t) = e 23t sin(A3x)
ug(x,t) = 2Nt sin(A4z)

4.2.2



(a) Steady-state temperature distribution:

(b) Initial boundary value problem solved by v(z,t).

Vg = KUgg for 0 <z < L, t>0

v(0,t) =0
v(L,t) =0
. TX (B—A)x
0)=sin——-A— ———
v(z,0) = sin T T
(c) Fourier series for v(x,t):
v(z,t) = Z bpe " T gin %
n=1
= nmwa T (B—A)x
0)=>» bysin— =sin— — A —
v(x,0) n;l sin — sin — 7
2 [* B—A
bn:Z/o <sm%—A—( 7 ):c> in 7% g
2 [* B—A 2
bl_Z/O <Sm%—A—( 7 M)sin%dx—l—;(A—FB)
2 [* B—A
bn—Z/O <sm%—A—( 7 )x> MY g
2 [* B—A 2
:—Z/O (A—i—%) sin?dx:E((—l)"B—A) (for n > 2)
2= ((-1)"B— A4
v(x,t) ~ sin iz Le"‘"%%m2 sin 2L
L = et n
(d) Solution to the original initial boundary value problem:
(B-—Az . 1 2= ((-1)"B-A _kn?r?t/L? . NI
u(x,t) ~ A+ T +51nL +7TZ - e sin —

4.2.4

(a) Reference temperature distribution r(x,t):

re(z,t) = Bx/L
r(z,t) = Bx?/(2L).

(b) Initial boundary value problem solved by v(zx,t):

30



ForO0<z < Landt>0,

Ut = KUz

(V47 =k(V+T)s

(v = rx
t K|V

_ kB
V¢ = KUgq + T
At z =0,
ug(0,8) =0
(v+7)(0,8) =0
02(0,8) +0 =0
v,(0,t) = 0.
Atz =1L,
ug(L,t) =B
(v+7).(L,t)=B
vo(L,t) + B =B
vy (L, t) =0
Att =0,
u(z,0) = f(x
v(x,0) + r(z,0) = f(x
Ba?
v(r,0) = f(z) — S5

Thus v(x,t) must satisfy the following initial boundary value problem.

B
Utszm—i—%for0<:v<Landt>O

v:(0,8) =0
vy (L,t) =0
o(w,0) = f(2) - S

(c) Fourier series for v(x,t):

Suppose v(z,t) = vi(x,t) + ve(x,t) where vi(z,t) solves the initial boundary value problem

()t =kK(W1)ze for0 <z < Landt>0
(v1)(0,¢) =0
(v1)2(L,t) =0
2
0(2,0) = f(2) ~ 20
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and ve(x,t) solves the initial boundary value problem

B
(Ug)tzm(vg)m—i—% forO<z < Landt>0

(v2)£(0,£) =0
(v2)z(L,t) =0
va(z,0) = 0.

Then vy (z,t) can be expressed formally as

o0
vi(x,t) ~ % + Z a,e T E og (nz:z:)

n=1

an_%/OL (f@:)-i—i) os(nLix) dz.

Assume va(x,t) can be expressed as

where

o0

t
va(w,t) ~ GOT() + Z OLn(t)(a_'m2’T2t/L2 cos (n_z:v) :

If we differentiate this solution we obtain

22
(v2 —|— Z ( -2 27T an(t)) e "L cog (nLix)
o 2 2
(UZ)mc ~ - nL—Zan(t)eiﬁn2ﬂ-2t/L2 Cos (?) .

n=1
Therefore (v2); — Kk(v2)zs = KB/L can be expressed as

/

f<aB ao t) < _m27rzt/Lz nw
+ Z a,, cos (T) .
n=1

Thus we can make a((t) = 2kB/L and a,(t) = 0 for n > 1. Consequently ao(t) = 2xBt/L and
an(t) =0 for n > 0. This implies

kBt
va(z,t) = 5
Therefore
Bt >
v(x,t) ~ KT + % + )3 1@ et/ LY g (nzx) '

(d) Solution to the original initial boundary value problem:
Ba? HBt 2 nmx
1) ~ —kn’m t/L ( ) )
u(zx,t) + =20 g ane 7

4.2.6

(a) Reference temperature distribution r(x,t):

Let r(z,t) be the function which interpolates between the nonhomogeneous boundary conditions.

t
r(:v,t)zl—:v—i—%
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(b) Let u(xz,t) = v(x,t) + r(x,t) then uy = vy + § and ugy = vze. Likewise u(0,t) = v(0,t) 4+ (0,t) =
v(0,t)+1=1and u(1,t) =v(1,t)+7(1,¢) =v(1,t)+ £ = 5. When ¢t =0, u(z,0) = v(z,0) +r(z,0)
v(z,0) + 1 — z. Consequently v(x,t) satisfies the initial boundary value problem below.

Vg = Uge for 0 <z <landt >0
v(0,t) =0fort >0
v(l,t) =0for t >0
v(r,0) =z —2*for 0<z <1

(c) Fourier series for v(x,t):

1
by, = 2/ (z — x?) sin(nmz) de
0

_ {2“’27‘2“’ cos(nﬂx)} T /O Tl =) ) da

nm 5—0 nmw

!
= / —— sin(nmz) dx
o n°m

0 if nis even
SLﬂS if nis odd

Therefore,

Z S 1 sm((2n — 1)mzx).
(d) Solution to the original initial boundary value problem:
u(a,t) ~ 1=z 5t Z: . 1 sge O sin((2n — 1),
4.3.2 If u(x, t) solves the heat equation u; = K uy, then v(z,t) = —u(x,t) also solves the heat equation. By

the Maximum Principle

t) = t) < — t) = — t)) < t) = t
apxsv(et) = e o) @ Cu@ i) = may Fu(@b) ahes U@t = i, ul(e ).

4.3.4 Set w(zx,t) = u(x,t) — v(z,t), then w is a solution of

U = KUgy for 0 <z < Landt>0
and the assumptions on v and v and imply that

w(0,t) <0 and w(L,t) <0 fort >0

and
w(z,0) <0for 0 <z < L.

These inequalities imply that for any fixed T > 0, the maximum of w on the set R consisting of the portions
=0, 2 =L, or t =0 of the region [0, L] x [0,¢] is less than or equal to 0. By the Maximum Principle then

w(z,t) <0for 0<ax<Land 0<t<T.
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Since T > 0 is arbitrary, the proof is complete.

4.3.6 Since —6.29218 < u(z,0) < 6.29218 for 0 < z < 7 then by the Maximum and Minimum Principles

m = —6.29218 < u(z,y) < 6.29218 = M

4.3.8 Define function u(z,t) = (1 — e~ ") sinz. Note that,

uy =e tsinz
Uge = —(1 —e ) sinz
U — Upe =sinx for 0 <z < landt >0

On the boundaries, u(0,t) = 0 and u(1,¢) = 0 and at ¢ = 0 it is the case that u(x

t

0 < z < 1. Hence by the Comparison Principle u(z,t) < v(z,t) for all 0 <z <1 and
4.4.2

(a) Taking the derivative with respect to r produces,

, —Aare T — ¢y/me < /@y _ —(142¢2r)e=cr
f(r) = - S/l < 0.

0 < sinz for

0) =
> 0.

(b) Evaluate the limit:

li = 1li =0
i 1) = Jim e

4.4.4 Use integration by substitution.

erf(—x) / dt
\/_

\/7_r e du
= —erf(x)

where u = —t.
4.4.6 Using the fundamental solution to the heat equation,

u(z,t) e~ (@m0 Rty (. 0) dy

m/

)2/ (4rt) dy

\/471'/1 /
\/ﬁ 2
= —/ e " du
1 f<x+1> 1 f<x—1>
=—erf| — | —cerf | —|.
2 Viakt) 2 Vrt
4.4.8 Starting with the definition of the cumulative distribution function for the standard normal random
variable,
1 0 2 1 r 2
P(r) = — eft/zdt—i——/ e /2t
( ) vV 27T/ vV 2 0
— / 7Z2 d
=3 \/_ e z
1 2
Z 4z e % d
2 " 2 \F :
1 1 orf
—+—erf| —|.
2 2 \/5
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Solving for erf(z) leads to another relationship,
erf(x) =2® (\/5:10) -1

4.4.10 Using Thm. 4.7,

u(z,t) = /OOO(U(:Z: —y,t)+U(z+y,t))u(y,0)dy

! _(z—y)? _(=tw)?
= =i ) (e st 4 e 4t ) dy
2 2V Kt 2V Kt

4.4.12 Suppose u(z,t) = e~ **v(x,t) solves the differential equation.

—ae %+ ey = ke My, — ae”

UVt = RUgg
If u(z,0) = f(z) then likewise v(z,0) = f(x).
o(z, t) e fly) d
) /—47TI€ y)ay
ot [ ey
u(zr,t) = —— Int d
(@1) = S (o) dy

4.5.2 The formal solution to the initial boundary value problem is the double Fourier sine series

o0 o0
(2, y,1) Z Z by e~ R M) sin(nma) sin(mmy).
n=1m=1

Setting ¢ = 0 and equating coefficients in the initial condition and the infinite series reveals b1 3 = 1 and
bn,m = 0 otherwise. Thus

u(z,y,t) = e 10sm” tsin(mrz) sin(3my).

4.5.4 The initial boundary value problem can be summarized as follows.

Ut = Ugg + Uyy for (z,y) € (0,1) x (0,1) and £ >0
u(0,y,t) =u(l,y,t)=0for 0 <y <1land¢>0
u(z,0,t) =0for0<z <landt>0
uy(z,1,t)=0for0<z <landt>0
u(z,y,0) = sin(27z) sin(my) for (z,y) € (0,1) x (0,1)

The product solutions to this IBVP take the form:

_ m2+(27171)2 2t o — 1
Umn(T,y,t) =€ ( : ) sin(mmz) sin (%) .

for m, n € N. The solution to the initial boundary value problem can be expressed as the double sum,

12
(x,y,t) = Z meﬁnei <m2+(2 T >ﬂ2tsin(m7m:) sin <M) .

2

35



For m, n € N,
1,1
2n—1
bmn = 4/ / sin(27x) sin(7y) sin(mma) sin (%) dz dy

o Jo

1 1

2n—1
= 4/ sin(27x) sin(mnz) dx - / sin(7y) sin (M> dy

0 0

2
— { w(4i(2:2:—3) if m =2

0 otherwise.

Therefore the solution can be expressed as

> 8(—1)"sin(2rz) —(4+E222 )22 /(20— 1wy
u(@,y,t) =) w(dn2 —dn—3)° ( ) sin ( ———— ).
n=1

4.5.6 The initial boundary value problem can be summarized as follows.

1
Ut = Z(Uw + uyy) for (z,y) € (0,2) x (0,1) and ¢t >0

u(0,y,t) =0for0<y<landt>0

(,0,t)=0for0<z <2and t>0
uz(2,y,t) =0for0<y<landt>0
uy(z,1,t) =0for 0 <z <2and t >0

u

(e, y,0) = 0 for0<z<landO<y<1
e 100 forl<az<2and0<y<1

The product solutions to this IBVP take the form:

1 (2m71)2+(2n71)2 =2t 9m — 1 m —1
o) e (I (B0 g, (@0 b

for m, n € N. The solution to the initial boundary value problem can be expressed as the double sum,

© _afemon? eno1? ) 2y om — 1 on — 1
w(@, Y, t) = 3 > bmne Pt e Sin<w>sm<(n )Wy)'

4 2

S
g
3

[

)

a0y sin (BT G (@ Dy
Iy (B )am (B )
_2/01/12 100sin (M)sin (W) dz dy

1 _ 2 _
—200 [ sin <M) dy./ sin (M) i
0 2 1 4

~ 1600sin (%X + %)
Cm2(2m—1)(2n — 1)

5.1.1 The formal solution can be expressed as

oo

u(z,t) = Z (ay, cos(nt) + by, sin(nt)) sin(nzx),

n=1
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where
2 (T : [ 1/2 ifn=2
an_;/o sm:z:cos:z:sm(niﬂ)dx—{ 0 ifn#£2

b, = 0 for all n.

Thus the solution to the initial boundary value problem is
1
u(z,t) = 3 cos(2t) sin(2x).

5.1.3 The formal solution can be expressed as
u(z,t) = Z (an, cos(nt) + by, sin(nt)) sin(na)
n=1

where

a, = 0 for all n

s

by, = 2 sin(3x) sin(nz) de = {

nm Jo

1/3 ifn=3
0 ifn+#3.

Thus the solution to the initial boundary value problem is
1
u(z,t) = 3 sin(3t) sin(3x).

5.1.5 The formal solution can be expressed as
Z ay, cos(nt) + by, sin(nt)) sin(nz)
n=1

where

a, = 0 for all n
by, = 2 [ x(x — ) sin(nx) de = -4 (1-(-1)")
Y i T onir '

Thus the solution to the initial boundary value problem can be formally expressed as

u(z,t) = —% Z 1_727;1)11 sin(nt) sin(nzx).
n=1

5.1.7 The formal solution can be expressed as

Z ay, cos(nt) + by, sin(nt)) sin(nz)
n=1

where
an, = 2 /ﬂx(:v — m) sin(nzx) dx = _—4(1 — (="
T i - ndrm
2 [T 2
by = — | sin(nz)de = ——(1— (=1)").
) sin(nx) dr = - ( (=)™

Thus the solution to the initial boundary value problem can be formally expressed as

u(z,t) = 2 Z [w sin(nt) — 2(1_7(3_1)71) cos(nt) | sin(nz).

n? n

5.1.9
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(a) The function u,(z,t) satisfies the boundary conditions since

un(0,t) = (e, cos(Apct) + dy, sin( A, ct)) sin(A,0) =

and
(Un)z(x,t) = A (e cOs(Apct) + dyy sin(Apct)) cos(Apz)
2n—1
(Un)a (L, t) = A (o cOS(Anct) + dp sin(Anct)) cos (("%) -0
for n =1,2,.... The product solutions solve the wave equation since

(tn)ee (7, ) = —A2¢? (e cos(Anct) + dy sin(Apct)) sin( A, x)
(n)zz (2,1) = =22 (¢, cos(Apct) + d, sin( A, ct)) sin( A, z)
and thus (un ) = (Un) gz

(b) By the Principle of Superposition

u(z,t) = Z (cn cos(Apct) + dyp, sin(Aycet)) sin(A,x)

n=1

satisfies the wave equation and the boundary conditions. When ¢ = 0 then

(o, 20n51n< zn_nm)

Since
L L
/ sin(A,x) sin(Apx) de = §5mn
0

where d,,, is the Kronecker delta, then

2 (* ,
= Z/0 f(z)sin(A\,x) dz

u(a, Z/\ cd,, sm( ”_Ll)”>,

Likewise when ¢t = 0 then

where
2 [* ,
d, = C)\nL/O g(z) sin(\,z) dz.

(¢) In this case d, =0 forn=1,2,... and

. :2/01f(:c)sin (@) do
_2/1:2 <x— %) sin <w> da:+2/1j:4 (3/4 — ) sin (W%) iz

_ 8cos((2n + 3)7/8) — 8cos((2n + 1)7/4) — (2n — 1)7wsin((2n + 1) /4)
(2n —1)2x72
8cos((6n + 1)7/8) —8cos((2n + 1)w/4) — (2n — 1)wsin((2n + 1)7/4)
+ (2n —1)2xn2

S o () i (320 ()]
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Thus the formal solution can be expressed as

u(@,t) = %nil 1) {2 sin (W%W> e <w> o <w)]

( (2n—1) 7Tct> ) <(2n—1)ﬂ':17)
* COS sin 5 .

5.2.1 According to Eq. (5.19),

1
u(z,t) = 3 [sin(2(x — ct)) + sin(2(z + ct))] .
5.2.3 The solution to the struck string problem is

x+ct
1
u(z,t) = % L_ct sinh sds = % [cosh(z + ct) — cosh(x — ct)] .
5.2.5 This is another example of a plucked string. The solution takes the form of half of the initial displace-
ment moving left plus half of the initial displacement moving right.

( t)—l l—jz—ct| if-1l<z—ct<l1 +l l—jz+ct| f-1<z+ct<l
wet =5 0 otherwise 2 0 otherwise
fx+ct<-—1

f—-l<z—ctandz+ct<1

0
—%(|:C—ct|—|—|:v+ct|)
0 fx—ct>1
)
0
)

B t(1—|z—ct]) fz+ct>land -1<z—ct<l1
ife+ct>landx—ct < -1
t(l—|z+ct]) f-1<z+ct<landz—ct<-1

5.2.7 Taking derivatives of the function produces,

Upp = U2eat+zkm

Upy = _erUt-Hkm )

Substituting these expressions into the wave equation results in the following.

O_ZecrtJrlkz — _C2k2€at+zkx
0,2 _ —02k2
o = tick

5.3.2 Since u(z,0) = g(x) is an odd, 2-periodic function d’Alembert’s solution is

x+t
u(z,t) = %/ sin(ws) ds = L [cos(m(xz — 1)) — cos(m(z + t))].

—t 2
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u(x,0.5)

-1.0

5.3.4 Consider the solution evaluated at x = L/2.

- t
u(L/2,t) = ch cos <n7£c > sin%

n=1
B ic o (2k — 1)met ‘i (2k — )7
- £ 2k—1 3 2

The last equation is true since sin(nw/2) = 0 for n even. Thus u(L/2,t) = 0 for all t > 0 if cgp—1 = 0 for
ke N.
5.3.6 Let f,(x) be the odd, 2-periodic extension of f(x).

B z(l—2) if0<x<1
fo(l’)—{ (x—1)(z—2) ifl<x<?2

The d’Alembertian solution can be expressed as

u(z,t) = % (fo((x —t) mod 2) 4+ fo((x +t) mod 2)).

5.3.8 The initial displacement is already an odd, 2-periodic function. The initial velocity is an odd function
which can be extended 2-periodically to the real line. Define

r fo<x<l,
Go() = T —

2 ifl<ax<2,

and
2

v Z o ifo<z<1
G(x) = J(s) ds = 3 "U=T>
@ = [ aufs)as {M s,

2

The d’Alembertian form of the solution can be expressed as follows.
1 1
u(z,t) = 3 [sin(m(z +t)) +sin(w(z — t))] + 3 [G((z +t) mod 2) — G((x — t) mod 2)]

5.4.2 Assume the solution has the form

u(z,t) = Z T,(t) sin(nmz).
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The function T,,(¢) must satisfy the initial value problem

1
TV (t) + (nm)?T,(t) = 2/ tsin(nrz)de = —(1 — (—1)?)
0
T,(0) = T;,(0) =
Using variation of parameters

2

To(t) = W(l — (=1)™)(n=nt — sin(nnt)).

Thus the formal solution to the initial boundary value problem is

n

2 o0
= Z mrt — sin(nt)) sin(nmz).

5.4.4 Following the steps of the solution outlined for Exercise 5.4.3 let v(z,t) = e'u(z,t). Differentiating
and substituting into the initial value problem produce a new initial value problem.

Vg = Vge for —oo < x < 00 and t > 0,
v(x,0) = e® for —oo < z < 00,

ve(x,0) = —e” for —oo <z < 0.

The d’Alembertian solution to this initial value problem is

1 x+t
v(z,t) = B ("t +e" ") + —/ (—e®)ds

=",

Thus the solution to the telegraph equation is
u(z,t) = e to(x,t) = 2.

5.4.6 Assume the solution can be written as u(z,t) = t+v(z,t), then v(z, t) must satisfy the initial boundary
value problem

Vpp = Ugp for 0 <z < 1 and t > 0,
v(0,t) = v(1,t) =0 for t > 0,
v(x,0) = 0 and v¢(z,0) = =1 for 0 < z < 1.

Formally the solution can be written as

oo
Z ay, cos(nmt) + by, sin(nnt)) sin(nmx)

n=1
where
a, = 0 for all n
2 [t 2

by, = ey (=1)sin(nmz) de = o

(=) - 1).

Thus u(z,t) can be expressed formally as

u(z, 7% Z sm(mrt) sin(nmx).
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5.4.8 Assume the solution can be written as u(z,t) = (1 — z) sin(nt) + v(z,t), then v(x,t) must satisfy the
initial boundary value problem
Vit = Vg + 72(1 — ) sin(nt) for 0 < x < 1 and ¢ > 0,
v(0,t) = v(1,t) =0 for t > 0,
v(x,0) =0 and v¢(z,0) =7w(x — 1) for 0 < x < 1.

Let v(z,t) be represented by the series
v(x,t) = Z T, (t) sin(nmz)
n=1

where T,,(t) satisfies the initial value problem

1
TV () + (nm)*T(t) = 2/0 72(1 — ) sin(rt) sin(n7zr) de = 2% sin(rt)

T.(0)=0
! 2
T!(0) = 2/ m(z — 1) sin(nnz) dz = —=.
0 n
Using the method of undetermined coefficients, the solutions are

Ti(t) = _71 sin(rt) — ¢ cos(mt)
2

) = e e

[sin(7t) — nsin(nnt)] for n > 1.

Formally the solution can be written as

u(z,t) = (1 — z)sin(nt) — (t cos(mt) + @) sin(mx) + % Z sin(wg(;2n_silr1>(nwt)

sin(nmx).

5.4.10 If u(z,t) = e 'v(z,t) then differentiating and substituting into the initial value problem produce the
following initial value problem for the unknown function v(z,t).

Vgt = Uy — 2€'sintsinz + e’ costsinz for —oo < £ < oo and t > 0,

v(z,0) =sinz for —oo < z < 00,

v(z,0) = sinzx for —co < & < 0.
Suppose v(x,t) = T(t) sinz then substituting this into the initial value problem results in

T"(t) = =T(t) — 2¢'sint + e’ cost for t > 0,
T(0) = 1
T'(0) = 1.

The solution to this nonhomogeneous ordinary differential equation is
T(t) = e’ cost.

Therefore
u(x,t) = costsinz.
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5.5.2 Since the total energy is constant and u,(z,0) = f’(z) and u¢(x,0) = 0 then according to Eq. (5.48),

1 L
E(t):§/ To(f'(x))? dx
0
Ty g T\ 12
=3 s ()] e
Tom? /L 9 (TX
= cos” | — ) dx
iz |, < (T)

Tom? L 2mx

5.5.4
E'(t) = To [us (L, t)ug (L, t) — ug(0,8)ug(0,¢)] = To [(0)us (L, t) — u(0,£)(0)] = 0

5.5.6 Suppose that uy(z,t) and us(z,t) are solutions to the initial boundary value problem and define
v(x,t) = ui(x,t) — uz(x,t). The function v(x,t) solves the following initial boundary value problem.

Uy = gy for 0 <z < L and ¢t > 0,
v(0,t) = v(L,t) =0 for t > 0,
v(z,0) =0for 0 <z < L,
ve(x,0) =0 for 0 <z < L.
Note that v(x,t) = 0 is a solution to this initial boundary value problem. According to Thm. 5.1, this
solution is unique and thus u;(x,t) = ua(z,t) for 0 < x < L and ¢t > 0. Hence the original nonhomogeneous

initial boundary value problem has a unique solution as well.
6.1.2

(a) If u(z,y) = 2® — 3xy?, then

0
Au = 922 [x 3xy2] + By [x 3xy2]
0 9 9 0
=% [32% — 3y°] + oy [—6xy]
=6z —62=0
(b) If u(z,y) = arctan £, then
0? Yy 0? Yy
AU = W [arctan E:| —+ 8—y2 {arctan E:|
_9 |y |, o =
Oz |22 492 Oy 2% +y?
2zy —2xy

(22 +12)2 " (22 4 42)2

6.1.4
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(a) If u(z,y, 2) = 22° — 3zy? — 3222, then

0? 3 2 2 0? 3 2 2 0 3 2 2
Au = 92 [290 — 3zy” — 3xz ] +8—y2 [290 — 3zy” — 3xz ] —l—@ [290 —3zy” — 3zz ]
9 2 2 2 9 °
=5z [62% — 3y — 32°] + 9y [—62y] + 2 [—622]
=12z 4 (—6x) + (—6x)
= 0.
(b) If u(x,y, z) = cosh((a? + b%)'/22) sin(ay) sin(bz), then
0? 2\1/2,. o - 0 2 p2\1/2. 8 o .
Au = 92 [cosh((a +b%)/2x) sin(ay) sm(bz)} + o7 {cosh((a +b%)/%x) sin(ay) sm(bz)]
2
2 2\1/2
+=— 5.2 [cosh((a + b%)/2x) sin(ay) sin(bz) ]
= aﬂ [( +0*)'/2 sinh((a? + b*)/%2) sin(ay) sm(bz)} — [a cosh((a? + b*)/2x) cos(ay) sin(bz)]
x
+ % {b cosh((a? + b?)'/2z) sin(ay) cos(bz)}

= (a® + b?) cosh((a® + b*)Y/%z) sin(ay) sin(bz) + (—a?) cosh((a® + b%)Y/?x) sin(ay) sin(bz)
+ (=b?) cosh((a? 4 b*)Y%z) sin(ay) sin(bz)
=0.

6.1.6 Define £ = zcosf — ysinf and n = xsinf + y cos 6.

Ug = Uy + UyTy = Ug cOS O + uysind

Ugy = Uge c0s” O + 2ug, cos 0sin 6 + u,, sin® 0
Uy = Ue&y + UyTy = —Ue Sin 6 + u, cos

Uyy = Uge sin® 0 — 2ug, cos O sin 6 + u,y, cos? 0

Add the second partial derivatives.

Ugy + Uyy = Ugg cos? 0 + 2ugy cos 0sin 0 + uyy, sin? 6 + Uge sin? 6 — 2ugy cos 0sin 0 + uyy, cos? 0
= Uge + Uy
=0

6.2.2 The formal solution is of the form

u(z,y) = Z ap, sinh(nmz) sin(nry)
n=1
where L ( )
2 . A= (—1))
n = sinh(n) /0 y(L =) sin{nmy) dy = n3m3 sinh(nm)

6.2.4 Let function uq(z,y) be formally

ui(z,y) = Z ap sin(nmx) sinh(nw (1 — y))

n=1

44



where .
_ 2 . . [ 1/sinh7 ifn=1
an = m/o sin(mx) sin(nrz) de = { 0 ifn#l.

Thus function u;(z,y) can be written as

sin(rz) sinh(7(1 — y))
sinh 7 '

ui(x,y) =

Similarly let function ug(x,y) be represented by the Fourier series

us(z,y) = Z by, sin(nmx) sinh(nmy))

n=1

where
__ 2 e _20-(=1")
bn = sinh(n) /0 (1) sin(nrz) dz = nrsinh(nw)

The desired solution to the boundary value problem can be expressed formally as u(z,y) = ui(x, y)+us(z,y).
6.2.6 Let function uq(z,y) be formally

ui(x,y) = Z an sin(nmx) sinh(nm(l — y))

n=1

where
__ 2 e _20=(=D")
tn = sinh(n) /0 (1) sin(nrz) dz = nrsinh(nw)

Similarly defined function us(z,y) formally as

uz(x,y) = Z by, sinh(nmz) sin(nmry)

n=1
where

2 1
by, = m/o cos(2my) sin(nwy) dy

_ { 2n(1 — (=1)")/(w(n? — 4) sinh(nn)) ifn #2
0 ifn=2.

Finally let function us(z,y) be represented by the Fourier series

us(x,y) = Z ¢ sin(nmrz) sinh(nwy))

n=1

where
P e 201
= sinh(n) /0 (1) sin(nmz) d nmsinh(nm)

The desired solution to the boundary value problem can be expressed formally as u(z,y) = wui(x,y) +

UQ(Ia y) + Ug(.f, y)
6.3.2 As was done in Exercise 6.3.1 we arrive at the two equations

e“cosfS=rcost =x

e*sinff =rsinf = y.
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Dividing the second equation by the first yields

1

SRS

tan 5 = % = f=Im(w) =Im(Inz) =tan™

6.3.4 The general solution was found to be

u(r,0) = % + Z (g)n (ay, cos(nd) + by, sin(nh)).

n=1

To satisfy the boundary conditions let a,, = 0 for all n, b3 = 1, and b, = 0 for all n # 3. Thus the solution

to the boundary value problem is
3

u(r,0) = % sin(30).

