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Background

» Constructing Lagrange polynomials is relatively easy as a pencil
and paper technique, but difficult to automate.

» Neville’s iterated interpolation can approximate a function at a
single point, but does not construct a polynomial.

» Today we learn an iterated technique for building up the
Lagrange interpolating polynomials.



Polynomial Interpolation
Suppose polynomial P,(x) interpolates the data:

{(x0, F(x0)), (X1, F(x1)) - - s (Xn, (Xn)) }-

If one more data point is added, say

{(X07 f(XO))’ (X1v f(X1))a s (Xn, f(Xn))7 (Xn+17 f(Xn+1 ))}7

we would like to use Pp(x) to find Pny1(x).



Polynomial Interpolation
Suppose polynomial P,(x) interpolates the data:
{(X%. F(x0)), (31, F(x1)), ., (X, F(x0))}-
If one more data point is added, say

{(X07 f(XO))v (X1v f(X1))a s (Xn, f(Xn))7 (Xn+1 ) f(Xn+1 ))}7

we would like to use Pp(x) to find Pny1(x).

Imagine that

Pri1(x) = Pa(x) + q(x)
q(x) = Ppi1(x) = Pn(x).

Polynomial g(x) interpolates the data,

{(XOv O)’ (X1 ) 0)’ cey (Xn’ 0)7 (Xn+1a f(Xn+1) - Pn(Xn+1 ))}7



Lagrange Form of q(x)

Polynomial g(x) can be expressed as a single Lagrange basis
polynomial.

n

q(x) = (f(xar1) = Pa(xa1)) [ |

k=0

X — Xk
Xny1 — Xk



Lagrange Interpolating Polynomial

Suppose f(x) is a function and P,(x) is the Lagrange interpolating
polynomial of degree at most n which agrees with f(x) at the distinct
points {xo, X1, ..., Xn}.



Lagrange Interpolating Polynomial

Suppose f(x) is a function and P,(x) is the Lagrange interpolating
polynomial of degree at most n which agrees with f(x) at the distinct
points {xo, X1, ..., Xn}.

We can think of P,(x) as
Pn(x) = ag + ai(x — Xo) + a2(x — x0)(x — xy)
+ -4 an(x — Xxo) - (X — Xn—1)

n i—

1
:ao+2a,- (X—Xj)
0

=1 j=
for an appropriate choice of constants ay, ay, ..., an.

Question: how can we find these constants?



Evaluation of P,(x)

Pn(x) = a0 + ai(x — Xo) + a@(x — Xo)(x — x1)
+ -+ an(x —xo) - (X — Xn—1)

> If x = xo then P,(x0) = f(X) = ao.



Evaluation of P,(x)

Pn(x) = a0 + ai(x — Xo) + a@(x — Xo)(x — x1)
+ o+ an(x — Xo) - (X — Xn_1)

> If x = xp then Py(x0) = f(X0) = ao.
> If x = xy then Py(xy) = f(x1) and

Pn(x1) = a0 + ai(xy — Xo)

f(X1) = f(Xo) =+ a4 (X1 — Xo)

_ f(x1) — f(xo)
B X1 — Xo

» and so on.



Find ao

Pn(x2) = ao + a1(X2 — Xo) + a2(x2 — Xo)(X2 — Xy)
) = f(xg) + () = T1%0) (X)‘ﬁ) - E)X")
+ ax(x2 — Xo) (X2 — X1)
f(x1) — f(xo)
X1 — Xo
f(xo) — f(xg) — [X=T00) (1, — xp)

1—Xo
(X2 — X0)(X2 — X1)
fxe)—f(x1) _ f(x1)—f(x)

X2 — X1 X1 —Xo

(X2 — Xo)

ag(XQ — XO)(X2 — X1) = f(Xz) — f(Xo) — (X2 — Xo)

ao =

X2 — Xo



Divided Difference Notation (1 of 2)

» Denote the zeroth divided difference of f with respect to x; by
f[X,'] = f(X,‘).

» Denote the first divided difference of f with respect to x; and
Yoo flxis1] — fIx]
oy 1 MXipt] — TX
f[Xla XI+1] - Xi+1 —X; .
» Denote the second divided difference of f with respect to x;,
Xit+1, and X, 2 by

fXi1, Xiv2] — X, Xiy4]
Xiy2 — X;

fIXi, Xit1, Xi2] =



Divided Difference Notation (2 of 2)

Proceeding recursively,
» Denote the kth divided difference of f with respect to x;, X;1,

Xit2, « ..y Xipk DY
FIXGi Xigts - o Xiek—15 Xisek]
X1, Xz, - ooy Xigk) — X0 Xigts oo Xigk—1]

Xitk — Xi
» Finally, denote the nth divided difference of f with respect to xg,
X1, X2, ..., Xp DY

f[x1,Xo, ..., Xn] — f[Xo0, X1, . - ., Xn—1]

X0, X1, ..., Xn] = -
n




Summary and Connections

Recall that



Summary and Connections

Recall that

n

k-1
() =ao+ > a [[(x—x).
j=0

k=1
Using the divided difference notation we see that
ao = f[Xo]
a = f[Xo, X1]
a = f[xo, X1, X]

an = f[Xo, X1, X2, . .., Xa], and thus

n k—1
Po(x) = flxo] + Y flxo, ..., x] [ (x = x).
j=0

k=1

This is called Newton’s interpolatory divided difference formula.



