Student’s Solution Manual

1.1.1. The amount due is
A =3500(1+ 0.05(1)) = $3675.

1.1.3. The principal amount is
1700

T 1400400

1.1.5. The simple interest rate is found by solving the following equation.

= $1634.6154.

20 = 1500(r)(2)
r = 0.006667

Thus the simple interest rate is 0.6667% annually.
1.2.1. The amount due is

(2)(5)
0.065
A = 3659 (1 + ?> ~ $5038.06.

1.2.3. The amount due is
A = 3750(1 + 0.00375)D®) ~ §4227.16.
1.2.5. Assuming there are 365 days in a year, the effective annual interest rate paid by Jordan’s competitor

is
0.0525 %%
= (1 2 ~ 0.0538986.
" ( T 365 )

Jordan must pay an interest rate compounded monthly of at least

P12
(HE) =1+ 0.0538986

7~ 0.0526112

or 5.2611%.
1.3.1. The amount due is
A = 3995¢(0045)3) ~ §4572.42.

1.3.3. The doubling time T can be calculated as

2P = P60.075T
In 2
T= 011(1)75 ~ 9.24196 years.

1.3.5. Using Newton’s Method or an equivalent numerical technique to approximate the solution to the

equation
0.0475 *%°*
1000 { ™047F — (1 =1
(e * 365




yields t & 42.6583 years.
1.4.1. Equate the principal amount borrowed with the present value of all the level payments x.

0035 0.035\ ! [1— (14 205)7"
15000_xz< ) x<1+ 12) ( oy

~ $231.28

1.4.3. Since the present values are equal then

500 1000 1500 3500
o T T O
Solving for r numerically yields r ~ 0.0835679 or 8.3568%.
1.4.5. If the price of the house is $200,000 and the down payment is 20% then Remi will borrow P =
$160, 000. If the monthly payment on a t = 30 year, fixed-rate mortgage should not exceed $1500 then using
Eq. (1.9) and Newton’s Method yields

12 (12)(30)
160000 = 1500—= (1 — [1+ }
r 12
r ~ 0.108034

Thus the interest rate must not exceed 10.8034% annually.
1.4.7. At the end of the Tth year Aubrey’s account balance is 12000(1 + 0.03)”. At the end of the 8th year
the account balance is

12000(1.03)% — (1.05)T.

At the end of the 9th year the account balance is
12000(1.03)° — (1.05)(1.03)T — (1.05)T = 12000(1.03)° — (1.05)T [1 + 1.03].
At the end of the 10th year the account balance is

12000(1.03)'° — (1.05)(1.03)*T — (1.05)(1.03)T — (1.05)T
= 12000(1.03)'% — (1.05)T [1 + (1.03) + (1.03)?] .

At the end of the 11th year Aubrey’s account balance is
3 .
12000(1.03)™ — T'— (1.05)T > "(1.03)".
i=1
Finally at the end of the 15th year Aubrey’s account balance is

3
1+ (1.05) 2103 1
1=1

12000 = 12000(1.03)"% — (1.03)*T

T = 1369.84.
1.4.9. The present value of the first option is

1600 (1 + %)
R

)

while the present value of the second option is
1600

m+50
2

2



If the present values are equal then
1600 (1+%) 1600
T Ty
r =~ 0.0645794.

+ 50

1.4.11. Let f(z) = Y2, 2", then

N
1— N+1 1
f(z) = lim zF = lim z =
N—>ook70 N—oo 1—u 1—=x

when 0 < z < 1. Differentiating with respect to = produces,

1 ke
1-2)2 = Z ka
k=1

for0 < <1.
1.5.1. Using Eq. (1.11) setup the equation

2000 3000 4000 3000

10000 =
T+r 042 Tt T agne

whose solution is approximated using Newton’s Method. The rate of return r ~ 0.0718 or equivalently 7.18%
per year.
1.5.3. Solve the following equation for r.

30000 30000

0 = —50000
T T

7~ 0.053575

The annual rate of return is approximately 5.3575%.
1.5.5. The loan is repaid in

100 = 50018
t = 3.85082 years.

1.6.3. The amount due can be calculated as
A(1) = 125efo £2/50dt — 19501/150  §195 84,
1.6.5. The total interest earned during the interval 2 <t < 3 is
= 500 (efo?’t2/50dt _ el t2/50dt) g (ef23 t2/50dt 1)
x ~ $82.3367.

1.6.7. At ¢t =5,
kY’ IO s dt
100 {1+ 20) = 100e”0 *+t75

(e5) = (02)

k= 2v/5.



1.7.1. The present value of the income stream is

3 3
P = / (50000)670.01t670.0425t dt = / (50000)670.0525t dt
0 0

t=3

50000 —0.0525¢
= | 2 o ~ 138,783.99.
[—0.05256 o ’

1.7.3. Let the continuous rate of investment be S, then since the cumulative future value of the investment
must be $1,000, 000 then

6
1,000,000 = ¢2-0249(6) / Go—0-0249¢ gy
0

_ Se0-0249(0)
—0.0249

= 6.4713796S
S ~ $154,526.56 /yr.

t=6

t=0

1.7.5. Consider the following equation.

20

dt = 300k
S+t

15 15
25000:/ k(5 + t)eli Y (twdu gy :/ k(5 + 1)
0 0

k ~ 83.3333

2.1.1. Assuming the regular tetrahedron is fair so that it equally likely to land on any of its four faces, the
probability of it landing on 3 is p = 1/4.

2.1.3. List the 4! = 24 permutations of the four DVDs and count how many leave at least one DVD in its
correct case.

n|1l 2 3 4| Any Correct?
111 2 3 4 Y
211 2 4 3 Y
311 3 2 4 Y
411 3 4 2 Y
511 4 2 3 Y
611 4 3 2 Y
712 1 3 4 Y
812 1 4 3 N
912 3 1 4 Y
012 3 4 1 N
1112 4 1 3 N
1212 4 3 1 Y
313 1 2 4 Y
1413 1 4 2 N
513 2 1 4 Y
613 2 4 1 Y
1713 4 1 2 N
813 4 2 1 N
914 1 2 3 N
2004 1 3 2 Y
214 2 1 3 Y
2214 2 3 1 Y
2314 3 1 2 N
4 3 2 1 N

()
g

>~



Note that 15 of the 24 possible permutations leave at least one DVD in its correct case, thus the desired
probability is 5 s

P=5,=3 = 0.625.
2.1.5. Out of the 36 possible and equally likely outcomes of this experiment, 6 are doubles. Thus the
probability is p = 6/36 = 1/6.
2.1.7. Let A denote the event that the card drawn is an ace and ) denote the event that the card drawn is
a queen. Since AN Q = @ then

4 4 2
[P(AUQ)—[P(A)—HP(Q)—ﬁ 213
2.2.1. The number of heads facing up can be any integer number between 0 and 4. Thus the range is the
set {0,1,2,3,4}.
2.2.3. Consider the sample space,

R, 00, 09, 08, 0N, 08, 00, OO, 09, 08, 08
0={ FE, @O, @@ 06 08 G 00 00, 00, 00 08
ER, @0, @0 60, 68, B0, 60, 60, 60, 00,

O
08,

) )
)

)

Since each outcome is equally likely, then P (X =1) = 1/36, P(X =2) = 3/36, P(X =3) = 5/36,

P(X =4)=7/36,P (X =5)=9/36, and P (X = 6) = 11/36.

2.2.5. For each flip of the coin the probability of heads is 1/2. If heads first appears on the nth flip then
1\n—11

tails appeared on the preceding n — 1 flips. Therefore P (X =n) = (5) 5 =1/2" for n € N.

2.2.7. Using the recurrence relation P (X =n + 1) = 1 P (X = n), then

[P(X:2):%[P(X:1):[P(X:O)

[I’(X:?)):%[P(X:2):%[P(X:O)

[P(X:4):%[P(X:3):%[P(X:O)
[P(X:n—i—l):%[P(X:O)

Since

I=P(X=0)+P(X=1)+P(X=2)+---

:[P(X:O)—l—[P(X:O)i%
n=0

=P(X=0)(1+e)

then P (X =0)=1/(1+e).
2.3.1. The sums which are divisible by 3 are 3, 6, 9, and 12.
2 5 4 1 1
P 12)= — 4+ — 4+ — 4+ —_ =_
(B3U6U9IU12) 36 T3 336" 3
2.3.3. Let J be the event of drawing a jack. Let © be the event of drawing a heart. These events are not
mutually exclusive.

4 13 1 4
PJUQ)=P()+P (@) —PUNV) = =+ - ===



2.3.5. Let P (A) = 0.75 and P (B) = 0.40 then by Eq. (2.1),
P(ANB) =P (A) +P(B)—P(AUB) > 0.75+0.40 — 1 = 0.15

since P (AU B) < 1.
2.3.7. Using Eq. (2.1) twice,

P(AUB)=P(A)+P(B)-P(ANDB)
P(AUB®) =P (A)+P (B —P(ANB°).

Adding the two equations produces

0.75+0.65=2P(A)+P(B)+P(B°) - (P(ANB)+P (AN B°))
0.60=2P(A)—P(ANB)U(ANB®))=2FP(A)—P(A) =P (A).

2.3.9. Using the Addition Rule,

— 1 1 1/4 1
P (X is even) fo2:v 2227:24—96:1_/1/425,
r=1

r=1

2.4.1. The outcomes of different spins of a roulette wheel are assumed to be independent, thus the probability
that any spin of the wheel has an outcome of black is P (black) = 9/19.
2.4.3.

(a) The probability that a five turns up twice,

P(505) = <%> <%) :3_16.

(b) The probability that both numbers are even,
1 1 1
IP = — — = —.
(even N even) (2> <2> 1

+]ill) =0.99

ill) = 1/100000 = 0.00001

+ | healthy) = 0.01

healthy) = 99999,/100000 = 0.99999

e desired probability is calculated as follows.

5o~~~

, P@EllN +4) P (4+ nill)
Pall+) =—p (+) P (+](illU healthy))
P (+ill) P (ill)
P (4 [ill) P (ill) + P (+ | healthy) P (healthy)
B (0.99)(0.00001)
~ (0.99)(0.00001) + (0.01)(0.99999)

= 0.000989031

2.4.9. Since the cards are drawn without replacement the outcome of the second draw is dependent on the
outcome of the first draw. Using the Multiplication Rule and conditional probability,

3 4 1
P (2 aces) = P (2nd ace|1st ace) P (1st ace) = (ﬁ) (5—2) = 591"
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2.4.11. Since the cards are drawn without replacement the outcome of the fourth draw is dependent on the
outcome of the third draw which is dependent on the outcome of the second draw which is dependent on the
outcome of the first draw. Using the Multiplication Rule and conditional probability,

P (1st, 2nd, 3rd, 4th ace)

P (4th ace|lst, 2nd, 3rd ace) = P (1st, 2nd, 3rd aco)

2.4.13. For the three random variables described:

(a) Qy = {07 1}a
(b) Q7 = {0},
(c) the events X =z and Y = y are dependent, thus

P(X=2)n(Y =y) =P (Y =9)[(X =2)) P(X =2).

Therefore,

P(X=0)n({Y =0)=P (Y =0)[(X=0))P(X=0)
=(0)(1-p)=0

P(X=1)NY¥ =0)=P(Y=0)|(X=1)P(X=1)
=1)) =p

P(X=0)n(Y =1)=P (Y =1)[(X=0)) P(X=0)
=1)(1-p)=1-p

P(X=1)NY¥ =1))=P(Y=1|(X=1)P(X=1)
=(0)(p) =0

(d) The events X = z and Z = z are dependent, thus
P(X=x)N(Z=2)=P(Z=2)|X=2) P(X=2x).

Therefore,
P(X=0)N(2=0)=P(Z=0)[(X=0))P(X=0)
—(W)(1-p)=1-p
P(X=1)N(Z=0)=P(Z2=0)[(X=1))P(X=1)
)

2.4.17. If the number of women exceeds the number of men on the committee, then there are either two
women and one man on the committee or three women on the committee. The probability that there are
exactly two women on the committee is

(O (BN (10), (9N (10 (8, (10 (9)(8)_120
P2=1\19)\18) \17 19 )\ 18/ \ 17 19 /) \18) \17/ ~ 323
The probability that there are three women on the committee is

(9 8 7T\ 28
Ps=\19)\18) \17) ~ 323’
Since these events are mutually exclusive then the probability that the number of women exceeds the number
of men on the committee is the sum of the probabilities of these events.
120 28 148

— =~ 0.458204

P= 3537323~ 323

7



2.4.19. Using Eq. (2.4),
) P (8 ndifferent)  4/36 2
P (8|diffe t) = = = —.
(8ldifferent) = —p o)~ 30/36 15

2.4.21.
(a) The joint probability distribution is presented in the table below.

fxy(1,1) = %
fxy(@21) =% fxy(2,2)=2
fxy(B D) =5 fxy(3.2) =5 fxy(3,3)= %
fxy(@ 1) =% fxy(42)=5 fxy(43)=z fxy(44)= #
] R T mentt -
xy(6,1) =355 Jfxy(06,2)=35 [fxv(6 35 JXY =35 Jxy(0,9) =355 Jxv(0,0)=55
(b) Since fy(y) = 22:1 fx,y(z,y) then
11/36 ify=1
1/4  ify=2
) 736 ify=3
W =19 5736 ify—4
112 ify=5
1/36  ify=6.

2.4.23. Let A and B be the random variables denoting the first defective keyboards Alex and Brent find
respectively. The probability distribution for A is fa(i) = 0.02(0.98)~1. The probability distribution for B
is fg(j) = 0.01(0.99)7~1. Hence the joint probability distribution can be expressed as

fa.B(i,7) = 0.0002(0.98)""1(0.99)7 !

The probability that Brent inspects fewer keyboards than Alex is then

P(B<A)= ZZfABZj —0000220991153(0.98)141

j=1l1i= ngl 1=7+1
_ jo1 (0.98)7 i1 ;
0.0002 2(0.99) 005 = 001 2(0.99) (0.98)
J*l j=1
0.0098
=0.0098) (0.99%0.98) = —— " ~0.328859.
JZO *098) = T 994098

2.5.1. Expressed as a piecewise defined function, the cumulative distribution function is

0 ifz<3
0.10 if3<z<5
025 if5<z<T
Fx(@) =1 045 if7<x<9
0.75 if9<x <1l
1.00 if 11 < z.

2.5.3. From the cumulative distribution function, random variable X can take on the values {—1,0,2,3,4}.
The probabilities are given in the table below.




2.5.5. Let the random variable X denote the number of times the outcome of the coin flip is heads, then
X €{0,1,2,3,4,5}. The binomial coefficient (Z) = ﬁlk), is used to express the probability values.

o)) ()75
() 2) () -2
() (2 () -2
() (2 (0 -2
() (2) (2) -2
o () () ()32

The cumulative distribution function for X is expressed as the following piecewise defined function.

0 ifx <0
32/3125 fo<z<l1
272/3125 ifl1 <z <2

Fx(x) =< 992/3125 if2<z<3
2072/3125 if3 <z <4
2882/3125 if4<z <5
1 if 5 <.