6.3.6 The general solution was found to be

= 70 g (an cos(nd) + by, sin(nh)),

where

™) _, T
1 (" /2 1 nmw
an = — » £(0) cos(nd) df = ;/0 cos(nf) df = —sin (7)
1" , 12 1 nm
b= | () sin(n6)do = ;/O sin(nf) df = — (1 — cos (7)) .

6.3.8 The general solution was found to be

+ i ( ) ay, cos(nd) + by, sin(nh)),

n=1

%
2
where
i —/2 _ /2
_ 1 f(g)dgzl/ Md9+l/ 2—9d9_0
T ) x ) T ) 7
ap = — £(0) cos(nd) db
™ —T
—7/2 /2 _1\n _
- —l/ 2047 os(nd) o + l/ 2 cosmoydg = 2=V =D 2 o (T)
s 0 s n 2

™) _n s

b = — ! £(6) sin(nd) do

1 [T220+7) . 1 [m/%20 4 . /nw
_——/ Tsm(n@) d9+—/0 ?sm(nﬁ)d@—msm (7)

T ) T

6.4.2 The general solution to this boundary value problem has the form,

u(r,0) =colnr 4+ do + Z[(C:{T” + e, v ") cos(nf) + (dfr" + d, v~ ") sin(nd)].

n=1
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The coefficients in the series solution must satisfy the set of equations below.

sinf =c¢yInl+dy+ Z[(c:{ + ¢, ) cos(nd) + (df + d;, ) sin(nf))

n=1
cos20 = ¢yIn2+do + Z[(CIQ" +¢,27 ") cos(nb) + (d}2™ + d;,; 27™) sin(nf)]
n=1
By equating coefficients of the trigonometric functions on both sides of the equations,
e +cy =0
2 +c,272=1

which implies ¢ = % and ¢; = —7x. Similarly,
df +dy =1
df2t +dy27t =0
which implies df = —% and d; = %. All other coefficients vanish. Hence the solution to the boundary value

problem is

B 4, 14 ).
u(r,0) = <ET T ) cos(20) + (—gr + 3" ) sin 6.

6.4.4 The formal solution can be written as

Z anr®™ sin(2n).

On the boundary where r = 1,
u(1,0) = sin(40) Z an sin(2n0).

Thus by equating coefficients of the sine functions, as = 1 and a,, = 0 for n # 2. Hence the solution to the

boundary value problem is
u(r, 0) = r* sin(40).

6.4.6 The formal solution can be written as

o0

= Z(a:r" + a,; ") sin(nb)

where a;f and a;, must solve the system of equations

™

n ny __ 2 T . _ 2 /2 . o 2 nm
atr(1™) +a, (17") = —/0 u(1,0) sin(nd) do = _/0 sin(nf) df = — (1 — cos 7)
at(2")+a, (27" = 2 / u(2,0) sin(nd) df =
0

s
Thus
-2 nmw
+

“n =@~ nr ( 8

22n+1 nm
. R —) .

“n =@ “1nr ( 8
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6.4.8 The formal solution can be written as
= 2nd
u(r,0) = Z(a:{r%m + a;r~2"/3) sin (—)
3
n=1
where a;} and a,, must solve the system of equations

a;(12"/3)+a;(1—2"/3):—/ u(1,0)sin [ 22 ) do = — sin [ 2 ) do
37T 0 3 37T 0 3

= 2 (-1

4 [3m/2 2n 4 (" 2nf
a;(22"/3)+a;(2—2"/3):—/ u(2,0)sin [ 22 d@:—/ fsin | ) do
37T 0 3 3 0 3

1 3 i 2nm 9 2nm
= — sin — — 2nmcos — | .
n? 3 3

Thus
o —2(1 = (=1)")n — 27+3)/3nq? cos 22T 4 227/3(37r) sin 24T
" n2mw(4n/3 — 1)
W 22n/3 (2@n+3)/3(1 — (—1)")n + 2na? cos 225 — 37 sin 227 ) '
" n2mw(4n/3 — 1)

6.5.2 Define the formal solution u(zx,y) as follows.

oo

u(z,y) = ag + Z an, cos(nmwz) cosh(nmw(y — 1)).

n=1

This solution is harmonic and satisfies the boundary conditions u,(0,y) = u,(1,y) = 0 for 0 < y < 1 and the
boundary condition uy(x,1) =0 for 0 < x < 1. Differentiate the solution with respect to y and set y = 0.

oo

uy(z,y) = Z anpnm cos(nmz) sinh(nw(y — 1))
uy(x,0) = Z ap (—nm) sinh(nr) cos(nmwx)

sin(mzx) = Z ap (—nm) sinh(nr) cos(nmrx)

Multiply both sides of the last equation by cos(mma) and integrate with respect to x for 0 < z < 1. Since
the solution can be determined only up to an additive constant, the value of a¢ is undetermined. When
n >0,

o0

1 . . 1
/0 cos(mmx) sin(rz) de = Z an (—nm) sinh(nm) /0 cos(mmx) cos(nmwz) dx

n=1

1+ (—-1)"
%ﬂg) = —5annmT sinh(n)

if m = n # 1. For the case when m = 1, the definite integral on the left-hand side of the equation is 0. In
fact whenever m = n is an odd integer, the definite integral vanishes. Therefore

{ 0 if nis odd
Ap = —4
n(l—n?2)

T (F) if n is even.

48



Thus the solution can be represented as

—2cos(2nmx) cosh(2nm(y — 1))
n(1 — 4n2)xw2 sinh(2nm)

u(z,y) —ao—i-

6.5.4 Suppose u(z,y) = ax? + bz + cy? + dy then
Au=2a+2c=0 < a=—c.

Hence look for a solution of the form u(z,y) = a(z? — y?) + bz + dy. To satisfy the boundary conditions
consider the system of equations.

b=1
2a+b=0
d=-1
—2a+d=0
The solution to the system is a = —%, b=1, d= —1 and therefore

1
u(z,y) = —5(332 -y )tz —y.

6.5.6 The additive constant ag, if present, is the average of the boundary condition on that boundary. In

this case,
=1

1! 1
1 /0 sin(2mx) de = [—% cos(27r:v)] =0

=0
so no additive constant term is present in the series solution.
6.5.8 The solution to Laplace’s equation can be written as u(x,y) = u1(z,y) + ua(x, y) where u;(x,y) solves
Laplace’s equation with boundary conditions:

(u1)2(0,7) = 0 and (u1)(1,5) =0 for 0 <y < 1
(u1)y(z,0) = sin(mz) and (u1)y(zr,1) =0for 0 <z <1

and us(x,y) solves Laplace’s equation with boundary conditions:

(u2)£(0,y) = sin(2my) and (u2),(1,y) =0for 0 <y < 1
(u2)y(z,0) =0 and (u2)y(x,1) =0 for 0 < z < 1.

These solutions were found in Exercises 6.5.2 and 6.5.7 respectively. Therefore the solution to Laplace’s
equation with the two nonhomogeneous Neumann boundary conditions can be written as follows.

—2cos(2nmx) cosh(2nm(y — 1))
n(1 — 4n2)m? sinh(2n)

u(zx,y) —ao—i—

i 8cosh((2n — Dm(x — 1)) cos((2n — 1)7y)

= m*(2n—1)((2n — 1) = 4) sinh((2n — 1))

6.6.2 The general solution can be written formally as

u(r,0) = ap + i (g)n (an, cos(nd) + by, sin(nh))
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where ag is an arbitrary constant, a5 = 3/5, a,, = 0 for all n # 5, b, = 0 for all n. Thus the solution to the
boundary value problem is

u(r,0) = ag + g (2)5 cos(50).

6.6.4 The general solution can be written formally as

(r,0) = ao—l—Zan (—) cos(nf).

Differentiating with respect to r and setting r» = 2 result in

oo

ur(2,0) = cosf = Z gan cos(nf).

n=1
Equating coefficients implies a; = 2 and a,, = 0 for n > 1. Thus the solution to the boundary value problem
is
u(r,0) = ag + rcos(6).

6.6.6 The general solution can be written formally as
u(r,0) = ag + Z [an, cos(nd) + by, sin(nh)].

Differentiating with respect to r and setting r = 1 result in

u,(1,0) = 0> — 72 = i(—n) [an, cos(nd) + by, sin(nd)].

n=1

The Fourier coeflicients are found using the Euler-Fourier integral formulas.

—na, = %/ﬁ (0 — %) cos(nf) df = AD"

n2

1 s
—nb, = — / (62 — %) sin(nf) dd = 0
m —T
Hence the solution to the boundary value problem can be expressed as

n+1
u(r,0) = ag —|—4Z cos(nb).

6.6.8 The formal series solution has the form,

o0
u(r,0) = do + Z (r" +77") lan cos(nf) + by, sin(nd)].
n=1
The function u(r, #) is harmonic and 27-periodic on the annulus. The function also satisfies the homogeneous
Neumann boundary condition when r = 1. Differentiating the series with respect to r and setting r = 2
produce,

ur(r,6) = Z (nr™ " — nr™™ 1) [ay, cos(nf) + by, sin(nf)]

ur(2,0) = n (2" = 27"71) [a, cos(nf) + by sin(nd)]
n=1

cos(20) = i n (2" —27"71) [a, cos(nd) + by, sin(nd)]

3
Il
-
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Equating coefficients of the trigonometric functions on both sides of the last equation suggests b, = 0 for
n €N, a, =0 for n # 2 and when n =2, ay = %. Hence the solution can be expressed as follows.

4
u(r,0) = do + i (r2 +17?) cos(26).

6.7.2 Suppose m # n then

/01 cos (M) cos <(2n —1) wy) _ {sm( —-n 7Ty) , sin((m+n - Dr)y =1
0.

2 2 2r(m+n—1) | _,

When m = n then

[ oot () g - [ G D)L

2 2 or(2n—1) |, _, 2

Therefore the eigenfunctions are orthogonal.
6.7.4 The general solution to the boundary value problem takes the form,

u(z,y) = Z ay, sinh(nrx) cos(nmy).
n=1

This general solution is harmonic and satisfies the homogeneous Neumann boundary conditions when y = 0
or y = 1. The homogeneous Dirichlet boundary condition at x = 0 is also met. When = = 2,

- 1 1
u(2,y) = Z an sinh(2n7) cos(nmy) = —3 + sin?(7y) = —3 cos(2my).

n=1

Multiply the boundary condition and the infinite series by cos(nmy) and integrate over the interval 0 < y < 1.

1
Zan s1nh(2mr)/ cos? (nmy) dy —/ —cos(27ry) cos(nmy) dy
0

n=1
1 —1 ifn=2
z ; — 1 )
g n sinh(2n) { 0 otherwise
Hence ag = ml(“) and ag = 0 for n # 2. Therefore,
— sinh(27z) cos(2my)

u,y) = 2 sinh(47)

6.7.6 Define the solution u(z,y) formally as

u(z,y) = i an sinh(n7z) sin <w> ,

n=1

o= iz Jy (13) i (5 o= S i

6.7.8 The general solution to this boundary value problem takes the form,

where

u(z,y) = ao + Z an, cosh(nma) cos(nmy).

n=1
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This function is harmonic on €2 and satisfies the Neumann boundary conditions when z =0,y =0, or y = 1.
When z =1,

u(l,y) =ao+ Z an cosh(nm) cos(nmy) = cos(my).
n=1
Equating coefﬁcients of the trigonometric functions on both sides of the equation produces a, = 0 for n # 1

and a; = m The solution is written as

cosh(mz) cos(my)

u(z,y) = cosh7

6.8.2 By Thm. 6.2 the value of u at the center of the disk is the average value of w on the boundary of the
disk. This average value is
0=m

1 (" . 1 [-2
Py (2sin(30) — 1) df = Py {? cos(360) — 6‘} = -1

T O=—m

6.8.4 Following the approach of the last problem, first find a function v(z, y) such that Av = 2 y. The right
hand side of the equation suggests looking for a function of the form of v(x,y) = Az3y + Bxy>. For this
choice

Av = 6Axy + 6Bxy.
Thus choose A and B such that 64 + 68 = 1. There are many choices of A and B. However, considering
the underlying domain of the boundary value problem is a disk, it is convenient to choose A = B = 1/12.

Next, define w(z,y) = u(x,y) — v(z,y), then u is a solution of the original boundary value problem if and
only if w satisfies

Aw =0 for 22 +y? < a®

1
w(z,y) = —Ea xy for 22 + 9% = a®.
1
Note that w(z,y) = —a?zy/12 is a solution of this boundary value problem. Therefore u(x,y) = EI Y+
1 1,
12:vy 50 Y-

6.8.6 By Euler’s identity, sin(nz) = (e!"* — e~"%)/(2i) which implies

1 - nznz n —inx 1 - iz —iz\"
Zp sin(nz) = 2= 3 ["e™ - J=5 [(pe)_(pe )}

n=1 n

pe pe—i;ﬂ B 1 peiw _ pe—iw
1 — pei= 1—pe 20 |1 — petr — pe~iz 4 p2

psinx

1o 2pcosx + p?’
6.8.8 Decompose the last boundary value problem into three problems such that each has only one nonzero

boundary condition on the boundary y = 0, x = m, and y = w. Denote the solutions of each of the new
boundary value problems by w1, ws, and ws respectively. For the boundary value problem

Awp =0for0<z<mandO<y<m
wi(z,0) = —2® for0 <z <

the solution is

wi(ea)= 3 ”mh — { / ) sin(naz) dx} sinh(n(r — 1)) sin(nz)
_ Z anhm <( 1)1 2((‘173: - 1>> sinh(n(r — y)) sin(nz).
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For the boundary value problem

Aws =0for0<z<mand 0<y<m
wy(m,y) = -2 for0<y<m

the solution is

o0

wa(z,y) = Z # [/OF(—WQ) sin(ny) dy | sinh(nz) sin(ny)

msinhnmr
i = Ur sinh(nz) sin(ny).
—= n smh nmw

Finally for the boundary value problem

Awg=0for0<z<mand 0<y<m

ws(z,m) = -2 for 0 <z <m
the solution is

oo 9 o

ws(z,y) = _ {/ (—2?) sin(nx) da:] sinh(ny) sin(nz)
; wsinhnw | /oy
2 (=D 2(=D" =1 -

= Z g ( — 3 sin(na) sinh(ny).

n=1

Thus the solution to the original boundary value problem is

’U/(,CC,y) = :E2 + ’LUl(fL',y) + wg(:v,y) + wg(x,y).

6.9.2 The maximum and minimum of the solution to the boundary value problem are found on the boundary
of the disk. The boundary condition is u(f) = 2sin(36) — 1. Hence,

min_u(z,y) = min (2sin(30) —1) = -3
(z,9)€Q —n<6rm

and

max_ u(z,y) = max (2sin(30) —1) =1
(z,y) €N —m<0m

6.9.4 Suppose functions uy(z,y) and uz(x,y) both satisfy Poisson’s equation for (z,y) € Q and uy(z,y) =
uz(x,y) = ¢(z,y) for (r,y) € 9Q. Define the function v(x,y) = ui(x,y) — uz(x,y). Then Av = f(z,y) —
f(z,y) = 0 for (z,y) € Q and v(z,y) = 0 for (z,y) € dQ. By Cor. 6.2 then v(z,y) = 0 for (x,y) € Q.
Consequently uq(z,y) = ua(x,y) for all (z,y) € Q.
6.9.6 Define v(z,y) = ui(x,y) —uz(z,y) for all (z,y) € QUIN, then v satisfies the following boundary value
problem.

Av =0 for (z,y) € 2

v(,y) = ¢1(x,y) — d2(x,y) for (z,y) € 9

By assumption —e < v(z,y) = ¢1(z,y) — p2(x,y) < e for all (z,y) € Q. According to Cor. 6.2,

. _ . - _
(x,ygréls?uaszv(x’y) (z.?)lgaszv(x’y)_ ¢

and thus v(x,y) > —e for all (z,y) € Q and

max v, = max v(T
(z,y) EQUON ( y) (z,y)€0Q ( y)
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and thus v(x,y) < e for all (z,y) € Q. Therefore |v(z,y)| < € for all (z,y) € Q.
7.1.2 Integrate both sides of the equation twice with respect to x.

1
y/ 4 §x2 — A
1
Y+ 6333 =Ax+ B
L3
ylx) = —5* + Ax+ B
If £ = 0 then y(0) = 1 = B. The other boundary condition implies

3 2
2=——+A4A 1-—+A
6+ T+ 2+

and thus A = (6 + 73 + 372)/(6(r + 1)). Consequently

1 5 (647 +31)z
g SN SR AL
Y@ = 5Tt e T

7.1.4 The general solution to the ordinary differential equation is y(z) = Acos(3x) + Bsin(3x). Imposing
the boundary conditions produces the following system of equations.

3B=0
Acosm =0
This system of equations has no nonzero solutions for A and B and thus there are no nontrivial solutions to
the original boundary value problem.

7.1.6 Proceed using the definition of the inner product, the definition of the operator and integrate by parts
twice.

b
Lf)9) = [ (@) @) + o) f () gy da

[ @ @s@ds+ [ o) @) ds

Q=

R ([pcr)m] +a(@)g(®)) f@) da

= [pt@) (f’(x)@—f(x)ﬁ): / P P@G @ + a@g(@) da

= [p@) (5'@)e@) ~ s@i7@)]" + {7 Llo)

The complex conjugation of L[g](z) is possible due to p(x) and g(x) being real-valued. Now consider the
first term on the right-hand side of the last equation. If f and g satisfy the separated boundary conditions
of Eq. (7.11) then




If none of the scalars oy, as, 51, and By are zero then f'(a) = —aq f(a)/B1, f/(b) = —aaf(b)/B2, ¢'(a) =
—a1g(a)/B1, and ¢'(b) = —aag(b)/P2. Substituting into the expression above,

) (7@ - 1@g@)]" =) (- 52050+ 105200 ) - pte) (- 5@ + )o@

=0

The expression is likewise zero in the cases in which one or more of the coefficients in the separated boundary
conditions are zero. Thus (L[f],g) = (f, L[g]) and the operator is self-adjoint.
7.1.8 Let u(x,t) = X (z)T'(t) then

X(2)T'(t) = kX" (2)T(t) — CoX'(x)T(t)
X@)T'(t)  kX"(@)T() CoX'(x)T(t)

EX(@)T(t)  kX(@)T(t) kX (2)T(t)
T'(t) _ X"(x)  CoX'(z) _

KT(t) ~ X(z)  kX(x)

where A is a constant. Thus function X (z) must solve the ordinary differential equation

%X’(z) +AX(2) =0,

X”(x) _
If p(z) = e~“0%/% and both sides of the ordinary differential equation are multiplied by p(z) then
!
0=e Co2/kX" (z) — %e*COI/kX’(I) + Ae”Cor/k X (1) = [efc"x/kX’(a:)} + Ae~Cor/k X (1),

which is the self-adjoint form.
7.1.10 Differentiate to find

o (z) = 1 cos nrln(z + 1) _la nrln(z + 1)
Tz +1)32 1n2 2 2

1
2
9 2 [ nrln(z + 1) _l, nrln(z + 1)
(1+2)°0 (@) = (1 +2) [ ( In2 2\ T m2

)
Ry
[ () s s o)
- e () [ Y

Thus ¢, () solves the ordinary differential equation.

In2
o= (22 -

Thus ¢, () satisfies the boundary conditions.
7.1.12

(a) f(zx) =22 —62+9
L[z? — 62+ 9] =2 — 6(22 — 6) + 9(2* — 62 + 9) = 92° — 662 + 119
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L[e3*] = 9e37 — 6(3e3%) + 9¢3% = 0

Llze®*] = 3e3" 4 33 4 9xe®” — 6(e* + 3xe®) + 92¢3* = 0
(d) k(x) = cosh(3z)
L[cosh(3z)] = 9 cosh(3z) — 6(3sinh(3x)) + 9 cosh(3z) = 18 cosh(3z) — 18 sinh(3x)
7.2.1 By Eq. (7.15)

wtli] - vl = 1 ) (u(@ - - o5 )]

2) (u(w);l—z —“@%)I:Z'

thus

T~
o
=
=
=
|
(4
=
=
IS
=
Il
=

7.2.3 By assumption

and thus

z=b
) (@) = @) | =) 0 0) ~ o0 4) = pla) () @) ~ ol (@)

If a1 # 0 and a3 # 0 then

Bru(a)/ar = u(a) and Bou'(b) /a2 = u(b).
Likewise

B1v'(a) /oy = v(a) and Bov’ (b)/az = v(b).

Substituting into the equation above yields

&u'(a)v'(a) - =

aq aq

o) (20000 - 2w o) - pio)

If a1 # 0 and B2 # 0 then
Bru/(a)/ar = u(a) and agu(b)/Bs = u'(b).

Likewise
B1v'(a) /a1 = v(a) and asv(b)/B2 = v'(b).
Substituting once again produces

p(8) (b’ (8) — (B (8)) — pla) (u(a) (@) — (@) (@)
— p(b) (C” (Bo() — %uw)v(b)) ~ p(a) (éuwv/@ - ﬁu’(a)v'(cw) 0.

—~u
B2 Ba a1 a1
Similar results hold if 81 # 0 and as # 0. Finally if 81 # 0 and 82 # 0 then

aju(a)/Bf1 = u'(a) and agu(b)/Bs = u'(b).
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Likewise
ajv(a)/Br =v'(a) and av(b)/Bs = v'(b).
Upon substitution the following equation results.
p(b) (u(b)v'(b) — v(b)u’' (b)) — p(a) (u(a)v'(a) — v(a)u'(a))
« @
= 500) (L0 - a1 ) - pla) ( SLutarla) - Suler@) =0
B2 B2
7.2.5 There are three cases to consider.
Case A = 0: which implies y(z) = Ax + B. The boundary conditions imply A = B = 0.

Case \ = —72: where v > 0. In this situation the general solution to the ordinary differential equation is
y(x) = Acosh(yz) + Bsinh(yz). The boundary conditions imply A = B = 0.

Case \ = +2: where v > 0. In this situation the general solution to the ordinary differential equation is
y(x) = Acos(yx)+ B sin(yx). The boundary conditions require the following two equations be satisfied.

0=A+ By
0= (B — Ay)siny
If v = nm with n € N then if A = —Bnr the function
¢n(x) = —Bnr cos(nmzx) + Bsin(nmx)
2,2

is an eigenfunction corresponding to the eigenvalue \,, = n°7=.

7.2.7 Suppose m # n then

€ 1 1
/ sin(mm Inz) sin(nmlnz) = dx = / sin(mnz) sin(nrz) dz
1 0

x

1
= % /0 [cos((m — n)7z) — cos((m + n)wz)] dz = 0.

If m = n then

€ 1 1
/ sin?(nrinz)— dr = / sin?(nrz) dz
1 x 0

1 1
= _/0 [1 — cos(2nmz)] dz = 3

7.2.9 Using the hint,

ylz) = —
y () = xz'(:v?rz— z(x)

222" () — 222 (x 2(x
iy = P20 = 20(0) 4 2:(0)

3
x
Substituting these expressions into the ordinary differential equation produces,
22 222" (x) — 2172”(17) + 2z(x) + o xz'(z) 2— z(x) b z(x)
x x

2:(0)

=0

x2" (x) — 22/ (x) + +22'(z) —

227(96) +yzz(x) =

0
2"(x) +yz(x) =0
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If y = =A% < 0 with A > 0 then z(z) = c1e™*® + c2e*® and thus y(z) = 01$ + 02%. If such as solution
is to be bounded as x — 0T then ¢y = 0. If y/(1) = 0 this implies A = —1 < 0 which is a contradiction of
the assumption that A > 0. Therefore there are no negative eigenvalues with nontrivial eigenfunctions.
If v = 0 then z(z) = c12 + ¢z and hence y(x) = c1 + <. If such as solution is to be bounded as x — 0%
then ¢y = 0. Therefore yo(z) = ap (a constant) is an eigenfunction corresponding to the eigenvalue v = 0.
If v = A% > 0 with A > 0 then z(z) = ¢1 cos(Az) + casin(Az) and thus y(x) = ¢1 COSSCM) + ¢ Singj‘z). If
such as solution is to be bounded as x — 01 then ¢; = 0. If ¢/(1) = 0 this implies A = tan\ > 0. If

An is the nth positive solution to this equation, then A\? is an eigenvalue with corresponding eigenfunction
yn(x) _ sin(A, ) )

xr
7.2.11

(a) <f+gah>P = <f7h’>P + <gvh>P

b b
(9= [+ @h(@)pta)do = [ (F@h(ap(o) + glah(o)p(a) de
b

b
- / F(@)h(z)ple) dz + / g(2)h(@)p(a)) dz = (f, By + (g, 1),

a

®) (v .9 =(f9)0

b

b
(v frg)p = / Y F(@)g@p@)de =~ [ f@)g@)pa)dz = 1f,g),

a

(©) (f:9)p = (9, 1)p

b b
)y = / F(@)g(@)p(z) dz = / 9(@)f (@)pl(x) dz = (g, f),

(d) (f,f), > 0if and only if f(x) # 0 on (a,b).
If f(x) =0 on (a,b) then

b
(ff)p= / (0)?p(z) dz = 0.

If f(x) # 0 on (a,b) then there exists a < z < b such that f(z) # 0. Without loss of generality assume
f(z) > 0. Since f is continuous then there exists € > 0 such that f(z) > 0fora < z—e<z < z+e <b.

z+e

b
L) = / (f(2)p(x) du > / (f(2))p(x) d > 0

—€

7.3.1

(a) Note that
o (x) v (x) n 3v(x)

/ o . " _ .
y'(2) = and ¢ (z) 2172 32 T agee
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Substituting these expressions into Bessel’s equation produces

0.2 (v”(:c) @), 3v(:c)> L (W(x) v(x) ) @)

z1/2 13/2 " 4572 21/2 " 953/2 21/2

3
_ 3/2,0 _o1/200 1/2,/ _ 3/2 _
=z (z) — 2% (2) + SV v(x) +z /%0 (z) 52173 + 22 %v(x) xl/zv(:v)

_ 3/2//()_|_ 3 _ 1 +3/2_ VQ ()
=z (x WiE o T i/ v(x

3—2+4x% — 412
— 232" (2) + < =Y ) v(x)

0=1"(z) + (M> u(z).

42

(b) Suppose 0 < v < 1/2 and define the linear operator L[y] = y”+y. A solution to the ordinary differential
equation Lu] + (0)u = 0 is u(x) = sinz which has a root at every integer multiple of 7. Now define
s(z) = (1 — 4v?)/(42?%). Since 0 < r(z) < 1/(42?) then by the Sturm Comparison Theorem if v(z) is
a solution to L[v] + s(x)v = 0 then v(x) has a root in the interval ((n — 1)m, nm) where n € N.

(¢) Suppose 0 < v < 1/2, then since v(x) = 2'/?y(x) has a root in the interval ((n — 1)7,n7) where n € N
and /2 > 0 for x > 0 then y(z) has a root in the interval ((n — 1), n ).

7.3.3 Two solutions are y1(z) = sinz and yz(z) = cosz. The zeros of y; are the set {nn},ecz while the zeros
of 1o are the set {W}nez.

7.3.5 First consider the case of the interval [—1,1]. Let ¢i(z) = 2% — 1 and ¢2(z) = 0 and note that
q1(x) < ga(x) on [—1,1]. The constant function ¢ (z) = 1 is a nontrivial solution to the ODE 3" + g2 (x)y = 0.
Since ¢1(x) < g2(z) on [—1,1] if y(x) is a nontrivial solution to y” + ¢1(z)y = 0 with two zeros in [—1,1]
then 1 (x) must have a zero in [—1, 1] according to the Sturm Comparison Theorem. This is a contradiction
since ¥(z) > 0 always.

Now consider the interval (1,00). For 2 > /2, 22 — 1 > 1 and the function ¢(z) = sinz is a nontrivial
solution to the ODE y” + (1)y = 0 which has infinitely many roots in (1,00). By the Sturm Comparison
Theorem then any nontrivial solution to y” + (2% — 1)y = 0 will also have infinitely many zeros in (1, 00).
The same reasoning applies to the interval (—oo, —1).