Table Format

X f(x) First Second Third
Xo  fxo]

o T 1]

' X1 — X
Xy fx1] ‘ ’ X0, X1, Xe] flx1, xo] — flx0, x1]
1 1 0, X1, Xp] = ———————
X2 — Xo
fxi, xe] = w X0, X1, Xp, Xa] = W
2 — X1 —
flx2, xa] — f[x1, X;
X fle] X1, Xo, Xs] = %
f[xs] — f[x:

flx) = Ll

X3 f[xs)



Divided Difference Algorithm

INPUT nodes {(xo, f(X0)), .- ., (Xn, f(xn))}
STEP 1 Fori=0,1,...,nset F o = f(x;).
STEP2 Fori=1,2,....n
Forj=1,2,... iset
F - Fij1—Fi 11
Xi — Xi—j
STEP 3 OUTPUT Fy, Fi,1, ..., Fnn. STOP.

Remark: the output values are the top entries in the columns of the
preceding table.



Example (1 of 2)

Complete the divided difference table and construct the interpolating

polynomial.
X f(x) First Second Third Fourth
32 220
8.4
27 17.8 2.85561
2.11765 —0.52748
1.0 142 2.01165 0.255838
6.34211 0.0865307
48 383 2.26259
16.75

56 517



Example (2 of 2)

P4(x) =22.0 + 8.4(x — 3.2) + 2.85561(x — 3.2)(x — 2.7)
—0.52748(x — 3.2)(x —2.7)(x — 1.0)
+0.255838(x — 3.2)(x — 2.7)(x — 1.0)(x — 4.8)
= 34.96 — 36.1836x + 18.6885x% — 3.52078x° 4 0.255838x*



Graph




Implications of the Mean Value Theorem

f(x;) — f(x)

flxi xl = ——
j i

~ f'(2)

for some z between x; and x; according to the MVT.



Implications of the Mean Value Theorem

(] — T09) = 10x)

=@

for some z between x; and x; according to the MVT.

This can be generalized.

Theorem

Suppose f € C"[a, b] and xo, X1, ..., X are distinct numbers in [a, b].
There exists z € (a, b) such that

f(n)( 2)

flX0, X1, ..., Xn] = p




Proof

> Define g(x) = f(x) — Pn(x).

> Since f(x;) = Pp(x;) fori=0,1,...,n, then function g has n+ 1
distinct roots in [a, b].

» According to the Generalized Rolle’s Theorem, g(")(z) = 0 for
some z € (a, b).

0=g"(2)
= f(2) - P(2)
P(2) = 1(z)
n! f[xo, X1, . .., Xa] = f(2)
f((z
f[XO>X17~~7Xn] =

n!



Remarks

» The coordinates of the nodes xg, X1, ..., X, need not be in
ascending order.

» The spacing between the nodes Ax; = x;;1 — x; need not be
uniform.



Remarks

» The coordinates of the nodes xg, X1, ..., X, need not be in
ascending order.

» The spacing between the nodes Ax; = x;;1 — x; need not be
uniform.

However, if the nodes are in ascending order and the spacing

between nodes is uniform, we can modify Newton’s divided difference
formula.



Forward Differences (1 of 4)

Suppose xj;1 —xi=h>0fori=0,1,...,n—1, then
» For any x there exists s such that x = xo + s h.
» In particular x; = xp + ihfori=0,1,...,n.
» Fori=0,1,...,nthe difference

X—Xi=(Xo+8sh)—xi=(xo+sh)— (xo+ih) =(s—i)h.



Forward Differences (1 of 4)

Suppose xj;1 —xi=h>0fori=0,1,...,n—1, then
» For any x there exists s such that x = xo + s h.
» In particular x; = xp + ihfori=0,1,...,n.
» Fori=0,1,...,nthe difference

X—Xi=(Xo+8sh)—xi=(xo+sh)— (xo+ih) =(s—i)h.

n k—1
Po(x) = flxo] + > flxo.....x] [](x = x)
j=0

k=1
n k—1
Po(xo + sh) = flxo] + > flxo, ... xk] [[(Xo+sh—x —jh)
k=1 j=0

n k—1
= flx] + Y _flxo.....x] [[((s = ))h)
k=1 j=0

n k-1
= fPxo] + Y M lxo, . xd [[ (s - J)
j=0

k=1



Forward Differences (2 of 4)
Using the binomial coefficient notation

s\ s!
(k) ~ (s—k)'k!
_8(s—1)---(s—k+1)

k!
IS (s—))
- k!
s(s—1)---(s—k+1) _k!(i>,
we can write
n k—1
Po(x) = flxol + > Wflxo, ... xk] [[ (s )
k=1 j=0