2.6.1. The number of elevators out of service is a binomial random variable with n = 3 and p = 1/3.

0=() () () -
1=(0G) 6) -
2-()6) ()
O6) G

3
2.6.3. Let X be the number of spins of the roulette wheel which result in red. X is a binomial random
variable with parameters n = 20 and p = 18/38. The probability of at least 10 wins is

% (O

k=10
2.6.5. Let the number of subjects dropping out of the study be the binomially distributed random variable
X with parameters n = 30 and p = 0.1. The medical study retains at least 20 subjects with probability

>

3

N Ol ©|u> g|oo

fx(3)

20
k

18
38

k 20—k
20
= ~ 0.493719.

% 730
k

k=0

Fx(10) = )(0.1)k(0.9)30—k ~ 0.999911.

9



2.6.7. The 9-seat airplane is oversold if all 10 ticketed passengers show up for the flight. The probability of
this event is
p=(1-0.10)'° ~ 0.348678.

The 18-seat airplane is oversold if 19 or 20 ticketed passengers show up for the flight. The probability of this
event is

g = (1—0.10)%° +20(0.10)(1 — 0.10)"* ~ 0.391747.

The 18-seat airplane is more likely to be oversold.
2.6.9. The desired probability is calculated as follows.

P (4th black N4 black) () 3oy ()" (2)"° 4
5

. r\1g) 1
P (4th black |4 black) = P (4 black) = 4!(5514)! (%)4 ) T =
2.7.1. Let X be the sum of the dots on the top faces of the dice. Using the definition of expected value,
12
E(X)=) (¢ fx(x)
r=2

)+ i) <0 )+ 5) 0 5
() o (5) o (L) oo (5) son (%)
+(12) (%)

=1.

2.7.7. Using the probabilities calculated in Exercise 2.4.12 and the definition of expected value, the expected

position of the first ace,
49

53
E(X)= . = — =10.6.
() = 3 o ) = 5
2.7.9. The conditional probability distribution for Y given X = 2 is
1/5 ify=1
frix(,2)=4¢ 0 ify =2

(2/15)(5/6)v=3 ify=3,4,...

Thus the conditional expectation is

1 /29 /5\Y° 33
E(Y|X=2)=- 2V (2 _ 2
v=2=5+3(2)(5) =3

2.8.1. The expected value and variance are found as follows.

E(X) = (=1) (%) () (%) —0
Vor (X) = (-1)? (%) +(1)2 <%) — (0> =1

2.8.3. Using the probabilities calculated in Exercise (2.4.12) and the expected value calculated in Exer-
cise (2.7.7), the variance in the position of the first ace drawn is

49
901 2809 1696
2 2
. — = - — = — = . 4
E (x fX(I)) H 5 95 25 67.8

z=1

10



This implies the standard deviation in the appearance of the first ace is approximately 8.2365.

2.8.5. The expected value and variance are as follows.

E(Y)=E(3X +4)=3E(X)+E(4) =3(2) +4=10
Vor (Y) = Vor (3X 4+ 4) = (3)? Var (X) = 63

2.10.1. Since P (BJ) = 1/6, the odds in favor of & are

=
| ot
[
ot

2.10.3. According to odds against of 15 : 2 for each $2 wagered, the winning gambler will receive a net
profit of $15. Since the gambler wagers $10, if Nuance wins the net profit will be $75.

2.10.5. The probability of drawing two O’s without replacement is

_(BY[12\_1
P=\%)\51) " 17

Thus the odds against drawing two O’s are

3.1.1. Converting from the odds against to probabilities that the outcomes may occur produces a table of
probabilities like that which follows.

Outcome Probability
A 1
B
C

DO [ [ =00

Since the probabilities sum to % > 1, the Arbitrage Theorem guarantees the existence of a betting strategy

which yields a positive payoff regardless of the outcome. Suppose amounts x, y, and z are wagered on
outcomes A, B, and C respectively. The payoffs under different winning scenarios are listed in the next
table.

Winning Outcome Payoff

A 20—y — 2
B —x+3y—=z2
C —x—y+z

Solving this problem will entail finding values for x, y, and z which make the three expressions in the column
on the right positive. The graphic below shows the “cone” where all three payoffs are positive. Notice that
each amount wagered must be negative (this implies taking the wagers from others). By inspection, z = —3,
y = —2.5, and z = —5 is one solution to this set of inequalities.

11



-2

-4

-4

-2

3.1.7. The feasible set is the simplex in the positive orthant defined by the plane 1 + 2z2 + 3z3 = 6. The
maximum of the cost function will occur at one of the points (z1,z2,x3) = (6,0,0), (21,22, 23) = (0,3,0),
or (z1,x2,23) = (0,0,2). Checking the value of the cost function at each of these points reveals

max{2z1 + Txe + dzx3} = 21 at (x1, z2,23) = (0,3,0).

T

3.1.9. Maximize ¢’ x = —7x; — 925 — 1623 subject to x > 0 and

x

[-1 -2 -9 ]| 2 | <-2
T3

3.1.11. Introduce the slack variables

Yo =21y1 + 13y2 +4y3 — 11 >0
U5 = 17y1 +4ys +8yz — 23 >0

J6 = 141 + 2y + 2Tys — 15 > 0
j7 = 11y + Syo + 18y3 — 29 > 0.

The linear program can then be stated as follows.

12



Maximize —7y; — 2y2 — 11yz + 094 + 096 + 096 + 0g7 = €L ¥ subject to ¥ > 0 and

Y1
291 13 4]-1 o0 o0 o] |® 11
So_ |17 4 s 0 -1 0 0| |2 _ |2
Y=1l14 2 271 0 0 -1 0 Ya | =1 15
11 8 18] 0 0 0 -1 Ys 29
Ye
L 97

3.2.7. Minimize 2y; + y2 + 5ys subject to (y1, y2,y3) > 0 and

—4y1 +y2 +2y3 > 2
Y1 —y2+ys=>—L
3.2.9. Introduce a slack variable x4 to convert the inequality constraint in the problem to an equality

constraint. Think of the linear problem as: minimize x1 + x3 + x3 subject to 221 + 22 =4 and x3 + x4 =6
with x; > 0 for i = 1,2, 3,4. Define the following vectors and matrix

21 00

C:<1,1,170>,X:<CC1,$2,ZZ?3,ZZ?4>,A: |: 00 1 1

] , and b = (4,6),

then the linear problem is the one of minimizing ¢’ x subject to Ax = b and x > 0. The dual to this problem
is the one of maximizing b’y subject to ATy < ¢ where y = (y;,92). This is equivalent to maximizing
4y; + 6y2 subject to the system of inequalities

2y1 <1

y1 <1

y2 <1

y2 < 0.

3.2.11. Written in matrix/vector form this linear problem becomes: maximize by = (2,0,4) - (y1,y2,y3)
subject to

Y1
r. |1 10 1]
Ay = [ 01 2||®|=S]1]7¢
Y3
Thus the dual problem is minimize ¢’x = 1 + 22 subject to
1 0 . 2
Ax= |1 1 [l}]: 0| =b.
0 2 2 4

3.2.13. Let vector b = (1,1,2) and y = (y1,y2,y3). The problem as stated can be thought of as a dual
problem: minimize b”y subject to
Aly=]1 2 3]y>[15]=c.

This is equivalent to the primal problem: maximize c¢/x = 15x subject to Ax < b, where x = (z;). From
the inequality constraint in the primal problem z; < 1/2. Thus the maximum value of 15z is 15/2. Thus
the minimum value of b”y = 15/2. According to Thm. 3.4 this minimum occurs when y = (0, %, 0).
3.2.15. The dual problem is one of minimizing 3y; + 7y2 subject to (y1,y2) > 0 and

y1+3y2 > 1

Y1 +2y2 > 2

21+ 2y2 > 1
y1+3y2 > L.

The feasible region is shown below.

13



0 | | | |

0 2 4 6 8
Y

The minimum of 6 for the dual problem is found at (y1,y2) = (2,0). Since the first, third, and fourth
constraints in the dual are strict at the optimal point, x1 = z3 = x4 = 0 in the optimal solution for the
primal. Thus the primal linear program can be simplified to maximizing 2x5 subject to (0, x2,0,0) > 0 and

x2§3
2.’1,‘2§7

Hence the optimal value for 2 = 3 and the optimal solution to the primal linear program is (0, 3,0,0) with
a maximum of 6.

3.2.17. Let x be the number of acres of corn planted and y be the number of acres of saw grass planted.
The problem requires the maximization of 100z 4+ 80y subject to the constraints

0>z
0>y
40>z +y
50000 > 75z + 50y
30000 > 110x + 30y.

The level sets of the function L(x,y) = 100z + 80y intersect a vertex of the feasible region at (z,y) =
(210, 230). Thus the maximum profit is $39,400.
3.3.5. The price of the asset is the present value of its expected value in two months.

S = e 0:035(2/12) (90(0.25) + 100(0.35) + 105(0.20) + 110(0.20))
~ 99.9155

14



4.1.1. The monthly returns expressed as percentages are as follows.
R ={-9.8979,15.0639, —6.4237, 12.4287,1.6331, —0.5634, 9.2602, 6.6500, 1.1025, —6.5025, —18.6493 }

The annualized average return is

1 12
12 = | = 22(4.1017) = 4.4746%.
(11;}%) 11( 017) 746%

The annualized volatility is

12 (111_ 1 Z(Ri -t (R))2> = \/% = 35.3839%.

R

4.1.3. If the investment is made at the risk-free rate for two years,
E (F) = 1000(1 + 0.075)% = $1, 155.6250.
If investment is made at the risk-free rate for the first year and in the stock index for the second year,
E (F) =1000(1+ 0.075) [(1 + 0.37)(0.5) + (1 — 0.15)(0.5)] = $1,193.25.

If investment is made at the in the stock index for the two years, the stock index could return 37% both years
(with probability 1/4), could return 37% in one of the years and —15% in the other year (with probability
1/2), or could return —15% in both years (with probability 1/4).

1 1 1
E(F) = 1000 | £(1+0.37)* + 5(14+0.37)(1 = 0.15) + 7(1 ~ 0.15)°| = $1,232.10.

4.1.5. Consider the mean returns and variances of the three individual stocks.

74 = (0.55)(0.06) + (0.45)(0.14) = 0.096
Vor (Ra) = 0.001584

rg = (0.55)(0.17) + (0.45)(—0.01) = 0.089
Vor (Rp) = 0.008019

re = (0.55)(0.35) + (0.45)(—0.09) = 0.152
Vor (Re) = 0.047916

Next find the pairwise covariances.

Cov (R4, Rp) = (0.55)(0.06)(0.17) + (0.45)(0.14)(—0.01) — (0.096)(0.089) = —0.003564
Cov (R4, Re) = (0.55)(0.06)(0.35) + (0.45)(0.14)(—0.09) — (0.096)(0.152) = —0.008712
Cov (Rp, Re) = (0.55)(0.17)(0.35) 4 (0.45)(—0.01)(—0.09) — (0.089)(152) = 0.019602

The variance in the portfolio return is

0.001584 —0.003564 —0.008712 0.25
Var (Rp) = [ 0.25 0.25 0.50 ] —0.003564 0.008019  0.019602 0.25 | =0.0148562
—0.008712  0.019602  0.047916 0.50

orp = 0.121886 = 12.1886%.
4.2.7. The weight of stock A in the portfolio is

~—3,000,000

= 70,000,000 ~ 30
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while the weight of stock B is 1 — x = 1.30. Thus the expected return and volatility are respectively,

rp = (—0.30)0.145 + (1.30)(0.1675) = 0.17425 = 17.425%
op = /(—0.3)2(0.42)2 + (1.3)2(0.38) + 2(—0.3)(1.3)(0.63)(0.42)(0.38) = 0.775611 = 77.5611%.

4.2.9. The system of linear equations for the stocks can be written as

0.019w; + 0.007w2 + 0.001ws = 0.15 — 0.06
0.007w; + 0.038w2 — 0.002ws3 = 0.10 — 0.06
0.001w; — 0.002w2 + 0.022w3 = 0.08 — 0.06

The solution is (wy,ws,w3) = (4.60993,0.241408,0.721495) (with sum n = 5.57283). After rescaling the
solution becomes (z1,x2,23) = (0.827215,0.0433186,0.129466). Thus 82.7215% of an investor’s wealth
should be placed in stock A, 4.33186% in stock B, and 12.9466% in stock C, if the investor wishes to hold
only risky assets.

4.3.1. Between a good economy and a bad economy the market portfolio changes in value by 35 — (—25) =
60%. For the specific asset the change in value is also 40 — (—20) = 60%. Thus the beta of the asset is

60

=—=1
60

B

4.3.3. The systematic risk is Sopr = (1.36)(0.15) = 0.204. An efficient portfolio will have the same Sharpe
ratio as the market portfolio which is
0.12-0.05 7
015 15

The expected return of the efficient portfolio is thus

7
0.05 + 72(0.204) = 0.1452 = 14.52%,

the same as the return on the asset.
4.3.5.

(a) Volatilities:
E (Ry) = —(—0.12 = 0.06 + 0.06 + 0.13) = 0.0025

E(R3,) = 2((~0.12)% + (=0.06) + (0.06) + (0.13)2) = 0.009625

el

1
E(Ra) = 7(~0.07 ~ 0.04 +0.08 4 0.17) = 0.035

E(R%) = i((—om)2 + (=0.04)% + (0.08)% + (0.17)%) = 0.01045

1
E(Rp) = 7(~0.18 — 0.10 4 0.04 + 0.08) = ~0.04

E (R%) = i((—O.lS)Q + (=0.10) + (0.04)* + (0.08)*) = 0.0126

on = 1/0.009625 — (0.0025)2 = 0.0980752
o4 = 1/0.01045 — (0.035)2 = 0.0960469
o = 1/0.0126 — (—0.04)2 = 0.104881
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(b) Covariances:
E(RyRa) = i((—0.12)(—0.07) + (—0.06)(—0.04) + (0.06)(0.08) + (0.13)(0.17)) = 0.009425

E (RyRp) = %((—0.12)(—0.18) + (—0.06)(—0.10) + (0.06)(0.04) + (0.13)(0.08)) = 0.0101

Cov (Ryr, Ra) = 0.009425 — (0.0025)(0.035) = 0.0093375
Cov (Rar, Rp) = 0.0101 — (0.0025)(—0.04) = 0.0102

(c) Betas:
0.0093375

ba= ioosorss

0.0102
Bp = ————— = 1.06043

+/0.0980752

= 0.97076

4.3.7. First find the beta for the portfolio.
E(Rp) =0.22=0.05+ p(0.17 — 0.05) <= [p = 1.41667
The beta of the portfolio is the weighted average of the betas for the stocks.
1.41667 = 1.452 + 0.90(1 — z) <= =z = 0.939394

Thus the portfolio consists of 93.9394% stock A and 6.0606% stock B.
4.3.9. According to the capital asset pricing model,

E (R) =0.03+4 0.95(0.10 — 0.03) = 0.0965 = 9.65% < 15%.

The expected return is not that predicted by the CAPM. The stock is overpriced.
4.3.11. Substituting r; = 0.0475, rpy = 0.0765, opr = 0.22, and Cov (R, Rjr) = 0.15 into Eq. (4.10)
produces

1
r = 0.0475 4 &(0.0765 —0.0475) = 0.137376.