7.3.7 Let u(z) be a nontrivial solution to u” 4+ g(z)u = 0 with consecutive zeros at z; < z2. Note that

m(z) = sin(v/A(z — 1)) is a solution to the ordinary differential equation
y' +Ay=0

and that m(z1) = 0 = m(z; + n/v/A). Since 0 < A < g(x) the Sturm Comparison Theorem implies that
between any two zeros of m(z) there is a zero of u(z). Thus there exists z; < 22 < 2, + 7/v/A for which
u(z2) = 0. Without loss of generality we may assume u has no other zeros in the interval (z1,22). Thus
29— 21 < F/\/Z

Likewise note that M (z) = sin(v/B(z — 21)) is a solution to the ordinary differential equation
y'+By=0

with M (z1) = 0 = M(z,+7/VB). If 21 < 23 are consecutive zeros of u and g(z) < B, the Sturm Comparison
Theorem implies there exists a zero of M between z; and zo. Since z1 and 21 + 7/ V/B are consecutive zeros
of M then z; < z1 + w/\/ﬁ < z which implies w/\/ﬁ < z9 — 271.
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7.4.2 Evaluate the definite integral below.

() () = [ sin? (M) i

\
o N N o\..

for n € N.
7.4.4 The roots of the characteristic equation are 11 = =1 —+v1—Xand ro = =1+ V1 —A. When A <1
the general solution to the ODE has the form,

y(I) :Aefz(lJr\/lf)\) +B€71(17\/17>\)

y(z) = —A1+V1 = N)e 20HVI=N _ B -1 - )\)e—m(l—M)'

When z =0,
0=—A(1++v1-X)—-B(1-+v1-))
_B:1+\/1—)\A
1—vV1-2AX
When x = L,

0=—-A(1+V1- /\')e—L(l-i-\/l—)\) —-B(1- m)e—L(l—M)
= _A(l +1— /\)efL(lJr\/lf)\) + A(l + mka(lfm)
—VI-A=V1-2)

which has no solution. Hence there are no eigenvalues less than 1.
If A =1 the general solution to the ODE is

y(z) = (A+ Br)e™*
y'(z) = (B—A— Bx)e ™.

When z =0,
0=B—-—A < A=B.
When X = L,
0=(B—-A—-BL)e *
=A-A- AL

which implies A = B = 0 and hence there are no nontrivial solutions when A = 1.
If A > 1 the general solution to the ODE is

y(x) = e "(Acos(VA — 1z) + Bsin(vVA — 1x))
y' (1) = e *((BVA—1— A)cos(VA — 1z) + (B — AV — 1)sin(v/ A — 1x)).
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When z =0,

0=BvA-1—-A
A=BvA-1.

When z = L,

0=ce“(BVA—1—A)cos(VA—1L) + (B — AVA — 1)sin(vV/X — 1L))
= (B - B(A —1))sin(vA — 1L)).

If B = 0 there are no nontrivial solutions, so assume B # 0. Therefore,

n?m?

L2

sin(VA—1L)=0 < A\, =1+
for n € N. The corresponding eigenfunctions are

1) - (o (752) ()

for n € N. The eigenfunctions are normalized as follows.

L 2,2
2
(Yn (), yn(z)) :/0 e~ 2 (n[jzr cos? (nz:v) + n%sin ( anU) + sin? (nz:v)> dx

(1 — e 2Yn2x?(n?x2 + 5L2)
AL2(n?n? + L2)

Thus the normalized eigenfunctions are

0= (on () -0 )

for n € N.
7.4.6 There are no nontrivial solutions to the boundary value problem for A < 0. For A > 0 the general
solution to the ordinary differential equation has the form,

y(z) = Acos(VAInz) + Bsin(VAInz).
When z =1, A =0 and when z = L
0= Bsin(vAIn L).
If B = 0 there are no nontrivial solutions, so assume B # 0. Therefore,
2,2

n-mw

Sln(\/XhlL) =0 <= )\n = W

for n € N. The corresponding eigenfunctions are

for n € N. The eigenfunctions are normalized as follows.

(yn (@), yn(2)) = /1 " sin? (ni;lzx) dz

~ 2(L—1)n?n?
~ 4n272 4 (In L)2
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Thus the normalized eigenfunctions are

- dn2n? 4+ (In L)? | <n7r1na:)

On(x) =

nmy/2(L — 1) InL
for n € Nd
7521 900 _ 400 _ g
d dz
do do
b)p(b)—(b) — ——(a) =
P(O)3(B) S (6) ~ p(a)() 5 (a) =0
7.5.4 Various answers are possible, for example if y(x) = x then the boundary conditions are satisfied.
1
— [ z(0) dx
R[y] = 7@ =
Jo % dx
Thus Ay < 0 (in fact, since y(z) is an eigenfunction, A\; = 0).
7.5.6 Consider the trial function y(x) = sin(wx).
ly] = _follsin(m) (cr¥sin(ra))de __72/2_ o eo0
fy 1+ %) sin?(rx) dz 201/400

7.5.8 If A = 0 the solution to the ODE is a linear function y(z) = Az + B. If z = 0 then y(0) = B =0
implies y(x) = Axz. When 2 = 1 the boundary condition implies,

244+37TA=0 <= A=0
and hence there are no nontrivial solutions. If A > 0 the oscillatory solutions to the ODE are of the form,
y(z) = Acos(VAx) + Bsin(VAz).
If y(0) = 0 this implies A =0. At 2 =1,
0 = 37Bsin(vVA) + 2BV A cos(V\)
= 37sin(VA) + 2v A cos(VN).

Plotting the right-hand side of the last equation as a function of A reveals infinitely many positive zeros.
Using Newton’s method the four smallest positive zeros are approximately

A1~ 8.89107
A2 = 35.6527
A3 =~ 80.5178
Mg =~ 143.791

7.6.2 Use the piecewise-defined function,

o — arctan £ if x > 0,
| m+arctan? if 2 <0.

7.6.4 Differentiate y(x).
y'(x) = —2% cos <B - /j ]ﬁ du>
. A v Apl (x v
/0 =g (8- [ )+ G (8- [ )
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The ordinary differential equation takes the following form.

Liy)(x) + ——y(@) = p@)y’(z) + P2}y (x) + ﬁy(fr)

= —%%)sin<3—/;@du> + Af(lg) cos (B—/G:ﬁdu)
— A]ii:;) cos <B — /a ]%U) du> + pé) sin (B — /a ]%U) du)
This demonstrates y(x) solves Eq. (7.10).

7.6.6 Let K =0 and L =1 in the result of Exercise 7.6.5, then f(x) =
8.1.2 By definition I'(p + 1) = [;° e “a? dx. If u? = x then 2udu = du and

r@+1y:/ eﬂ%ﬁvmwdu:gf e~y gy,
0 0

8.1.4
1y 1/3 2n —1 (D@B)---2n—1)/T (2n))\/T ~ (2n)lym
F<”+§)_§<§)'”< 2 >ﬁ_ on T @@ 2n2n T 2l
8.1.6
(a) Let T'(p) =2 [ e u2@= D dy and T'(q) = 2 [;° e~ 02~ DF1 du, then

L'(p)T(q) = (2/ e vyl du) (2/ e v p2al dv) = 4/ / e~ 21201 gy gy,
0 0 o Jo

(b) Let u = rcost and v = rsint then

/2
—4/ / e Ut 21 20— 1dudv—4/ / e’ (rcost) 2p— 1(rsmt)2q Ly dr dt
/2
= 2/ cos? 1 tsin?? ¢ dt (2/ e T At 1dr> —2F(p+q)/ cos?~ ! tsin??1 ¢ dt.
0 0 0

8.1.8

/2 | /2
(a) / sin2"tdtzzﬂ:/ o2 tdt forn=0,1,2,....
0 2 22n(nl)? 0

LI WL T(1/2T(n+1/2) _ VFSEE  © (2n)!
sin“" tdt = cos?"tdt = n — 7
o o 2'(n+ 1) 2(n!) 92 22n(nl)?2

/2 22n(n|)2 /2
(b) / sin?" M tdt = ———1 = / cos?tltdt forn=0,1,2,....

71’/2 7T/2 | 2n N2
[P e [ o LU 0Dt 2o
0 0

2M(n+1+1/2) (2)2nt2tve  (2n+1)!

P (1)1
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8.1.10Iflnz = —tthenx =e ! and dz = —e~'dt. Asz — 0" thent = co whileasz — 17, ¢t — 0.

/Ol(lnx)r dxz/o(:(—t)r(—e_t)dt
(=)™ /OOO te " dt

(—1)”/ D=1t gt
0
(=)"T(r+1)

8.2.2
cos(x sin @ — nf) = cos(x sin #) cos(nd) + sin(z sin #) sin(nd)

If n = 2m—1 is odd cos(z sin 0) cos((2m—1)0) exhibits odd symmetry about § = /2 and sin(z sin ) sin((2m—
1)0) exhibits even symmetry about § = 7/2. Thus
/ cos(zsind) cos((2m — 1)0)df =0
0

and

T /2
/ sin(x sin @) sin((2m — 1)8) df = 2/ sin(x sin 8) sin((2m — 1)0) df
0 0

If n = 2m is even cos(xsinf) cos(2md) exhibits even symmetry about # = 7/2 and sin(z sin 6) sin(2m#)
exhibits odd symmetry about § = 7/2. Thus

/ sin(x sin @) sin(2mf) df = 0
0

and

T /2
/ cos(x sin 6) cos(2mb) df = 2 / cos(x sin #) cos(2mb) df.
0 0

8.2.4

1 ifo<e<1/2, . _
(&) f(x)_{o if1/2<z <1, WRP=0

The nth coefficient in the series is

2 fo z)Jo(Monz)rdr 2 f01/2 Jo(No.nx)x dx

Qp = =
(J1(Aon))? (J1(Aon))?
Numerically approximated the first five coefficients are a1 ~ 0.769756, as ~ 0.661472, az ~ —0.282963,

~ —0.464336, and a5 ~ 0.198712. Thus f(z Z anJo(Aon).

(b) f(z) = 2% with p = 2.
The nth coefficient in the series is
2 fo z)Ja(Aepx)rdr 2 fol Jo(Agnz)2® dx
an = =
(J3(A2,;n))? (J3(A2,n))?

Numerically approximated the first five coeﬁicients are a1 ~ 1.14652, ay ~ —0.875544, a3 ~ 0.74048,

~ —0.654457, and a5 ~ 0.593202. Thus f(z Z anJo(Agn).
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(¢) f(z)=2® with p=3.

The nth coeflicient in the series is

2f0 z)J3(A\g,nx)z dz 2f01 Js(Asnz)2t da

= (T4 (an))? T (i)

Numerically approximated the first five coefficients are a1 ~ 1.05095, as ~ —0.821503, a3 ~ 0.703991,

~ —0.627577, and a5 ~ 0.572301. Thus f(x Z anJ3(A3,02).

(d) f(z) = 2* with p = 4.

The nth coefficient in the series is

2f0 2)Js(Agnx)z da 2f01 Ji(Agnz)2® dz

= (J5(Aan))? T (50w

Numerically approximated the first five coeflicients are a1 =~ 0.982109, as ~ —0.779533, a3 =~ 0.674312,

~ —0.605009, and a5 ~ 0.554342. Thus f(z Z anJs(Agn).

8.2.6 When n = 0, Eq. (8.35) gives

2 cosz 2
1/ Uﬁcosx:J_l/g(a:).
For n =1, Eq. (8.35) gives

2 d 2 1
R L [COS‘T} = /= (—cosgc - sinw) = J_3)2(x).
Tr T dx T T \ X

To use the principle of mathematical induction, suppose the claim has been established for some m € N.
Then Eq. (8.24) with p = —m — 1/2 can be written as

—-m—1/2
T

J,mfg/g(fl') = mefl/Q(‘r) + J/—m—1/2(x)'

Substituting the expression from the right-hand side of Eq. (8.35) into the right-hand side of the last equation

yields
o-m—=1/2 ]2 d \"cosz d | .4 ]2 d \" cosx
Tom—s2(w) = T . T ( dx T * dx o mx \ xdx x
1) m |2 cosx n 1) m | 2 d \" cosz
—)x (m+ =)z — | —
2 T :vdac 2 T \ zdx T

4 gt 2 d d \" cosx
mx dx T dx T

2 i< d >m+lcosx

I

T
3
|

I
8

)

mx \ zdx T

which is Eq. (8.35) with n replaced by m + 1.
8.2.8
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() [ u(a)] = 2" (@)
d . ., d | . m
. [3: +1jn($)} = [33 + %Jn+1/2($)]
n | T " |
=(n+1)zx 1/%Jn+1/2( ) — 5 2—Jn+1/2(33)
" T n-+1/2
+x +1 % <Jn_1/2($) - T / Jn+1/2(x)>
_$n+1 1] ()_ n+1 . ()
g n—1/2 =T Jn-1Z
d .
) L [ 5a@)] =~ i @)
dx
d

o T :Efnfl T
= —nx 11 / %Jn_i_l/g(fﬂ) — 5 %Jn+1/2($)

(€) Jn-1(x) + jng1(z) =

Jn-1(x) + Jny1(x) = \/g (Jn—1/2(x) + Jny3/2(2))

- V 22 ( n1/2(T) + TJ”“/Q("T) + =Jn1y2(a) + x
2n+1 .

2n+1 /7w
= %Jn+1/2($)_ - Jn(x)

(d) njn-1(z) = (n+ 1)jnsa(x) = 2n+ 1)j,(2)
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(2n + 1)j,(x)

=NJn-1 (x) -

(2n+1) ( \/ Jnt1/2(x

—(2n+1)

2z

n (2n+1)

2

—(2n+1)

2z

2z

2

8.2.10 Let = p/a then

o

Jn(x) +

L @) 4 (@) +
(n+1)jns1(z)

Ant1/2,1P0

\/ an+1/2(I)
[m (n+1/2
2z < x Int1/2() =
s
\/an+1/2(I) +

—(2n+1).

(2n+1)
2

2

according to Cor. 8.2.
8.2.12 Using Eq. (8.42)

When z = 0 then

n+1/2,kp> ) (
In
a

k=—o0
oo
>
n=-—o00

a

zo—l—i (
keZ
k#£0

i)

(2n+1)
2

(2n+1)

a

3

Tnga/2(x) + Jn_1/2(w) —

\/g (Jn—1/2(x) = Jnyz2(2))

(Jn-1(z) = jnt1(x))
(Jn-1(2) = Jnt1(2))

> (Jn+1(Ans1/2,8)) 2 5kt

n+1/2

)

1
> p*dp = GS/ Jn(Ans1/2,6%)n (Ans1/2,00) 7 da
0



8.2.16 In Exercise 8.2.14 we derived that

1= > @)+ ( > Jn+k(a:)Jn(x)> P

n=-—oo k€Z \n=—oo

k%0

1=1+ Z < i Jn+k(:v)Jn(:v)> P

k€Z \n=—oo
k20

= Z ( > Jn+k(x)Jn(x)> 2

k€Z \n=-—o0
k#£0

Equating powers like powers of z on both sides of the last equation reveals,

> Jnir(@)Jn(@) = 0.

n=—oo

8.3.2 Making use of the hints,
/f dx—/f d- [(z* —1)"] dz
2"n' dazn
z=1 1 dn—1
_ 2 n / 2 n
~ onpl ( dx" e G }L——l _[1f (I)dx"—l [(2* = 1)7] d:z:)

2nn'/ T @ 1] de

_1\» 1
= —(271171)! /_1 f(")(gc)(:zc2 — )" dz.

8.3.4
1
(a) /_1(1 —z)Py(z) dx
since deg(l —z) =1 < 2.

(b) / (1— 2?)Py(z) do

—1
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/11 a" Py (x) do = (—1)'" /11 nl(z? —1)" do = (—21)" /11(:62 )y de

(=Dt G nla?R(—1)nk _n; G TC L
T o /_ Min =k = 2"Zk'(n—k)!/0x2kd$

271 2= 2k + DR (n — k)]

(d) [ 11 2" Py_1(z) da

/1 2" Py_1(x)dx = ﬂ /1 nlz(z? — 1)" tdr = m /1 (2> —1)""tdx =0
L = e > )

-1 if-1<x<0,

(&) f(x)_{ 1 if0<z <l

2n+1/0 2n+1/1 0 ifn=0
an = — P,(z)dz + P, (z)dx = (2n+1)V/7 .
2 Ja 2 Jo STI=n/2T (32 L1721

- (2n 4+ 1)/7
Z:: Ta—n2T(G1m2 @

0 if—-1<z<0,
(b) f(x)_{ r if0<x<l.

2%

C2n+1 ! B (2n+1)y/7
T2 /0 vP(@) dr = SR T (3 =) /2)

e (2n+ 1)y/7
Jo~ nz:% TRt /G- )

0 ifnisodd
if n is even

2n+1 2n+1

0 1
a, = — / 2Py (x) da + / 2Py () dx = { (2nt1) /7
-1

0 T 2+n/2)T((3—n)/2)

3 (4n + 1)/7
o~ ngo 4(n+1)IT(3/2 —n) Pop ()

(d) f(z) =sin -
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2

0 if niseven
- A — 1) (—1)kp2k—1 p1
{ : 247“_222/{ )_7;)| /0 cos %(x2 - 1)%_1 dr ifn=2k—1isodd

n+1 [ /mx Cn+ (=)™ [t owxm
=" [ o (5) By = P [ n ] 6 1

T) ~ Z agk—1Por—1(x)
k=1

8.3.8
P (@) — 2 P(x) = (n+ 1)P(2)
d
nb(x) = Py (2) — 2 Py (2) = Po(z) = Py (2) = o [2Pa ()]
1 1 1y
n and:vz/ - dx—/—xP
‘/0 ( ) o +1 0 dx
- n+1( )_ n+1 O) P - n+1(0)
8.3.10 Recall that if n = 0 then Py(x) =1 and Pj(z) = 0. Substituting into Eq. (8.76) produces
_ 42 /
[ Pateyin = LU0,
m(m + 1)
8.3.12
(a) n=2and m=—1
-1 _ (2-1)! 1/2 1 _ 1/2 L 1/2
Py ) = (= a2 Pl = (1 - )2(30) = 51— )

(b) n=3 and m =0

(420z* — 60) = 125 (x* = 1)(1 - 727)

x| =

Pi() = (1= %) [Pa(@)] = (1 = o)

i(:1:2 —1)(1 —72?)

2
—(1-2% I

2 — =
=05 (42022 — 60)

1
8
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8.3.14 When n is even, a,, = 0.

8.3.16

Equating coefficients of the powers of reveals P,(—1)
8.3.18 Suppose n € {0} UN and m € {0,1,...,n}. Find the mth derivative o

x.

dO
da®
dl
dat
d2
da?
d3
da3

dm

dz™

dn—1 (2n—2)! [*
ag2n—1 = T W Ll(l — xz)len_l(x) dx fOI' n e N
9
a; = _ﬁ
T
as = —
57 956
- 117
5 = 1096
4 — 45
" 65536
L _ 1337
™ 524288
G(Pa(~1);2) = ——0
n\—1);%2) =
V1422 + 22
o0 N 1
ZPn(—l)z =112
n=0
=S
n=0

_(1 —2xz + z2)71/2_
_(1 —2xz + z2)71/2_

_(1 —2xz + z2)71/2_

_(1 —2xz + z2)71/2_

_(1 —2xz + z2)71/2_

(=)™ forn=0,1,2,.

= (1—2zz+2%)71/?2

(1)2(1 — 2zz + 22)73/2

(1)(3)22(1 —2zz —+ 22)75/2

(1)(3)(5)23(1 — 222 + 2%)~7/2

= ()(3)(B)---(2m —1)z™(1 — 2zz + 22)7m71/2

_ (2m)! 2™
- 2mml (1 — 22z + 22)m+1/2

This is equivalent to differentiating inside the infinite series.

(2m)!

Zm

2mm! (1 — 2zz + 22)m+1/2

= i P ()27
n=0

71

f G(P,(x); z) with respect to



Multiply both sides of this equation by (—1)™(1 — 22)™/2 to obtain the generating function,

G(PP)iz) = Y P )=
n=0

_Cm)(=1)"m(1 — x2)m/2ym
—2mml (1 — 2xz + 22)m+1/2°

8.4.1 Make the substitution = = cos ¢, then

™ ™ ks 1
/ / e!mOP™ (cos p)e ™0 P (cos ) sin ¢ dp df) = / etm=m)0 d9/ P™(z) P (2) dx
—m JO

-7 —1

If m # 1 the first integral on the right-hand side becomes

i 1 b= 1
/ eilm=—)8 gp — | _ __ilm—m)8 - _ (ei(m—ﬁz)ﬂ' _ e—i(m—ﬁz)ﬂ') —0
o i(m — ) o—_ . G(m—m)

by Euler’s identity. Now suppose n # n. If m #  then the result has already been proved, so without loss
of generality assume m = m.

1

/ / e!mO P (cos p)e ™0 P (cos ) sin ¢ dp df) = 27T/ P (x)P"(xz)dx =0
—7Jo -1

by Thm. 8.10.
Now suppose m = m and n = n, then
™ ™ 1
. o 4 !
/—w/o e!mO P (cos )e ™ ™0 P (cos ) sin ¢ dp df = 27r/_1 (P7(2))? dx = 2n—7|T—1 %
by Thm. 8.11.
8.4.3
2n+1(n—n)! ..
Y’ﬂ 9 — m P’ﬂ
T(0.0) = || S e P (cos )

By definition, P?(z) = (-1)"(1 — :102)”/2P7(Ln) (). Since P,(x) is a polynomial of degree n with leading
coefficient =M then PM(z) = (—1)"(1 — 22)"/22M. This implies

2m(n!)? 27 n! "

n 2n+1 ,, n n/o (2n)!
V2000) = || (1)1 = cos” o)

~ 2np! [ 47(2n)! © sme
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8.4.5

2n+1 (n—m)
ym _ 9 m7r+9 Pm _
w (T =T+ T m) (cos(m — ¢))
2 1(
n+ —m) ZmGPm (cos T cos ¢ + sin 7 sin ¢)
n+m
2 1( !
= (cos(mm) + isin(mm))4 | n4—|— (”"‘7:3' mé pm(_ cos )
2n+1(n— )' 0
— (-1 zm Pm
(1" e P (— cose)
2 1(
= (-1 1ymtn n+ n—l—: ' ™% P™(cos ) (by Lemma 8.11)
= (=1D)"Y;" (e, 0

8.5.1 Using integration by parts,

/Ooof(x)Ln( e *dx = —/ f(z dx” e "z"] dw

dn—1 B T—00 1 0o , dn—1 7
= [f(gc)dxn T(e "z )L_O - | f(x)d:v"—l [e T ] dx
-1 o dn71 —z.n
= ; f’(:z:)dxn_l l[e="a"™] du

/ £ (@)e=rzm d

8.5.3

k=0
_ = (_1)k > —x _ - (_1)k+n * (GO R ——
_kZ:O )2 /0 2F L, (x)e dx—kz_om/o [xk} x"e Udx
_ - (_1)k+n > _ . —-n k—n 2% do - (_1)k+n Ooxke—w "
> R, HE DG =2 o= 4

1 o0
=3 G

8.5.5 Multiply both sides of the equation by z%e™*.

vy’ +(a+1—2)y +ny=0
e ™y 4 (a+1 —x)z%e %y +na®e Ty =0

[z9F eyl 4 nae "y = 0
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8.5.7

d d [xz=%e* d*  _ d |z %e* & n! (k) (n—k)
Il La _ el x nta - xT n+ao
dac[ n(@)] dx { n! d:v"( v )} dx [ nl kl(n —k)! L7 [
d |~ (=D K
- kzk'( _k)!(n—l—a)(n—l—l—a) mn—n—-k-1)+a)x
=0
:i (-1)* (n+a)(n—1+a) - (n—(n—Fk—-1)+a)z*!
— (k—Dl(n—k)!
n—1 ( 1)k
— — k
n—1 (_1)19 n—k—2 .
=T 2 W) =R H((n—l)—3+(a+1)) z
k=0 7=0
_ N CDMn =Dl @) i e,
= kl((n—1) = k)IC(k + 1+ (a +1)) n-l
8.5.9 Starting with the Rodrigues’ formula for L& (x),
[ _ z” e’ d" n+o —r] _ z” e’ dn71 n—1l4+oa _—x n+oa —x
_ (n—l—a) x~%e” dnil n—1l+a —x x%e” dn71 n+oa _—x
n (n—1D!dzn! [ <] n!  dxn—1 [ ™)
= Eanae) - g e
Differentiate both sides of the equation.
d ., n+a)d -, R e o
E [Ln(x)] = n E [Ln—l(x)} - n dxn—1 [ € } - n! @ [.’II € }
_ (n+a) d o aw—(a-{-l)em ! n—1l+a+l_—=x
o n dx [ "_1(96)} + n (n—1)! dan—1 [ € ]
p (et ez gn—1 Ltat1
_ n— (e —x| __ La
n (n—1) dxn1! [+ e] n(®@)
_ (TL+O¢) d o o a+1 € a+1 «@
- n dx [ n—l(x)} + nLn—l(‘r) nLn—l(x) Ln(x)
_(n+a)d ad xd . o
= S e @)] - S L @) + S (L) - L)
Using the result of Exercise 8.5.8,
d . ay d o, r—ad _, zd [, a TN o,
—(La@) = (1+2) = [Lon@)] + == [Li@)] - = [L,@)] - (1+ 5 - 2) Li_, (@)
a z\ d ., r—ad a TN L,
(1+2-5) S @]+ =22 @] - (142 - 2) Lo @)
d . o r—a (_, d ., d
— 2 (@) - I+ 0 (@) + L) - 4 (1))
r—a—-n{_, d ., d .
0= TR (1 4o+ 4 (8] - o (2340 )



which implies
L2, @) + L L3(@)) - L (L9, @) = 0
n—1 x dI n z dI n—1 z -

and the identity is established.
8.5.11 Using integration by parts,

/oo f(x)L%(x =T oy — _/ f % ar [6_1 n+o¢} X=T o
0

dxm

1 dn —XT n «
= E ) f(w)@ [e + ] dw

1 dn—1 e e dn—1
_ —x _n+ao ! —x _n+ta
- o] - [T @ e e e

1 * dnil —z _nto

=— ; I (x) e [e” %zt dx

_ (—l)n/o f(n)(x)xn-i-ae—m dx

n!

8.5.13 Start by expanding the right-hand side of the proposed generating function as a Taylor series in z.

o0

1 _ e 1 1 zz \"
1—2 — J— J—
l—ze 1—227&( 1—2)
— n! (1—z)nt!

If |z| <1 then (1 —2)~1 =372, 2. Differentiating this geometric series n times produces

_ k! _ = (k+n)!
k—n __ k—n __ k
(_ o Zk -1 (k—n+1)z —;r_n)!z —Z TR

k=0

Substituting this into the Taylor series expansion above gives

1 7£700 ( nnnoo k+n k
1—26 12_2( n! T kin! )

%( "i o0
_ZZ n' )" !n)'zn-i-k'

n=0 k=0

To find the coefficient of the mth power of z in the double summation suppose m = k + n. The summation
above can be rewritten as
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8.5.15 Proceeding as in Exercise 8.5.13 we have

1 > x"2"
(1—2) O‘+1 Z ! (1 — z)ntotl’

The next step is to expand (1 — z)~ (T2t as a Taylor series about zo = 0.

