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Fundamental Principle of Counting

Being able to count outcomes of an experiment is key to assigning
probabilities to events.
Theorem (Multiplication Rule of Counting)

If a task consists of a sequence of choices in which there are p
selections for the first choice, q selections for the second choice, r
selections for the third choice, and so on, then the task of making
these selections can be done in

different ways.



Examples

Within a single area code, telephone numbers have seven digits and
the first digit cannot be a 0 or a 1. How many different telephone
numbers can be assigned?
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Within a single area code, telephone numbers have seven digits and
the first digit cannot be a 0 or a 1. How many different telephone
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Examples

Within a single area code, telephone numbers have seven digits and
the first digit cannot be a 0 or a 1. How many different telephone
numbers can be assigned?

8-10-10-10-10-10-10 = 8,000,000

In a certain state license plate designations for automobiles consist of
three letters “A”-"Z” followed by four numbers 0-9. How many
different license plates can be created?



Examples

Within a single area code, telephone numbers have seven digits and
the first digit cannot be a 0 or a 1. How many different telephone
numbers can be assigned?

8-10-10-10-10-10-10 = 8,000,000

In a certain state license plate designations for automobiles consist of
three letters “A”-"Z” followed by four numbers 0-9. How many
different license plates can be created?

26-26-26-10-10-10-10 = 175,760,000



Factorial

A sales representative for a company must visit 6 different cities
exactly one time each. In how many different orders can the cities be
visited?



Factorial

A sales representative for a company must visit 6 different cities
exactly one time each. In how many different orders can the cities be
visited?

6-5-4.-3-2-1=720



Factorial

A sales representative for a company must visit 6 different cities
exactly one time each. In how many different orders can the cities be
visited?

6-5-4.-3-2-1=720

Definition
If n > 0is a whole number the quantity n! read “n factorial” is

nl=n(n—1)(n-2)---(3)(2)(1).

By convention 0! = 1.



Example

Fill in the second column of the following table.

n!

NDNONWN =S

—_




Example

Fill in the second column of the following table.

n!

1

2

6

5,040
3,628,800
479,001,600

NDNONWN =S

—_



Permutations

Definition

A permutation is an ordered arrangement in which r objects are
chosen from n different objects and repetition is not allowed. The
symbol P, represents the number of permutations of r objects
selected from n objects.

nPr = (n—r)!



Example

Evaluate the following permutations.
> 7Py
> 7P3
> 10Ps
> 6Ps



Example

Evaluate the following permutations.
> ,P, =840
> ;P; =210
> 10Ps = 151,200
> Ps =720



Example

In the finals of the 100m dash eight runners compete for 1st, 2nd, and
3rd place. How many different ways can the runners finish 1st, 2nd,
and 3rd?



Example

In the finals of the 100m dash eight runners compete for 1st, 2nd, and
3rd place. How many different ways can the runners finish 1st, 2nd,
and 3rd?

Since finishing order matters, we should calculate

! |
8 8—' = 336.

8fs = (8—3) 5l



Combinations

Definition

A combination is a collection, without regard for order, of n different
objects without repetition. The symbol ,C, represents the number of
combinations of n different objects taken r at a time.

n!

nCr = ri(n—r)!



Example

Evaluate the following combinations.
> 7Cy
> 7C3
> 10Cs
> 6Ce



Example

Evaluate the following combinations.

» ,C4 =35
> ;C3 =35
> 10Cs =210

> ¢Co =1



Example

A committee of five people must be chosen from a group of fifteen
people. How many different committees can be formed?



Example

A committee of five people must be chosen from a group of fifteen
people. How many different committees can be formed?
Since order of being picked for the committee does not matter we

calculate
15! 15!

15Cs = 51(15—5)! 5110

= 3,003.



Permutations with Non-distinct ltems

Sometimes we must arrange objects in some order but the objects
are not all different.
Theorem (Permutations with Non-distinct ltems)

The number of permutations of n objects of which ny are of one kind,
no are of a second kind, ..., and ny are of a kth kind is given by

n!
nlonol-ong!”



Example

Suppose you have 15 tiles with which to create a sidewalk. Eight tiles
are red, four are yellow, and three are blue. How many different
arrangements can be created?



Example

Suppose you have 15 tiles with which to create a sidewalk. Eight tiles
are red, four are yellow, and three are blue. How many different
arrangements can be created?

We have the situation of considering the arrangements of identical
items. The number of arrangements is then

15!



Mississippi

How many different arrangements of the letters in the name
“Mississippi” are possible?



Mississippi

How many different arrangements of the letters in the name
“Mississippi” are possible?

Letter | Frequency

i 4
M 1
p 2
S 4
I
1! = 34,650

41112141



5-Card Poker Hands

How many 5-card poker hands can be dealt from a regular playing

deck?
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5-Card Poker Hands

How many 5-card poker hands can be dealt from a regular playing

deck?
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Full House Poker Hand
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Probability of Full House

What is the probability of being dealt a full house (3 of a kind and 2 of
another kind)?



Probability of Full House

What is the probability of being dealt a full house (3 of a kind and 2 of
another kind)?
13C2: number of ways to choose the two denominations
4+C3: number of ways to choose 3 cards of the same
denomination
4Co: number of ways to choose 2 cards of the same
denomination



Probability of Full House

What is the probability of being dealt a full house (3 of a kind and 2 of
another kind)?
13C2: number of ways to choose the two denominations
4+C3: number of ways to choose 3 cards of the same
denomination
4Co: number of ways to choose 2 cards of the same
denomination

full house hands = 2 (1302) (4C3) (462) = 2(78)(4)(6) = 3, 744



Probability of Full House

What is the probability of being dealt a full house (3 of a kind and 2 of
another kind)?
13C2: number of ways to choose the two denominations
4+C3: number of ways to choose 3 cards of the same
denomination
4Co: number of ways to choose 2 cards of the same
denomination

full house hands = 2 (1302) (4C3) (462) = 2(78)(4)(6) = 3, 744

P(full house) = % ~ 0.00144



Two-pair Poker Hand




Probability of Two Pair

What is the probability of being dealt two pair?



Probability of Two Pair

What is the probability of being dealt two pair?
13C2: number of ways to choose the two denominations

4+Co: number of ways to choose 2 cards of the same
denomination



Probability of Two Pair

What is the probability of being dealt two pair?
13C2: number of ways to choose the two denominations

4+Co: number of ways to choose 2 cards of the same
denomination

two pair hands = (1302) (402) (402) (44) = (78)(6)(6)(44) = 123, 552



Probability of Two Pair

What is the probability of being dealt two pair?
13C2: number of ways to choose the two denominations

4+Co: number of ways to choose 2 cards of the same
denomination

two pair hands = (1302) (402) (402) (44) = (78)(6)(6)(44) = 123, 552

. 12
P(two pair) = % ~ 0.0475



Three of a Kind Poker Hand




Probability of Three of a Kind

What is the probability of being dealt three of a kind?



Probability of Three of a Kind

What is the probability of being dealt three of a kind?

three kind hands = (13C1) (4C3) (12C2) (4C1) (4Ci)

= (13)(4)(66)(4)(4)
= 54,912



Probability of Three of a Kind

What is the probability of being dealt three of a kind?
three kind hands = (1301 ) (4C3) (1202) (4C1 ) (4C1)

= (13)(4)(66)(4)(4)
= 54,912
P(three kind) = _54.912 ~ 0.0211

2,598,960