(0.22)2
4.4.1. According to Thm. 4.1
1
0.21
aq=— - : - — = 0.212697
02a toar T o Tos T o
1
041
ap=— - : - — = 0.124505
02a toar T o2 Tos T o
1
0.27
ac = — - : - — = 0.189064
02a toar T oo Tos T o
1
0.16
ap = — - ] - — = 0.319045
02a o1t T oo Tos T o
1
0.33
ap = — - : - — = 0.154689
02a toar T oo Tos T o
4.4.3. According to Lemma 4.2
o = 4.44549
apg = 1.30112
ac = 7.9031
ap = 0.0
ap = 9.69925.

4.5.1. According to Thm. 4.4, a twice differentiable function u(z), is concave when u”(x) < 0.
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(a) u(z) =Inz

(o) =~
"(z) = —iz <0
for 0 < z < oo.
(b) u(z) = (Inz)”
() = 21;195
o) = 2(1 ;anx)

This function is not concave on its whole domain. It is concave only for x such that Inxz > 1, in other
words only for z > e.
(c) u(z) =tan 'z

1
/ —
u'(z) = 722
2z
"

This function is not concave on its whole domain. It is concave only for x > 0.

4.5.5. The certainty equivalent is the solution C' of the equation

SF05) + 1 f(-15) = F(C)
225 (2
By

C =1++v226.

The certainty equivalent will be the smaller of the two roots of the quadratic equation, i.e., C' =1 —+/226 =
—14.0333.
5.1.1. At settlement the farmer will receive

(15000)(3.75) = $56, 250.
5.1.3. Let the bid price be B, then the ask price is A = B + 0.25. The net cost to the investor is
1000B — 10004 = —250.

The round trip cost is $250.

5.1.5. Devon is able to purchase Drew’s house for $100,000 and sell it for $105,000, earning a profit of
$5,000.

5.2.3. The delivery price of the forward contract is

Fp 312 = 23e004756/12) ~ 23 9748,

5.2.5. Using Eq. (5.1),
68 = 65¢"(0/12) — 1 ~ 0.090241

or r = 9.0241%.
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5.2.7. The no-arbitrage delivery price of the forward contract is
Fo.1 = 12009375 ~ §1245.85.

The quoted price for the forward contract is $1250, higher than the no-arbitrage price. An investor could
sell the forward for $1250 and buy the stock for $1200 with borrowed funds. At maturity the investor sells
the stock for $1250 and repays the loan. The final cash flow is

1250 — 1200”937 ~ $4.1456 > 0.
5.3.1. The delivery price of the prepaid forward is
Ff) = 97 — 2.50e~0-0365(6/12) _ 3 75¢-0-0365(12/12) ~ $9] 8938,
The delivery price of a forward contract on the dividend paying stock is
Fy1 = 91.8938¢e0-0305(12/12) ~ 95 3099.

5.3.3.

(a) The delivery price of a prepaid forward contract is
FOI,Dl = S(0) — Z D,;e00375(3i/12) _ 75 _ Z 26—0-0375(i/4) , $67.1849).
i=1 i=1
(b) The delivery price of a forward contract is
4 4
FO 1= 8(0)60.0375 _ Z Di60.037570.0375(3i/12) _ 7560.0375 _ Z 260.0375(171'/4) ~ $69.7522.
i=1 i=1
5.3.5. Let S(0) = 75, r = 0.0475, and § = 0.08.

(a) Prepaid forward contract:
Fyy = 757798 ~ $69.2337.

(b) Forward contract:
Fo1 = 75e 04757008 ~ §72.6017.

5.3.7.

(a) The delivery price of a prepaid forward contract is
Fy = S(0)e™" = 115¢7°%% ~ $112.723.
(b) The delivery price of a forward contract is
Fo1 = S(0)em=9T = 11520357002 ~ §116.738.
5.3.9. Let S(0) = 85, r = 0.0625, and Fp 1 = 89.

FO,l = S(O)G(T_J)T

89 — 85¢0-0625—6

0 =0.0625 — In % ~ (0.0165149
5.3.11.
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(a) The delivery price of a six-month forward contract for the non-dividend-paying stock is
Fo/12 = S(0)e™” = 45¢"0422(6/12) ~ §45 97,
(b) The continuous dividend yield for the stock is
For = 8(0)e"=97T
44 — 45e(0-0425-6)(6/12)

ﬁ — (0.0425-6)/2
45

44
In — = (0.0425 — 2
n = = (0.0425— )/

44
21n = = 0.0425 — §
"5

0 =0.0425—-2In i—g ~ 0.087446.

5.3.15.
1010
Fygna = TR 686_0'03(3/12) — $92,173,853.53
109
Fop12 = 157 686(0'04_0'03)(3/ 12) — $93,100,216.16

5.4.1. The interval of arbitrage-free prices is

(97 — 2(0'50))60.035(4/12) < F < (97.50 + 2(0'50))60.045(4/12)
$97.1266 < F' < $99.9886.

5.4.3. The delivery price is

4
Fy1 = 1000 (14.83 + Zo.z5e—0~042<3i/12>> %042 ~ $16, 482.07.
=1

5.4.5. The delivery price is

3
Fy1 = 1000 (14.83 + Zo.z5e0-°42<3i/12>> %942 ~ $16,492.79.
=0

5.4.7. If the storage costs are a negative dividend then
For = 8(0)em )T,
5.4.9. The present value is

P = 1500(4.0995 — 1.25)e %32 4 1575(4.0945 — 1.25)e 003

+1625(4.1215 — 1.25)e %03 4 1500(4.1235 — 1.25)e~%-03("
~ $15,752.20.

5.5.3. The arbitrage-free, 3-month forward should be priced at
Fo,3/12 = 1200e004=0019)(3/12) — §1207.5235

and thus the market price of the forward is too low. An arbitrage opportunity can be created by taking
a long position in the forward contract, shorting e~9-915(3/12) shares of the stock and paying the dividends
at the continuously compounded rate of § = 0.015 for 0 < t < 3/12, and lending S(0)e=0-015(/12) —
1200e~9-015(3/12) = 1195.5084 at the risk-free rate.
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Cash flow t =0 Cash flow t = 3/12

Long forward 0 S(T) - 1175
Short stock 1195.5084 =S(T)
Lend —1195.5084 1207.5235
Aggregate 0 32.5235

Thus a risk-less profit of $32.5235 can be made.
5.5.5. The arbitrage-free price of the 6-month forward contract should be

FO 6/12 = 10060.05(6/12) _ 280.05(6/1274/12) — 100.5148

and thus the market price for the forward contract is too low. An arbitrage opportunity can be created by
taking a long position in the forward contract, shorting the stock, and lending $100 at the risk-free rate.
The dividend will be paid by borrowing at the risk-free rate.

Cash flow t =0 Cash flow t =4/12 Cash flow t = 6/12

Long forward 0 0 S(T) — 100
Short stock 100 -2 =S(T)
Lend —100 0 102.5315
Borrow 0 2 —2.0167
Aggregate 0 0 0.5148

Thus a risk-less profit of $0.5148 can be made.
5.6.1. A margin call is issued if the value of margin drops $500. Thus if the futures price drops to $5.15 the
lost value in the margin is

5000(5.25 — 5.15) = 5000(0.10) = 500.

5.6.3. The initial margin is in the amount of
(100)(950)(0.125) = $11, 875,

which after one month of interest compounded continuously at 6% per annum will be $11,934.52. A margin
call will be issued only if the price of the security at the one-month mark satisfies

11934.52 + (S(1) — 950)(100) < S(1)(100)(0.125)
S(1) < $949.32.

5.6.5. The results are presented in the table below.

Futures Daily Cumulative Margin Margin

Price Change Change Balance Call
775.00 150, 000.00

774.67 —495 —495.00 149,546.10 0
779.39 7,080 6,584.86 156,667.08 0
778.42 —1,455 5,131.67 155,255.01 0
749.56 —43,290 —38,156.93 112,007.55 22,992.45
742.87 —10,035 —48,202.38 125,001.99  9,998.01
735.64 —10,845 —59,060.59 124,191.99 10,808.01
741.59 8,925 —50,151.77  143,961.99 0
759.88 27,435 —22,730.51 171,436.44 0
766.25 9,555 —13,181.74 181,038.41 0
805.36 58,665 45,479.65 239,753.02 0

The final profit to the investor is $45,479.65.

21



6.1.5. If the option is European with strike time 7', then the payoff can be expressed as

K —S(T) if K> S(T),

(K —S(T))*" —maX{K_S(T)vo}_{ 0 if K <S(T).

6.2.1. Here S =31, T =1/4,C¢ =3, K = 31,6 =0, and r = 0.10 then according to the Put-Call Parity
formula in Eq. (6.9):

PC+S=C"+Ke "
P°® 431 = 34 31~ (0-100(0:25)
P¢ =223

6.2.3. Here T =1/6, K = 14, S = 11, and r = 0.07 then according to the Put-Call Parity formula in
Eq. (6.1):

Pe=C¢—8S+Ke T
> S+ Ke T
= —11 4 14~ (0-07)/6
=2.84.

6.2.5. Using the Put-Call Parity formula Eq. (6.9),

P + 36 = 2.25 4+ 38¢0-0475(4/12)
P = 3.65307.

6.2.7. Using the Put-Call Parity formula Eq. (6.9), we may write the following two equations.
C€(50,0;45,6/12) — P¢(50,0;45,6/12) = 50 — 45¢-06(6/12)
4.35 + C*(50,0;45,6/12) — P*(50,0;50,6/12) = 50 — 50e~0-06(6/12)
Subtracting the second equation from the first produces,

P*(50,0;50,6/12) — P%(50,0;45,6/12) 4+ 4.35 = —45e 903 4 50093
P*(50,0;50,6/12) — P%(50,0;45,6/12) = —45¢ %03 4 5079 — 4.35

= $0.5022

6.2.9. The market price of the put is too low.
Transaction CFt=0 CFt=3/12
Short call $7 —(S(3/12) —70)7
Borrow PV (K) $69.1304 —$70
Long put —$6 (70— S(3/12)*
Long prepaid forward —$70.0042 S(3/12)
Aggregate $0.1262 $0

Thus the investor makes a positive profit at ¢t = 0 with no risk of loss. This is Type A arbitrage.
6.2.11.

CC + Fyy 1y = 0.075 + 0.95¢~ 005(4/12)

ce =0.075 + 0'95870.05(4/12) _ Le(0.0570.02)(4/12)
1.1

= $0.0911
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6.3.1. If r = 0.06, S =50, K =51, T = 3/12, and P* = 9.75 then according to inequality (6.12)

50 — 51 < C® — 9.75 < 50 — 51 0:06(3/12)
8.75 < C* < 9.51.

6.3.3. If the dividend paid is 10% of S = 115 then the present value of the dividend due in three months
assuming r = 0.0375 is
PV(div) = (0.10)(115)e~(0-037)(3/12) ~ 11 3927.

Substituting r, S, K =110, and T' = 6/12 into the inequality in Eq. (6.14) yields

115 — 110 — 11.3927 < C% — P® < 115 — 110~ (0-0375)(6/12)
~6.3927 < C* — P < 7.04328.

6.3.5. Multiplying Eq. (6.14) by —1 produces the following inequality.

Ke™"T=0 —§(t) < P*— C" < K — Ff;p(5)
36e0-05(9/12) _ 35 1 9 95 < P% < 36 — 35¢0:03(9/12) 4 9 95
$1.925 < P* < $4.02871
6.4.5. Let r = 0.0325, S(0) = 500, P = 40, K = 495, and ¢ = 2/12.

(a) max{450,495} — (500 + 40)e%0325(2/12) ~ _47.93
(b) max{550,495} — (500 4 40)e?-0325(2/12) ~ 707

6.4.7. Let r = 0.0295, S(0) =525, C =50, K =530, and t = 2/12.

(a) (525 — 50)e0295(2/12) _ min{530, 500} ~ —22.66
(b) (525 — 50)e00295(2/12) _ min{530, 555} ~ —52.66

6.4.9. Let r = 0.0375, C(K;) = 7.57, K, = 100, C(K») = 4.75, K5 = 110, and T = 2/12.

(a) When S(2) = 98, the profit is (4.75 — 7.57)e%0375(2/12) ~ _2 .84
(b) When S(2) = 107, the profit is (4.75 — 7.57)e%037(2/12) 1107 — 100 = 4.16.
(c) When S(2) = 115, the profit is (4.75 — 7.57)e%0375(2/12) 1110 — 100 =~ 7.16.

6.4.11. Given the premiums charged for the options:

(a) The premium to set up the straddle is the sum of the premiums of the put and call with the common
strike price of $50.
$3.64 + $2.72 = $6.36

(b) The premium to set up the strangle is the sum of the premiums of the put with a strike price of $45 and
the call with the strike price of $55.
$0.94 + $1.70 = $2.64

(¢) The straddle generates more profit when
|S(t) — 50| > 2.64 <= S(t) < 47.36 or S(t) > 52.64.

7.1.1. Let 6 =0, T = 3/12, V,, = (42— 41)* = 1, V;; = (37— 41)* = 0, u = 42/40, d = 37/40, and r = 0.03.
Substituting these values in Eq. (7.1) yields

1-0 (1) — 350
ce — 6(0)(3/12)m B 6—0.03(3/12)% — $0.6553.
40 40 40 40

7.1.3. Let § = 0.01, T = 3/12, uw = 130/120, d = 115/120, K = 125, and r = 0.05.
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(a) For the European call we may use Eq. (7.1).

5-0 50 (0) — 132
ce = 670'01(3/12) TS0 T 670'05(3/12) 120£i3 — g( ) — $18532
120 120 120 120

(b) For the European put we may use Eq. (7.1).

0—10 115 (10) _ 130 (0)
e _ ,—0.01(3/12 —0.05(3/12) 120 120 —
Pe =m0 e — T ORI LB = 86,2189
120 120 120 120

(¢) According to Eq. (6.9),
P?+ Fly )y = C° 4 125¢~0-0%(3/12)
6.2189 + 120e~*-01(3/12) — 1 8532 + 125¢~0-05(3/12)
125.919 = 125.919.

The Put-Call Parity formula holds.

7.1.5. The payoff of the butterfly spread will either be V; = 0 or V,, = 0. Since the payoff is zero, the price

of the butterfly spread is $0.
7.1.7. Let 6 =0.03, T =5/12, u = 120/100, d = 90/100, and » = 0.06. The payoff of the option will either

be Vi =0 or V,, = 14, 400. Substituting these values into Eq. (7.1) produces,

& 19y 14400 — 0 90.(14400) — 129(0)
5/12 0.06(5/12) 100 100
/ )7120 50 — € (5/12) 50 50 = $5,270.35.

100 ~ 100 100 100

V = e—0-03(

7.1.9. Since the European put is at-the-money then V,, = (K —uFpr)t =0 and Vg = (K —dFy 7)™ =
250(1 — d). Substituting these values into Eq. (7.1) produces,

005025001 —d) 050 — 250u(l — d)

17. =
7.0738 = ¢ — —
u(l—d) 1-d
0.0717968 = -
u—d u—d
1-d 1-d
1-3/4 (4/3-1)d
3(1—d)
=4(1—d) -
(1—d) — =
d = 0.866025

7.2.3. Using S = K =105, § = 0.02, r = 0.07, v = 1.03, and d = 0.97, the following binomial lattice may

be constructed.