1 = (ta+l)(n+a+2)---(n+a+k)”
(1 — z)ntatl Z k!

k=0

Substituting this into the Taylor series expansion above gives

1 __xz
o
(1—z)att

ii(—l)“ wntatl)-(ntatk)

x
n! k!

i i (=1)" Llntatk+1) .
n! ET(n+a+1) ’

by Lemma 8.3. To find the coefficient of the mth power of z in the double summation suppose m = k + n.
The summation above can be rewritten as

1 _ = > - T'(m+a+1 m
S B = )|,

(1— )+t P ] T EM(nt+a+1)
k,ngO
_ i zm:< (=D)"T(m + a + Da" )Zm
o= \nl(m—n)l(n+a+1)
=Y Li(@)z" = G(Ly,(x);2)
m=0
8.6.2
n+1 22 d i —z?| _ n+1 m2d_ _ —x
o) = 1 [ ]
2 - n! 27 (n—k)
— (_1\PpT (k)
0" > i 2] =]
k=0
1
2 n! 27 (n—k)
— (_1\"pT (k)
0" > pm 2 =]
k=0
(n) (n—1)
= (—1)"6””2 (290 {6712} +2n [eiﬁ] )
_ n _x? dn —2? n+1 z2 dnil —x2 _
=2z(—1)"e o [e ] —2n(—1)"""e T {e } =2zH,(x) — 2nH,_1(x)

8.6.4 Since f(x) is a quadratic function, it must be a linear combination of Hy(x), Hy(z), and Ha(x).
2?2+ +1=a(l)+b(2x) + c(42? — 2) = 4ca® + 2bx + (a — 2¢)

Equating coefficients results in a = 3/2, b =1/2, and ¢ = 1/4.
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8.6.6

1 1
_ T —x _ (n),—z
o= e | e [
1 > 2 1
— x _—x _ x)
2nnly/7 /_Ooe ¢ de 2nnly/m /_OO de
1/4 oS} 1/4
__€ / o (@ —at1/4) g _ et/ e~ (@=1/2)% 4
2!/ J_ o 2nnly/m
el/4
= onp)
=1
o o174 H
DS )
8.6.8
(=" =D - (=1)* 2n+1—
"/  H n 2 1 ! N (92 n+1-—2k
St iyr et (V) = g o (et kzzok ESETICD)
~ (2n+ 1) Z (—1)nkgn—k (2n+1)!z": (—1)ka*
Y < 2FEQ2n—k)+ 1) al 2200 (0 — k)2 + 1))
- Z": ’fz% 2n—|—1 lzk Z": —1)* n+1/2)(n— 1/2)---(3/2)(1/2)2*
N = 2nl(n — k)26 + 1)1 £ kl(n = k)(k +1/2)(k = 1/2) -+ (3/2)(1/2)
S (D T(n+1+1/2)a" L2 (a)
= kl(n—k)C(k+1+1/2)
8.6.10

n!

n!
n=0
= - E(_ )" Hy ()2

o0

=) S Hu() (>
n=0

e (%Hn(x);—z>

Equating like powers of z on both sides of the equation implies H,(—z) = (—=1)"H,(z) or equivalently
H,(z) = (-1)"H,(—xz) for n € {0} UN.
This can also be shown directly from the formula for the Hermite polynomials in Eq. (8.104).

8.6.12 When n = 0, (22— 4)"[1] = 1 = Hy(x). Likewise when n = 1, (22— 4)'[1] = 22 — 0 = 2z =

7



Hy(x). Suppose there exists an n € N such that the formula holds for all k& < n. Consider the case of n + 1.

2= (- 2) [ 2)

= 2zHy(x) — H,(v)
=2zH,(z) — 2nH,_1(x) (by Exercise 8.6.3)
= H,11(x) (by Exercise 8.6.2)

Hence the formula holds for all n € {0} UN.
8.7.2

(a) (z = D[Tont1(z) — 1] = [Ths1(z) — Tu(@))?
Using Eq. (8.121) and the product-to-sum formula for the cosine

[Tn+1(z) = Tu(2)]? 1(#) o1 (2) = 2Tn11 (2) T () + T (2) T ()

(Ton+2(z) = 1) = (Ton+1(z) + Th(x)) + % (Ton(z) — 1)

Tonsa(w) = Tonsa(s) = Ta(x) + 5 Ton(z) — 1

(2)Tony1(z) — Tanti1(x) — Th(z) — 1
= 2Ton41(x) — Tony1(z) —2 — 1 = (2 — 1) [Tong1(x) — 1].

=Thy
1
2
1
2
=T

(b) 2(2? — 1)[Tan(x) — 1] = [Tn41(2) — Tn-1(2))?
Using Eq. (8.121) and the product-to-sum formula for the cosine

[Trt1(2) = To1(2)]* = Tngr (2) T (2) = 2T 011 (2) T () + T () T ()

= 2 Dona(@) = 1) = (Ton(a) + To(e) + 5 (Tona(a) 1)

1 1
§T2n+2($) — Tgn(x) — Tz(ib) + §T2n_2($) -1

= TQ(I)TQH(I) — TQn(.I) — TQ(I) -1
= (222 — 1)Tan(x) — Ton(x) — (222 — 1) — 1
=2(z? — DTan(x) — 2(z% — 1) = 2(2? — 1)[Ton(x) — 1].
8.7.4 Since p(x) is a polynomial of degree n, there exist constants ¢i for k = 0,1,...,n such that p(x) =

>oreo cka/(:zr). By assumption p(x) is orthogonal to Ty(x) on [—1, 1] with respect to the weighting function
(1 — 22)1/2.

O:LlTo(x)p(x)( Wda:—z / m dx—wco = =0

Let m € {1,2,...,n — 1}, then since p(x) is orthogonal to Ty, (x) on [—1,1] with respect to the weighting
function (1 — z2)~1/2

™

= 1 R A T = —cC cm = 0.
0_/1T()()(1 )"1/24 Z/ \/_IQd S Cm == e =0
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Since the degree of p(x) is n, then ¢, # 0 and p(z) = ¢, Ty ().
8.7.6 The generating function takes the form,

Z T (x)2" = Z cos(nf)z
n=0

_ Z Re zn@

— Re <Z ezne n)

()
e

if |z] < 1. Multiply numerator and denominator by the complex conjugate.

e )

~ Re 1—2zcosf +izsin6
- 1—2zcosf + 22

B 1— zcosf
T 1—2zcosf + 22
B 1—xz

1 —2xz+4 22

8.7.8 If n = 0 then the extreme value of To(xz) = 1. Suppose n > 1, then

T, (x) = cos(n arccos z)

T, (z) =

—n
sin(n arccos x).
1— a2

Thus the function Tj,(x) has critical numbers at x = cos 2% for k = 1,2,...,n — 1. By the Extreme Value
Theorem the extrema of T, (x) occur either at the critical numbers or at x = +£1.

k

T, (cos —7T> = cos(km) = (=1)*
n

When z = —1, T,,(z) = cos(narccos(—1)) = cos(nmw) = (—1)". When = = 1, T,,(z) = cos(narccos(1)) =

cos(0) = 1. Hence the absolute minimum of T}, (z) on [—1,1] is —1 while the absolute maximum of T,,(z) on

[—1,1] is 1.

8.7.10 Let x = 0 in Eq. (8.129).

GT.(0)2) =
Z T,(0)z" = Z (—1)mz2m
n=0 m=0

Thus when n is odd, T;,(0) = 0 and when n = 2m is even, T5,,(0) = (—1)™.
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9.1.2 If v = 0 then Eq. (9.6) becomes
(L-2)X"(z) — X'(z)=0for0<ax <L

X(0)=0.
Let v(x) = X'(z) and divide both sides by L —
) = o) = 0
V(z) = g—v(x) =
o'(z) 1
v(iz) L-—=z
v(a) = -
L—=zx
X(z) =co—c1In(L — )

where ¢; and c¢o are constants. Since X (0) = 0 then ¢2 = ¢1Iln L which implies X (z) = ¢;In fo. This

solution is bounded as  — L~ only when ¢; = 0. Thus X (x) = 0.
If v > 0, then T"(t) — v g T(t) = 0 has solutions of the form T'(t) = Acosh((vy g)'/?t) + Bsinh((y g)'/?t)

which are unbounded except in the trivial case in which A = B = 0.
9.14

X dX

i

L s (€N EX (1 -p)EP X ¢PdX

_ag(oeﬂ> R R I
EX (1-5 AX

2— 1-B 2%

a2t d§2+< E ﬁ>5 e

—af?cX

0=(L—2x) —cX(z)

ozﬂz

e X

ez

pdX
dg§

9.1.6 Since we are assuming ¢ < 0 or equivalently —c > 0 let —c = A?> > 0 and consider the ordinary
differential equation,

+ €1

vX"(v) + X' (v) + N2 X (v) = 0.
The point v = 0 is a singular point for this ODE. The limits

limv—=1=pg
v—=0 v
A2

lim v>— = 0 = ¢
v—0 v

imply that v = 0 is a regular singular point. Assume an infinite series of the form X (v) = > .2, apvht
solves the ODE. Differentiating this series and substituting it into the ODE result in

0=vw Z ap(k +r—1)(k+r)o"=2 4 Z ar(k + )Pt 42 Z arvt T

oo oo
=) ap(k )2k 42 Z axvtt
k=0 k=0
oo
= agr®v” + Z (ak+1(k +r+ 1)2 + )\2ak) T
k=0
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If » = 0 the first term vanishes and the equation can be rewritten as

(ar+1(k+1)% + Nay,) ok

Mg

b
Il

0

This implies the recurrence relation for the series is
2

Q41 = —ma,k for k € {O} UN.

If ag is arbitrary then by induction we see that

(_1)k/\2k

)2 ag for k € N.

ar =

Hence one solution to the ODE is

- WM (PO & 200\
Z = : )(]i!)\z/_) Z k' < 2\/_> = Jo(2A\/).
=0 k=0 =0

A second linearly independent solution will be X5(t) = Y5(2Ay/v). The general solution is then X (v) =
c1Jo(2A/0) + c2Yp(2A/v). If this solution satisfies the boundary condition X (L) = 0 then

Jo(2AVL) Yo (2M/)
Yo (2Av/L) '

X(v)=a <J0(2)\\/_)

9.1.8 According to Eq. (9.8) if the initial displacement of the chain is 0 then A,, = 0 for n € N. Differentiating
Eq. (9.8) with respect to ¢t and setting ¢ = 0 produces,

1 [g & T
=51 /f,;B"/\O’"JO (Aom/l — E) :

§=\1-7 <= 2=1L0-¢)

Make the change of variable

and then

L(l - 52) = %\/%Z Bn)\O,nJO ()\Onf)
n=1
2L\/§(1 - &) = Z Bn2ondo (Moné) -

n=1

Multiply both sides of this equation by 2€Jo(Ao,m€)/(J1(Ao.m))? and integrate over [0, 1]. Using the orthog-
onality of the Bessel function of the first kind of order 0, the only nonzero term of the right-hand side of the
equation will be the one for which n =

B, _4L\f‘fo (1= &) Jo(Ao.n€)E d€

(J1(Mo,n))?
2
B, — 16L L
Aondi(on) | g
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Thus the formal solution may be expressed as

A T
2 | L 2: oy (2o /9 _r
u(x,t) = 16L /\4 J1 Bon) 1n( 5 Lt) Jo (AO,n 1 L) .

9.1.10 Suppose the linear density of the chain is a constant p. At a distance of  from the axle, an infinitesimal
chain element of length dx experiences the fictional centrifugal force w?zp dz. This will be balanced by the
infinitesimal tension element in the chain denoted —7"(x) dz.

—~T'(x) dx = w?px dx

L L
—/ T/(v)dv:/ w?pv dv

Lo

T(x)—T(L) = 5w p(L? — 2?)
T(z) = %pr(L —2?)

since T'(L) = 0 (there is no tension at the end of the chain). Substituting this expression for the tension
function in Eq. (9.3) yields,

1
Pt = <§W2P(L2 - x2)um>

1
Upp = §w2 (L2 - uw)z

x

since p is constant.
9.1.12 The product solutions to this initial, boundary value problem have the form,

x n(n+1) ) n(n+1)
un(z,t) = Py (f) A,, cos <wt T) + B, sin <wt T)

when n is an odd integer. Thus the series solution is

1) =2 Pons (%) A1 cos (m %) + By, 1 sin (wt %)] .
n=1

When ¢t = 0,
u(x,()) = f(ZC) = ZA2n71P2n71 (%) .
n=1

Multiply both sides of the equation by Pa,,—1(z/L) and integrate over the interval [0, L].

/OL f(@)Pam—1 (%) dr = 72/12711 /OL Pyt (%) Py (%) dx

Recall that the set of Legendre polynomials is orthogonal on [—1,1]. Since Poy,—1(x) and Pa,—1(x) are odd
functions, their product is even and

1 1
1
/ Pmel(’U)Panl(’U) d’U = 5 / Pgmfl(U)Pgnfl(’U) d’U
0 —1
1 2 1

:_7577111:76#1717
22(2m —1) + 1 4m —1
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where 6,,, is the Dirac delta function. Therefore

0o 1
Z A2n71L/ P11 (v) Pop—1(v) dv = Aom—1
n=1 0

4m—1 [F
mL /0 f(x)Pmel (%) dr = Amel-

Taking the derivative with respect to ¢ of the series solution, evaluating that derivative at ¢ = 0, and setting
the sum of zero (since there is no initial displacement velocity) reveal that Ba,—1 = 0 for all n. Hence the
series solution may be expressed as follows.

s T 2m(2m — 1
u(z,t) = Z Aspn—1Pom—1 (f) cos (wt %) .
m=1

9.2.2 When the initial displacement of the membrane is 0, a doubly-infinite series for the solution takes the
form (with ro = 1 and ¢ = 1):

u(r,6,t) = Z Z [T (A nT) (A, n cos(ml) + By, sin(m8)) sin( A, nt)]
m=0n=1

Since the initial and boundary conditions are independent of 6, the solution will be as well which enables
the series solution to simplify by setting m = 0.

u(r,t) = Z Ao,nJo(Xo,nr) sin(Ao,nt)

n=1

Calculate the partial derivative of this series with respect to ¢ and set ¢t = 0.

w(r,0) = Z Ao,nA0,nJo(Xo,nT)

n=1

1—r= Z Ao,n)\O,nJO()‘Ox"r)

n=1

(1 — 'f')JO()\O)ﬁ'f‘)T = Z AO,n)\O,nJO()\O,nT)JO()\O,ﬁr)r

n=1

1 0 1
/ (’F — TQ)J()(AOJ}T) dT = Z AO.,n)\n,O / JO()\O.,nT)JO ()\0_’73,7”)7” d’l”
0 0

n=1

1
A0,
/ (r —r3)Jo(No,ar)dr = %AO,ﬁ (J1()\o,n))2
0

2 ! )
AO.,’fL — A07ﬁ(J1(AO7ﬁ))2 A (T =T )JO()\O.,’fLT) dr

9.2.4 Assuming the radius of the drumhead is r9 > 0 then the initial boundary value problem can be stated
as

1 1
T (uw—i- —U, + —2U99> for r < rg, —oo <6 < oo,and t >0
r r

u(ro,0,t) =0 for —oo <@ < oo and t >0
u(r,0,0) =0 for r < rp and —oo < 0 < 00
u(r,0,0) = g(r,0) for r < rg and —oo < 0 < cc.
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The formal solution to the initial boundary value problem found through separation of variables and the
Principle of Superposition can be written as

a0 =33 [ ( m, "’“) (A 08(mB) + Bop sin(mé)) sin (CATLO"t)] .

m=0n=1

Assuming the infinite series can be differentiated term-by-term, then

Z Z {CA’” ", (Am’"’”) (A c0S(m0) + Bun sin(m@))] .

To

m=0n=1

The values of the coeflicients can be determined from the definite integrals below.

2r0 /1 (/F >
Aoy = zJo(Monz roz,0)dl | dz
" Donnth O P Jy e\ [ gs )

Am L= 27‘0

1 ™
, o I Do) )2 /0 z2 I (Am.n?) (/ g(roz, 0) cos(mb) d@) dz
2r ! 4 .
B = -, fl()\ IE /0 z2 I (Am.nz) (/ g(roz,0) sin(mb) d6‘) dz

9.2.6 Assuming the radius of the drumhead is r9 > 0 then the initial boundary value problem can be stated
as

1 1
T—— (uw—i- —U, + —2U99> for r < rg, —oco <6 < oo,and t >0
r r

u(ro,0,t) =0 for —oo <@ < oo and t >0

)=
u(r,0,0) = f(r,0) for r < g and —oco < 0 < o
u(r,0,0) = g(r,0) for r < rg and —oo < 0 < cc.

Let u(r,0,t) = v(r,0,t) + w(r,0,t) where function v(r, 6, t) solves the initial boundary value problem

1 1
vy = 2 (vw—l——vr—l——2v99> for r <rg, —co< @ <oo,andt >0
r r

v(rg,0,t) =0 for —oo <0 < oo and t >0
v(r,0,0) = f(r,0) for r < rp and —oo < 6 < 0
ve(r,0,0) = 0 for r < rp and —oo < 6 < 00

and w(r, 6,t) solves the initial boundary value problem

1 1
Wy = ¢ (ww + —w, + —2w99> for r <rg, —co< @ <oo,andt >0
r r

w(rp,0,t) =0 for —co <@ <ooand t >0
w(r,0,0) =0 for r < rg and —oco < 6 < 00
wy(r,0,0) = g(r,0) for r < rg and —co < 6 < 0.

The two solutions can be expressed as infinite series where

(r,0,1) Z [ < mnr) (Am,n c08(m0) + Byn, sin(mé)) cos <0Amﬁnt>}

To
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with

Agn = mflzJo(/\()nz)( : f(roz,0) do) dz

1 ™
Ampn = w0 +1()\ 2/0 Im (Am,n2) ( f(roz,ﬂ)cos(mﬁ)dﬁ) dz

-7

and o
(r,0,t) Z Z [Jm (/\m "T) (Amn cos(m@) + Bm,n sin(m#)) sin <C)\m7nt
m=0n=1 To o
with

X 2rg /1 </’T )
Agn = zJo(Monz roz,0)df | dz
0, C)\o,nW(J1()\o,n))2 ) 0(Ao,n2) 49( 02,0)

Apn = 2r0 o) /Olsz(/\mynz) (/ﬂ g(roz,0) cos(m#) do) dz

C)\m,nﬂ-(Jm-i-l m,n 2 —r

s bt ([ i)
Boyn = z2dm(Am.nz roz,0)sin(mf) do | dz.
" o 1 O Jo 2 Oman2) [ 9(roz, ) sin(me)

9.3.2 The formal solution may be expressed as an infinite series of the form

U(p, 90) = Z anp" Py (cos p).

n=0

On the boundary,
Z 2
an Py (cos p) = cos” p

2 1
= ng(cosmp) + §P0(<p).

Therefore the solution can be expressed as the finite sum,

1 2
u(p, ) = 3 + 30" Pa(cos p).
9.3.4 The formal solution may be expressed as an infinite series of the form

o0

bn
u(p, ) = Z WPn(cos ©)-

n=0

On the boundary,

Z by, Py (cos @) = cos? ¢
n=0

1 2
= §PO (cos ) + ng(cos ®)

Therefore the solution can be expressed as the finite sum,

1 2
u(p, p) = 3—pP0(COS ©) + 3—p3P2(cos ®).
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9.3.6 Since the mass density is constant and the potential on the surface of the sphere is independent of the
angular coordinates Eq. (8.80) allows Poisson’s equation to be written as

2
Upp + ;up = 47Goy

p2upp + 2pu, = 4rGoop?
[p*u,), = 4rGogp?

47Go
P2Up = TOP3 +A
47Gog A
'pr = 3 —+ —2
2rGoy A
u(p, ¢, 0) = TP2 ) + B.

In order for the solution to be bounded as p — 07 the constant A = 0. Therefore,

21Goy
u(p,,0) = =——p"+ B

for 0 < p < Ry where B is a constant.
9.3.8 If the solution is smooth at p = Ry then the partial derivative with respect to p is continuous at
p = Ro. This implies

%TFGUQRO = i — A= gﬂGUoRS.

Rj

Hence the u(p, p,0) = 2 for p > Rp. The solution must also be a continuous function of p at p = Rp.

_ A7 Gog R3
3p
Therefore,

;WGO'()Rg + B = —%TFGO’()R(QJ <= B=—21GooR}
which implies for 0 < p < Ry
u(p, @, 0) = ;WGO'()[)Q —21Gog R}
= %wGJO(/ﬂ —3R2).
The gravitational potential can be expressed as the piecewise-defined function,

27Goo(p? —3R3) for 0 < p < Ry,

u(p, p,0) = { _‘“’%ﬂ for p > Ry.
)

9.4.1

86



9.4.3
/ %210 in(26) df = / (cos(+20) + 7 sin(+20)) sin(260) df

—T

= / cos(26) sin(26) df + z/ sin?(26) d6

—T —T

= j:%/ (1 — cos(46)) do
) .
= :|:§(27r) =47i

9.4.5 The displacement can be written formally as an infinite series of the form

o0 n

u(p,0,t) = Z Z Y, (@, 0)(an,m cos(v/n(n + 1)t) + by m sin(y/n(n + 1)t)

n=0m=—n

where by, ,, =0 and

2 1 _ | T T 1 .
finm = n4: %/ﬁ/o 75 Sn(2¢) sin(30)e ™" P (cos o) sin i dip do.

Note that a,_ , = 0 except when m = £3 and a,,—3 = ap 3.

) 2 1(n=3)! ("
an,3 = _1L67T n4: EZ m 3§! /0 sin(2¢) P3(cos @) sin ¢ dip

= 1'6 2n+ )7 EZ+§)§:/Oﬁcosgpsinz(ga)PS(cosgp)dw
_ 16 (2n+ )7 EZ+§§;/1:r(1_x2)1/2P3(:1:)d17

If n is odd then n + 3 is even and therefore the integrand is an odd function and hence a,, 3 = 0 when n is
odd. Suppose n = 2k is even.

1

agk,3 = — (4k + 1)71'(2]{:7_3;! [1 z(1 — 22)V2 P (z) dx

16 (2k + 3)!
i (2k —3)! (! gy d3
1 — 1 2
ST (4k+1)w(2:+§;; /_1(1—1: )(1 — 5a? )5 [Pan(a)] da
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Note that & must be greater than or equal to 2 for otherwise P23k(:v) is not defined. Thus the displacement
of the spherical membrane is

u(p,0,t) = Z z\/(4k + 1)#% cos(y/2k(2k + 1)t) (}/2;3(% 0) + Yggk(tp, 9))]
k=2 L ’
= i\/(4k + 1)#% cos(v/ZR (2R + 1)t) (Vi (0,0) — Yil(i, —9))]
k=2 L ’
= kzﬂ z\/(4k + )7 g: _T_ g;: \/4]1: ! 8: _T_ 2;: cos(v/2k(2k + 1)t) Py (cos ) (e — e_i30)1
= —sin(36) Z [(4/€ + 1)% cos(v/2k(2k + 1)t) P, (cos cp)] :
k=2 ’

9.5.1 The formal solution may be expressed as an infinite series of the form

9079 t ZZ Z Anm,q]n n+l qp)Y ((p,@) ki*%’qt'

n=0qg=1m=-—n

Since the initial condition is independent of ¢ and 6 the solution to the heat equation will be as well. This
simplifies the series solution to

t)= ZA0=07QJO()\%7qp)e 3o
=1
At tlme t = 0,
u(p, O) = Sin(Trp)
Z Ao,0,4J0(Ay qP) = Tpjo(Tp)
= A11PJo(AL1p0)-

Multiply both sides of this equation by jo(A 1 4p)p° and integrate with respect to p over the interval [0, 1].

%) 1 1
ZAo,o.,q/O Jo(As gp)io( Ay 40)P? dp:/o Az 1pjo(Ax1p)io(As 40)0% dp
q=1

1
S 4001 ) = = [ psin(mp) sin(imp) dp
qm Jo
Apo.a (G (dm))? = qiw [ pfeos(a(1 = ) = costn(1 +)o)) dp
Aoos 1 —4(1+ (-1)9)

am? T @12
_ A+ (=19
ooa = @
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if ¢ > 1. For the case when ¢ = 1,

. 1!
Ap0.1(j1(m))? = ;/ p(1 — cos(2mp)) dp

0

1 1

A S —

0.0.172 = 9x

v

AO,O,l = 5

Formally the solution can be expressed as the infinite series,

oo

o 3
u(p,t) = 530(7rp - p 2]0 (2qmp)e
g=1

4q27r2t

9.5.3 The formal solution may be expressed as an infinite series of the form
-2 t
p.¢,0,t) Z Z Z Apmadn Pt 1,0p) Y (0, 0)e 57

n=0qg=1m=—n

Since the initial condition is independent of ¢ and 6 the solution to the heat equation will be as well. This
simplifies the series solution to

e e
t)= Z Ao,0,qd0(A1 gp)e s
g=1

At time t = 0,
0) = Z A0,07qj0()\%7qp) =p— P2.

Multiply both sides of this equation by jo(A 1 4p)p° and integrate with respect to p over the interval [0, 1].
fe’e] 1 1
>~ Ao [ ioOhy g0iony 406 do = [ (0= #Vin(hy g0 do
q=1 0 0

1 , ! .
300410 ) = [ (6° = phiory go) dp
0

1
%Ao,o,aﬁ = q17T (p* = p*) sin(gmp) dp
_ =21 +2(=1)9)
a (gm)*
—4(1+2(~1)d
Aoog = ( (;T)(? )9)

Formally the solution can be expressed as the infinite series,

oo

1+2 — 2?2
Z AH 201D 5 (grppeaie

9.5.5 The formal solution may be expressed as an infinite series of the form

n
2 t

p’ 90’9 t ZZ Z A"man p)Ynm(¢,9)67A71+%,q .

n=0¢=1m=-—n
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Since the initial condition is independent of 6 the solution to the heat equation will be as well. This simplifies

the series solution to
22

t
u(p, ¢t ZZAnoan n+i 4P)Pn(cosp)e ntga

n=0g=1

At time t = 0,

u(p, ¢, 0 ZZAan]n ntd, o) Pn(cos ¢)

n=0 g=1

_J (I=p)cosp for0<p<1,0<¢p< 3,
o 0 for0<p<l1, §<p<m.

Multiply both sides of the last equation by ja(A;. 14 p) P (cos p)p? sin ¢ and integrate over the unit sphere.
ZZAan/ / / n g 1,.qP) Pr(cos9)ja (N s 1 gp) Palcos ) p? sinp dp df dp
n=0q=1 -

:/ /2/ (1 = p) cos pjia(Aas1,40) Pa(cos p)p? sin g dp df dp

ZZAan/ / Jn (s 1,gP)in(Aa1,40) 0% Pa(cos ) Pa(cos ¢) sin ¢ di dp

n=0qg=1
5
= / / (0* = p°)ja(Nas 1,40) Pa(cos o) cos psing dp dp
0 0

If n # n or if ¢ # ¢ the left-hand side of the equation is zero. When n = n, and ¢ = ¢,

Ano,g
(20 + 1)(jﬁ+1()\ﬁ+§,q))2

! 3
= / (0* = p)ja(Nas1,40) dp / Py (cos p) cos psinp dp
0 0
Consider the definite integral with respect to the zenith angle . For the case of 1 = 0,

3 1 1
/ Po(cosgp)coswsinwdgp:/ a:d:z::i.
0 0

3 1 1
/ Py (cos ) cospsinpdp = / 22 dx = 3
0 0

From Eq. (8.76) if 7 # 1 and t = 0, then

™

/EPﬁ(cosgp)cosgpsingpdga_/ol 1 () Py () do

0
_ P(0)P(0) = A1 (0) P (0)
(1)(2) (n +1)

0 if n is odd and greater than 1,
if n = 2k with k € N, Eq. (8.51).



Therefore if 7 = 2k (an even integer)

Ask.0,4 B (2k)! 1 ,
(4k + 1)(j2k+1(/\2k+%,é))2 = )km/o (" - ps)]%()\QkJr%@p) dp
1)k (4k + 1)(j2k+1 (A2k+%,q))2(2k)!

Azk,0,4 = (— 22’€(k!)2 /0 (P2 - PB)jZk ()\2;94_%,@/’) dp.

If n is an odd integer great than 1, then Aj 4, = 0. Finally if n =1,

_ Arog = l/1(p2 —p*)j1(As gp) dp
3(200s )~ 3 Jo e

Aroq = (20 ) / (0 — P*)jr(Ag.a) dp.

9.5.7 The initial, boundary value problem describing this situation is as follows.

=Aufor0<p<1l,0<p<m0<0<2m,andt >0
u(l,0,p,t) =0for 0 < p<m, 0<0 <2m,and t >0

u(p,0,¢,0) = Mf0r0<p<1,0<<p<7r,and0§6‘<27r
The formal series solution has the form,

n

pa 2 9 t Z Z Z An m q]n n+1/2,qp) ( 9) >\3L+1/2,qt.

n=0¢=1m=—n
Note that the initial condition )
sin(mp) cos ¢
p

Using the orthogonality of the eigenfunctions, Ay m,q = 0 except when n = 1 and m = 0. The Fourier series
expansion of the initial condition can be simplified to

= mjo(Ay,10) Py (cos o)

p,<p,9,0 ZAquJI (A%,qp) }/10(<P50)
Tjo(A1 1p) cosp = 5\/;2 A1,0,4J1 ()\g,qp) cos ¢
27T\/7 Z Av,0,q01 ( )

Multiply both sides of the last equation by ji(A 3 1qp)p2 and integrate with respect to p over the interval
[0,1]. According to Cor. 8.2,

2”\/7/ Jo(A p)p*dp = ZAloq/ J1 (/\%,qp)jl()\%,(jp)Pde

5141,0,4 (jz (/\g@)) i

47 1
ATV /0 jo(Az1p)i1( Az gp)p? dp = A4

(p0r0))
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9.6.2 Note that 0 < P(u) for —A <u < A.