= flxo] + i h k! (i) fxo, ..., Xk]-
k=1



Forward Differences (3 of 4)

Recalling Aitken’s A2 notation we may write

f(X1) — f(Xo) _ Af(Xo)

f[Xo,X1] = X1 — Xo h
f[X1,X2] — f[Xo,X1] 1 Af(X1) Af(Xo) AZf(X())
f[Xo,X1,X2] = Xo — Xo = ﬁ h — h = 52
fIxq, %o, ..., Xk] — f[Xo, X1, ..., Xk—
X0, x1,.... X] = i, X k)](k—[x; 1 )
. L Ak_1f(X1) B Ak f(Xo) . Akf(Xo)
T kh\ (k=R (k—1)H—1) T TKIHE



Forward Differences (4 of 4)

Finally, we may write the Newton Forward-Difference Formula:

Pa(x) = flx0] + En: Hek! (i) X0, - s Xk
k=1
= f[xo] + Z Rk k! ( ) k'1hk A¥f(x0)

= f[x0]+2( )Ak Xo)



Comments

» Forward-differences on the nodes
Xo < X1 < - < Xp—1 < Xp

are useful when x is nearer to xp than to x, since generally f(xp)
will be closer to f(x) than will f(x,).



Comments

» Forward-differences on the nodes
Xo < X1 < - < Xp—1 < Xp

are useful when x is nearer to xp than to x, since generally f(xp)
will be closer to f(x) than will f(x,).

> If we need to approximate f at x near x, then we should reorder

the nodes as
Xn > Xp—1 > -+ > X1 > Xp-

The interpolating polynomial becomes

Pn(x) = f[xp] + 2”: fXns -« oy Xn—il(X — Xn) - -+ (X = Xn—it1)-
i=1



Backward Differences (1 of 4)

Definition
Given the sequence {p,}7°, we define the backward difference Vp,

as
VpPn=pn—pPn1, forn>1.

For k > 2 we define the kth order backward difference as

Vkon = V(VFpp).



Backward Differences (2 of 4)

Using the backward difference notation we may write

1)~ ) 100) = M(X01) _ 1

f[Xm Xn71] - Xn—1 — Xn Xn — Xn—1 EVf(Xn)
1
f[Xn, Xn—1, Xn—2] = ﬁv2f(xn)
1 k
f[Xnys Xn—1, - - -, Xn—k] = WV f(xn)



Backward Differences (3 of 4)

Writing x = x, + shwhere s < 0 and x — x; = (s + n— i)h then the
interpolating polynomial can be written as

Pa(x) = fIXa] + Y fXn, o Xnoi] (X = Xn) -+ (X = Xn_i41)

i=1

= f[x,,]+§n:h"s(s+1)...(s+n—i)f[x,,,...,xn_,-]

i=1

] + Z s(s+1)- .I:!(s +n—i) Vif{x].
i=1




Backward Differences (4 of 4)

Since s < 0 we must modify the binomial coefficient notation.

(—kS) _ —s(—s—1)-k-!-(—s—k+1) ( 1)ks(s+1) (s+k 1)



Backward Differences (4 of 4)

Since s < 0 we must modify the binomial coefficient notation.

(—kS) _ —s(—s—1)-k-!-(—s—k+1) ( 1)ks(s+1) (s+k—1)

Then we may write the interpolating polynomial as

P(x) _f[xn]+z Sts+1) ”(s+” )it

— flx,] + ;(_1)'(_,.3) Vi [x0]

This is known as the Newton backward-difference formula.



Example (1 of 4)

Suppose we create forward and backward difference interpolating
polynomials for f(x) = cos x using nodes x; = 0.2(i + 1) for

i=0,1,2,3.

X cos X First Second Third

0.2 0.980067
—0.295028

0.4 0.921061 —0.458997
—0.478627 0.0795056

0.6 0.825336 —0.411294
—0.643145

0.8 0.696707



Example (2 of 4)

Forward divided difference:

P3(x) = 0.998536 + 0.015353x — 0.554404x2 + 0.0795056x>

Backward divided difference:

P3(x) = 0.998537 + 0.0153524x — 0.554404x2 + 0.0795056 x>



Example (3 of 4)




Example (4 of 4)

Difference between the forward
and backward interpolation
functions.

0.2 0.4 0.6 0.8 1.0

x107
.x107
%107

%107

Error of the forward and
backward interpolation
functions.

0.0015
0.0010

0.0005

0.2 0.4 0.6 0.8



Homework

» Read Section 3.3.
» Exercises: 1a, 3a, 5a, 13, 17