111.395
0.

108.15

104.906
105. 0.0945

101.85

98.7945
6.2055
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The second value in each terminating leaf of the lattice is the payoff of the European put. The risk-neutral

probability of an up step is
(0.07-0.02)(1/12) _ (.97
e .
= = 0.569589.
P 1.03-0.97

The price of the option is approximately
Pe = ¢7007(2/12) [9(0.569589) (0.430411)(0.0945) + (0.430411)2(6.2055)]
= $1.1821.

7.2.5. Using S =125, K =125,0 =0, r = 0.07, v = 1.11, and d = 0.89, the following binomial lattice may
be constructed.

170.954
45.9539

154.013

137.071

138.75 12.0711

125. 123.488

109.904

111.25 15.0961

99.0125

88.1211
36.8789

The second value in each terminating leaf of the lattice is the payoff of the European straddle. The risk-
neutral probability of an up step is
6(0.0770)(1/12) —0.89

‘= = 0.526593.
P 11— 0.89 0526593

The price of the straddle is approximately

C°® = ¢ 007T/12) 1(0.526594)%(45.9539) + 3(0.526594)%(0.473407)(12.0711)
+ 3(0.526594)(0.473407)%(15.0961) + (0.473407)%(36.8789)]

= $20.3624.
7.3.3.
S(k+1)
Month Ri =1n SR

1
2 0.33068
3 —0.12745
4 0.40955
5 —0.18891
6 —0.39670
7 0.22391
8 0.03231
9 —0.42894
10 0.81114
11 —0.74273
12 0.46028
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Thus the sample mean is 7 = 0.034832 and

1
2 _ — 2 =
SR= 171 kE:1(O.034832 Ry) 0.212966
sr = 0.461482.

The monthly volatility is 0.461482. The annualized volatility is
o~ spV12 = 1.59862 = 159.862%.

7.3.5. Let h = 1/2, then the increase factor, decrease factor, and risk-neutral probability are respectively,
= 6(0.08—0)(1/2)+0.25\/m — 1.24207
d = e(0-08-0(1/2)-0.255/172 _ ( 87917

P — L ouss02.
14 ¢0-254/1/2

771365
0.

62.1033
541644

50. 0.835647

43.6082
38.0336
16.9664

The second value in each terminating leaf of the lattice is the payoff of the European put.
The time ¢t = 0 price of the put option is

P —0:08(1) [2(0.45592) (0.54408)(0.835647) + (0.54408)%(16.9664)]

e _ e
= $5.019.

7.4.1. Let h = 6/12 then the upward and downward movement factors and the risk-neutral probability of
an upward movement are respectively,

u = (0-06—0.01)(6/12)+0.500/6/12 _ | 46017

d = (0-06—0.01)(6/12)-0.501/6/12 _ (4 71996
1

pr=— = 0.412521.
1 4 ¢0-501/6/12

At the vertex where S(6/12) = 153.318 the intrinsic value of the put is 0 and likewise the present value of
the risk-neutral expected value of the premium for the option at 7" = 1 is 0. Thus the premium for the
option at this vertex is 0. At the vertex where S(6/12) = 75.5963 the intrinsic value of the put is 32.4037
while the present value of the expected value of the premium of the option at t =1 is

e~ 006(6/12) 1(0.412521)(0) 4 (0.587479)(53.5734)] = 30.5431.
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The premium for the put at this vertex is then
max{32.4037,30.5431} = 32.4037.

At this vertex early exercise of the American put would be optimal. At the initial vertex where S(0) = 105
the intrinsic value of the option is 3 and the present value of the expected value of the premium of the option
t=6/12is

e~ 0:06(6/12) 1(0.412521)(0) + (0.587479)(32.4037)] = 18.4739.

The premium for the American put is then

P*(105,0;108,1) = max{3,18.4739} = $18.4739.

223.87
0
0
153.318
0
0
105 110.383
3 0
18.4739 0
75.5963
32.4037
30.5431
54.4266
53.5734
53.5734

7.4.3. Let h = 4/12 then the upward and downward movement factors and the risk-neutral probability of
an upward movement are respectively,

u = (0-07-0.03)(4/12)+0.454/4/12 _ { 31409
d = (0-07-0.03)(4/12)-0.45\/4/12 _ (j 78155
1

pr= ———— = 0.435411.
1 4 ¢0-45v/4/12

At the vertex where S(8/12) = 259.023 the intrinsic value of the option is 109.023 and the time ¢t = 8/12
present value of the risk-neutral expected value of the option premium at time ¢ =1 is

e 007(4/12) 1(0.435411)(190.378) + (0.564589)(52.4399)] = 109.905.
Thus the option premium at this vertex is
C%(259.023,8/12; 150, 1) = max{109.023,109.905} = 109.905.

At the vertex where S(8/12) = 154.054 the intrinsic value of the option is 4.05381 and the time ¢t = 8/12
present value of the risk-neutral expected value of the option premium at time ¢ =1 is

e 007(4/12) 1(0.435411)(52.4399) + (0.564589)(0)] = 22.3063.
Thus the option premium at this vertex is

C*(154.054,8/12; 150, 1) = max{4.05381, 22.3063} = 22.3063.
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At the vertex where S(8/12) = 91.6234 the intrinsic value of the option is 0 and the time ¢ = 8/12 present
value of the risk-neutral expected value of the option premium at time t = 1 is also 0. Thus the option
premium at this vertex is

C*(91.6234,8/12; 150, 1) = max{0,0} = 0.

At the vertex where S(4/12) = 197.113 the intrinsic value of the option is 47.1128 and the time ¢t = 4/12
present value of the risk-neutral expected value of the option premium at time ¢t = 8/12 is

e~ 0-0T(4/12) [(0.435411)(109.905) + (0.564589)(22.3063)] = 59.0536.
Thus the option premium at this vertex is
C*(197.113,4/12;150, 1) = max{47.1128,59.0536} = 59.0536.

At the vertex where S(4/12) = 117.233 the intrinsic value of the option is 0 and the time ¢ = 4/12 present
value of the risk-neutral expected value of the option premium at time ¢ = 8/12 is

e 0-07(4/12) 1(0.435411)(22.3063) 4 (0.564589)(0)] = 9.48841.
Thus the option premium at this vertex is
C%(117.2333,4/12;150,1) = max{0, 9.48841} = 9.48841.

At the vertex where S(0) = 150 the intrinsic value of the option is 0 and the time ¢ = 0 present value of the
risk-neutral expected value of the option premium at time ¢t = 4/12 is

e 0-07(4/12) 1(0.435411)(59.0536) 4 (0.564589)(0)] = 25.1196.
Thus the option premium at this vertex is

C*(150,0; 150, 1) = max{0, 25.1196} = $25.1196.

340.378
190.378
109.023
197.113 109.905 202.44
47.1128 52.4399
150 59.0536 154,054 52.4399
0 4.05381
25.1196 117.233 223063 120.401
0 0
9.48841 91,6234 0
0
0 71.6084
0
0

7.4.5. Let h = 6/12 then the upward and downward movement factors and the risk-neutral probability of
an upward movement are respectively,

1 = (0:05—0.05)(6/12)+0.504/6/12 _ { 49419
d = ¢(0:05-0.05)(6/12)=0.501/6/12 _ ( 70219
i 1

pr=—— = 0.412521.
1 4 ¢0-501/6/12
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At the vertex where S(6/12) = 85.4471 the intrinsic value of the call is 20.4471 and the present value of the
risk-neutral expected value of the premium for the option at t =1 is

e~ 0-05(6/12) [((0.412521) (56.6869) + (0.587479)(0)] = 22.8072.
Thus the premium for the option at this vertex is
max{20.4471,22.8072} = 22.8072.

At the vertex where S(6/12) = 42.1313 the intrinsic value of the call is 0 while the present value of the
expected value of the premium of the option at t = 1 is also 0. The premium for the option at this vertex is
then 0.

At the initial vertex where S(0) = 60 the intrinsic value of the option is 0 and the present value of the
expected value of the premium of the option ¢ = 6/12 is

e~ 0-05(6/12) [((0.412521)(22.8072) + (0.587479)(0)] = 9.17615.
The premium for the American call is then

C*(60,0;65,1) = max{0,9.17615} = $9.17615.

121.687
56.6869
56.6869
85.4471
20.4471
50 22.8072 50.
0 0
9.17615 0
42.1313
0
0
29.5841
0
0

8.1.1. The probability distribution function for X is given by the piecewise defined function

Ljf4<z<i
_ 5 =4 =
fx(x) = { otherwise.
Therefore
P(X>0) = fx(x)dr = gdng'
0 0

8.1.3. We know that for any random variable X with probability distribution function fx(z) we must have
ffooo fx(xz)dx =1, thus

o e, , M , —1]=M , -1 1
/_Oofxwdw—/l gde=0 fm | x—sdx—%}li“oo[@h_l —CA}IL%O(WW)
1= ¢

2

C=2
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8.1.7.
. / o O 1fx S 3,
fX(‘”)_F(“’)_{ 18/2% ifx >3

8.1.9. Let r(z) = €® then r~!(y) = Iny. According to Eq. (8.4)

1 - 1 iy _ 1
elnyfx(lny)—ge —E.

gy (y) =

The PDF is defined for the interval [e?, 00) = [1, 00).

8.1.11. Let A and B be the arrival times of Alice and Bob respectively. A and B are independent and
each uniformly distributed on the interval [0, 1]. Thus the ordered pair of arrival times (A, B) is uniformly
distributed in the square S = {(z,y)|0 < 2 < 1,0 < y < 1}. The pair will meet if |A — B| < 1/4. The
region in S corresponding to Alice and Bob meeting is the region where

e <AL,
e 0<B<1,and
e |[A-—B|<1/4.

The area of this region is the probability they meet.

P (meeting) = 1 — 2 [(%) G) Gﬂ . 1_96 _ 1_76

8.2.3. Use integration by parts.

2 (X) = / (Efx(l') dx = /0 )\LL'G_)\I dx = [—(Ee_kw} z:ooo +‘/O e—)\w dx

Tr—r00

-1 1
=04 |——e = =_

8.2.7. The conditional probability distribution fy|x(y|x) is calculated as

2,2
fX,Y(Ia Y) 116'7!2 y2 3y

2

frix(ylz) = —= =z =Tz = .
| [ fxy(@y)dy [T, 28 dy  [Toyrdy @+ 27

Consequently the conditional expected value is

e 312 3yt 1YY 32t —-81)
E(Y]X =2) = dy = | —5Y _ 3@ -8l
YIX =2) /_3 Y <:c3 ¥ 27) Y {4(;53 +27) A(23 + 27)

y=-3

for -3 < x < 3.
8.2.9. Using the joint probability distribution we find the following.

(a)

E(XY)= 02 /Om(l“y)fx.,y(ﬂv,y)dydﬂ?—/02 /Oz(fry) (gxy?’) dy dz = %/02 /Oxxzy“dydx

3 2
3 m:2_ 12

— Y 1,8 _ = _

z" dx
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2 x 2 x 2 x
°Y) :/ (@y) fxv (z,y) dy dx =/ / (z*y) (§wy3) dy da = §/ / 2yt dy dx
o Jo ' o Jo 8 8Jo Jo

3 2
=10 2% dx
0
3 9 r=2 64
= 360 N 15 ~ 4.26667

E(xvY)

/Oz/ox(:c\/@fx,y(x,y)dydx:/j/j(xyl/z) (gxy3> dydng/oz/o 272 gy do

12 13/2
= — d
12/0 x T

17 s /2}122 64+/2
- — = 22V2 201133
90 [w e=0 45

8.3.1. The expected value of X is calculated as

E(X)= /00 xfx(x)de = /21 §x|x|d:v

_§</01(—x2)dx+/02x2dx)

M:E-

The variance is calculated as
[eS) 2
2 1
W@u“(X):/ foX(a:)da:—;f:/ —:172|:17|da:—ﬁ
-1

e 5 225
2 ( [° ? 1

=- / (—a:3)dx+/ 23 da _ 196
5\, A 225

a1

450

8.3.7. Let Y = X2 and find the probability density function for Y.

PV <y =P(X*<y) =P(-I<X<Vh=PX<Vy=Vy
for 0 < /y < 1. Thus fy(y) =1/(2/y) for 0 <y < 1 and 0 otherwise.

1 y=1
1 1 1
E(Y) = — dy = |=¢3/? =
) /on\/_y [33/ ]_0 3

Y

1 y=1
1 1 1
[E(YQ):/y—y— —yt? =2
o Loy 5 5

y=0

8.3.11. Let Y = X/(1 — X) then



Using the PDF for random variable X then

y/(1+y) z=y/(1+y)
HWYSy):/, 30a(1 — z)* do = [152° — 402° + 452" — 242° + 52°] ")
—1
4.5 6
14y A4y
30 30 30y

MO =T " Trey - Gror

for 0 <y < oo and 0 otherwise.

o 30y
EY :/ y dy
) 0 1+3/)
o 60, 30 Y,
B 1+y S (14y)8 T (L+y)d 4

8
|
w
S
©
S

=
=
Il
\O\él\ﬂ}—‘o\
@M
W
(a=)
<
<

90 n 30 >d
ST Uty (+yt) Y

o
—~
—
+
<
~
3
—~
—
+
<
~

N = N =

Var (Y)

8.3.13. Since X ~U(0,1), then

[ 1 ifo<y<landy?<z<y?+1,
Fraly2) = { 0 otherwise.

E(Y) :%
Var (V) = %

1 25 31
_ 4 2 - /e
_'jﬁ (y +y +'3> =36 = 180
C W@—EW@—HHM@—/ et ) dedy — (X §_/13+£ P §
e N saeryard=5)\6) =Sy Y T2) YT T

1/12 15
rr = eV

8.4.7.

P(X-2[>1)=P(-1<X-2<1)=P(1<X<3)
=®(3) — ® (1) = 0.99865 — 0.84134 = 0.15731
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8.4.9.
100 —
0.15=P (X < 100) = P (Zg T“)

1.03643 — 100 —p

©=105.1822

8.4.13. Using the technique of integration by parts with

u = v = —kte ¥t
kmt
du = ! dx dv:ze Kt dx
kwt
we obtain
22 a2 ktx &2 kt a2
/2\/%6 v = kwte " +/ kwte T de
= ﬁ <—a:e_4m2f —I—/e_fii dx)
s
8.4.15.
P(-1<X<1)=d(1) —Pd(—1) =~ 0.682689
P(—2<X <2)=®(2) — P (—2) =~ 0.9545
P(-3<X<3)=d(3)—P(—3)~0.9973
P(1<X<3)=®(3)—P(1)~0.157305

8.5.5. Since Y = X then

P(0.15<Y <1.75) = P (In0.15 < X < In1.75)
In0.15 — 0.1 In1.75 — 0.1
=P(—— < z< o
< V0.5 - V05 >
=P (—2.8244 < Z < 0.6500) = ® (0.6500) — ® (—2.8244) = 0.7398

8.5.7. Let xg.50 be the median then

050:/%»50 Lt/ gy
0 tV2mo?