A /2 /2
1 1 A t 1
/ 7@:—/ *dt:—/ Ldt =1
_AamVAZ — 2 TJ n/2 /A2 — A2sin’t T J—n/2
Thus P(u) is a valid probability density function.

9.6.4

(a) Replace n+ 1 with 2n in Eq. (8.111).

Hgn(,f) = 2$H2n_1($) — 2(27’L — 1)H2n_2($)
—322 322

3.2 _
e 1 Hap(z) = 2:663TH2n_1(x) —2(2n—1)e™ 7 Hap_o(x)

00, 0o a2 S
/ e 1 Hop(z)dx = 2/ xegTHgn,l(x) dx —2(2n — 1)/ egTHgn,g(x) dz

— 00 — 00 — 00

(b) Using integration by parts and the identity in the hint,

2/ 33673””2/4]{27171(33) dr = [—56312/4]{2711(17)] + §/ 673x2/4Hén—1(I) dx
— 00 T——00 —o0
8

= §(2n — 1)/ 6_3w2/4H2n_2($) dx.

(¢) Combining the results of the two previous parts of the exercise yields,

/ 6739”2/4]{2”(:17) dex = - (2n — 1)/ 673962/4]{2,1,2(:17) dx —2(2n — 1)/ 673962/4]{2,1,2(:17) dx

— 00

wlinn wl o

(2n — 1)/ 6_3w2/4H2n_2($) dx.

(d) When n =0,

oo o0 2 oo
/ 6_3’”2/4H0(x) dox = / e 37 g = \/;/ e 22y
|
—o T _ 2\/E (0)! .
3 3 3001

Now suppose the result holds for n = k, then

o'} a2 2 o0 _ 342 2 ™ (2k)'
[ e = Sk ) [t e = Sk 02y gl

B 2\/? 2(k+1))!

TV 3 3R I((k+ 1))
and the formula holds for n = k + 1. Thus by the principle of mathematical induction, the formula
holds for all nonnegative integers n.

9.6.6 The energy and amplitude for the classical harmonic oscillator are related through the equation
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A= \2E/F.

1\ hw
A, =4/2 - —
<n+2> A

hw

h
= /@n+1)—
(n+)w

9.6.8 Integrate the probability density function for the quantum harmonic oscillator over the interval [—1, 1].

1 1
1 - 2/ 2
—e ¥ dr=— e ¥ dr =erf(1) ~ 0.8427
/71\/? VT Jo @

Thus the quantum harmonic oscillator will be found outside of the interval [—1, 1] with probability approxi-
mately 1 — 0.8427 = 0.1583.
9.7.2 Replacing €2\/—u/ (32722 Eh?) with n in Eq. (9.47) results in the equation,

zy"(x) + (20 + 1)1 — 2)y' (z) + (n =1 = D)y(z) = 0.

This is the ordinary differential equation satisfied by the generalized Laguerre polynomial when A =n—17—1
is a nonnegative integer. The solution can be expressed as Lilflal(x).
9.7.4 By the result of Exercise 8.5.10 of Chap. 8,

0=(mn+1)Ly, () —2n+a+1—x)Lp(x) + (n+a)ly_ ().

Multiplying both sides of this equation by L% (z)x“e~* and integrating over the interval [0, c0) produces
0=(n+1) / Ly (x)Ly(x)x“e " de — (2n+a+ 1) / (L% (z))* 2% da
0 0

+ / (L (z))* 2T e " dz + (n + ) / Ly (x)Lo(x)ze " dx
0 0

I'n+a+1)

n!

/ (Le(z))? 2t e " de = 2n+a+1)
0

by Thm. 8.14. Now replace n with n — [ — 1 and replace o with 2] + 1.
9.7.6 From Eq. (9.49)

(1.67262x10727)(9.10938x 10~31) —19\4
(1.67262><10*27)+(9.10938><10*31)(1'60218 x 107)

3272(8.854 x 10~12)2(1.05457 x 10~34)2
= —-2.17869 x 1078

B =-
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The eigenfunction associated with this energy is ¥100(p, ¢, 8,t) where

a(1—0—-1) _iE;, ap
Ui00(p, @, 0,t) = we mte= (ap) L1(0)+1(O‘p)YO (v,0)

’LElt —ap
\/ 2 \/E
o’ 1E1t —ap
V8ﬂ'

l
aO
1By _ P
= 3 mte” ag,
AT

9.7.8 Let P(p, ,0) = W100(p, ©,0,1)¥100(p, ¢, 0, 1), then

1 _2p
P 0) = —e a0
(p,,0) o 0

according to Eq. (9.52) and the result of Exercise 9.7.5. The probability of the electron having 0 < p < ag
is then

ao C2p 4 3 2_5 2_5
/ / / ——e aop Zsinpdf de dp = T:./ e 32p2 dp = FGO(e ) = (e ) ~ 0.323324.
— Qg 0 0

a07r 4e? e2

10.1.1 Suppose u(z,t) = v(z,t)At is a solution to Eq. (10.6) with A¢ > 0 constant.

ug(x, t) = we(x, t) At
Uy (T, 1) = Ugy (x, 1) AL
Note that u(0,t) = v(0,t)At = 0 and w(L,t) = v(L,t)At = 0 for ¢ > At. This implies v(0,t) = v(L,t) =
)-

for t > At. When t = At then u(x, At) = v(x, At)At = g(x,0)At which implies v(z, At) = g(z,0 Hence
v(x,t) solves the initial boundary value problem

Vp = KUz for 0 < z < L and t > At,
v(0,t) = v(L,t) = 0 for t > At,
v(z, At) = g(z,0) for 0 < x < L.

10.1.3 Using Lemma 1.1,
t

t 2 2
© [ e (201 4 st)? ds = tan ()1 4+ ) + / [M—FQS(I—Fst)tanl(th)} ds.

o | 1+ s%?

10.1.5 Differentiate the proposed solution with respect to variable x twice.

ug(x,t) = /Ot /Z 7@(#&%? (%) [y, s)dyds

U () = /ot /_Z \/ﬁe&yx (4:26(;3 )5)2 N 2n(t1— s)> Fy,5) dy ds
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Now carefully differentiate with u(z,t) with respect to variable ¢.

—27K (x —y)? } —@=p?

ut(x’t):f(x’t)+// W [47mt—s +4/<;(t—3)2 S f(y, s)dyds

L S [ (2 —y)? 1
fe.t) / / drr(t — s)e o [45@_8)2_2(t_s)]f(y,s)dyds

—(z—y)? (;[; — y)2
fw) 0 J-co \/m 4200 — )2 2m(l—s) [y, s)dy
= RUgy + f({E, t)
10.2.1 The solution can be expressed as u(z,t) = [, 0(x,t — s;5) ds where (z,t;s) is the solution to the

auxiliary initial boundary value problem

e(2,t;8) = Ogp (2,85 8) for 0 < & < 7w and ¢ > 0,
0(0,t;8) = 0(m,t;8) = 0 for ¢ > 0,
0(x,0;s) = sin(3x) for 0 < z < 7.

By direct substitution 9(x,t;s) = e % sin(3x) and thus

¢ ¢
1
u(z,t) = / e =) sin(3x) ds = e sin(3:1:)/ ¥ ds = 5(1 — e ) sin(3z).
0 0

10.2.3 The solution can be expressed as the sum of the solution to the homogeneous portion of the initial
boundary value problem and the particular solution to the nonhomogeneous partial differential equation
with homogeneous boundary conditions and zero initial conditions (found in Exercise 10.2.1). The solution
to

Vp = Vg for 0 < x < mwandt >0,
v(0,t) = v(m,t) =0 for t > 0,

v(z,0) = (1—;) forO<zx<m

can be expressed as

Z ane " sin(nx)

2T (1—5) in(nz) do = 0 if n is even,
% = o v ) S 4t = 8/(n37?) if n is odd.

Thus the solution to the original initial value problem is

where

u(z,t) = ;(1 — e ) sin(32) + ; Z —_— s1n((2n —1)x).

10.2.5 If function uy (z,t) = (e ' —1)x/m+1 and u(z,t) = u1(z,t) +w(z,t), then w(z,t) solves the following
initial value problem.

Wi = Wey + sin(3x) + et for 0 <z <mandt>0,
™

w(0,t) = w(m,t) =0 for t > 0,
w(x,0) =cos(2z) —1for0<z <
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The solution to this initial boundary value problem can be expressed as the sum of the solution to the homo-
geneous portion of the initial boundary value problem and the particular solution to the nonhomogeneous
partial differential equation with homogeneous boundary conditions and zero initial conditions. The solution
to

Wy = Wy for 0 <z < mandt >0,
w(0,t) = w(m,t) =0 for t > 0,
w(z,0) =cos(2z) —1for0 <z <

can be expressed as
g ane™" sin (nx)

where
0 if n is even,

2 (7 .
n = ;/0 (cos(2z) — 1) sin(n) dw = { 16/(n(n* — 4)mr) if n is odd.

Therefore define
e —(2n—1)%¢

6 o0
?HZ:: 2n — 1)((2n — 1)2 — 4)

sin((2n — 1)x).
The solution to the nonhomogeneous initial boundary value problem

W = Wey + sin(3x) + et for 0 <z <mandt>0,
T
w(0,t) = w(m,t) =0 for t > 0,
w(z,0)=0for0<z<m
can be expressed as w(x,t) = fot O(x,t — s;8) ds where 9(z, t; s) is the solution to

Ot (x,t;8) = Uga(x,t;8) for 0 <z <7 and t >0,
0(0,t;8) = 0(m,t;8) = 0 for ¢ > 0,

>

(x,0;5) = sin(3z) + L for0<a<nm
T

The function 9(z,t; s) is
o0
O(x, t;8) = Z b sin(nx)

where
2 [T a 1+20/(3m) ifn=3,
b, = ;/0 (s1n(317) + ;6 )sm(nx) dx = { 2(=1"*le”® if n # 3.

Consequently
_O(t—s) - 2e™° (—1)” 20, .
St — s 8) = o909 gin(3p) — 26§~ (E" n2—s) '
O(x,t —s;8) =e sin(3x) . E I sin(nx)

n=1

Assuming ¥ can be integrated term by term then the particular solution takes the form

1 2te ! 2 (D"
uz(z,t) = §(1 — e ) sin(3x) + i_ sinx — - Z 71(7) (e_t - e_"2t) sin(nz).

2t 1)

Finally the solution to the original initial boundary value problem is u(x,t) = ui(x,t) + ua(z, t) + us(x, t).
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10.2.7 Multiply both sides of the ordinary differential equation by the integrating factor u(t) = e**. This
produces

at ]
(T3(t) + ATy (1)) e = sint + (1 _ _>
T 0
d 4t _ e4t . 3t 1
7 [ Ta(t)] = —sint + e (1~
t d t eds 1
/0 7 [e4sT2(s)} ds = ; 7 sins + € (1 — ;) ds
1 1
ey (t) = T (1 —e*(cost — 4sint)) + 3—7T( —1)
Ty(t) = 1 (e™* —cost +4sint) + W__l(eft et
2T 1 -
4 nt+ (20 — 17m)e 4 N (m— et t
17 sin 5171 3 7 cost:

10.2.9 If function uq(z,t) = sint and u(x,t) = ui(z,t) + w(z,t), then w(z,t) solves the following initial
value problem.
Wy = Wye + cos(z) — cos(t) for 0 <z < 7 and ¢t > 0,
wy(0,t) = w(m,t) =0 for t > 0,
w(z,0) =0for0<z<m

The solution to this nonhomogeneous initial boundary value problem can be expressed as w(z, t) fo 0
s;8) ds where 0(x,t; s) is the solution to

(@, 85 8) = Dge (2, t;8) for 0 <z < 7w and ¢ > 0,
0,(0,t;8) = 0(m, t;8) =0 for ¢t > 0,
0(x,0;8) = cos(xz) —cos(s) for O <z <7

The function 9(z,t; s) is

o, ) Zb o (@n—1)%t/4 (( ”;1)55)

where
27 (2n—1)x ~A(=1)"(44 (4n? — 4n — 3)(1 + cos 5))
by, = . /0 (cos(z) — cos(s)) cos ( 5 ) dx = Gz —1)2n —3)n .
Consequently
4 & "4+ (4n® —4n = 3)(1 +c085)) (9, 1)2(1—s)/4 2n -1z
o(x,t — s;8) W; Uz —1@n—3) e oS 5 .

Assuming ¢ can be integrated term by term then the particular solution takes the form

16 1—e (2n=1)*t/4) (2n — 1)z
(z,t) ?; )@n —3) cos( 5 )

o (- Asint + (2n —1)% |cost — e~ (@n=D%t/4 n— 1
?62 21(L—1)(8n(n—1)(2n[2—2n+1)+17) DCOS<(2 - )

n=1
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Finally the solution to the original initial boundary value problem is u(x,t) = uy(z,t) + us(z, ).
10.2.11 The solution u(x,t) = ui(x,t) + uz(x,t) where u;(z,t) is the solution to the following initial value
problem.

K(u1)ze for —oo < < oo and t > 0,
¢(z) for —oo < z < 0.

(u1)

ui(x,0)

According to Thm. 4.3
u(et)= [ UG-y o)dy

— 00

for t > 0. The other component ug(x,t) solves

(u2)¢ = K(u1)ze + f(x,t) for —oo < x < 0o and ¢ > 0,
ui(x,0) =0 for —oo < x < 0.

By Thm. 10.3
t fe’e]
us(x,t) = / / U(x —y,t—s)f(y,s)dyds.
0

oo

10.3.1 The solution can be represented as the sum of a solution to the homogeneous initial value problem

Vgt = Vgy for —00 < & < 00 and t > 0,
v(x,0) =0 for —o0 < z < 00,

ve(x,0) =sinz for —oo < = < o0.

which takes the form of a d’Alembert solution
1 T+t
v(z,t) = = / sinsds = sinzsint,
2 r—1
and a particular solution w(z,t) to the nonhomogeneous problem
Wyt = Weg + sin(x — ) for —oco < & < oo and t > 0,
w(z,0) = 0 for —oo < z < o0,
wy(z,0) =0 for —oo < z < 0.

According to Thm. 10.4,

z+(t—s) 1 t
w(x,t) = / / . ) sin(r — s)drds = 5/0 (cos(x —t) — cos(z +t — 2s)) ds

=5 cos(:z: —t) — 3 cosxsint.
The solution to the original initial value problem is thus
. . t 1 )
u(x,t) =sinzsint + 3 cos(x —t) — 5 cossin t.

10.3.3 Suppose that

oo
an mrc . nrx
—— sin(ws) E T’

n=1



then multiplying both sides of the equation by sin(mmz/L) and integrating over [0, L] produces the following.

2 L 00 L
w? . . mnzx an(s)nme . nwT . Mmnx
— sin(ws) rsin —— dx = g —_— sin — sin dx
L 0 L ‘ L 0 L

-

L
w? | (=)™ q,,(s)mmre L
7 Snlws) —— = — 17— 3
2(—1 m+1L 2
am(s) = =)™ Lo sin(ws).

m2m2e
This assumes that the order of integration and summation can be interchanged.
10.3.5 Let uj(x,t) = (—t + sint)x/7 then if u(z,t) = ui(z,t) + v(z,t), the function v(z,t) satisfies the
following initial boundary value problem.
Vgt = Ve + sin(x — t) + L gint for 0 <z <mandt >0,
™
v(0,t) = v(m,t) =0 for t > 0,
v(z,0) =v(2,0)=0for 0 <z <7

Suppose the solution can be written formally as
o0
v(x,t) = Z an(t) sin(nx),
n=1

where the functions a,,(t) are as yet unknown. The partial differential equation can be written as

sin(z —t) + % sint = Z(a;:(t) +n2a,(t))sin(nz).

n=1

Multiplying both sides of the equation by sin(maz) and integrating over the interval [0, 7] produces the
following equation.

cost ifm=1,
0 if m is odd and m > 2,
ﬁ sint if m is even.

2(—1)"*lgint
- < _l’_
mm

al (t) + m2a,, (t) =

If a,,,(0) = a,,(0) = 0 then the initial conditions of the initial boundary value problem will be satisfied. Thus
when m =1 the following initial value problem must be solved.
" 2,
ai(t) +ai(t) = — sint + cost
a1(0) =a}(0) =0

The reader can verify the solution is aq(t) = (1/m +¢/2)sint — (t/7) cost. When m is odd and greater than
1 the initial value problem to be solved takes the form

2_1m+1't
o (1) + m2ap(t) = 2D sint

S
3
—~
o
~
|
@\
—~
o
~
I
)

The solution in this case can be written as

2(—=1)™(sin(mt) — msint) '

am(t) = m2(m?2 — )
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When m is even the initial value problem becomes

The solution can be verified to be
2(—=1)™(sin(mt) — msint) N 4(sin(mt) — msint)
m2(m? — )7 (m? —1)%x
Thus the solution to the original initial boundary value problem can be formally written as

. T 1t . t .
u(z,t) = (=t +sint)— + ——|—§ sint — —cost | sinx
™

s s

am(t) =

= (2(2n — 1) sint — sin((2n — 1)t))
R0 e T R

sin((2n — 1)z)

2. [ 2(sin(2nt) — 2nsint)  4(sin(2nt) — 2nsint)\ .
+ Z ( 4n2(4n? — )w + (4n? — 1)%x ) sin(2ne).

11.1.1

1 > —iwT
f)= o= [ s i

—III —’L(—UIE dw

v

M _
= —— lim e (atiw)z o

- 1 lim {e_(“H“)””} M
(a+iw)V2m M—oo =0
-1

L (e )
(a+ iw)V2m M—oo

Since 0 < e WM |e=aM < ¢=eM then by the Squeeze Theorem (Thm. 2.7 of [?]),

) A 1

lim (e*a*W)M - 1) =1 = flw)=——.
M—oc0 Jw) (a+iw)V2m
11.1.3

(a) Using the definition of the Fourier transform, inverse Fourier transform, and a “dummy” variable of

integration yield
f 7zwy dy) iwe dw
/ (r/

/ (y)eiw(z*y) dy dw

]_‘71

ﬁ\ ﬁ\

(b) Make the substitution u = — y.

FHf(x) \/_/ / \/_ — u)e™" du dw
i .
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(c) Since the Fourier transform of the Dirac delta function is 1/v/27 then

P = [ s (o [ Smeras) au
_ /Z fz — w)d(u) du
- /(@)

11.1.5
o 1 o0 .
fw) = \/ﬁ/ ze ™" e 4y
1 o 2 .
_ = —(z*+iwzx) d
= Ie X
V 2 /—oo
70.12/4 o)
(& ; 2
_ —(z+iw/2) d
= xre X
Vo2t J_s
70.12/4 o] . 70.12/4 oo
e W . 2 e W . 2
_ r 4+ = ef(x+zw/2) der — —— _67(z+1w/2) dx
V 2w \/;oo < 2 > V 2T — 00 2
e—w/4 oo ey iwe /4 oo ey
= — ze - — e z
Vor J_so 2 Vo2r J_w
W 2 1 i 2
[ -2y
= e e z
2 V2T J o
_ ww 67w2/4
2v2
11.1.7
1 >~ Wx
fo) = <= [ e
1 & .
_ e’ giwr g,
V2T J_so
1

The last step follows since

11.1.9 Use the complex exponential form of sin x and the technique of completing the square in the exponents
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to evaluate the integral.

2 —iT

Fle™® sinz](w) = —?C —°©

V2T /_oo 2

oo . oo .
= 1 ei(wgl)2 / e_(w#(w;l))z dx — L ei(wfﬁ / e_(w#(w;l))z dz
2iV/2m —o0 21V 2m —o0

1 w12 1 s
4 4

—e — ——e
2i\/2 2i\/2
i ( (w2 <w41>2)
=——=\e —e
2v2

11.1.11 Using the definition of the Fourier transform given in Eq. (11.1) and the complex exponential
formula for sinz produce,

e—’L(—dIE dw

—ix

]:[f](w) = \/%/ f(x)e_iwm dx = \/%A e—wem%e—iwz dr

_ (i(1=w) 1)x_87(i(1+w)+1)z) da
20\/2m

plil—w) =Dz ,—(i(l+w)+1)z\ 1*=M
M—00 21\/271' il-w)—1  i(l+w)+1 0

- < Lo )
T oivar li(l—w)—1 | i(l+w)+1
~1

(w—1)2 =121
11.2.1 Making use of Thm. 11.3,

Flf = d Flerf)(w

zw\/_ _MT] (using Exercise 11.1.12)

i
%i [l z}
21

(2—|—w ) _
w%/ﬂ

11.2.3 The transform G(w) can be re-written as

Glw) = % (\/gé(w —wo) — \/§6<w+m))>

§(w —wo) — (- wo\/_ \/; w+w0+m>

~>|E.\j
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Using the linearity property, the shifting property, and the result of Example 11.5,
—1 2 W T —iwox
FHG(z) =/ = (e°"H(z) — e ™" H(x))
T

NIRRT
= 2\/% sin(wor) H ().

11.2.5 The piecewise-defined function f(x) from Exercise 11.1.11 can be written using the Heaviside function
H(z) as
f(z) = H(z)e *sinz.

Thus from Exercise 11.1.11 and Thm. 11.4,

T\ —elwm/2
Pl o =G
T T . T\ —elwm/2
]:[H(x—i-i)ex 2s1n(x+§)_(w):(( - v
oz ™ . 1 —eiwm/2
e 2]—"[H(x—|—§)e cos T, (w):((w—z) RN =
™ . —eliwt1)m/2
F{H(m—l—g)e cos T, (w):((w—i)2—1)\/ﬂ
—eliwt1)m/2

e " coswe T dr + F [H(w)e " cosz] (w) =

0
ﬁ/ﬁ/z (w—1i)2—1)v2r

1 1+dw 1 eliwt+1)m/2 B eliw+1)m/2
Nor: (<w o 1) v (<w gy g 1) ) = T T ves

-1 —w
Flol) = (oo
11.2.7
ze=@=2)% gy
(fx9)(x \/_/ d
= E/ﬁ@(m—u)(f“ du
I e —L Owa“2 u
g [ [ et
_ VT _o="
Ver V2
11.2.9

0@ =5 | o= [ s i) == [ LU -2l
=¢12_7T/ fla—2)g(z) dz = (f'* g)(a)
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11.3.1 Make use of completing the square in the exponents.

(2,) 1 /°° i ( _(e1? _<w41)2> kPt i g
u(z,t) = — — e —e e e dw
\/27r 2\f

(1+4 t) 2(1—2iz) 1 (A+4rt) ¢ 2 2(1+2iz) 1
= =2 (w? 1+47::tw+1+4m) —e 4N (W - 1+4l:tw+1+4m)) dw
4[

(1+4~f) (1—2ix)? 0o
i + (1+4rt) 12
=4 =€ ( (ann?® 1+4m) e T ( +1+4Z) dw
Ir N
1 (+4rt) (1+2iz)? 00 .
¢ - + (144kt) 14260 )2
- =€ : ( (tann? HMt) / e 14 (w— 1+4$) dw
— 00

v

i (—2i0)2—(1+ant) > 2 i (42i2)2—(14dnt) 2 > 2
= _— ¢ A(1+4rt) e % du— ——e A(T+4rt) e — e % du

2
4T V1 F4nt /_Oo 4T V1+4st

_ x4kt iz iz
e 1+4kt e 1+4xt — el+4st

1
-~ 2V1 + 4nt
I ey S
V1 + 4kt 1+ 4kt

11.3.3 Fourier transforming both sides of the PDE and solving the resulting ODE produce (w,t) =

(w,0)e "t where 4(w,0) = F[§](w) = —= according to Exercise 11.1.2. Now find the inverse Fourier

V2r
Transform of 4(w,t).

efnwzt](x)
1 * 1

Var J oo V21

— 2 ]
e rwot+iwx dw

11.3.5 Start by taking the Fourier transform of both sides of the partial differential equation. Integrate with
respect to x since the boundary condition is a function of x.

- 7o)
=0
A(w)e + Bw)e™

Fluga + tyyl(w)
—w?i(w, y) + lyy (W, )
a(w,y)
If we assume lim, o u(z, y) = 0 then limy_, %(w, y) = 0 which implies the function 4(w,y) may be written
as

t(w,y) = C(w)e_‘“‘y.
The Fourier transform of the boundary condition is

1 > —iws
fl)= o= [ o) as

Since @i(w,0) = C(w) = f(w) then i(w,y) = f(w)e™*¥. Now the solution to the boundary value problem is
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found by inverse Fourier transforming (w, y).
1 (e o) “ X
— —lwlygiwz g
u(z,y) = w)e e w
(@) V2T /_OO )

1 oo oo . .
= — f(s)e™*?ds e =lwlY gy
2
T J -0 —o0
1 > > iw(z—s)—|w|
=5 f(s) e Ydwds
T J -0 —o0
1 00 0 ) o
- f(S) </ elw(zfs)ery dew +/ elw(zfs)fwy dw) ds
2m —o0 —0oo 0
1 0o eiw(z—s)+wy w=0 eiw(z—s)—wy w00
=— A bl d
2m w/—oo f(S) <|:Z(x_8)+y:|w~>oo |:Z(I_S)_y:|w_0 i

1 & 1 1
:%/,Oof(s) <i(:v—s)+y_0+0_i(ac—s)—y> ds
_ L i)

2m —00 _(‘T_S)2_y2

:g/“’ f8)

T ) (=82 +y?

This integral form of the solution holds for y > 0.
11.3.7 Note that 4(w,y) given in Eq. (11.13) can be factored as

% _ (%e—w) (e1)

where

2

F [%e_w} () = Hl

Hence by Thm. 11.5,

and F! [e_yl“’l} (x) = g

1 [ 1 V2 oy
o lm/mlm—z)fﬁzuw“}(“”

which implies the solution to Laplace’s equation can be written as the convolution,

1 [ 1
u(z,y) = ;/ N

TR AP

—(1+y)|w]|
e _r

11.4.1 Since the cosine is an even function,

fe(—w) = @ | f@rcost-n)do - @ | f@ycosten) o = o)

Thus f¢(w) is an even function of w.
Since the sine is an odd function,

f(-w) = @ | rt@sin(n) o = —ﬁ | f@sinen de = (o).

Thus f*(w) is an odd function of w.
11.4.3
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(a) Suppose f is an even function, then f¢(w) is an even function.

Flflw) = Fel flw)
FHUA@) = FHf()

1 > fe W
fla) == [ e o

_ \/g /O " Fe(w) cos(wn) duw
= F ()

is an odd function.

)
Flfl(w) = —iFs[fl(w)
) =F! [ if( )l(x)
fz) =

= \/j/ f* (w) sin(wz) dw
™ Jo
= F (=)
11.4.5 Follow a line of reasoning similar to that used to prove Thm. 11.3.

o B[ s
_ \/; /O F(2) (22 sin(wz)) d
2w )
_ _% l\/g /O ~ f(a) sin(wa) da:]
d2
2 Fin
A similar calculation shows,
d2

Felfl(w)-

dw?” ¢

\/>/ ¥ sin(fz) sin(wx) dz.

Using the product to sum identity in Eq. (3.10) this integral can be re-written as

- _\ﬁ/ e~ (cos([w — Blz) — cos(w + Bz)) dx
\/7/ * cos(jw — B dx——\/7/ * cos([w + Blx)) dx
5\[<a2 <fﬁ B2 a2+ (w+6)>
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11.4.7 By definition,




11.4.9 By definition,

Fs [670‘1 sin(Bz)]( \/>/ —or® gin (Bx) sin(wz) dz.

Using the product to sum identity in Eq. (3.10) this integral can be re-written as

. 1 /2 [~
P =gy 2 [ e eostlo - ) — cono + o) o
= \/7/ oo’ —Pe | gmilw=Fr _ pilwt+Blz _ e—i(w+ﬂ)w) dr
L[ / R [y
4 ™ 0 4 ™ 0
LBt [T ety g L et [ ety
4 ™ 0 4 T 0

e (e (1)) s e (1 (5520
e (e (5520) e (e (1052

o/a | 2va

1 _w-52 1 _w+p?
4o

—e€ 4o —e
22« 2V 2«

11.5.1 Using the definition of the multidimensional Fourier transform in Eq. (11.21),

[CLf + bg]( ( > / / CLf Tlyenny In) + bg(Il, . In)]efiw1x1*~~fiwnzn dxy -+ -dz,

=a (\/—_> / / fxy,. .. @, Wrmr——intn gy o dy,
( \/ ) / / xlv"'v ) Tl i dwl dwn
= aF[f](w

11.5.3
— 1 > > twyx1tHiweT
F (w1 — wi,0,w2 — wa0)](z1,22) = %/ / §(w1 — w1,0,ws — Wa 0)e" TAT22 duyy dusy

— eiwl,oleriwz,oxz

27
11.5.5 By definition

1 oo (o) . .
Flf(arz1, azz2)|(w1,w2) = g/ / flarz1, agwa)e™ " 1T 7252 dyy di,.
—o00 J —00
Make the substitutions u; = a1z and us = asxs.

'Lwlul _iwgug
Flf(a121, agz2)] (w1, ws) = f ul, ug)e o1 ez duy dug

2a1a27r

1 f w1 W2
aras’ \ a1’ ap




11.5.7 Suppose t > 0. According to the chain rule and product rule for derivatives,

02 1 x%
922 [u(z,t)] = %U(mvﬂ (% - ) .

Substituting these partial derivatives into the expression,

r-xr 3 1 T
ur — kAu = u(x,t) (W_§> —ﬂu(:v,t) (——3) =0

which demonstrates the function given in Eq. (11.30) solves the heat equation.
11.5.9 Compute the two-dimensional Fourier transform of both sides of the Schrodinger equation with
respect to x.

Flih¥(z, t)](w) = }"[—:—mA\IJ(w, )] (w)
(@, 0] = 5 (~f — WD) B, )
d

The function ¥(w,0) is the Fourier transform of the initial condition of the wave function (not explicitly
stated in the problem). The wave function is the inverse Fourier transform of ¥(w,t).

1 - k3 ; 1 2~ ; it
U(x,t) = —/ \I!(w,O)e_%(“""")te“‘"m dw = — W(w,O)ezw'(m_;Ww) dw
R2

™ ™ JR2
12.1.1 Using the derivative, for a < z < b
d

77 @ Wlur, uz)(@)] = p'(2) (u (2)uz(z) = uy(2)uz(z)) + p(2) (i (@)uy(2) + ur(@)uz () — u (T)us(e) — v (@)us(@))

0.
Hence by the Mean Value Theorem p(z)W [uy, us](x) is constant on (a, b).
12.1.3
u'(z) = — © fy)ui(z)uz(y) Y — f(z)u (z)us(z)
2 P(Y)Wur, ug)(y) p()Wu, ug)(x)
C I@uy)u, us(

W) Y p@)Wlur, ug)(x)
3 1 y) T fy)ua(y)us ()
. 2@ Wl u2l@) @ T L, 2 W, uz)()

(
]
(@) , n f(@)ur (z)uz(2)
]
(
] Y



12.1.5 By use of the inner product,

b b
[ td@p@)de = [ (pan @) o(a) + aloulz)o(a)) do

b b
— @ @@L~ [ o @ (@) + g@u(() do
= (@) (@)o(a) — u() @)+ [ (ple)e' @) + gla)ola)ute) da

b

= [p(@)(w/ (@)v(2) — u(@)' @), + / Lv)(z)u(z) dz

a

Hence the linear differential operator of Sturm-Liouville type is formally self-adjoint. The surface terms
vanish since if 51 # 0 and 33 # 0 (the other cases are similar)

p(b) (' (b)o(b) — u(d)v' (b)) = p(a)(v'(a)v(a) — u(a)v'(a))

=50) (Z221200) - u9)) - o) (Z5 L 0(0) - (o))

— p(b)uld) (W) + pla)u(a) (alv(a) ;lﬁw'(a))

=0.

Therefore the Sturm-Liouville linear differential operator is self-adjoint.
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12.1.7 Use integration by parts.

e . —(y+ 1) y=r Ty+1
[ w2 sinnay = | T o] [T costanay
0 y=0 JO
1 1) fy+1
=1 (IZ ) cos(4x) +/ s cos(4y) dy
0
1 1)2 1 AR
= - _ (z+1) cos(4x) + y+ sin(4y) - / = sin(4y) dy
4 4 y=0 0 8
1 1)2 1 o1
=1 (:C—Z ) cos(4x) + x;— sin(4x) — g in(4y) dy
0
1 1) 1 1 o
=" (:E—Z ) cos(4x) sin(4x) + [3—2 COS(‘W)]
y=0
1 1)2 1
_ (ﬁ -~ (I‘Z ) ) cos(4z) + sin(4z) + %
1 2 v=t !
1 1
y + cos(4y — Yy = sm(4y — - sy — Y
1)2 cos(dy — 4) d (yz S in(1y — 4 Y7 sin(dy — 4)d
xT y= ®
(I + 1)2 . 1 y + 1 .
=~ sin(dr —4) - 5 sin(dy —4)dy
1)2 1 y=1 11
__ z ) sin(4x — 4) + [y ;r cos(4y — 4)} — / 3 cos(dy — 4) dy
) 1
%—(Izl) sin(4:1:—4)—x—£1cos4x— / é s(dy —4) dy
1 (z + 1)2 ) r+1 1 . y=1
1~ 1 sin(4x — 4) — cos(4x — 4) — [@ sin(4y — 4)} .
2
_ (3_12 _ (iﬂ‘zl) )Sin(4x—4)— x+1cos(4x—4)+£

Consequently the solution may be expressed as

u(z) = %w [<% L Z 1)2) cos(4z) + = ;r L sin(4e) + 3—72]
- Zif(ffé)) [<% - Z 1)2) sin(dz — 4) — & ‘g L cos(da —4) + ﬂ

4 \32 4 128cos(4)  16cos(4)

1 1 7Tcos(4x —4)  sin(4x)
- 12-2) - - :

16 <(x+ ) 8) 128cos(4)  16cos(4)

12.1.9 Integrating the ordinary differential equation twice produces

_ -1 ( 1 (z+ 1)2)  Tcos(4w —4)  sin(4x)

1
u(z) = Ex‘*—l—Aw—i—B

where A and B are constants to be determined from the boundary conditions. If u(a) = 0 then

1 -1
Ea4+Aa+B:O E B:Ea‘l—Aa.
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If u(b) = 0 then

L4 -1 4 _ _ Lo o
12b + Ab 12¢ Aa=0 = A= 12(a +b°(a+Db).

Hence the solution may be expressed as

1 1

u(e) = (e — ') — (6 1) (a+ )z )
= %(m —a)(z —b)(2* + (a + b)x + a® + ab + b?).

12.1.11 After multiplying the ODE by e?® it can be written as
2" (x) + 2e**u/ (x) + e u(z) = [ehu/(:zr)]/ + e*u(z) = e** cos .

Applying Thm. 12.1 the Green’s function G(x;y) must solve the given ordinary differential equation for
x # y, be continuous along the line where z = y, and solve the given boundary conditions. This leads to a
general solution of

Gloy) = a1(y)e ™ + az(y)re™ for0 <z <y<l1,
vy = b1(y)e™® + ba(y)re ™™ for0<y <z <1.

If G(z;y) is continuous on the line x = y, then

(a1(y) — b1(y))e Y + (a2(y) — b2(y))ye™¥ = 0.

Satisfying the boundary conditions results in two more equations.

—a1(y) +az(y) =0
—bl(y)e_l =0

The partial derivative of G(z;y) with respect to z must have a jump discontinuity across the line x = y.
This condition produces a fourth linear equation of

(a1(y) = bu())e ™ + (ba(y) — az(y)) (1 — y)e ™ = —-.

Solving the system of four equations produces

a; =ye "’

as = ye Y

b =0

by = (1+y)e .

Therefore the Green’s function for this boundary value problem is found to be

N ey 42y for0<z<y<l1
Glriy) =e {x(1+y) for0<y<c<1

The solution to the boundary value problem may be found using the integral below.

cos 1

1
(1+2z)e' ™ — TeT 3 sinz

1
u(x) = / G(a:;y)e2y cosydy = )
0
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12.2.1 Let u(z) and v(x) be n-times differentiable functions on [a, b] and let ¢ be a constant.

m n—1

_n[u—l—cv] +an_1(.’L’)W

d
T [u+cv]+ - +a(z)—

L{u+ cv] = an(x) o

[u+ cv] + ag(z)[u + cv]

= (@) o]+ 1 (@) [ () fu] + o) ]
(1) (o] e (2) o] o can ()] + cao(@)]
= L[u] + ¢ L[v]

12.2.3 Use a property of the definite integral.

b

ww) = [0 By =0 Wy + [ -0 By =) f) dy
a — z N——

=0 =1
+ /x =Dy =a) _bb)_(ya_ a)f(y) dy + /b (e =W o) _bb)_(ya_ a)f(y) dy
— ¢ b T — —a
:z_S/a (y—a)f(y)dy+/x [y—x+% f(y)dy

_ R a b
:”Z_S/a (y—a)f(y )dy—i—m (y—0)f(y)dy

x

12.2.5

(a) Using the piecewise-defined formula for G(x;y) given in Eq. (12.22) yields the following.

20— Lo (25 (72 - i (2o (52) s (25 e ()
5 o (22 (252) L (52) i (2 - o (52 o5

1 . (2nmy Y . o (mry) 9 (mry)
=—sin| ——= ) — =sin" | — ) —cos” | —=
2nm L L L L

(b) Using the piecewise-defined formula for G(z;y) given in Eq. (12.22) yields the following.

oG 1 (mm:) . (mry) T . (nﬂ'a:) . (nﬂ'y) L (nﬂ'a:) . (nﬂ'y)
9 cos i sin i i sin i sin i sin i sin i

I oG 1 (mry) . (nﬂ'y) Yy . (nﬂ'y) . (nﬂ'y) L (mry) . (mry)
R i)lfqul+ 9 cos i sin i T sin i sin i sin i sin i

1 . 2nmwx y—L . 4 (nﬂ':zr)
Cy sin 7 7 sin 7

12.2.7

G(0:9) = (0) cos(0) sin (“22) + B(y)sin(0) — = sin(0) cos ("7

nw
=0
L . /nmy . L . /nmy
G(L;y) = — cos(nm) sin (T) + B(y) sin(nm) — — cos(nm) sin (T)

=0
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12.2.9 Assuming u and G satisfy the homogeneous boundary conditions,

L L L
/0 (u(2) + 0Pu(2))G(z;y) do = — / W ()G (3 y) d + / o*u(z)G(z y) da

L L
= / w(z)Gyy (x5 y) do + / ou(z)G(z;y) do
0 0

L
- /O u(z)(Gaa (1 9) + 02G (23 1)) da.

12.2.11 Let ¢(z) be a test function, then ¢'(z) and ¢"(x) are also test functions.
| H@e @ e =@ @I - [ @ @) da

- L §5(z)¢' (z) dz

—#(0) = — )b, + / e

:‘/_0:05'(96) (x) dx

Since the test function ¢ is arbitrary then the symbolic second derivative of the Heaviside function is §’(x).
12.2.13 Consider the improper integral

|1t as

where f(z) is any function continuous in an open interval containing 0. Assume that integration by substi-
tution is valid for generalized functions and distributions. If ¢ > 0 then make the substitution = u/c and
dx = (1/¢)du.

/00 le|d(cx) f(x) dx = /_00 |—Z|5(u)f (%) du = /_O:O gé(u)f (%) du = /_Z O(u)f (%) du = f(0)

If ¢ < 0 then make the substitution = u/c and dz = (1/c¢)du
el — [ sy (Y au= [ —5 = 5
o) fzrdr = [ Dauyr (4) au= i (4) du= - /)

Since this holds for any continuous function, |c|é(cx) = §(z).
12.2.15 Note that the sign function can be written as

sgn(z) = —142H (x)

therefore the symbolic derivative - [sgn(z)] = 26(x).
12.2.17 The general solution of the ordinary differential equation

u///(I) — eCE
has the form u(z) = e + ¢ + c12 + c22?. If u(0) = 0 then ¢g = —1. If u/(0) = 0 then ¢; = —1. If v”/(1) =0
then ¢ = —e/2. Hence the solution to the boundary value problem is

2
ulz)=e*"—1—o— —

5
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12.3.1 The Green’s function has the form

Gt ) = 0 if0<t<T <00,
)= A(T) cos(ot) + B()sin(or) if0<7 <t < o0.

The continuity of G(¢;7) and the jump discontinuity of G¢(t; 7) imply the following two equations.

A(7)cos(oT) + B(1)sin(or) =0
—cA(7)sin(o7) + o B(7) cos(oT) = 1

These equations are satisfied simultancously when A(7) = =!sin(o7) and B(7) = 1cos(o7). Using a
difference of angles formula for the sine function,

1 0 f0<t<T <00,

667 =2 { o) W05 <o

12.3.3 By inspection the Green’s function is of the form G(¢;7) = H(t — 7)(At + B) where A and B are
functions of 7 which must be chosen to satisfy the continuity and jump conditions of G(7;7) and G¢(7;7)
respectively. If G(r;7) = AT + B =0 then B = —Ar. If G¢(7;7) = A =1 this implies B = —7. Hence the
Green’s function is G(t;7) = H(t — 7)(t — 7). The solution to the initial value problem is

u(t) = /000 H(t—71)(t—71)e’ dr

¢
:/ (t —7')637- dr
0

1

_ Ll 1
9 3 9

12.3.5 Consider the related ordinary differential equation with homogeneous initial conditions. A funda-
mental set of solutions to the equation is {€3!, e*}. A Green’s function for this ordinary differential equation

1S

G(t;7) = H(t — 1) (Ae*" + Be™)

where A and B are functions of 7. To satisfy the continuity condition of G(7;7) = 0 requires
Ae’™ + Be'™ =0 = A= —Be".
The jump condition G¢(7;7) = 1 requires
34e3" +4Be’™ =1 = B=e¢ Y and A = - %",
Hence the Green’s function for this ordinary differential equation is

Gt;r)=H({t—1) (e4<t_7) - 63(’5_7)) .

A particular solution to the ordinary differential equation is

up(t) = /0 H(t—7) (64“77) - 63(*7)) 5elT dr

t
_ / (64@—7) -~ es(t—T)) 5647 dr
0

=5(t — 1)e 4 5e3t,
The general solution to the ordinary differential equation can be written as

u(t) = 13 4 coe 4+ 5(t — 1)e?t + 5e3t.
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Using the initial conditions specified produces a system of two linear equations in the two unknowns ¢; and
Co.

c1+c2 = 0
3c1+4c =1
The solutions are ¢c; = —1 and co = 1. Hence the solution to the original initial value problem is

u(t) = (5t — 4)e*t + 4e3,
12.3.7 Consider the related ordinary differential equation with homogeneous initial conditions. A fundamen-
tal set of solutions to the equation is {e~%,e=2!}. A Green’s function for this ordinary differential equation
° Gt;r)=H(t—1) (Ae_t + Be_%)
where A and B are functions of 7. To satisfy the continuity condition of G(7;7) = 0 requires
Ae T4+ Be ™ =0 = A=—-Be .
The jump condition G¢(7;7) = 1 requires
—Ae ™" —2Be ¥ =1 = B=-¢>"and A=¢".
Hence the Green’s function for this ordinary differential equation is
G(tir) = H(t—7) (e 077 = 72077

A particular solution to the ordinary differential equation is

up(t) = /0 H(t—7) (ef(tf") - efz(tﬂ')) TcosTdr

¢
= / (e_(t_T) — 6_2(t_T)) TcosTdr
0

B o DG L ABE—1T
=——e€ ————ssint.
25 50 50

The general solution to the ordinary differential equation can be written as

A6 g PTGy
50 50 '

Using the initial conditions specified produces a system of two linear equations in the two unknowns ¢; and
Co.

u(t) = cret 4 coe 2 +

3
C1+C2+_:1

25
6
—C1 — 202 — % = O
The solutions are ¢; = 2 and ¢2 = —28/25. Hence the solution to the original initial value problem is

ﬁe”t + 5t +6 cost + 15t — 17 sint
25 50 50 '

12.3.9 A fundamental set of solutions to the associated 4th order homogeneous ordinary differential equation
is {cosht,sinht,cost,sint}. The Green’s function has the form,

u(t) =2t —

G(t;7) = H(t — 7)(Acosht + Bsinht + Ccost + Dsint)
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where A, B, C, and D are functions of 7. These expressions must be chosen to satisfy the continuity and
jump conditions of the Green’s function when ¢ = 7. This produces the system of equations below.

G(r;7) = Acosht + Bsinht + CcosT+ DsinT =0
Gi(t;7) = Asinht + Bcosht — CsinT + DcosT =0
Gy(1;7) = Acosht + Bsinht — CcosT — DsinT =0

Gi4(7;7) = Asinht + Beosht 4+ Csint — DcosT =1

Adding the third equation to the first and adding the second equation to the fourth yield a system of two
equations in the unknowns A and B.

2Acosh7T +2BsinhT =0
2AsinhT+ 2BcoshT =1

The solutions are A = —%sinhr and B = %cosh 7. Subtracting the third equation from the first and
subtracting the second equation from the fourth yield a system of two equations in the unknowns C' and D.

2C cosT +2DsinT =0
2Csint —2DcosT =1

The solutions are C' = %sinr and D = —% COST.
The Green’s function can be expressed as

1 1 1 1
Glt;r)=H(t—7) (—5 sinh 7 cosht + 3 cosh 7sinh ¢ + 3 sin 7 cost — 3 COSTsint>
1
= §H(t — 7)(sinh(t — 7) — sin(¢t — 7)).
The solution to the initial value problem is

u(t) = /000 %H(t — 7)(sinh(t — 7) — sin(t — 7)) d7

1 t
=3 / (sinh(t — 7) —sin(t — 7))72 dr
0
= cosht — cost — t2.

12.4.1 Define the vector field F = (vBu,, (vB),u) and apply Thm. 12.4.

/ /R [VBUgy — (VB)zyu] dA = ]{ [vBuyi — (vB),uj] - N ds

OR

// vBugy dA = f [vBuyi — (vB),yj] - Nds + // (vB)gyudA
R OR R
12.4.3 Define the vector field F = (0, vEu) and apply Thm. 12.4.

// [vEu, + (VE),u] dA = vEuj-Nds
R OR

// vEBuy, dA :j{ vEuj-Nds — // (vE)yudA
R OR R
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12.4.5 Suppose f and g are scalar functions defined on R C R? with continuous second partial derivatives

on R.
/o a of of
VeV = <a—a—y> (g<a—a—y>)

_9gdf | 9*f  0g0f  Of
_%%_F 812+8y8y+ga—y?
=(Vf)-(Vg)+g(Af).

Taking the double integral of both sides of this equation, applying the flux form of Green’s Theorem given
in Thm. 12.4 to the left-hand side, and splitting the right-hand side into two double integrals at the addition

sign produce
ﬁR(gi)'NdSZ/L(Vf)~(Vg)dA+/Rg(Af)dA

12.4.7 By construction each function g (x,y) > 0 for all z and y. Without loss of generality it can be
assumed that € < 1. Fix R > 0 and once again consider the double integral in polar coordinates.

27 o) k o [e%s) o
/ / —re " drdf = 2k/ re " dr
0 R T R
:/ e “dr
kR?2

_.p2
ekR

This expression can be made smaller than 0 < € < 1 when
2
e kR < ¢

—kR? <lne
Ine

k>_—R2.

The last expression is positive since Ine < 0.

12.4.9
/R25I— (y —nh(z,y)d (r—¢& U d(y —n)h(z,y)dy| dx

e[
[

12.4.11 Adopting variable t in place of variable y in Eq. (12.26) implies A = —c? and C = 1 in the general
second-order linear partial differential equation. Using this in Eq. (12.29) produces,

// ulvdA = jiR[(—c%xv + uvg )i + (upw — uwy)j] - Nds + //R uL*[v] dA

where L*[v] = —c?v,s + vyy. By comparing L[u] and L*[v] one may see that the linear differential operator
for the wave equation is formally self-adjoint.

88
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12.5.2

R p27 cre
/ AU.dA = lim / / ———rdfdr
R2 R—oo Jo Jo T(r+e€)?
R

=2 li —
i ), o

_1 r=R
= 27cie lim { }

R—oo |T+€],_
1 1
=2 lim (= —
FcleRg%o(e R+e>
:27T01

12.5.4 Use integration by parts.

/ rYo(kr)dr ~ lim rYo(kr) dr
0

R—0t+ Jp
= lim —rlnrdr (for small r > 0)

R—0t+ R T
_2 L Lo Lo 1.
= ;ngl(}+ <§e Ine— iR InR— 1€ + ZR

2 (1
= — —621I1€—162
T\ 2 4

This limit holds according to the result of Exercise 12.5.3. Applying the same limit result again reveals

€

lim rYo(kr)dr =0

e—0t 0

12.5.6 Replacing the r and »’ in Eq. (12.45) with the expressions found in Exercise 12.5.5 yields the desired
result.

L RGP et a)
4 P2 (15_24+ﬁ2 -2 (%)pcos(é—e))

L B + p* — 2ppcos(d — 0)

G:

Am R4 p2p2 — 2R2ppcos(f — 0)

12.5.8 If the source term ¢ = 0 in Eq. (12.47) the formula for the solution reduces to the following.

u(p,0) = /02”]0(@) [ZC,;L_RRdé

2m R R2 _ p2 R
_ / £(6) ____Rdb
0 2nR[R2 + p? — 2Rpcos(6 — 6)]
2m R 2 2 R
- L[ 0 B =p" 4
27 Jo R? + p2 —2Rpcos(f — 0)

This is equivalent to the formula stated in Eq. (6.46).

118



12.5.10 Let x = pcosf and y = psinf and note that

VE-2)2+(n—y)2= \/(ﬁcosé — 1 cosf)? + (psind — rsin 6)2

= \/[)2 cos? 6 — 2pr cos 0 cos 0 + r2 cos? O + p2 sin® § — 2pr sin fsin 6 + 12 sin? 0

= \/ﬁ2 — 2pr(cos  cos 0 + sin § sin ) + 72

= \/ﬁ2 + 72 — 2prcos(0 — 6).

When p = R the boundary condition for g is

. 1 "
g(R,0) = —ZYO(k\/ﬁQ + 12 — 2pr cos(6 — 0)).

12.6.1 By definition,

U= g [ Ueetas

Substituting the given function U gives

U= H(t — T) /OO efiwsz2n(t77)eiw§ dw
2m

Ht—7) [*
_Hi-7) / i (=) —w?R(t=r) g
27 oo

Complete the square in the exponent with respect to the variable w.

oo
A ) [ et i
— 00

2w
— —z)2 S i x
— 7H(t T) e zl(;f(t—)r) / e_“(t_T)(‘*’ 2»£ft ‘r))) dw
2m oo
Now make the substitutions
i(§— )
= t —_— S ———
7= VA=) (‘“ 2ﬁ(t—7)> ’
1
dy = dw.
k(t—7)
The improper integral becomes
H(t G ,z/—(5 =
. ( —7' e 4(trT)/ 2/ k(t—7) 772d’y
27T Vet —T) oo —HEzm)
2/r(t—7)
_ H(t — 7') e zl(m(i,‘,t)q—) .
Akt —7)
12.6.3
G(z,t;,0,7) =U(z,t;0,7) — U(—2x,t;0,7)
_ H(t—7) 6*4(2(122) B H(t—1) 674(::;?’?)
4kt — 1) drk(t — 1)

=0

119



12.6.5 Let the reference solution r(z,t) = 1—a and suppose u(z,t) = v(x,t)+r(z,t). The unknown function
v(x,t) must satisfy the following initial boundary value problem with homogeneous Dirichlet boundary
conditions.

V¢ — Ve = sin(mz) for 0 <z < 1 and t > 0,
v(0,¢) =0 for t > 0,
v(1,t) =0 for ¢t > 0,

U(:C,O)—cos( 5 )+:v—1f0r0<:v<1
The eigenfunctions of the boundary value problem are ¢, (x) = sin(nmz) with corresponding eigenvalues
An = n?7? for n € N. According to Eq. (12.58) the Green’s function for this initial boundary value problem
is

Gz, t;&,7) =2 Z e~ (=) sin(nmx) sin(nwf).

n=1

Using this Green’s function,

1
u(z,t) =1—=x —|—/ 2 (cos (%5) +xz— 1) Z e ™™ sin (nmz) sin(nwg) d€

0
/ / 2sin(7¢) Z e~ (=) sin(nma) sin(nrf) d€ dr
n=1

1
=1l—-z+ 22 bsin nﬂ':zr)/ <cos <%§) +x— 1> sin(nm€) d¢
0

1
in(nrx e (t=T) in(w€) sin(nmw
”;S ( )/0 | st sn(ome) d ar

0
> 2 2 2t t 2 t
=1l—-z+ ; me_" T sin(nwx) + sin(ﬂ':zr)/o e”™ T dr

=1- +§ e ( )+(1_67ﬂ2t)s'( )
€T ————sin(nnx ———— S1I(7TT).
< nm(4n® — 1) 2

12.6.7 Using the Green’s function in Eq. (??)s a model,

2 X (2n — )7z (2n — 1)7€ —k(2n—1)272(t—7)/(4L3)
( 55 = Z ; <7> COS (T) e .

12.7.1 If t < 7 then the expression above is zero and the argument of the Heaviside function in Eq. (12.66)
is less than zero making the Green’s function zero. If ¢ > 7 then H(t —7) = 1 and

HE—(v+ct—7) —H{E - (z—c(t—7))) =1
if and only if

z—ct—T)<E<z+c(t—7)

—x+ct—T1)>-€E>—x—clt—7T)
ct—T1)>x—&>—c(t—71)
|z — ¢l <e(t—T)
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and zero otherwise. This implies for ¢ > 7 that

HE = (z+c(t—7)) —HE = (x—c(t—7))) = H(c(t = 7) = |z = £]).

12.7.3 Let f(z) = sinx, g(z) = cosz, and F(x,t) = e~(*~*). Using Exercise 12.7.2 and the Green’s function
given in Eq. (12.66), the solution can be written as

1 x+ct
u(z,t) = = (sin(x + ct) + sin(z — ct)) + — / cos&d¢

2C —ct

z+c(t—T)
/ / e~ dg dr
z—c(t— T)

¢
= cos(ct) sin(z) + - cos(x) sin(ct) + ! / e~ @ sinh(c(t — 7)) dr
C CcJo

N =

—X

0(0627_1) (ccosh(ct) — ce + sinh(ct))

= cos(ct) sin(z) + %cos(x) sin(ct) +

12.7.5 The nth orthonormal eigenfunction for the associated boundary value problem is ¢, (x) = \/Z sin(“7%)

with corresponding eigenvalue "2’272 for n € N. According to Eq. (12.73) the appropriate Green’s function is

i sin (W) ﬁsm ("25) \/gsm (2r2)

Gz, t;&,7)=H(t—T)

— enm/L
% _sin (%) sin (erg) sin (27£)
)n:1 enm '
13.1.1 Let u(z,t) = uy(z,t) + ua(x,t), then
u(z,t) = A(cos(kx — wt) + cos(kx + wt + ¢))
=A <cos(k::1: + $_ (wt + ?)) + cos(kx + ¢ + wt + ?)>
2 2 2 2
=A (cos(k:v + g) cos(wt + g) + sin(kz + g) sin(wt + g) + cos(kx + g) cos(wt + g) — sin(kz + i
= 2A cos(kx + g) cos(wt + g)

13.1.3 Setting u(z,t) = U(x — ct) where & = x — ¢t and substituting into the Klein-Gordon equation results
in the following

AU —*U" +U =0.
If > = o? then U = 0. If ¢? < o? the solution of ordinary differential equation above is

U(€) = Aet/Voo=¢* | pe&/Voi=c?

which is unbounded unless A = B = 0. If ¢ > o2 the solution of the ordinary differential equation above is

Therefore the bounded traveling wave solutions of the Klein-Gordon equation have the form

—ct —ct
u(:z:,t):AcosL—l-Bsin i

V2 — a2 V2 — a2
where A and B are arbitrary constants.
13.1.5
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(a) The linear Klein-Gordon equation: assume that u(z,t) = Ae'**=«!) is a solution of the linear Klein-
Gordon equation, then

_Aw2ei(k;ﬂ—wt) + Aei(k;ﬂ—wt) — _Aa2k26i(km—wt)
1—w? = —a?k?
w?=a%k? + 1.