Use the substitution

uzlnx_p’ :C:eo'u-‘,-p,
ag
1 ou-+
du=—dr < dx =o0e’"""du
agxr

to rewrite the improper integral as

(Inzg.50—p) /0 1
0.50 = / e~ /2 gy,

oo Vo
_ 3 <1D170.50 - H)
g
1 _
0— NTo.50 — 4
g
Zo.50 = e“.
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8.6.1. Both portfolios have the same expected value. Portfolio A has a smaller standard deviation than
portfolio B and thus may be perceived as less risky. Thus portfolio A is preferable to portfolio B.
8.6.3. Let c be the certainty equivalent return. We must solve the equation:

1— efbc — %(1 _ e*b(O.QO)) + %(1 _ 675(70.05)
1 1
—be _ 1+ —0.20b | * _0.05b
e = 26 + 26
-1 1 1
— T n [ =020 4 005 )
c b n (26 + 26
8.6.5.
i 1 ()2
E(u(X)) = / (1—eb?)——e 27 dx
—oo V2mo?
& 1 (z—p)?
=1 —/ 5 26_”(3_ 202 dx
— 00 Yixea
= 1 - €b20‘2272bu /OO —1 6_ (27“2‘:302)2 de
—oo V2102
_1_ ebzcr?;zbu

8.7.5. Since X is uniformly distributed on [a, b] its probability distribution function is

A ifa <z <b,

@ ={ 5

Note that (X — K)* = max{K, X} — K. There are three cases to consider. First, if K < a then

otherwise.

b T a+b

1 b
— + e R — — — — —
E((X-K)") /ab_amax{K,x}dx K /ab_ad:v K 5 K.
Next, if K > b then
b1 " K
[E((X—K)+)=/ b—max{K,x}dw—Kz/ 7 dex — K =0.
a —a a —a

Finally if a < K < b then
b
1
[E((X—K)+)=/ b—max{K,x}dw—K
. b—a

K b
:/ K dw—i—/ Y —-K
. b—a xkb—a

K(K-a) bV-K

Y +2(b—a) K
_ (b-K)?
- 2(b—a)’

8.7.9. Let p=0.45 06 =1, and K = 0.5, then
Y 1+0.45—-1n0.5

= 2.14315
V1
v—o0=1.14315
® (—v) = 0.016051
® (0 —v) =0.126489
0.016051
E(X|X <0.5) = 4+H/2_——— — (328111

0.126489
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8.8.5. Equation (8.29) can be solved for Z; immediately.

:X—MX
ox

A

Substituting this into Eq. (8.30) produces,

X —
Y = puy +oy (w—F\/l—pQZQ)
X
Y — X —
wy _PXZBX i,
oy ox

Y — X -
Z py  p(X —px)

B V1=p2oy  J1-p2ox

8.8.7. By definition the conditional density is fx|y(z|y) = fx,y(2,y)/fy(y) where fy(y) is the marginal
probability density for random variable Y.

fy(y) :L Ixy(x,y)dx
1

EY R 2y —2 )
82(1*;12) o2 e2(-p%)

% oxX Ty } dx
2my\/1 — p2oxoy —oo

2
1 _2_*@*“\’) o0 —1 z—px _ply—py)]?
e e %y e2(1792){ X oy } dx

2my\/1 — pPoxoy —

2
1 ,(y,;y) o0 1 s

- ¢ 203 —— ¢ u”/2 du

V2roy —oo V2T

—(=ny)?
IR
= e Y

\V2moy

Using this marginal distribution, then

1 (y—py)? /oo 1 {(mfux)zizp(mfux)(yfuy)

—1 [(z—uxﬂ _2p@—px)wony) | (y—uy>2]

1 2(1—p2) o2 oxOoy )
B — ) x Y
f (I| )7 2m\/1—p2oxoy
Xy \ry) = —(y—py)?
1 202
Y
\/27r0'ye
1 —1 (x—px)? _2p(wfux)(y*uy)+92(y*uy)2
_ 62(17;12) % Xy o3
_ 2);2
2m(1 = p?)o%k
1 —1 [Z*MX_p(y*uy}z
= __e20-p%)| °x oy
_ 2),2
2m(1 = p?)o%k
2
It SRR PO TX (y—
_ 1 BTemrare s {w (Mx-l—PUY (y uy))] '

2r(1 - p?)ok
Hence random variable X is conditionally distributed on Y as
A (i + 02— (1= 105 )
oy
9.1.1. Since R(t1,t2) = In(S(t2)/S(t1)) then
R(t1,t2) ~ N((a =8 —0?/2)(t2 — t1),0%(t2 — t1)).
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9.1.3. Note that S(1) = 100e%!T0-4Z where Z ~ N(0,1). The random variable Z lies in the interval
(—20.025, 20.025) With probability 0.95 when 225 = 1.95996. Thus the 95% prediction interval is

10001 -0-41:95996) - g1 < 1(Qe0-1+0-4(1.95996)
50.4603 < S(1) < 242.0524.

9.1.7. Note that

S4)

5 "~ LN((0.10 — 0 — (0.25)%/2)(4 — 2), (0.25)*(4 — 2)) ~ LN(0.1375,0.125).

Thus
E (S(4)[S(2) = 85) = 85e0-1375+0-125/2 — $103.819

9.1.9. Using the stock’s parameters,

G I8+ (010 -0+ (0.302/2)(2)

= = 0.789886
! 0.30v/2
g, — In g8 +(0.10 — 0 — (0.30)2/2)(2) _ 0.365692
0.30v/2 '
® (—0.789886) 2)0.214797

E(S(2)|S(2) <65) =E(5(2)) B(0.365622) 680-10( 0 357ag3 = $49-9269.

9.2.9. A significant amount of work goes into expressing the exponential portion of the integrand in a form
that allows the properties of the normal random variable to be used. The reader can verify algebraically

that
O TS (L W AN Ok
Akt y Akt YT Akt 1+ 4kt

Making this replacement in the solution integral produces

—(z—uvD? e 1 —(y—(z—puvD /(1 +4kt))?
u(x,t) = e THIRE / ¢ IRt/ (1+4kD) dy
4kt
,(z m/')2 th/ 1 + 4kt 2/2
varkt
o0
= 1 e%ﬁlgf)z / 1 6722/2 dz
1+ 4kt .
1 —(e—puvD?
e IF4akt
144kt

9.4.3. Using the integrated Brownian motion derived in Example 9.5,

/Otnzm /w

The mean is zero and the variance is . .
t

rdr = —.

0 3

9.4.5. This is an It0 integral of a non-random function, thus the integral is normally distributed with a
mean of 0 and a variance of

¢ ¢
/0 (7™ dr = /0 e Tdr = [—877-]:2; =1l-e"
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9.5.1. Applying It6’s formula to f(W (t),t) = $(W(t))® produces

d (%(W(t)ﬁ) = (W(t)? dW (t) + (o + % : 2W(t)) dt.

Therefore,

/0 W ()2 dw () — / td<%(W(s))3) - /Otw@ s = Lavy - /OtW@ .

The mean of the integral is 0. Calculation of the variance requires more effort.

vor (0v0y — [ Wio)as) = <(§<w<t>>3— /OtW(S)de) |
R e ()

Since W (t) ~ N(0,t) then first expectation above is
e I6 2 e 26 2
E((W(t)°) = / — e /() gy = t3/ e /242
—00 27Tt —00 27T
1

5t3 ! 712/2d 15t3 /OO Z2 7%2/2 d
= e Z = —¢€ zZ
oo V2T

— 15t e /2 4y = 1563,

/°§o
'

— 00

The second expectation is found as

< / W (s ) = (/Ot(W(t))3W(s)ds) = /Ot[E((W(t))3W(s)) ds

¢ , B t - §
_3/0 E(W(£)*) E(W(0)W(s)) ds_3t/0 sds = of°

Note that the hint was used here as well as the fact that when 0 < s < ¢, Cov (W (t), W(s)) = s. As a result

of the work done in Example 9.5,
t 2 3
E ((/ W(s)ds) ) _r
0 3

1 2/3 t3
\Y =—(15¢3) — = | =¢3 — =3,
@r( /W > 9(5) 3<2 >+3

9.5.5. If F = F(y,2) and f(x) = F(yo + xh, 2o + xk) then

thus

dz

dy
f'(z) = Fy(yo + zh, 20 + k)= + F.(yo + xh, zo—l—xk)dx

dz
d d

o +xh,z0 +x Yo + xh| + o+ xh,zo0 +x zZ0+x

y(o -+ wh, 20+ ak) — [y + ah] + Fu(yo + wh, 20 + wk) — [20 + vk]

F,
= Fy(yo + zh, 20 + ak)h + F.(yo + zh, 20 + zk)k
F (yo, Zo)h + F (yo, Zo)k
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Differentiating once again produces

d d
(@) = Fyyyo + zh, 20 + Ik)hd_i + Fy.(yo + zh, zo + xk)hd—i

d d
+ FZy(yo + xh, zo + Ik)k% + Fzz(yo + xh, zo + xk)ké

d d
= hFyy(yo + xh, 2o + a:k)@ [yo + zh] + hFy.(yo + zh, zo + xk:)% [20 + xk]
d d
+ szy(yO + Ih, zo + Ik)% [yO =+ Ih] =+ szz (yo + {Eh, zo + .Ik)% [ZO + xk]

= h*F,,(yo + zh, 20 + xk) + 2hEkF, . (yo + wh, 20 + k) + k*F..(yo + zh, 20 + zk)
F"(0) = h*Fyy (yo, 20) + 20k Fy= (Yo, 20) + k> F (40, 20).
)
3!
If we notice the binomial coefficient pattern among the partial derivatives in the first and second derivatives
of f(z) then we can readily see that

FO (@) = B3 Fyyy(yo + xh, 20 + xk) + 3h2kF,,. (yo + xh, 20 + xk)
+ 3hk2Fyzz (yo + wh, 2o + k) + k> F... (yo + xh, 20 + xk).

By definition the Taylor remainder of order 3 for f(z) is Rs(z) = 23 for some 6 between 0 and .

From this expression we may directly determine the Taylor remainder of order 3.
9.5.7. If we apply It6’s Lemma with a(P,t) = uP and b(P,t) = cP and Y = 1n P, then

dy = (uP [%] + %(UP)Q [%D dt +oP [H dW (t)

o2
= (u - 7) dt + o dW ().
9.5.9. Mean reverting Ornstein-Uhlenbeck equation:

(a) Let a(X,t) = k(u — X (t)) and b(X,t) = o and note that

aZ _ ]i}t
ox = ¢
927
X2 0
oz

i keM (u — X (t)).

Applying 1t6’s Lemma yields

dZ(t) = [k(u — X (#))(—e™) + ke (u — X (t)) + 0] dt + o(—e™) dW (1)
= —geft AW (t).

(b) Integrating both sides of the last equation yields

/Ot dZ(s) = —o /Ot ek dw (s)

Z(t) - Z(0) = —a/o ks dw (s)

Z(t) = Z(0) - o/ot 5 VW (s)

=p—X(0)— 0’/0 ks dw (s).
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(c) Since X (t) = u — e ¥ Z(t) then

Vor (X (t)) = Vor (p — e MZ())

= e vaor (Z(t))

" 2kt
2k(1 e )

9.5.11. Using the stochastic form of the product rule,

dY (t) = XodX + X1 dXo + dX, dX»
= Xo(a1 () X1 dt + b1 (8) X1 dW (1)) + X1 (a2(t) X2 dt + ba(t) X2 dW (1))
+ (a1(6) X1 dt + b1 (£) X1 dW (t)) (a2 (t) X2 dt + ba(t) X2 dW (t))
= (a1 (t) + az(t) + by ()b2(t))Y dt + (b1 (t) + b2(t))Y dW (t),

since (dt)? = dt dW (t) = 0 and (dW(t))? = dt.
9.6.1. Using Eq. (9.40), for a > 0,

— 2 o0 22
P(M(t)<a)=1— —— e 202t dx

( 1) < ) \/2#0215/,1
2 a2

" a) = ———e 202t
T @ = Joros;
0 if x <0,
fﬁ(t)(x) = 2 *% :
e 2%t ifx>0
V2mo?t o

9.6.5. The probability density function is

P mo2(2m — w) —Em—w)?t2pwe—p2e?
fﬂ(t) (m) :/ ( ) 202 dw

—F————¢€
—o 02tV 2ot
m
202m — w) —(w—2m—pt)2 | 2ut
:/ (7)6 202t oz dw
—o 02tV 2ot
2um /m 4m 7(w72m7ut)2 d 2um /m 2w 7(w727n7ut)2 d
= e o2 — ¢ 202t W — € o2 — ¢ 202t w.
—oo 02tV 2mo?%t oo 02tV 2102t
Make the substitutions z = “’_S—m\/{“—t and ov/tdz = dw.
_ (m+pt) _ (m+pt)

~ dm  2um oVt 1 22 2um oVt 20'\/%2 +4m + 2,Ut _ 22
—n(m) = ——e o2 e 2 dz—e o2 e 2 dz
fM(t)( ) o2t /,Oo 2 /,Oo o2t/ 21

(m

)

2um /7 crt/“?t 20tz + 2ut 22

= —¢ o2 — e T dz
oo o2t\/2m

9 _ (m+pt) 9 _ (m+pt)
2um oVt _ 22 W 2pm oVt _ 22
= X / (—2)e” 7 dz — —e7o? / e 7dz
V2ra?t oo o —oo Ver

a1 Doy ()
V2ro?t o oVt
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for m > 0. The cumulative distribution function is found by integrating the probability density function

using integration by parts.

E M(t) (m) (M / f M( t)
M 2ue ENCET L) ( (z + pt) )}
= 2¢ 0z e 202t — — dx
/o {\/27?02 o? oVt
m 2 (z—pt)? m 2M 2ux (.T + /,Lt))
= e 2%t dx — / Leoz ® ( dx
/o V2mo?t 0o 02 oVt
mo2 (z—ut)? 2us (T + ut) ﬂ / _(@—ut)?
= e -2t dxr — |e oz @ 202t dx
/o V2ro2t [ < oVt e 27TU2
T e ) o
— 2 oVt Vi
m — ut 2um —m — ,ut>
=& —e o2 & | ————
< 0\/E > ( U\/f
for m > 0.