(b) The beam equation: assume that u(z,t) = Ae?**=“% is a solution of the beam equation, then
_ Aw2eitkr—wt) 4 g 2pAcilke—wt) _
—W+’kt =0
w? = a?k*.

(c) The linear Korteweg-de Vries equation: assume that u(z,t) = Ae’**~*!) is a solution of the linear
KdV equation, then

—iAwei BTl | Aqkeithr—e) _j AglBeitke—wt) — o
w=k(a— Bk?).

13.2.1

(a) Let f(U) =U?—2cU —2A. If f(U) = 0 has complex roots, then ¢* +2A < 0. In this case the absolute
minimum of f(U) is —c? —2A > 0. This implies in Eq. (13.14) that

au - _ 2 +24
d¢ — 2u
which implies
(c? +2A)¢
>
ORI

which is unbounded as £ — £o0.

(b) Let f(U) =U? —2cU —2A. If f(U) =0 has a repeated real root, then ¢ + 24 = 0 and f(c) = 0. In
this case the absolute minimum of f(U) is 0. This implies in Eq. (13.14) that

a1 ,
1 1 .
T oF dU = % d¢ (assuming U (£) # ¢)
U_l = 5—2|—_B (where B is a constant)
—c v
2v
Ug)=c— s

Note that as £ — B~ and as £ — BT the solution U(¢) grows unbounded if v > 0. On the other hand
if U(§) = ¢ then U is bounded and solves the ordinary differential equation.
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Uy + Uzea(xfct)JrB
1+ea(zfct)+B

OéC(Ul _ U2)eo¢(m—ct)+B

13.2.3 Suppose u(z,t) = , then

Ut = (1 ¥ ea(m—ct)-‘rB)?
CY( ) a(z—ct)+B
Uy =
(1 + ea(m ct)JrB)
B 2(U1 Ug) a(w—ct)-i—B(l _ ea(w—ct)—i—B)
Ugx = (1 4 ea(zfct)JrB)B

If u(z, t) is a solution to the viscous Burgers’ equation, then substituting these partial derivatives in Eq. (13.8)
produces the equation

OZC(Ul _ U2)ea(zfct)+B Oé(Ul _ U2)ea(zfct)+B(U1 + Uzea(xfct)JrB)

0= (1+ eale—ctiByz (1 + eale—ct)+B)3
CYQI/(Ul _ Ug)ea(I7Ct)+B(1 _ ea(zfct)JrB)
(1 + eale—ct)+B)3
=c(l+ ea(w—ct)+B) — (U + U2eo¢(m—ct)+B) +av(l — ea(m—ct)—i—B)
o U —av+ Uz + av)ex@=c)+B

1+ ex(z—ct)+B

Recall that o = (Uy — Uz2)/(2v) and thus

(U1;U2) + (U1§U2)ea(zfct)+3 _ []1 +U2
1+ea(zfct)+B 2 :

13.2.5 Let u(x,t) = Kv(z,7) where z = x,/7 and 7 = ~vt, then

CcC =

up = Kyvr
= K\ v,
Uge = KyV,,.

Substituting these expressions into Fisher’s equation produces,
Kv
Kyv, — Kyv,, =vKv (1 — —)
K
vy — v, = v(1 — ).
Renaming 7 by ¢, z by x, and v by u results in the nondimensional form of Fisher’s equation.

Now suppose u(z,t) = U(£) where & = & — ct. Substituting this in the nondimensional form of Fisher’s
equation produces,

—cU' -U"=U(1-0)
U'+cU +U-U?=0.

13.2.7 According to Eq. (13.28)

-1 ifex<—t
ML”_{ 1 ifa >t

For the region where —t < x < t the solution must be constant along the characteristic lines emanating from
x = 0. A continuous solution would “interpolate” between the values of —1 and 1. Therefore a suitable
solution would be

-1 fx<—t
u(z,t) = Toif <<t
1 ifx>t.
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6BC B

13.3.1 Since Vp + TV Vx + VE —Vxxx =0, equating coeflicients
o 88C —1 and £ =k implies A = 1/V6k, B =1/(6V6k), and C = 1.

[ —Gic = —6 and % =1 impliesA:L B:L and C = —1.

o 88E — 1 and £ =1 implies A =1/V6, B=1/(616), and C = 1.

A
o%gaamd%zﬁimphesfl Va/(68), B = a/(68), and C =1 if af > 0). When a8 < 0
then C' = —1.

13.3.3 Differentiating the function above produces,

up = Cz\ﬁ sech? <§(:17 —ct)+ A> tanh <£(:17 —ct) + A>

Up = — 0\2[ ch? (é—(x—ct)—l-A)tanh(?(x—ct)—i—/l)

[\)

2

Ugy = Cz sech? (%(x —ct) + A) (cosh (Ve(z — ct) +2A) — 2)

Uy = —# sech? (%(m —ct) + A) tanh (%(m —ct) + A) (cosh (Ve(x — ct) +24) —5).

c
For the sake of compactness of notation, let z = g(ac —ct) + A and substitute these partial derivatives in
the KdV equation.

2\/c 9 c?\/c 4 /e 4
up + 6U Uy + Upgy = \/_ sech”(z) tanh(z) — 3 2\/_ sech”(z) tanh(z) — ZI/_ sech”(z) tanh(z) (cosh(2z) — 5)
2
= \/— sech?(z) tanh(z) (1 — 3sech?(z) — %sechQ(z) (cosh(2z) — 5))
2
= \/— sech?(z) tanh(z) (1 — 3sech?(z) — % sech?(2)(2 cosh?(z) — 6))

=0

Hence u(zx,t) is a traveling wave solution to the KdV equation. Several plots of the solution appear below.
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c=0.25, t=0. c=0.25, t=0.5 c=0.25, t=1.

I' E 1 X
~10 -5 5 10
c=0.75, t=0. c=0.75, t=0.5 c=0.75, t=1.
u u u
0. 0. 0.3
0, 0. 0.
0
X X X
-10 -5 5 10 -10 -5 5 10 -10 -5 5 10
c=1.25, t=0. c=1.25,t=0.5 c=1.25, t=1.
u u u
: ' s X : L X
-10 -5 5 10 -10 -5 5 10

13.3.5 Let v(x,t) = V(z — ct) = V(£) be a solution to the modified KdV equation, then
V" -6V —cV' =0.
Integrating both sides of the ordinary differential equation produces,
V" —2V® —cV =A

where A is a constant of integration. If it is assumed that as £ — +oo that V — 0, V/ — 0, and V" — 0,
then A = 0 and hence )
2V

Multiplying the ordinary differential equation by V'’ and integrating both sides of the resulting equation

yields
1/dvN? 1., ¢,
S (L) vyt Sy
2<d§> 3V~ 3V

where B is again a constant of integration. The assumptions made earlier that V' — 0 and V/ — 0 as £ — oo
and £ — —oo imply that B = 0, and therefore,
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After solving for dV/d¢,

d_V +Ve+ V2,

e

The sign associated with the right-hand side is unimportant and will be dropped. Separating the variables
and integrating both sides of the equation results in

1
VVer Ve

1
[ =cro

Where & is a constant of integration. If ¢ = 1, the integral above can be simplified.

AV = d¢

1
AV =¢+
/V\/H——VQ S

v
In|——— | =+
‘1+\/1+V2 <+
14 _ oEHo

1+Vit Ve

Solving for V yields
2ett¢0

V=T—aww
Simplifying further produces

2
V(é-) = e-(ﬁ-i-fo) — e£+50

v(x,t) = —csch(z — t).

13.3.7 Let u(z,t) = vg(x,t) — (v(z,t))? where v(z,t) is a solution to Eq. (13.44). Taking partial derivatives

yields
Up = Vgt — 2V Vg
Uy = Vgpg — 20U Uy
2
Ugy = VUggx — 2(Ux> —2v (e
Ugpxx = Vrxaxax — Gvaxx —2v V-
Therefore,

Ug + 6U Uy + Upze = Vot — 2005 4+ 6(Vp — 02) (Vaw — 20V2) + Vpgwz — 6VpVe — 20 Vppe
= Uy — 200 + 12030, — 120(v,)? — 602 Vsp — 20 Vs + Vozzs
= —20(v; — 6020, + Vazz) + Viw — 120(02)? — 602000 + 120,000 + Vizze
= (v — 6v3v, + Vawa )z

=0

126



13.4.1 Using the function/inverse function relationship, for 0 < =z < 1

sech (sech_1 :1:) =z

dzr

a [sech (sech™! z)] = %[m]
—sech (sech_1 x) tanh (sech_1 T 1

tanh (sech T

dx
4
dx
\/taunh2 (sech x) % [sech_1 x} = _71
d
( i
4
dx
4

\/1 — sech? (sech™ 3:) [sech_1 3:} = —1
T
V1-—a22 [sech_1 3:} = _—1
-1
_1 .
A ey 2

13.4.3 Note that

Yy = ie' sech(x)
Yz = € (sech(z) tanh?(x) — sech®(2))
[|? = sech?(z).

Substituting these expressions into the partial differential equation reveals,

e + e + 20079 = —e sech(w) + ¢ (sech(x) tanh? () — sech®(2)) + 2 sech? (z)e’ sech(x)
= ¢’ (—sech(z) + sech(z) tanh*(z) — sech® () + 2sech®(x))
= €' (—sech(x) + sech(x)(1 — sech® (x)) + sech’ ()
=0.

Hence 9 (x, t) solves the nonlinear Schrodinger equation.
13.4.5 Making use of the product and chain rules for differentiation produces.

Y = Y(x,t) [—iw + 2k (k? — w) % tanh((k® — w) % (z — 2kt + A))}
Ve = 1p(,1) [zk — (k? — w)? tanh((k* — w)? (z — 2kt + A))]

Yo = V(x, 1) (—k2 — 2ik(k? — w)? tanh((k2 — w)¥ (z — 2kt + A)) + (k* — w)(1 — 2sech?((k? — w)¥ (z — 2kt + A))))

127



Substituting these partial derivatives into Eq. (13.45) produces
iy + Ve + 7|02 = W (, t) [_m + 2k(k? — w)? tanh((k® — w)¥ (z — 2kt + A))}
+(x,t) (—k2 — 2ik(k? — w)? tanh((k2 — w)? (z — 2kt + A))

+ (K2 — w)(1 — 2sech?((k? — w)? ( — 2kt + A))))

2

— ww(:v, t)sech?(V k2 — w(x — 2kt + A))
— (z, 1) [w — B2+ (k% — w)(1 — 2sech?((k? — w)? (z — 2kt + A)))
+ 2(k? — w)sech®(V k2 — w(z — 2kt + A))}

= (1) [_2(142 — w)sech?((k? — w)? (z — 2kt + A))) + 2(k? — w) sech®(Vk? — w(z — 2kt + A))}
=0.

k
+ 2

Hence the solution given in Eq. (13.51) solves the nonlinear Schrédinger equation given in Eq. (13.45).
13.4.7 Suppose the solution takes the form of 1(x,t) = f(x — ct)e’** =% Differentiating and substituting
into Eq. (13.45) produce,

O:i(—cf Z(Uf) i(kx— Wt)+(fll+22kf f) i(kx—wt) f3 i(kx—wt)
0=—cif +wf+ f'+2kf —Kk*f—2f3
0= i(2k—O)f + (w— K)f + J" — 2/

Assume again the imaginary portion of the equation vanishes, meaning that ¢ = 2k. This implies,

0=f"+w—k)f-2f°
0=2ff"+2w—k)ff —4f>f

/ 0de = / 2 (E)(€) dE + (w — k) / 21(6)1'(€) de — / A(F(€)° /() de
A= (F(©)* + (w— ) — (F(©))*
(P = A— (F(©)? [(w— ) — (F©)?].

If the solution v (z,t) and its derivative 1, (x,t) vanish as x — oo then A = 0. This implies

£1(&) = £HOVF =) + O
7© el
/ GV CErEUG v

-1 (wk? —w) + (f(é))2> eia

k2 —w k2 —w
—V(k = w) + (/(©)? = VI — wtanh(vk? - w(E + 4))
(F©)) = (k* = w) [~1+ tanh? (VA = (€ + )]
)=
(

()2 = (2 = w) [ sech? (VA= = w(é + 4)]
f(§) = iVE? —wsech(VE? —w(§ + A))
Y(x,t) = ivVk? — welP =D sech(v/ k2 — w(x — 2kt + A))
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where A is a constant of integration.
13.4.9 Let £ = x — ct and differentiate the proposed solution.

b = (—ef'(€) + i (€))eilhrartan
Ve = (f ( ) — ’ka( ))el —kz+wt+6o)
Vaw = (f(€) = 2ik f'(€) — K2 f(€))el(Thatwitto)

Substitute into the nonlinear PDE.

= (_Cf/(g) + wa(g)) —kz+wt+00) + Oé(f (5) - 22]{]‘”(5) _ ka(g))ei(szertJrﬁo)
+ f(é)el(fkyr“”e“ " f(g)ei(hatwttes

= (—cf'(€) +iwf(€) + al(f"(€) = 2ikf'(€) = K> F(€) + 7 [F O™ £(&)
= af"(€) = (W + ak®) f(&) +(f(©)*" T —i(c + 2ak) f'(€)

The imaginary part of the equation implies ¢ = —2ak. Consider the real part of the equation.

af’(€) = (w+ak?) f(§) +(f(§)*™ ' =0
af"(©)f(€) = (w+ ak®) F() (&) + ()" f (&) =0

Integrate with respect to £ over the real number line and assume that lime_, 4o f(£) = 0 and limg_, 4+ f/(€) =

0.
° ' 2 L 2 2 v 2m—+2 __
§(f )" - §(w+ak () + 2m+2(f(§)) +2_ »
o))" = (w + k) (F(©) + = ()™ =0

Make the substitution g(&) = (f(£€))? then solve for g’(&).

o (L)~ ai©) + o)™ =0

f() m+1
/ 2 w
GO (24 1) 00 + s o)™ =0
(O —4 (5 +8) (O + s o(€) ™ =0
=200,/ (2+#) - oo
dg
—2d¢
9\/(§ +k2) — sogp 9™
Make the substitution u = ¢"/? and % du = é dg.
2du p

mu\/(g +1) - s’
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Simplify and integrate both sides of the last equation.

/mu\/ e du:/1d§

a(m+1) +1)

g
t h =
ak2 an (1/ak2—|—w\/ am+1) ) E+C
_ / T2 = Yo g2
tanh™ ( ak2+w\/ m+1) ) m a+k§+C
/ v 2 _ Y2
ak2+w\/ +1)u = tanh<m a—l—k{—i—C’)

ﬁ<>( )
= ()t ()
m+1 w
u(§) = 5 (w+ak2)sech<m1/a+k2€+c>
(g(€))™? = mj1<w+akz>sech(m 2 Ww)
(f)" = m;'—l(w+ak2)sech<m §+/€2§+C’>
f(f)—< m+1(w+ak2)sech[m §+k25+0]>m

The expression C' is a constant of integration. Finally

1
1 o
Pz, t) = ( &(w + ak?) sech [m, [+ k2(z + 2akt) + C} ) el —hatwitbo)
v a

13.5.1 Compute the partial derivatives of the proposed solution.

u = —8a° (—3a(z + 4a2t))71/3
Uppe = —80° (—3a(x + 4a2t))77/3
Hence we see that

—8a® (—3a(z + 4a27§))71/3 = {(—3a(:v + 40<2t))2/3} . 8a” (~3a(z + 40‘2”)77/3

_ .3
Ut = U Uggqy-

13.5.3
(a) Setting £ = & — ¢t and substituting U(§) into Eq. (13.53), produce
d*U d*U 1.
(C _1)d—§2+SIHU 0 <~ d—gzmSHlU'

Multiplying both sides of this equation by 2dU/d¢ and integrating both sides yield

dU\
(d_ﬁ) = ILQ(A—COSU)

where A is an arbitrary constant of integration. This the ordinary differential equation for U(¢).

130



(b) Assume U — 0 and U’ — 0 as £ — $o0 and solve the ordinary differential equation in the previous
part.

Under the assumptions that U — 0 and U’ — 0 as £ — 4o it must be the case that A = 1 and thus

dU\? 2 sin(U/2)

=) =2 1- _2\H/e)
(d§> 1—02( cosU) 1—¢?
where we have used a half-angle formula. Solving for dU/d¢,

1 U, 2
sin(U/2) d¢ ~ /1 —c2

206 — &) _ 1 _ [ _sin(U/2)
+ N _/sin(U/2) dU_/l—COSQ(Uﬂ) v

The integral can be evaluated by making the change of variable z = cos(U/2).

and therefore

26— &)
S e ber L

1—=2
142

:—2/ ! — ! dz =1In
1+z 1—=z2

1—cos(U/2) . sin*(U/4) — olnt U
N n1+cos(U/2) N nCOSQ(U/4) Comy

Finally solve for U(€) to obtain
U(€) = 4tan™" (eHE V=),

The soliton solution above is called a “kink” if the “+” sign is used, and is called an “antikink” if the
“—7 ig used. The graph below illustrates the kink and antikink when ¢ =1/2 and &, = 0.

— kink
antikink

13.5.5
(a) Suppose £ = x — ct, then
—cU'(€) =U"(§) +U)U(E) —a)1 - U(€))

—cU'(€) =U"(&) = (U(€)* + (1 +a)(U(£))* — aU(¢)
U"(€) = =cU'(€) + (U(€))* = (1 +a)(U(£))* + alU (€)
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(b) Define a new function ¥(U) = U’(§), then U”(§) = ¥ (U)U'(&) = ¥/ (U)¥(U). Thus the previous
second-order ordinary differential equation can be written as a first-order ordinary differential equation
in V.

V(U)W(U) = —c¥(U) + (U(£))*> — (14 a)(U(£))* + alU(&)
20/ (UNW(U) = —2¢W(U) + 2(U(€))% — 2(1 + a)(U(€))? + 2aU (€)
[(W(U))?] = —=2c0(U) +2(U(€))* — 21 + a)(U(€))? + 2aU (€)

(c) Assume that ¥(U) = aU? + BU + 7, then

[(aU? + BU +7)%]" = —2¢(aU? + BU + ) + 2U° — 2(1 + a)U? + 2aU
402U 4 6 U + (262 + 4ay)U + 287 = 2U> + (=2 — 2a — 20¢c)U? + (2a — 2B¢)U — 2y¢
Equating coeflicients of U on both sides of the last equation produces the following system of equations.

40* =2

6af = —2 — 2a — 2ac
232 4+ 4oy = 2a — 2Bc

28~y = —2v¢

(d) Assume without loss of generality that aw = 1/4/2. Substituting this into the remaining three equations
yields

3 c
i
B+ V2y=a—fBec
By = —~c.

Solve the first equation for ¢ and substitute into the last equation. This produces the equation,
Y28 + V2(1 + a)) = 0.
There are two cases to consider.
Case v = 0: the second equation can then be written as
8% =a—fe
B2+ Bc—a=0
B2 —-362-V2(1+4+a)B—-a=0
262 +V2(1+a)f+a=0

-1 —a
ﬁ = ﬁ or ﬁ = ﬁ
If 3= —1/v2 then ¥(U) = %W - %U =U'(§) # 0 for 0 < U < 1. Solving the separable
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ordinary differential equation,

dU 1
- UU-1
& f( :
1
7dU*
U -1) f
¢
—dU —dU—— C
/ it AT
U ¢
.
1-U 22
~ 3
Cev2
Ul)=—F+
1+ Cevz
Azxf/ict
u(x,t) = ‘—EZET—;t:?
1+Ce vz

where C' and C' are constants. On the other hand if 3 = —a/v/2 then ¥(U) = %U(U —a) =

U'(§) =0for 0 < U = a < 1. This implies the change of variable ¥'(U) = U’(£) may not be
invertible. Hence this solution will be ignored.

Case 7 # 0: then f = —c = \7—%(1 + a) which in turn implies v = a/\/i. In this case

1 1 a 1
U(U) = WUQ - ﬁ(l +a)U + 5= ﬁ(a— U)(1-U).

Again ¥(U) = 0 when 0 < U = a < 1 and this case can be ignored.

14.1.1
(a)
f/(l) — f(ll())I f(l) _ %f”(z)
() ~ w = 1.38857
(b) .
E < % | Dnax | ()] = (0.05)(0.239134) = 0.0119567
14.1.3
(a)
_ 2
f”(l) _ f(l'l) (2({32 + f(0.9) _ (0112) f(4) (Z)
S~ fa1) - 2({(()11) TI09) _ 935035
(b) ,
p< 0D ’f(‘l)(z)’ 01(;1(1 78145) = 0.00148454

12 0.9<z<1.1
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14.1.5 First express f(x) as a Taylor polynomial of degree 2 centered at xo.

£(&) = Jwo) + J' (o) = 20) + 31" (o) & = 0)? + O((& = w0)°)

This implies

f(@o + ah) = f(zo) + ahf'(zo) + a22h2 f"(x0) +*O(h?)

f(zo +2h) = f(w0) + 2hf (x0) + +4h> £ (z0) + 8O(h?).

Multiply the first equation by 4 and the second equation by o and then subtract.

4f(xo + ah) — o f(xo + 2h) = (4 — a®) f(20) + (4ah — 2a%h) f'(x0) + (4 — 8a?)O(h®)
2ah(2 — a)f'(v0) = 4f(v0 + ah) — a® f(zo + 2h) — (4 — &?) f(z0) — (4a® — 8a®)O(h?)

Fan) = gy 0+ ah) = e o+ 20) — 3 ) - 220w
= —%Taf(xo)+ﬁf(xo+ah)—2faf(a:0+2j) +O(h?)
14.1.7
o —2m) = 7o) + @) (20 + 20D oy L ooy SO e, SO s, SO ) (e
Flo—b) = 1)+ F)(-h) + w( e+ L g L) oy L g SO e
o= g0+ o L8 L T SO8) s 1O
o +20) = Fla) + 1'(a)(2h) + f"( A0 e 4 L210) )<2h> L0 ey L) 5y LG

Form the following linear combination of the Taylor polynomials.
flx—2h) —4f(x — h) + 6f(x) — 4f(x + h) + f(z + 2h)
=8f(x) +4h*f"(z) + §h4f (2) — 4f (z) + 4R (x) — 202" (2) + 2B " (x)

3
= SHO @)+ 20 @) = 47(@) — 4hf () — 22 () - §h3f’“< )
4hS 4hS
- Sh @) = D)+ e - I FO () = 1O ) + 2 10
= 'O (@) + —f ©)(2-2n) - @f ®(zn) - @f(ﬁ (2n) + 4—5f ® (221)

If f©)(u) is continuous on (x — 2h, z + 2h) there exists z € (z — 2h, x + 2h) such that

4
IO ) = s fO ) = 5= O Cn) + O ) = £1O2)

Rearranging terms yields

PO @) = (Pl 2h) — 41w — )+ 65 (0) — A4S B) + £+ 20) — o fO o

where x — 2h < z < x + 2h.
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14.2.2

i(b—a) )
ud =1+ sin <7T(a+b_Na a)) =1+sin (%)

u) = e IA
why = _
N 14

fort=0,1,...,N and j € N.
14.2.4

0 i i
s L
15 (%)

) N .
ul = N 1u{ + (N + 1) sin(jAt)
j N —jAt
UN:N—HUN71+(N+1)(1—8 )
fori=0,1,...,N and j € N.
14.2.6
211
0 _ J—
Uu; = CoS ( N >
, N . .
wly = b+

fort=0,1,...,N and j € N.
14.3.2 Define ¢ = (x —a)/(b—a) and 7 = kt/(b — a)?, then
Ug = Uple = Ug(b—a)
Uge = Uz (b — a)?
(b—a)?

Uy = Ul = Uy

Therefore the partial differential equation in the new variables becomes

K K
(b—ap """ poapte T T

where z € [a,b] implies £ € [0, 1].