10.1.4. Let F(S,t) = S* and suppose this function solves the Black-Scholes partial differential equation.

This implies

10.1.5. Let F(S,t) = el S@

=0+ (r = 5)S(a5"™) + 30*5(ala ~ 1)5°?) — rs"
= a(r — 6)8° “(“2 Y260 _ pga
=a(r—48)+ a(a2 1)02—r

(r—é—% )" + 202
_(L_r=0N, (L _r=3 * o
2 02 2 02 o2

and suppose this function solves the Black-Scholes partial differential equation.
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This implies
0=e'S+ (r —0)S(ae' S + %U2S2(a(a —1)e'S§972) — retS®
=S4 (r —6)S(aS* ') + %0252((1((1 —1)8%72) —pr8°

=a(r—90)S*+ MUQSG +(1—r)s®

2
0=a(r—5)+@a2+(1—r)
:%Qa2+<r—6—%2>a+(1—r)
a:—(r—5—%2):t\/(r— —%2)2—202(1—7“)

o2

1 r—9¢ 1 r=6\> 20r-1)
B <2 o? >i\/(2 o? ) + a?
10.2.3. The value of the cash-or-nothing put option will satisfy the Black-Scholes partial differential equa-
tion. The payoff of a cash-or-nothing put option with strike price K and strike time 7" is F'(S,T) = 1(5(1)<k)
which is the final condition for the option. If S(t) = 0 for some 0 > t < T then S remains zero there-
after. Hence the cash-or-nothing put will pay $1 at time T and it value is the present value of $1, namely
e~"(T=t) Therefore the boundary condition at S(t) = 0 is F(0,t) = e "(T=Y. As S(t) — oo the payoff
of the cash-or-nothing put becomes zero and thus the boundary condition at infinity can be expressed as

limg ()00 F/(S,t) = 0. In summary the initial, boundary-value problem for the cash-or-nothing put can be
expressed as

1
rF=F,+(r—0)SFs+ 502S2F55 for (S,t) in Q,
F(S, T) = ]l(S(T)gK) for S > 0,

F,t)=e TV for0<t <T,
F(S,t)=0as S — cc.

10.2.5. The value of the asset-or-nothing call option will satisfy the Black-Scholes partial differential
equation. The payoff of an asset-or-nothing call option with strike price K and strike time T is F(S,T) =
S(T) 1(s(r)>k) which is the final condition for the option. If S(t) = 0 for some 0 > ¢ < T' then S remains
zero thereafter. Hence the boundary condition at S(t) = 0 is F(0,t) = 0. As S(¢t) — oo the payoff of the
asset-or-nothing call becomes S(T') and thus the value of the option is the value of e=%(T=*) shares. Thus
boundary condition at infinity can be expressed as limgg)— o0 F(S,t) = e dT=H8(T). In summary the
initial, boundary-value problem for the asset-or-nothing call can be expressed as

1
rF=F+(r—90SFs+ 50252F55 for (S,t) in Q,
F(S,T)=5(T) Lis(r)>K) for S > 0,
F0,t)=0for 0<t<T,
F(S,t) = e *T=DS(T) as § — oco.
10.2.7. The value of the asset-or-nothing put option will satisfy the Black-Scholes partial differential
equation. The payoff of an asset-or-nothing put option with strike price K and strike time T is F(S,T) =

S(T) 1(s(r)<k) which is the final condition for the option. If S(t) = 0 for some 0 > ¢ < T' then S remains
zero thereafter. Hence the boundary condition at S(t) = 0 is F(0,t) = 0. As S(t) — oo the payoff of
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the asset-or-nothing put becomes 0 and thus the value of the option is 0. Thus boundary condition at
infinity can be expressed as limg(;)—oc F'(S,t) = 0. In summary the initial, boundary-value problem for the
asset-or-nothing put can be expressed as
1
rF=F,+(r—0)SFs+ 50252F55 for (S,t) in Q,

F(S, T) = S(T) :H-(S(T)SK) for S > 0,
F(0,{)=0for 0<¢<T,
F(S,t)=0as S — oc.

10.4.7. Using Eqs. (10.32), (10.33), and (10.35)

In 24 (0.055 —0.025+ @) (4/12 - 0)

dy = — —0.185844
0.281/4/12—0
dy = —0.185844 — 0.28+/4/12 — 0 = —0.347502

P¢ = 58¢70-055(4/12)§ (0.347502) — 55¢ 00254/ 12)p (0.185844) = $4.9192

10.4.9. The premium for the put can be calculated as follows. With T'= 6/12, t = 0, » = 0.05, § = 0.01,
o =0.35,5 =69 and K = 70,

0.35)?
In 88+ (0.05 - 0.01 + L30°) (& — o)
dy =
0.35,/% —0
6
d = 0146417 — 035 | — 0 ~ ~0.101071,

Substituting these values in Eq. (10.35) yields the price of the European put option.

~ (0.146417

68.2717)(0.540253) — (68.6559)(0.441796)

P¢ = 70e0-05(6/12=0)% (0.101071) — 69e*-02(6/12=0)¢ (—0.146417)
= (
= $6.5521

10.4.11. Using Eq. (6.8),

P° — (€ 1+ 120e0-055(3/12-0) _ 11(—0-01(3/12-0)
= 2.3766 + 118.361 — 109.725
= $11.0125.

10.4.13. Since the stock pays no dividends,
E (S(6/12)) = 65.87 = S(0)e®10(6/12)

which implies S(0) = 62.6575. The premium for the put can be calculated as follows. With T =1, t = 0,
r =0.04, § = 0.00, 0 = 0.25, S = 62.6575 and K = 70,

In 28875 + (0,04 - 0.00+ ©22°) (1 - 0)
dy = ~ —0.158247
! 0.25/1—0

do = —0.158247 — 0.25v/1 — 0 = —0.408257.
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Substituting these values in Eq. (10.35) yields the price of the European put option.

P€

10.5.5. We may calculate,

70~ 9041=0 (0.408257) — 62.6575P (0.158247)
(

67.2553)(0.658454) — (62.6575)(0.562869)

$9.0165

u = (O 11=0(1/12)+0.25\/1/12 _ 1 (8473
d = (0-11-0)(1/12)-0.251/1/12 _ (j 93894

*

P = 1 4 e0-25/1/12

The four-step forward tree resembles the following.

= 0.48197.

54.8832

59.5337
17.5337

50.5959

46.6436

43

47.5066

51.5321
9.53207

43.7956

40.3745

41.1215

44.6059
2.60593

37.9093

The price of the European call is approximately,

35.5946

38.6107
0

33.4212
0

4
4 ) ) . .
C°¢ =~ 670'11(4/12) § : < > (p*)j(l _p*)4fg (43u‘]d47‘] _ 42)+
=0

= $3.9834

Using the Black-Scholes formula for the European call produces,

nd3 4 (0.11 —0+ @) (4/12 - 0)

1=

0.25

1712 -0

dy = 0.489227 — 0.25+/4/12 — 0 = 0.344889
C° = 433 (0.489227) — 42¢ 0 11(4/12-0)% (0.344889) = $3.86314.

43

= 0.489227




10.5.7. We may calculate,
U= 6(0.0870.02)(1/12)4*0.40\/1/12 — 112803

d = (0:08-0.02)(1/12)=0.40\/1/12 _ () 89541

1
[ ——— L
1 4 ¢0-40y/1/12

The forward tree has the following values for S(6/12) and call option payoffs.
S(6/12) (S(6/12) —100)*

206.024 106.024
163.539 63.5388
129.815 29.815
103.045 3.04545
81.7961 0
64.9287 0
51.5396 0

The price of the European call is approximately,

6
6 . . . .
C¢ ~ 670'08(6/12) 2 : ( ) (p*)J(l _p*)ﬁfg(looujdﬁfj _ 100)+
: J
7=0

= $12.4398

Using the Black-Scholes formula for the European call produces,

In 100 (0.08 —0.02+ %) (6/12 — 0)

d — 0.247487
' 0.40r/6/12 — 0
dy = 0.247487 — 0.401/6/12 — 0 = —0.035355

C° = 100e~%02(6/12=08 ((.247487) — 100e~0-98(6/12=00p (—0.035355) = $12.4941.
11.1.3. Using the Put-Call parity formula of Eq. (11.1),
Pe =117 0044/12) _ 4 05 — 110e~0:01(4/12)
= 1.7664.

11.1.5. If the strike of the dollar-denominated call is $1.05/€, the strike of the corresponding euro-

denominated put is
1

= 0.9524€/8$.
105 0.9524€/$
According to Eq. (11.8) the price of the put is
1 1
Pz =——(0.03) = 0.025974€.
€= 110 1.05 0%

11.2.3. Using Eq. (11.15),

2 4 O10% (619 )

dy = 2 =0.443713
! 0.70r/6/12 — 0
dy = 0.443713 — 0.701/6/12 — 0 = —0.051262

P = ¢ 0:035(6/12) (958 (0.051262) — 27.55® (—0.443713)) = $3.8888.
11.2.5.
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(a) The premium for the put on the underlying stock.

148
dy =
b 0.40+/6/12
dy = 0.259590 — 0.401/6/12 = —0.023253
P =148~ -06(6/12)% (0.023253) — 150e ~0-02(6/12) (—(0.259590) = $14.1001

In 190 4 (0 06 — 0.02 + (0407 ) (6/12)
= 0.259590

(b) The price of a six-month forward contract on the stock.
Fye/12 = 150¢(0-06-0-02)(6/12) — ¢153 03

(¢) The price of a six-month, 148-strike put on the futures contract.

4y = 152+ O3 (6/12)

0.40\/6/1

dy = 0.259590 — 0.401/6/12 = —0.023253
Pe = ¢ 0:06(6/12) (148% (0.023253) — 153.03® (—0.259590)) = $14.1001

= 0.259590

(d) During the calculation of the put premium for the futures contract,

b AR 0407 (6/12)

0.40\/6/—1
- In 15Oe<o,os;4oé02)(6/12> (0. 40 (6/12)
0.40/6/12
i+ (0 06 — 0.02 + (©40° ) (6/12)
a 0.40/6/12

the same formula as used in the calculation of the premium for the put on the stock. Similarly the values
for ds will be the same. The price of the put on the futures contract is

Pe = 7 006(6/12) (148 (—dy) — 153.03® (—d,))
— 148¢0:06(6/12) g, (—do) — ¢ 0-06(6/12) 5),(0.06-0.02)(6/12) , (—dy)

— 148670.06(6/12)(1) (_d2) _ 150870'02(6/12)(1) (_dl)

which is the formula for the put on the stock. The same parameters are used in the two calculations, but
the discounts they apply are used at different points in the calculations.

11.3.1. The sum of the present values of the dividends is

g_ D ,Dl+g) ,  Dl+g""
T4 (L) (1+ )
(1+7)S = D[ El+g)) , %
[ ) } (using Eq. (1.8))
+
k
S:D[l_(lir)}
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assuming 1 # (1+¢g)/(1+r).
11.3.7. The prepaid forward price for the stock is FOI)35/12 = 50e7 993 = 48.5223. The Put-Call parity
formula produces at t = 0,

P¢ = 3.9439 + 50e0:025(5/12-0) _ 48 5993 — $4.9035.

At t =2/12,
P¢ = 2.8722 + 50e0:025(5/12-2/12) __ 48 5993 — $4.0384.

11.3.9. The price of the prepaid forward for the stock is
F01,35/12 — 50 — 2¢-0025(2/12) _ 9,-0.025(4/12) _ 45 1249

The premium for the European call can be calculated as follows.

2
In 460240 (0.025 + @) (5/12 - 0)

dy = = —0.207604
0.35\/5/12— 0
dy = —0.207604 — 0.35/5/12 — 0 = —0.433528

C° = 46.0249P (—0.207604) — 50e~0-025G/12=0)p (—(.433528) = $2.78419
11.3.11. Using the Put-Call parity relationship,
P° = 2.78419 4 50e~025(/12) _ 46,0249 = $6.2412.
12.1.3. Using Eq. (12.2) with S = 150, K = 165, T =5/12,t =0, § = 0, r = 0.025, and ¢ = 0.22 we have

dy = —0.526797
Ace = 0.299167.

12.1.5. Using Eq. (12.3) with S =125, K =140, T =2/3,t =0, =0, »r = 0.055, and o = 0.15 we have

d; = —0.564706
Ape = —0.713863.

12.1.7. Using Eq. (12.4) with S =180, K =175, T =4/12,t =0, 6 = 0, r = 0.0375, and o = 0.30 we have

d; = 0.321416
I'° =0.0121519.

12.1.9. According to Eq. (9.3)
(55)? (761 1) = 140 = & = 0.30081.

Using the formula for the Delta of a European call from Eq. (12.2)

¢—0-01(6/12) g, (d1) =0.65
® (dy) = 0.653258

dy = 0.394132

In % + (r —0.01 + M) (6/12) 0.394132
0.30081+/6/12 o

r = 0.242659.
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The Gamma of the European call is

—0.01(6/12)
re=¢ (0-394132) _ ) 1301596,

0.30081(50)4/6/12
Note that do = 0.440533. The price of the FEuropean call is

C° = 50e 0 0L6/12)p (0.394132) — 50e0-242699(6/12)p ((.440533)
= $7.2923.

12.1.11. A cash-or-nothing put has a value of P’ = ¢ "(T=9® (—ds).

op 9 _e—r(T-1)
T e Ty (mdy) o [dy] = o (d
a5 ¢ ?(=d2) g o] = 2o =0 (d2)
o2 pb e—r(T—t) e—r(T—t) —d o
- e C ) D gy
a8 oS?\/T —t oSVT —t a8

e—r(T—t) J ) ds
- @@ + - -
USQ\/T—tw( 2)< o T—t)

A cash-or-nothing call has a value of C* = e "(T=9® (dy).

ac?t 0 e (T
(T i [

a5 ¢ #(da) 7 ldel = Zo =0 ()
o200 _e—r(T—t) e—r(T—t)(_d2) i

_ dy)+ & %) g d
052 052\/—T—ts0(2)+ csuT =7 7 (%) 55 ld]

_e—r(T—t) ds
B d 14+ ——
052 T—tsD(Q)( o T—t)

Note that the Deltas of the put and call are negatives of each. The same is true of the Gammas of the
cash-or-nothing put and call.
12.1.15. Rearranging terms and differentiating Eq. (11.9) with respect to F' produce,

PE(F(t),K,T) = C¢(F(t), K,T) + K~"T= — F(t)e~"(T—Y
dPe

OF
A=—e"T NP (—dy).

— e—r(T—t)(I) (dl) _ e—r(T—t)

Differentiating again with respect to F' yields

0% pPe 0
O 9 [ r(r-t)g (_
oF? — oF | ¢ (=)
o (T— ad
= t)w(—dl)a—;
r efr(Tft) p
T oF(b) 7= ()

12.2.1. Using Eq. (12.6) with S =300, K =310, T =1/4,t=0,5 =0, r = 0.03, and o = 0.25 we have

dy = —0.139819
Oce = —33.281.
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12.2.3. Using Eq. (12.6) with S =275, K =265, T =4/12,t =0, =0, r = 0.02, and o = 0.20 we have

dy = 0.436257
Op. = —15.3073.

12.2.5. Since the stock does not pay a dividend then Ape = 0.6371 — 1 = —0.3629. From the Black-Scholes
partial differential equation,

0,2 SQ

('_')Pc = —TSAPG — Ie + rP¢
(0.30)2(100)2
2

—2.0132 = —(100)(—0.3629)r — (0.0125) + 8.8846r

r = 0.08.

12.2.7. The strangle consists of a long 1-year, 160-strike European call and a short 1-year, 140-strike
FEuropean call. The Theta for the 160-strike call is calculated as follows.

160
T 0.40v/T—0
dy = 0.163654 — 0.40v/1 — 0 = —0.236346
0.40(150)¢ (0.163654)

In 190 4 (0.05—0+W) (1-0)
dy = — 0.163654

O160 = —0.05(160)e ™% (—0.236346) — = —14.9031
160 (160) ( ) Wil
Similarly the Theta for the 140-strike call is
2
o 338 + (0.05 - 0+ &%) (1 - 0) s
' 0.40/T— 0 o
dy = 0.497482 — 0.40v/1 — 0 = 0.097482
0.40(150)¢ (0.497482
O140 = —0.05(140)e™%® (0.097482) — (150)¢ ( ) _ —14.1631.