14.3.4
wl ™ — ] _ ul ) —2ul + ug+1 4o, ug+1 —ul_,
k h? 2h
S k(1 —h)ul_y + (h? = 2k)u + k(1 + h)ul
[ - h2

fori=1,2,...,N—1and j=0,1,.... At x =0 or equivalently ¢ = 0,

J J
up —u”_y

57 =0<:>uj_1=u{,
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which implies

it Bl 4 (02 = 2Ryl + B+ R (W2 - 2R)ug + 2k

o h2 h2

At z =1 or equivalently i = N,

J J
w — W . .
N+1 N—-1 _ J g
By — =0 <= un, =uUy_q-

which implies

it RO Rugy o+ (02— 2Ryl + RO Ry 2kuyy g+ (02— 2k)uy

N h2 h2

The table below lists the approximations to the solution for ten time steps.

t| w(0,¢) w(0.1,¢) w(0.2,¢) u(0.3,t) wu(0.4,t) w(0.5,¢t) wu(0.6,¢) w(0.7,¢) u(0.8,t) wu(0.9,¢) w(1.0,t)
0.000 | 1.0000 1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000
0.001 | 1.0000 1.0000 1.0000 1.0000 1.1100 1.9100 2.0000 2.0000 2.0000 2.0000 2.0000
0.002 | 1.0000 1.0000 1.0000 1.0121 1.1881 1.8479 1.9919 2.0000 2.0000 2.0000 2.0000
0.003 | 1.0000 1.0000 1.0013 1.0304 1.2448 1.8044 1.9798 1.9993 2.0000 2.0000 2.0000
0.004 | 1.0000 1.0001 1.0044 1.0513 1.2871 1.7733 1.9662 1.9976 1.9999 2.0000 2.0000
0.005 | 1.0000 1.0006 1.0092 1.0731 1.3194 1.7508 1.9523 1.9950 1.9997 2.0000 2.0000
0.006 | 1.0001 1.0015 1.0154 1.0944 1.3446 1.7341 1.9388 1.9917 1.9993 2.0000 2.0000
0.007 | 1.0004 1.0029 1.0229 1.1148 1.3650 1.7216 1.9262 1.9878 1.9987 1.9999 2.0000
0.008 | 1.0009 1.0049 1.0312 1.1341 1.3817 1.7120 1.9146 1.9834 1.9979 1.9998 2.0000
0.009 | 1.0017 1.0074 1.0401 1.1520 1.3957 1.7045 1.9039 1.9788 1.9968 1.9997 1.9999
0.010 | 1.0028 1.0105 1.0495 1.1688 1.4078 1.6987 1.8942 1.9741 1.9955 1.9994 1.9999

14.3.6 As in Exercise 14.3.5,

—rugfll +2(1+7r— k)t — rufﬂ = ruffl +2(1—-r+ k)uf + 7“u{Jr1

2

for i = 1,2,..., N — 1. The homogeneous Neumann boundary conditions are handled by introducing the
fictitious points at 4 = —1 and i = N + 1. At z = 0 or equivalently i = 0,

% =0 uj_l = u{,
which implies
—ruj_tl +2(1+7r— k)ujourl - ru{'|r1 = ruj_l +2(1—-r+ k)u{J + ru{
(14r-— k)ujourl - ru{“ =(1-r+ k)ujo + ru{
At x =1 or equivalently i = N,

J J
u — U . .
N+1 N—-1 _ J .
B S— =0 — un, =uy_q-

which implies

—ruj]\;lll +2(147r— k)uﬁl — rug\ﬂl = Tu?vq +2(1—r+ k)ugv + 7‘u§‘\,Jr1

_rujj\;r_ll +(14r- k)ujj\;rl = rugv_l +(1-r+ k)u?v

The table below lists the approximations to the solution for ten time steps.
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t w(0,t)  w(0.1,t) w(0.2,t) w(0.3,t) w(04,t) w(0.5,¢) u(0.6,¢) w(0.7,¢) w(0.8,t) w(0.9,t) w(1.0,t)
0.00 | —=1.0000 —1.0000 —1.0000 —1.0000 —1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.01 | —1.0112 —-1.0022 —0.9576 —0.7889 —0.1624 0.1625 0.7890 0.9579 1.0033 1.0153 1.0178
0.02 | —0.9903 —0.9583 —0.8351 —0.5549 —0.2378 0.2381 0.5557 0.8374 0.9657 1.0129 1.0244
0.03 | —0.9289 —0.8804 —0.7305 —0.4971 —0.1641 0.1655 0.5003 0.7391 0.9031 0.9857 1.0095
0.04 | —0.8493 —0.8004 —0.6593 —0.4314 —0.1530 0.1574 0.4401 0.6793 0.8454 0.9427 0.9741
0.05 | —0.7712 —0.7257 —0.5927 —0.3882 —0.1315 0.1419 0.4059 0.6280 0.7944 0.8947 0.9282
0.06 | —0.6983 —0.6562 —0.5350 —0.3475 —0.1159 0.1353 0.3769 0.5870 0.7466 0.8458 0.8793
0.07 | —0.6312 —0.5929 —0.4821 —0.3114 —0.0994 0.1304 0.3545 0.5509 0.7027 0.7980 0.8304
0.08 | —0.5699 —0.5349 —0.4338 —0.2776 —0.0836 0.1281 0.3355 0.5190 0.6619 0.7523 0.7832
0.09 | —0.5137 —0.4818 —0.3892 —0.2463 —0.0679 0.1271 0.3194 0.4903 0.6241 0.7092 0.7383
0.10 | —0.4622 —0.4329 —0.3481 —0.2168 —0.0528 0.1273 0.3054 0.4643 0.5892 0.6689 0.6962

14.3.8 As in Exercise 14.3.5,

—rul 420147 — k)l T — ruf_tll =rul | 4201 —r+ k)l + Tuz_i_l

fori=1,2,...,N. The homogeneous Neumann boundary condition is handled by introducing the fictitious
point at ¢ = —1. At x = 0 or equivalently ¢ = 0,

J J
Uy —uz j j
T:O — u_q = uj.

which implies

—r/ 201+ — B)ud) Tt — et

(14r-— k)ujourl — ru{'|r1 =(1-r+ k)ujo + ru{

rul | 4 2(1 =7+ k)ud + rul

The table below lists the approximations to the solution for ten time steps.

t | w(0,t) w(0.1,t) u(0.2,t) w(0.3,¢t) w(0.4,t) wu(0.5,t) u(0.6,t) w(0.7,¢) w(0.8,¢) w(0.9,t) wu(1.0,¢t)
0.00 | 2.0000 1.9511 1.8090 1.5878 1.3090 1.0000 0.6910 0.4122 0.1910 0.0489 0.0000
0.01 | 1.9452 1.9000 1.7686 1.5639 1.3060 1.0201 0.7338 0.4746 0.2649 0.1148 0.0000
0.02 | 1.8965 1.8546 1.7330 1.5437 1.3049 1.0398 0.7731 0.5277 0.3190 0.1473 0.0000
0.03 | 1.8533 1.8146 1.7020 1.5266 1.3050 1.0579 0.8066 0.5695 0.3572 0.1706 0.0000
0.04 | 1.8153 1.7794 1.6751 1.5121 1.3056 1.0734 0.8338 0.6018 0.3861 0.1876 0.0000
0.05 | 1.7820 1.7486 1.6516 1.4996 1.3058 1.0860 0.8555 0.6271 0.4082 0.2005 0.0000
0.06 | 1.7528 1.7217 1.6310 1.4884 1.3055 1.0957 0.8725 0.6468 0.4254 0.2104 0.0000
0.07 | 1.7273 1.6981 1.6128 1.4783 1.3044 1.1030 0.8857 0.6621 0.4387 0.2182 0.0000
0.08 | 1.7049 1.6773 1.5967 1.4689 1.3026 1.1082 0.8957 0.6740 0.4490 0.2241 0.0000
0.09 | 1.6850 1.6589 1.5822 1.4601 1.3002 1.1115 0.9032 0.6830 0.4570 0.2288 0.0000
0.10 | 1.6674 1.6424 1.5690 1.4517 1.2971 1.1134 0.9085 0.6898 0.4631 0.2323 0.0000

14.3.10

j+1 J —ih
u: —u: e . . .
[ 1 __ J J J
B =952 (wi_q — 2u + i)
—ih
o I
op2 \Wi-1 i i+1

—Te_ihugfll +2(1+ re_ih)ufl — Te_ihugill = re‘ihuLl +2(1 - Te_ih)u{ + re_ihuirl
where r = k/h% for i =1,2,...,N — 1. At z = 0 or equivalently i = 0,
J J

L | j j
57 =0 < ul, =uy,
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which implies

—ruj_'ql +2(1+ r)u%+1
i+1
(1 +r)up

At x = 1 or equivalently ¢ = N,

J J
Uny1 — Un—1

2h
which implies

— j+1
—re Nh, j+

j+1
—r J+

— T =i 4201 — r)ud) +
0 . .
—rul ™ = (1= ) + .

_ J .
=0 = uyy =un_q,

e N (1 e VMU = re NP+ (1 = re N,

The table below lists the approximations to the solution for ten time steps.

— i+1 — i1 _ _ - _ .
w421+ re T MY — e Nhujj\;zrl:re Nl | +2(1 —re VM)l + re Nhungrl

t | «w(0.0,t) w(0.1,¢t) w(0.2,t) w(0.3,¢) w(0.4,¢) u(0.5,¢t) w(0.6,¢t) w(0.7,t) w(0.8,¢) u(0.9,¢) w(1.0,¢)
0.00 0.0000 0.8100 2.5600 4.4100 5.7600 6.2500 5.7600 4.4100 2.5600 0.8100 0.0000
0.01 1.1930 1.5760 2.7122 4.1203 5.2463 5.6994 5.3168 4.1789 2.6103 1.1658 0.5314
0.02 1.8595 2.1430 2.9266 3.9619 4.8516 5.2368 4.9322 3.9813 2.6651 1.4690 0.9541
0.03 2.3407 2.5383 3.1095 3.8760 4.5561 4.8591 4.6067 3.8145 2.7159 1.7232 1.2994
0.04 2.6847 2.8311 3.2512 3.8220 4.3332 4.5565 4.3372 3.6754 2.7600 1.9352 1.5844
0.05 2.9391 3.0471 3.3589 3.7830 4.1615 4.3155 4.1174 3.5611 2.7978 2.1118 1.8206
0.06 3.1273 3.2075 3.4385 3.7518 4.0266 4.1236 3.9401 3.4683 2.8302 2.2589 2.0168
0.07 3.2667 3.3260 3.4962 3.7248 3.9191 3.9705 3.7977 3.3942 2.8585 2.3817 2.1801
0.08 3.3693 3.4126 3.5365 3.7003 3.8323 3.8480 3.6839 3.3356 2.8836 2.4845 2.3162
0.09 3.4438 3.4749 3.5633 3.6773 3.7613 3.7496 3.5931 3.2899 2.9063 2.5710 2.4300
0.10 3.4968 3.5186 3.5798 3.6556 3.7026 3.6702 3.5208 3.2547 2.9271 2.6440 2.5254

14.4.2 The table below lists the approximations to the solution for ten time steps.

t| w0,¢) w(0.1,t) w(0.2,t) u(0.3,t) u(0.4,¢t) wu(0.5,t) w(0.6,¢t) u(0.7,¢) w(0.8,t) w(0.9,t) u(1.0,%)
0.00 | 0.0000 0.3600 0.6400 0.8400 0.9600 1.0000 0.9600 0.8400 0.6400 0.3600 0.0000
0.05 | 0.0000 0.3905 0.6776 0.8455 0.9206 0.9400 0.9206 0.8455 0.6776 0.3905 0.0000
0.10 | 0.0000 0.3951 0.6853 0.8277 0.8673 0.8703 0.8673 0.8277 0.6853 0.3951 0.0000
0.15 | 0.0000 0.3735 0.6561 0.7843 0.8048 0.7991 0.8048 0.7843 0.6561 0.3735 0.0000
0.20 | 0.0000 0.3292 0.5883 0.7139 0.7358 0.7307 0.7358 0.7139 0.5883 0.3292 0.0000
0.25 | 0.0000 0.2674 0.4871 0.6176 0.6600 0.6649 0.6600 0.6176 0.4871 0.2674 0.0000
0.30 | 0.0000 0.1936 0.3636 0.4993 0.5749 0.5966 0.5749 0.4993 0.3636 0.1936 0.0000
0.35 | 0.0000 0.1140 0.2315 0.3659 0.4763 0.5175 0.4763 0.3659 0.2315 0.1140 0.0000
0.40 | 0.0000 0.0352 0.1037 0.2266 0.3604 0.4177 0.3604 0.2266 0.1037 0.0352 0.0000
0.45 | 0.0000 —0.0352 —0.0105 0.0900 0.2254 0.2893 0.2254 0.0900 —0.0105 —0.0352 0.0000
0.50 | 0.0000 —0.0907 —0.1058 —0.0379 0.0725 0.1289 0.0725 —0.0379 —0.1058 —0.0907 0.0000

14.4.4 Using h = 0.1 and k£ = 0.05 the first ten time steps of the numerical solution are given below.

t | w0,t) w(0.1,¢) u(0.2,¢t) u(0.3,t) wu(0.4,t) w(0.5,¢) u(0.6,¢) u(0.7,¢) w(0.8,t) w(0.9,¢) w(1.0,%)
0.00 | 0.0000 0.3090 0.5878 0.8090 0.9511 1.0000 0.9511 0.8090 0.5878 0.3090 0.0000
0.05 | 0.0000 0.3052 0.5806 0.7991 0.9394 0.9878 0.9394 0.7991 0.5806 0.3052 0.0000
0.10 | 0.0000 0.2941 0.5594 0.7699 0.9051 0.9516 0.9051 0.7699 0.5594  0.2941 0.0000
0.15 | 0.0000 0.2758  0.5246 0.7221 0.8488 0.8925 0.8488 0.7221 0.5246 0.2758 0.0000
0.20 | 0.0000 0.2509 0.4772 0.6568 0.7721 0.8118 0.7721 0.6568 0.4772 0.2509 0.0000
0.25 | 0.0000 0.2199 0.4182 0.5756 0.6767 0.7115 0.6767 0.5756 0.4182 0.2199 0.0000
0.30 | 0.0000 0.1835 0.3491 0.4805 0.5649 0.5940 0.5649 0.4805 0.3491 0.1835 0.0000
0.35 | 0.0000 0.1428 0.2716 0.3738 0.4395 0.4621 0.4395 0.3738 0.2716 0.1428 0.0000
0.40 | 0.0000 0.0986 0.1875 0.2581 0.3034 0.3190 0.3034 0.2581 0.1875 0.0986 0.0000
0.45 | 0.0000 0.0520 0.0989 0.1361 0.1600 0.1682 0.1600 0.1361 0.0989 0.0520 0.0000
0.50 | 0.0000 0.0041 0.0079 0.0108 0.0128 0.0134 0.0128 0.0108 0.0079 0.0041 0.0000
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14.4.6 Using h = 0.1 and k£ = 0.05 the first ten time steps of the numerical solution are given below.

t | w0,t) w(0.1,¢) u(0.2,¢t) u(0.3,t) wu(04,t) w(0.5,¢) u(0.6,¢) u(0.7,¢) w(0.8,t) w(0.9,¢) w(1.0,¢%)
0.00 | 0.0000 0.0814 0.1310 0.1556 0.1609 0.1516 0.1317 0.1043 0.0719 0.0366 0.0000
0.05 | 0.0000 0.0929 0.1433 0.1826 0.1995 0.1979 0.1808 0.1512 0.1120 0.0519 0.0000
0.10 | 0.0000 0.0955 0.1520 0.2042 0.2335 0.2402 0.2267  0.1955 0.1477  0.0684 0.0000
0.15 | 0.0000 0.0901 0.1585 0.2206 0.2619 0.2775 0.2681 0.2353 0.1769 0.0864 0.0000
0.20 | 0.0000 0.0801 0.1628 0.2319 0.2841 0.3086 0.3036 0.2687  0.1990  0.1046 0.0000
0.25 | 0.0000 0.0703 0.1639 0.2389 0.2996 0.3324 0.3315 0.2938 0.2151 0.1201 0.0000
0.30 | 0.0000 0.0648 0.1614 0.2419 0.3082 0.3478 0.3503 0.3093 0.2264 0.1301 0.0000
0.35 | 0.0000 0.0654 0.1559 0.2412 0.3102 0.3541 0.3585 0.3149 0.2333 0.1329 0.0000
0.40 | 0.0000 0.0708 0.1494 0.2364 0.3058 0.3507 0.3552 0.3112 0.2348 0.1287 0.0000
0.45 | 0.0000 0.0780 0.1444 0.2277 0.2952 0.3375 0.3403 0.2992 0.2291 0.1192 0.0000
0.50 | 0.0000 0.0831 0.1422 0.2154 0.2781 0.3146 0.3150 0.2794 0.2143 0.1070 0.0000

14.4.8 Using h = 0.1 and k£ = 0.05 the first ten time steps of the numerical solution are given below.

t | w(0,¢) w(0.1,¢) w(0.2,¢) u(0.3,t) wu(0.4,t) w(0.5,¢t) w(0.6,t) w(0.7,t) w(0.8,¢) w(0.9,¢) w(1.0,t)
0.00 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.05 | 0.0000 0.0294 0.0476 0.0476 0.0294 0.0000 —0.0294 —0.0476 —0.0476 —0.0294 0.0000
0.10 | 0.0000 0.0560 0.0907 0.0907 0.0560 0.0000 —0.0560 —0.0907 —0.0907 —0.0560 0.0000
0.15 | 0.0000 0.0775 0.1253 0.1253 0.0775 0.0000 —-0.0775 —0.1253 —0.1253 —0.0775 0.0000
0.20 | 0.0000 0.0917 0.1483 0.1483 0.0917 0.0000 —-0.0917 —0.1483 —0.1483 —0.0917 0.0000
0.25 | 0.0000 0.0973 0.1574 0.1574 0.0973 0.0000 —0.0973 —-0.1574 —0.1574 —0.0973 0.0000
0.30 | 0.0000 0.0939 0.1519 0.1519 0.0939 0.0000 —-0.0939 —-0.1519 —-0.1519 —0.0939 0.0000
0.35 | 0.0000 0.0817 0.1322 0.1322 0.0817 0.0000 —-0.0817 —0.1322 —-0.1322 —0.0817 0.0000
0.40 | 0.0000 0.0619 0.1002 0.1002 0.0619 0.0000 —-0.0619 —0.1002 —0.1002 —0.0619 0.0000
0.45 | 0.0000 0.0363 0.0588 0.0588 0.0363 0.0000 —0.0363 —0.0588 —0.0588 —0.0363 0.0000
0.50 | 0.0000 0.0074 0.0119 0.0119 0.0074 0.0000 —-0.0074 —-0.0119 -0.0119 —0.0074 0.0000

14.4.10 Using h = 0.1 and k = 0.05 the first ten time steps of the numerical solution are given below.

t | w0,t) w(0.1,t) w(0.2,¢) u(0.3,t) w(04,t) w(0.5,¢t) u(0.6,¢) w(0.7,t) w(0.8,¢) u(0.9,t) wu(1.0,%)
0.00 | 0.0000 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000 0.0000
0.05 | 0.0000 0.0003 0.0059 0.1056 0.8441 0.9382 0.8441 0.1056 0.0059 0.0003 0.0000
0.10 | 0.0000 0.0034 0.0404 0.3470 0.5494 0.8192 0.5494 0.3470 0.0404 0.0034 0.0000
0.15 | 0.0000 0.0172 0.1343 0.5689 0.2619 0.5811 0.2619 0.5689 0.1343 0.0172 0.0000
0.20 | 0.0000 0.0568 0.2916 0.6365 0.0979 0.2148 0.0979 0.6365 0.2916 0.0568 0.0000
0.25 | 0.0000 0.1368 0.4652 0.5160 0.0670 —0.1886 0.0670 0.5160 0.4652 0.1368 0.0000
0.30 | 0.0000 0.2558 0.5730 0.2832 0.0795 —0.4736 0.0795 0.2832 0.5730 0.2558 0.0000
0.35 | 0.0000 0.3809 0.5467 0.0586 0.0280 —0.5199 0.0280 0.0586 0.5467 0.3809 0.0000
0.40 | 0.0000 0.4503 0.3769 —0.0777 —0.1206 —0.3334 —0.1206 —0.0777 0.3769 0.4503 0.0000
0.45 | 0.0000 0.3985 0.1204 —0.1290 -0.2972 -0.0555 —0.2972 —0.1290 0.1204 0.3985 0.0000
0.50 | 0.0000 0.1963 —0.1369 —0.1573 —0.3868 0.1247 —0.3868 —0.1573 —0.1369 0.1963 0.0000

14.5.2 The system of equations can be written in matrix/vector form as follows.

4 -1 0 -1 0 0 ul -1
-1 4 -1 0 -1 0 ul —e

0 -1 4 0 0 -1 ud || 4-—€?
-1 o 0 4 -1 0 u? | | 3—e7t

0 -1 0 -1 4 -1 u3 5

0 0 -1 0 -1 4 u3 17—e

Express the system of equations as a 6 x 7 matrix where the additional 7th column is the vector of constants
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from the right-hand side of the equations.

4 -1 0
-1 4 -1
0 -1 4
-1 0 0
0 -1 0
0 0 -1

-1 0 0 -1
0 -1 0 —e
0 0 —1| 4—¢?
4 -1 0|3—e!

-1 4 -1 5
0 -1 41 17—e

Use elementary row operations to convert this matrix to reduced, row-echelon form. The numerical approx-

imation to the solution is

ug

1
2
U3
ui
uj
u3

14.5.4 Proceeding as general development of the linear system Au=b, if h = 1/4 then N =4 and

uf = [ ul ul

Matrix A has the form

0.1096
0.0815
0.2491
1.3568
2.6856
4.3041

2 .2 2
uy Uz U3

A 4 -1 0
A=| -1 4 -1
0 -1 4
so that _
4 -1 0 -1 0 0
-1 4 -1 0 -1 0
0 -1 4 -1 0 -1
-1 0 0 4 -1 0
A= 0 -1 0 -1 4 -1
0 0 -1 0 -1 4
0 0 0 -1 0 0
0 0 0 0 -1 0
| 0 0 0 0 0 -1
The vector b is found as
[ —272sin (% sin (% 1 [
—272 sin (% sin (%
—2nsin (7)) sin (4)
= — —27m°sin (Z)sin (Z = —
16 —27rz s%n %) §in C%) 8
—ng s%n %) s%n (g)
o sin 5)) sin ((?_w))
L 1 1) |

14.5.6 The linear system can be expressed as Au = b where matrix A is as shown in Eq. (14.29).

vector b = by + by + b3 where
bl: (flla---af]]ifflaffv"'

h2
12

2
7fN715"'

bo = = (AN (ADN -1 (AN (AN (AHY AN

M—-1
y JJ1 S
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3 .3
uj  Up

1/2 7
1/v2
1/2
1/V2

1

1/v2
1/2
1/V2

1/2

AT

us

%

].

N —_ O R o000 oo

0.61685
0.872358
0.61685
0.872358
1.2337
0.872358
0.61685
0.872358
0.61685

The



and b = g4 + g where g4 and g may be found in Eqgs. (14.30) and (14.31) respectively.
14.6.2 The iterates of the Gauss-Seidel method are shown in the table below.

() ORI ()

o~

Uug Ug

0 | 0.0000 0.0000 0.0000 0.0000 0.0000
1] 1.2500 —-2.0833 0.9167 1.2708 2.2031
2109909 —-1.2678 1.5520 1.5688 1.8797
31 0.7090 —0.8628 1.5786 1.6062 1.6745
41 0.6524 —0.8225 1.5597 1.5974 1.6518
5 0.6528 —0.8319 1.5551 1.5940 1.6562
6 | 0.6551 —0.8353 1.5551 1.5937 1.6580
71 0.6556 —0.8356 1.5552 1.5938 1.6582
81 0.6556 —0.8355 1.5553 1.5938 1.6581

14.6.4 The first five iterates of the Jacobi method are shown in the table below.

i ul® ul® ()

U3
0 0.0000 0.0000 0.0000
1 1.0000 —5.0000 0.5000
2 16.5000 —2.0000 3.0000
3 10.0000 44.5000 1.5000
4 | —131.0000 25.0000 —21.7500
5 —95.7500 —398.0000 —12.0000

14.6.6 The first five iterates of the Gauss-Seidel method are shown in the table below.

k ugk) uék) ugk)

0 0.0000 0.0000 0.0000

1 1.0000 —2.0000 1.5000

2 8.5000 20.5000 —9.7500

3 —70.2500 —215.7500 108.3750

4 756.6250 2264.8750 —1131.9375

51 —7925.5625 —23781.6875 11891.3438

14.6.8 The iterates of the SOR method are shown in the table below.

k ugk) uék) ugk) uflk) uék) uék)
0 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1| 1.5000 0.4500 1.9350 0.0000 1.8000 —0.0600
2 | 1.0650 0.8100 1.6560 0.5400 1.5840 —0.1128
3| 1.0440 0.6480 1.6632 0.3672 1.5595 —0.1096
4| 1.0968 0.6984 1.6769 0.3944 1.5735 —0.1060
5] 1.0711 0.6847 1.6700 0.3932 1.5714 —0.1074
6 | 1.0804 0.6882 1.6724 0.3928 1.5713 —0.1071
7| 1.0775 0.6873 1.6717 0.3928 1.5714 —0.1071
8 | 1.0783 0.6875 1.6719 0.3929 1.5714 —0.1071

14.6.10 In this exercise choose N = M = 10 which implies ~ = 1/10. The homogeneous Neumann
boundary condition along the edge where « = 1 implies that ujy,; = wj_, for j =1,2,..., M — 1. Likewise
homogeneous Neumann boundary condition along the edge where y = 1 implies that uﬁwﬂ = uiw L fori =
1,2,...,N—1. With € = 1076 the Gauss-Seidel method requires 400 iterations from an initial approximation

of u(® = 0 to converge to the solution in the table below.
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0

1

2

3

4

5

6

7

8

9

10

2.7183
2.4596
2.2255
2.0138
1.8221
1.6487
1.4918
1.3499
1.2214
1.1052

2.4596
2.2851
2.1105
1.9445
1.7899
1.6482
1.5198
1.4056
1.3077
1.2312

2.2255
2.1105
1.9871
1.8636
1.7450
1.6342
1.5335
1.4452
1.3726
1.3213

2.0138
1.9445
1.8636
1.7780
1.6923
1.6102
1.5348
1.4690
1.4163
1.3810

1.8221
1.7899
1.7450
1.6923
1.6359
1.5796
1.5265
1.4798
1.4426
1.4183

1.6487
1.6482
1.6342
1.6102
1.5796
1.5457
1.5117
1.4809
1.4561
1.4399

1.4918
1.5198
1.5335
1.5348
1.5265
1.5117
1.4939
1.4761
1.4611
1.4510

1.3499
1.4056
1.4452
1.4690
1.4798
1.4809
1.4761
1.4685
1.4610
1.4555

1.2214
1.3077
1.3726
1.4163
1.4426
1.4561
1.4611
1.4610
1.4588
1.4566

1.1052
1.2312
1.3213
1.3810
1.4183
1.4399
1.4510
1.4555
1.4566
1.4564

1.0000
1.1907
1.3003
1.3680
1.4097
1.4342
1.4474
1.4536
1.4557
1.4562

S ©W 0O ULk WwWwNn R~ O

—

1.0000 1.1907 1.3003 1.3680 1.4097 1.4342 1.4474 1.4536 1.4557 1.4562 1.4562

14.7.2
Av=Av
A lAv=xA"1v
v=\A"lv

Since A is invertible A # 0.
14.7.4 Equation (14.19) can be written as

W = (A(r))"'B(r)w/ — /L

Suppose u’ is the exact solution to the linear system for j € N and @’ is the numerical solution. Thus
0/ = u/ + e’ where the vector €’ is interpreted as the error in the jth numerical solution. Substituting this
into the linear system yields

Wt el = (A(r)) T 'B(r)(w/ + &) — (v + el
e = (A(r) ' B(r)e/ —e’ !,

The finite difference scheme will be stable provided the eigenvalues of (A(r))~! B(r) lie inside the unit disk in
the complex plane. According to Lemma 14.1 the eigenvectors of A(r) and B(r) are for j =1,2,...,N — 1,

27 (N—1)j7r>T

. ™ . .
vj = | sin —,sin ——, ..., sin

N N N

The corresponding eigenvalues of A(r) are
Aj =2(2+7%) +2r? cos %

and the corresponding eigenvalues of B(r) are

42— 1) + dr? cos LT
1 ( r)—l—rcosN
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Thus the eigenvalues of (A(r))~!B(r) are

pj 4 —2r% +2r%cos 5

Aj 2+724r2cos it
2 Jm
2N

2 nog2 I
1+ r4cos N

_ p2gip2 IT
2‘1 T sin” o

2 coq2 I
1+ r? cos SN

B 2 — 2r2sin

Hj
Aj

The expression |p;/A;] < 1 when

2‘1—7‘251n22]—]7:] < 1—1—7‘2005223—]7:]

—1—r200s2% §2—2r2sin2% < 1+r200s2%
—3—r2cos22]—]7:] < —2r2sin22]—]7:] < —1+r200s22]—]7:]
1 2 j j 3 2 j
5—%cos22]—]7:]§r2sin223—]7:]§ §+%COS22]—]7\T]

The first inequality above implies

: 3 1 :
1<r? (1+sin22]—;> =72 (§—§COS%> < 2r?

and thus 72 > 1/2. The second inequality from above implies that

r2sin22]—]7:]§3+r2cos% — 2 (sin22]—;—cos%> <3

and thus 72 < 3/2.
14.7.6

(a) By definition A is symmetric so the lower triangular portion of A, is the transpose of the upper
triangular portion of matrix A. Let L be the negative of the strictly lower triangular portion of matrix
A and let D be the diagonal matrix whose diagonal entries are the diagonal entries of matrix A, then
A=D—-L~—L"T. By Thm. B.24 (D);; = (A)y; >0 fori=1,2,...,n.

(b) D — L is a lower triangular matrix with diagonal entries (D — L);; = (D);; > 0 for i = 1,2,...,n and
thus D — L is nonsingular.

(¢) Matrix P is symmetric since,
PT = (A—-STAS)T = AT — STAT(ST)T = A - STATS = P.
(d) By definition,
S=D-L)'L"=D-L)"'OD-L-A=D-L)'D-L)-(D-L)'A=I—-(D-L)"'A.

(e) If Q= (D — L)~ A then
S=I-(D-L)'A=1-Q.
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Since P = A — STAS then

P=A-(I-Q"A(I-Q)
A—(I-Q")(A-AQ)
=A—(A-Q"A) ~ (-AQ - QT AQ)
=QTA-QTAQ + AQ

=QTAQ7'Q - QTAQ +QT(Q") ' AQ
= Q" (AQ7'Q - AQ +(QT)7'4Q)
=Q" (AQ7 - A+ (@) '4) Q.

(f) Recall that Q@ = (D — L)~ A and thus
P=Q" (AQ7'-A+(Q")'4)Q
-1 711
Gﬂw—L)Uﬂ —A+“@—L)%)}‘OQ
:QTCmawp—L)—A+[«D—L)%@‘1TA>Q
—A+ a7 p-1)]"4)Q
- L) (A7 hT4)Q
D —L")(AT)74) Q
__QT (D-LMATA)Q
:QT(LT+D_LT)Q
=Q"DQ

Let the n x n matrix B = v/ DQ where v/D is the n x n diagonal matrix for which (v/D)s = /(D)
for i =1,2,...,n. Then P = BT B and by Thm. B.24 matrix P is positive definite.

(g) Suppose x # 0 is an eigenvector of S corresponding to eigenvalue A. Earlier it was shown that matrix
P is positive definite.
x'Px>0
xT(A-STAS)x >0
xTAx —xTSTA(Sx) >0
xTAx — (xTST)A x>0
xTAx = AMSx)TAx >0
xTAx - N2xTAx >0
xTAx(1—-)2?) >0
1-22>0

Since A is positive definite. In order to satisfy the inequality |A| < 1.

(h) Since the strictly upper triangular portion of a symmetric matrix is just the transpose of the strictly
lower triangular portion of the same matrix, the matrix S defined earlier is the Gauss-Seidel matrix
for the symmetric matrix A.

144