2v/1

Thus the Theta for the strangle is
O = -14.9031 — (—14.1631) = —0.74.
12.3.5. Using Eq. (12.8) with S =123, K =125, T =3/12,t =0, 6 =0, r = 0.0515, and o = 0.35 we have

di; = 0.0689035
Y = 24.4768.

12.3.7. Using Eq. (12.9) with § =305, K =325, T =4/12,t =0, § = 0, r = 0.0255, and & = 0.35 we have

dy = —0.373282
pee = 38.0758.

12.3.9. Let S = 47.50, r = 0.06, 0 = 0.30, § = 0.01, " = 3/12, and ¢t = 0. The only quantity differing
between the long put and the short put is the strike price. We will find the Vega, Rho, and Psi for the two
puts separately. For the long put,

0.30)2
In 4750 4 (0.06 —0.01+ %) (3/12 - 0)

dy = — 0.918781
' 0.30/3/12 — 0
dy = 0.918781 — 0.301/3/12 — 0 = 0.768781.
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We may then see that
V = 47.50¢"0-016/12-0), (0.918781) \/3/12 — 0 = 6.1970
ppe = —45(3/12 — 0)e~*-066/12=00¢ (_0.768781) = —2.3067
Upe = (3/12 — 0)(47.50)e*-0163/12=00p (_(0.918781) = 2.1216.
For the short put,
In 4250 4 (0.06 —0.01+ @) (3/12 - 0)
0.301/3/12 =0
dy = 0.216378 — 0.301/3/12 — 0 = 0.066378.

dy = = (0.216378

We may then see that
V = 47.50e00163/12-0), (0.216378) \/3/12 — 0 = 9.2325
ppe = —50(3/12 — 0)e~%066/12=0)¢ (—0.066378) = —5.4915
Upe = (3/12 — 0)(47.50)e~016/12=0)g (—(.216378) = 4.9081.

Subtracting the values of the short put from the values of the long put produces the following values for the
Greeks of the spread.

VY =6.1970 — 9.2325 = —3.0355

p=—2.3067— (—5.4915) = 3.1848

¥ =2.1216 — 4.9081 = —2.7865

12.4.1. Using the Delta/Gamma approximation we have

V(254 1) — V(25) = Ay (1) + %rvu)?

—1.0061 = Ay + %475
Ay = —1.0299.
Using the Delta/Gamma approximation again,
0.0475

V(24) & V(25) + (—1.0299)(—1) + (—1)* = $11.8809.
12.4.3. Using the Delta approximation,
C"(28) = 14.8753 4 2.0567(0.50) = 15.9036.
12.4.5. Using Eq. (12.6) we have O¢e = —4.73721. Now the linear approximation can be written as

CS = C% + (Ace)(54.75 — 54.00) + (©)(1/12 — 0)
= $2.30516.

12.4.7. Using S =425, K =435, T = 6/12,t =0, 6 = 0, r = 0.0525, and o = 0.17 we have

dy = 0.085004
dy = —0.035205
C*® =20.98

Ace =0.533871

425)(0.533871)

_ _
0= ST = 10,8148,
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12.4.11. Without loss of generality assume the option is a European call option.

between the differentials, then
dC® =Vdo
= (24.4768)(0.05)
= 1.22384.

12.4.13. Using the given parameter values,

In(1) + (0.065 —0.03+ %) (3/12 - 0)

dy = — 0.151389
' 0.45+/3/12 — 0
dy = 0.151380 — 0.451/3/12 — 0 = —0.073611

Using the relationship

C°¢ = Se 0 036/12)p (0.151389) — Se005G/12)H (—0.073611) = 0.09295

Age = e 0936/12)$ (0.151389) = 0.5560
0.55605

Qe = 22002
7 0.09295

= 5.9843

v = (5.9843)(0.12 + 0.03) + (1 — 5.9843)(0.065) = 0.5737 = 57.37%.

13.1.1. The price of the call options is found as follows.

2
S+ (0.05 +0— @) (6/12 — 0)

dy = = —0.0746825

0.35,/6/12 — 0
dy = dy —0.35/6/12 — 0 = —0.32217
® (dy) = 0.470234
® (do) = 0.373662
C° = $5.05465

If the market maker sells 100 of such options and purchases 50 shares of the underlying stock, they must

borrow

50(65) — 100(5.05465) = $2744.53
at the risk-free rate.
13.1.3. The price of the call options is found as follows.

In 22 + (0.04+0.03 — 222 (6/12 - 0)

dy = = —0.422483

0.25,/6/12 -0
dy = dy —0.251/6/12 — 0 = —0.59926
® (dy) = 0.336336
D (dy) =0.2745
C*® =$1.7679
The market maker must borrow,
(35)(50) — 100(1.7679) = $1573.21.
13.1.5. The Delta of the call option is calculated as follows.

I 315 | (0.0625 +0.035 — @) (4/12 - 0)

di —
' 0.451/2/12 — 0

® (dy) = 0.517905
Ace = 0.511897

50

= 0.0448952



The Delta of the portfolio is
100(0.511897) — 50 = 1.18975.

13.2.3. If the call option is at the money then S(t) = K. Start by considering the following limit.

lim d; = lim <IH(S/S)+(T_5+‘72/2)(T—t))

t—T— t—T— ovT —t
— lim (5+3) T—1
t—»T- \o 2
=0

Now since A¢ = e *T=1d (dy) and ® (d;) is a continuous function then

1
lim AC& = lim 6_5(T_t)q) (dl) = 5

t—T— d;—0
13.2.5.
Profit/Loss ($)
L 5(1/365
" ( ) ($)
13.2.7. Find the new value of the European calls.
2
n G+ (0.05 0+ @) (9/12 — 1/12)
dy = = 0.265361

b 0.40,/9/12 — 1/12
dy = dy — 0.40,/9/12 — 1/12 = —0.061237

C¢ = 657 00/12=1/12)p (0.265361) — 65~ 0-05O/1271/12)¢ (—0.61237) = $9.4017
The net change in the value of the hedging portfolio is

100(9.4017 — 10.0207) + 61.0821(65 — 65) + 2968.27(%9°1/12) _ 1) = —$49.5077.
13.2.9. Find the price of the put options and their Delta.

I+ (0.04 —0.04+ @) (6/12 — 0)

b 0.35,/6/12 — 0
dy = dy —0.35/6/12 — 0 = 0.155030
Ape = —e 0046/12=0)p (_0.402517) = —0.336847
P¢ = 70e0-04(6/12=0)¢ (—0.155030) — 75 0-04(6/12=00p (—(.402517) = $4.81674

= 0.402517
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The investor has purchased 100 put options, so they should purchase —100Ape = 33.6847 shares

cash flow is
B = (33.6847)(75) + 100(4.81674) = $3008.03

which can be borrowed at the risk-free rate.
13.2.10. Find the new value of the European puts.

mZ2+ (0.04 —0.04+ @) (6/12 — 1/12)
dy = — 0.237654
0.35,/6/12 — 1/12

dy =dy —0.354/6/12 —1/12 = 0.011730

P¢ = 70e~0-04(6/12=1/12) g (_(,011730) — 72¢004(6/12-1/12) g (_().237654) = $5.34522

The net change in the value of the hedging portfolio is

100(5.34522 — 4.81674) + 33.6847(72 — 75) — 3008.03(e%04(1/12) _ 1) = —$58.2493.

13.2.13. The European put options have the following characteristics.

Strike Premium Ape
45 1.13669 —0.220583
50 3.07642 —0.446853
55 6.17625 —0.670171

To create the Delta-neutral hedging portfolio the investor should take a position in

0.220583 + 0.670171 — 2(0.446853) = —0.0029512 shares.

. The net

Since the overall position is negative, the investor will short 0.0029512 shares of the underlying stock. This

will generate a net cash flow at time ¢t = 0 of

B = —1.13669 — 6.17625 + 2(3.07642) 4+ 50(0.0029512) = —$1.01255

which can be borrowed at the risk-free rate.

13.2.15.
Week  S(t) Ce Shares Borrowing Profit
(%) (8)  (1000Ac-) (%) (%)
0 45.00 1.33871 408.940 17063.60 —
1 44.58 1.09932 366.642 15192.70  52.863
2 45.64 1.44956 447.836 18911.60  78.111
3 44.90 1.06097 374.621 15640.60 118.930
4 4342 0.53486 238.290 9734.62  77.059
5 42.23 0.25565 140.594 5617.34  64.282
6 41.18 0.10797 73.032 2840.01  59.468
7 41.52  0.10299 73.130 2846.55  86.824
8 41.94 0.10190 75.921 2966.06 116.162
9 4272 0.12987 97.654 3897.06 144.840
10 44.83 0.41097 254.169 10917.00  66.417
11 4493 0.33393 235.189 10073.70  159.428
12 44.19 0.11545 114.050 4729.29 195.141
13 41.77 0.00075 1.621 37.19  29.744
14 39.56 0.00000 0.000 —26.88  26.884
15 40.62 0.00000 0.000 —26.90 26.90
13.2.17.
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Week S(t) Ppe Shares Borrowing Profit

() (8) (1000Ap.) (%) (C))

0 45.00 2.73256 591.060 29,330.20 —
1 4458 2.95333 633.358 31,241.30  52.863
2 45.64 2.28377 552.164 27,562.70  78.111
3 4490 2.67542 625.379 30,873.80 118.930
4 4342 3.66958 761.710 36,820.10  77.059
5 42.23 4.62067 859.406 40,977.70  64.282
6 41.18 5.56334 926.968 43,795.40  59.468
7 41.52 5.25873 926.870 43,829.20  86.824
8 41.94 4.87805 924.079 43,750.10 116.162
9 42,72 4.16647 902.346 42,859.50 144.840
10 44.83 2.37805 745.831 35,880.10  66.417
11 4493 2.24152 764.811 36,763.90 159.428
12 4419 2.80359 885.950 42,148.80 195.141
13 41.77 5.14948 998.379 46,881.50  29.744

14 39.56 7.39934 1000.000 46,986.20  26.884
15 40.62 6.38000 1000.000 47026.90  26.879

13.3.3. The price of the European put option is P¢ = $9.4587 and its Ape = —0.521195. The hedge
portfolio consists of 100 put options and 52.1195 shares of the underlying security. The investor may borrow

B = 100(9.4587) + 52.1195(75) = $4854.84

at the risk-free rate to purchase the hedging portfolio. Let P¢(S(1/12),80, (3 — 1)/12) be the price of the
option after one month. If the investor liquidates the hedging portfolio, the profit/loss may be expressed as

P/L = 100P°(S5(1/12),80, (3 — 1)/12) + 52.11955(1/12) — 4854.84¢%-08(1/12),
The plot of profit/loss versus S(1/12) resembles that shown below.
Profit/Loss ($)
220}

120

20

AlxAAAlAAAAlAAAAlAAAAlAAAAlS(1/12)($)
70 75 80 85 90 95
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13.3.5. The exercise states that Ace = 0.655422 = ® (d; ), therefore
dy = ®71(0.655422)
0,2
n % 4 (0.06—0+ 7) (4/12 - 0) N
o/4/12-0 o
0% —0.8V304+0.12=0

. 0.8v/3+/1.92—0.48
B 2
o = 0.092820 or ¢ = 1.292820.

Thus the change in the security price leading to a self-financing portfolio is
:tS(O)O’\/E = £(60)(0.092820)+/1/52 = £8$0.772312.

13.4.1. Let I'y denote the Gamma of the four-month call option and I's denote the Gamma of the six-month
call option.

In £ + (0055 - 0+ 400 (4/12 - 0)

dyg = — —0.11753

0.17/4/12 — 0
—0(4/12—0) . (_
r,=° P (Z01753) _ ) 0474901
85(0.17)/4/12 — 0

n 884+ (0.055 0+ %) (6/12 — 0)

0.17:/6/12 — 0

e~ 0(6/12=0) 15 (0.000328)

= 0.000328

die =

I — = 0.0390443
© T 85(0.17)/6/12— 0
The ratio of the Gammas is r 0.047901
4 T 191632

Ts  0.0390443

thus a Gamma-neutral portfolio would be long 608.158 of the six-month call option.
13.4.3. Let I's denote the Gamma of the three-month call option and I's denote the Gamma of the five-
month call option.

2
In % + (0045 - 0+ ©20°) (3/12 - 0)
dha— = —0.0258399
0.23\/3/12 - 0
¢~0(3/12-0) 5 (_0,0258399)

b = s 093) V312 0

n 82+ (0.045 - 0+ 022 (5/12 )

= 0.0365043

dis = = —0.00888936
0.23,/5/12— 0
—0(5/12-0) ,, (—(.00888936
Iy =& o ) _ 0.0282844
95(0.23)1/5/12 — 0

The ratio of the Gammas is
I's  0.0365043

Ts  0.0282844
thus a Gamma-neutral portfolio would be long 129.061 of the five-month call option.

= 1.29061
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13.4.5. Let I'g2 denote the Gamma of the 62-strike call option and I'g; denote the Gamma of the 65-strike
call option.

In 0+ (0.0565 —0.02+ %) (4/12 - 0)

0.17,/4/12 -0

—0.02(3/12-0) ,, (0.00732301
Ty = & all ) _ 0.0294031

60(0.45),/3/12 — 0

In 0+ (0.0565 —0.02+ %) (3/12 - 0)

0.45,/3/12— 0

—0.02(3/12-0) , (_() 202690
ot o ) _ 0.0288061

60(0.45)+/3/12 — 0

'y 0.0294031
T 0.0288061
thus a Gamma-neutral portfolio would be long 102.073 of the 65-strike call option.
13.4.7. The price of the 62-strike calls is $4.72655 and the price of the 65-strike calls is $3.62213. The time
t = 0 cash flow to create the Delta/Gamma-neutral portfolio is

B =100(4.72655) — 102.073(3.62213) — 7.41622(60) = —$342.038,

= 0.00732301

di,62 =

= —0.202690

di,65 =

The ratio of the Gammas is
=1.02073

which is borrowed at the risk-free rate. If the hedging portfolio is liquidated after one day, the profit/loss will
depend on the stock price the next day (360.50), the option prices the next day (C*¢(60.50, 62, (90—1)/365) =
$4.94842 and C*©(60.50, 65, (90 — 1)/365) = $3.80323), and the interest costs of the loan.

P/L = —100(4.94842) 4 102.073(3.80323) + 7.41622(60.50) — 342.038¢"-0965(1/365) — _$0 0458565

14.1.1. In this case K1 = 150, K3 = 160, S(0) = 150, ¢ = 0.35, § = 0.02, r = 0.05, T = 3/12, and ¢t = 0.
Using the calculations already performed in the example yields,

dy = —0.238434

dy = —0.413434

P9 =150 0056/12=00¢ (0.238434) — 150e~*-02(3/12-00 (0.413434)
= $9.13328.

14.1.5. Starting with Eq. (6.8) and using K in place of the strike price we have,
Pe(S(t); Ko, T) + S(t)e0T= = C¢(S(t); Ky, T) + Kpe "1
PO(S(t): Ky Ko, T) + (Ka = Ki)e " 0% (—dy) + S(t)e "0 = C(S(1): K1, Ko, T) = (Ko — Ka)e "0 ()
+ (K + Ky — Kp)e 7T
PI(S(t); K1, Ko, T) + S(t)e T8 = C9(S(t); Ky, Ko, T) + Kye 7T
= (K = Ky)e "1 = @ (dy) = @ (~d))
CI(S(t); K1, Ko, T) + Kie "1,

14.2.5. Using the supplied variables and parameters,
_ In3g +(0.045 - 0.02+ (5 — $)(0.30))(3/12 — 0)

dy = — 0.74407
0.301/3/12 — 0
In 10 4 (0.045 — 0.02 + ©:39%y(3/12 —
dy = ng 5 B/ ):0.66907
0.301/3/12 — 0
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Thus the prices of the power call and put are respectively,

CP(10:1/2,3/12,3) = (10)1/26[(1/271)(0.045+(1/2)(0,30)2/2)7(1/2)(0,02)](3/1270)q) (0.74407) — (3)6—0.045(3/12—0)(1) (0.66907)
= $0.193707

PP(10;1/2,3/12,3) = (3)6—0.045(3/1270)(1) (—0.66907) — (1())1/26[(1/271)(0.045+(1/2)(0.30)2/2)7(1/2)(0.02)](3/1270)(1) (—0.74407)
= $0.0322672

14.2.9. According to Eq. (14.21) the Gamma of the sold power calls is

3 ~ _ > _ ¢ (d1)
Trw = 2(90)3/2-26[(3/2-1)(0.05+(3/2)(0.45)*/2)(6/12-0) ( (3/2 _ 1) (d;) + — L)
cr = 5(90) (3/2—=1)® (dy) 045 /67170
= 0.0822199

The Gamma of an ordinary European call is

—0.015(6/12-0) , (4
re= ¢ o(d) _ 013813,

(0.45)(90)1/6/12 — 0

The ratio of these Gammas is 0.0822199/0.013813 = 5.95234, thus if 100 power call options are sold, the
market maker must purchase 595.234 ordinary European call options in order to create a Gamma neutral
portfolio. The Delta of an ordinary European call is

Age = e 00156/1220)g (4,) = 0.513752.

Since 100 power calls are sold and 595.234 ordinary calls are bought, the portfolio can be simultaneously
Delta-neutral when the market maker takes a position in z shares of the underlying security, where

—100(14.7994) 4 595.234(0.513752) 4 z = 0.

This implies the market maker should purchase z = 1174.14 shares in order to create the Delta/Gamma-
neutral hedging portfolio.
14.3.3. This is an exchange call with underlying asset S(¢) and strike asset K (t).
o? = (0.40)% — 2(0.78)(0.40)(0.35) + (0.35)2 = 0.0641
o =0.25318

_ 250+ (0.013 - 0.025+ 29041) (3/12 — 0)

0.253184/3/12 -0

3(17 0.0641
b, 37 4 (0.013 - 0.025 — 20641) (3/12 — 0)
0.253184/3/12 -0

dy = (0.196028

= 0.0694377

Using these calculated input values Eq. (14.28) yields
C*((3)17,50; 0, 3/12) = (3)(17)e~%0256/12=00¢ (0.196028) — 50e~*-013(3/12=0)% (0.0694377) = $2.98106.
14.3.5. Use the Put-Call parity relationship of Eq. (14.32).

C*(5(0),4K(0); 0,6/12) — P*(5(0),4K(0); 0,6/12) = S(0)e~01(6/12=0) _ 4F(0)
3 — P?(5(0),4K(0);0,6/12) = 20e~0-01(6/12=0) _ 4(5)
P*(5(0),4K(0);0,6/12) = $3.09975
This is the price to exchange one share of security S for four shares of security K. Thus to exchange five

shares of security S for twenty shares of security K the premium is (5)(3.09975) = $15.4988.
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14.3.9. The market maker must re-purchase the exchange call options and close the short position in the
strike asset. After one day the value of the exchange calls can be calculated as

In 4(35.50) +(0.02 — 0 + 2115) (6/12 — 1/365
dy = 3(50.25) ( 2 ) (6/ /365) = —0.0888963
0.3391164/6/12 — 1/365

I 4(35.50) 0.02 — 0 — 2115) (/12 — 1/365
doy = 3(50.25) ( 2 )( / /365) = —0.32803
0.339116 6/12 — 1/365

C?® = $10.5295.
Thus the one-day profit/loss is
P/L = 100(9.92541 + (0.353661)(50)) — 100(10.5295) — (35.3661)(50.25) = —$69.2505.
14.3.11. Making use of the hint given,
max{q151(T), q252(T)} = (1 51(T) — q252(T))* + q252(T).

The time ¢ expected value of the first term on the right-hand side of the equation is an exchange call with
underlying asset ¢1.51(¢) and strike asset ¢2S52(t). The expected value of the last term on the right-hand
side is g2 prepaid forwards for the strike asset. If V' (g151(¢), ¢252(t)) denotes the option which has payoff,
max{q151(T), ¢252(T)}, then

V(quSi(t), g252(t)) = C*(quS1(t), q292(t); 0, T) + g2 F{ 7 (Sa(t)).
14.3.13. Note that  + y = min{z,y} + max{z,y} so
0(q191(t), 252(1)) + V(q151(t), 252(t)) = u FLp(S1(t)) + a2 F 7 (Sa(1)).

14.4.1. Use Eq. (14.37). For the European call option portion of this formula, S = 100, K = 100, T = 2,
t=0,r=0.058=0.02 and o = 0.30.

2
mi+ (0.05— 0.02 + @) (2-0)

100
d = 0.353553
' 0.30v2 -0
n 488 + (0.05 - 0.02 = ©30°) (2 0)
dy = — —0.0707107
0.30vZ -0

C€(100; 100, 2) = 100e~*22=9¢ (0.353533) — 100e ~*->2=9% (—0.0707107) = $18.6225

For the European put option portion of this formula, S = 100, the strike price is 100e~(0-05-0.02)2-1) —
07.0446, expiry is at 1, £ = 0, r — 0.05, 6 = 0.02, and & — 0.30.

100 (0.30)2
In 5480 + (005 - 002+ 5 (1 - 0)
dy = =0.35
0.30v/I—0
2
L (0.05 - 0.02 = L322 (1~ 0) oo
2 0.30y/1—0 T

P?(100;97.0446, 1) = 97.0446e 2051 =0 (—0.05) — 1000210 (—0.35) = $8.71742
Thus the value of the chooser option at ¢t = 0 is

V(100;0) = 18.6225 4 ¢~ %-922=18 71742 = $27.1642.
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14.4.3. A straddle consists of a long put and long call with the same strike price. If S = 100, K = 100,
T=2,t=0,r=0.05 6 =0.02, and 0 = 0.30, then

C*(100; 100, 2) = $18.6225
P*(100; 100, 2) = $13.0273.

The total cost of the straddle is 18.6225 + 13.0273 = $31.6499 which is greater than the price of the chooser
option at $27.1674.

14.4.7. Using the result found in Exercise 14.4.5 and taking the partial derivative with respect to ¢ produce,

ov
ot

t
_ @CC +rKe” r(T— t) (—d?) _ 58675(T*t)q) (_d?) _ Kefr(Tft)(p (dt21) 8(;[;

83 + Se —6(T—t) ( dtl)

—r(T—t) t —&(T—t) t —6(T—t) t 6d;1 6d§1
=Oc- +rke ® (—dy') - dSe © (—dy') - Se e[ )\ ~

oSe=9(T—1) 0 (dtl)
20 — 1 !

—r(T— L _ . op (di
=O0¢c +rKe " (—dy) — e 0T t><5q>( ') + 57— t(ll_)t)

=0Oce +rKe "0 (—dit) — 6Se 0T (—dft) -

14.4.9. Using the result found in Exercise 14.4.5 and taking the partial derivative with respect to ¢ produce,

v (T adh
—— =Voe — Ke "Iy (d’;l) (9—02

Oo
ddy 9dy’
. 5(T—t) 1
Voo — Se- (d ) ( Oo oo )

= VC& + Se_é(T_t)SO (dll) tl — t.

odi

+ Sefé(Tft)w (d?) 5

14.5.3.
PF =150e70-93(1)(1.05e 0035 (0.351415) — e O3 P (—0.214271)) = $33.9163

14.6.1. The security price is determined by Newton’s method. Suppose the Sy = 105 is the initial approxi-
mation to the solution of the equation, P¢(S,105,1) = 10. The Newton’s iterate formula is

P¢(Sp_1,105,1) — 10
Ap-

Sn = On—-1—"
for n =1,2,.... Evaluating the first several iterates produces the estimates in the following table.

Sn

0 105.000
109.295
109.574
109.575
109.575

INGNJUN I ) I

The iterates appear to have converged to S* ~ $109.575.
14.6.3. Numerically approximating the solution S* to the equation P¢(S*,750,9/12) = 75 produces S* =~
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$735.97. The correlation p = 1/1/3. Hence,

0.35)°
In 225 + (0.05 - 003 + 2325 (4 —0)

o = 0.411351
0.35,/ — 0
. = 0.236351
0.35/ 3 —0
In 5+ (0.05 —0.03+ @) (9/12-0)
o = 0.30922
1 0.35v1—0
In 725 + (0.05 - 0.03 — ) (9/12 - 0)
o = 0.00611108
2 0.35y1—0

® (—ay,—dq; p) =0.21701
® (—ag, —da; p) = 0.297211
& (—as) = 0.40658.

Thus the premium for this call on a put is

CP = 7506~ 9-050/12=0)(( 297211) — 775¢0-93(9/12=0)(.21701) — 75 ~0-05(3/12=0) (. 40658)

= $20.1479.

14.6.5. Numerically approximating the solution S* to the equation C¢(S*,225,18/12) =

S* a2 $212.457. The correlation p = /2/3. Hence,

In 528 + (0.05 - 0.035+ ©3°) (1 - 0)
0.33vI_0

In 529 + (0.05 - 0085 - ©22°) (1 - 0)
0.33vI_0

In 230 4+ (0.05 —0.035 + @) (18/12 — 0)

h= 0.33\/18/12 — 0
In 230 4 (0.05 —0.035 — @) (18/12 — 0)
dy = = —0.0920318

0.33\/18/12— 0

= 0.450874

a; =

= 0.120874

ag =

= 0.312134

P (—aq,dr; —p) = 0.0673953
P (—ag,ds; —p) = 0.0611677
& (—as) = 0.451895.

Thus the premium for this put on a call is

15 produces

P¢ = 225¢70-05(18/12=0)(() 0611677) — 230e~-035(18/120)((), 0673953) — 15e~*95(1=0)(0.451895)

= $4.50801.

14.6.7. Use the Put-Call parity relationship between a call on a put and a put on a put from Eq. (14.55).

The time ¢ = 0 cost of the underlying put is P¢(775,750,9/12) = $72.5672. Using Eq. (14.55),

PP = 20.1479 + 75¢0-05(3/12-0) _ 79 5679 — $21.649.
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14.7.5. First calculate the dividend yield and volatility for the geometric mean.

L1 12-1 (0.35)2\ 124+ 1  (0.35)%(12+ 1)(2(12) + 1)] _
0= [0.06( > ) + (0.01+ 5 ) o oL = 0.0430541
o035 [+ DRI+ o

12 6
Next use Egs. (10.32) and (10.33) and Eq. (10.35) with 7= 1 and K = 115.

In $22 + (0.06 - 0.0430541 + 24 (1 — )

dy = = 0.384537
! 0.214661/T — 0
In $22 + (0.06 - 0.0430541 — 24 (1 — )
dy = = 0.169877
2 0.214661/T — 0
P =115¢7%060-0¢ (—(.169877) — 120e~0-04305411=0)¢ (_(.384537)
= $6.58337
14.7.7.
o | N-1 >\ N+1 o*(N+1)2N +1)
N0 = im0 _§[T<—>+<5+7> N 6N
) P i
= —|Tr - — —
2 2 3
1 o?
. [ENTDHENTD
NS N \/ 6N?
- ag
V3

For the situation described in Example 14.12,

1 0.25)?
5 3 (0.05 +0.02 + (T)> = 0.0402083
0.25

ot = 7= 0.144338
In 100 1 (0.05 — 0.0402083 + w) (1-0)
"= 0.144338y/1 —0 = (0.140007
In 155 + (0.05 — 0.0402083 — %) (1-0)
- 0.144338\1 =0 = —0.00433013

CPG = 100e0-04020831=0)g (0.140007) — 100e =" =0% (—0.00433013) = $5.9802.

14.7.9. Using the values of 6*, o™, di, and dy calculated in Example 14.13 generates a price for the
corresponding geometric average strike call option of

0956 = 100e0020-9¢ (0.207512) — 100e~-0389222(1-0)¢ (0.0722294)
= $6.20629.

The prepaid forward price of the underlying stock is F{T(S) = 100e~092(1) = $98.0199 while the prepaid
forward price of the geometric average of the stock prices is

F(fT(G(T)) — 1008—0.0389222(1) — 96.1826.
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Substituting these values into the Put-Call parity relationship of Eq. (14.63) results in the following.

6.20629 — 4.36898 = 98.0199 — 96.1826
1.83731 = 1.83731

Consequently the put and call values satisfy the Put-Call parity relationship for geometric average strike
Asian options.

14.7.11. The factors by which the stock price increases and decreases at each time step are respectively
(according to the formulas derived in Exercise 7.3.1),

u = (0:05-0.02)(4/12)+0.30\/1/12 _ 1 9470
d = (0-05-0.02)(4/12)=0.30\/4/12 _ () 849417

The risk-neutral probability of an increase in the stock price is

1
pr=— = 0.456807.
1 4 ¢0-30V/4/12

The evolution of stock prices is shown in the following graph.

216.573
180.318
150.133 153.165
125 127.525
106.177 108.322
90.1886
76.6078

Using the graph of stock prices, the arithmetic average price A(T), the call payoff, and the risk-neutral
probability of the payoff are summarized in the following table.

Path A(T) (A(T)-S(T))" Prob.
3

U 182.341 0.000 0.095323
u?d  161.205 8.040 0.113349
udu  143.608 0.000 0.113349
duu  128.956 20.634 0.113349
ud?  128.660 0.000 0.134785
dud 114.008 5.686 0.134785
d*>u  101.563 0.000 0.134785
d? 90.991 14.383 0.160274

Therefore the present value of the risk-neutral expected value of the payoff is the value of the arithmetic
average strike Asian put,

PesA = 709510 4 0.113349(8.040 + 0 + 20.634) + 0.134785(0 + 5.686 + 0) 4 0.160274(14.383)]

=e
= $6.43426.
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14.8.1.

(a) O

(b) P¢(S,K,T)

(c) O

(d) C¢(S,K,T)
14.8.13. Using the values S(0) = 250, K = 260, H = 275, T = 4/12, r = 0.065, 0 = 0.40, and § = 0.015
then

ds =0.843219 ds = —0.225066 d; = 0.600344
dy = 0.612278 dg = —0.456006 dg = 0.369404

2(r—3)
(7’2 1

2(r—29)
= 0.96489 and (§) = 1.16752. Making use of Eq. (14.94) then

o (4

C¢, = $20.3586.
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