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Background

» Suppose A € R™" and x € R"” then multiplication by matrix A
defines a function A : R" — R".

> If there exists x € R" with x # 0 such that Ax is a vector parallel
to x, then there exists A € R for which Ax = A x.



Background

» Suppose A € R™" and x € R"” then multiplication by matrix A
defines a function A : R" — R".

> If there exists x € R" with x # 0 such that Ax is a vector parallel
to x, then there exists A € R for which Ax = A x.

» In this situation vector x is called and eigenvector and X is
called the associated eigenvalue.



Characteristic Polynomials

Definition
If A e R™" the characteristic polynomial of A is
p(\) = det(A — Aly).

Remarks:
» The characteristic polynomial is a polynomial of degree n.
» The characteristic polynomial has at most n roots.
» If det(A — Al;) = 0 then (A — Al,)x = 0 has a non-zero solution X.
> The roots of p(\) = 0 are the eigenvalues of A.
» The non-zero solutions of Ax = Ax are the eigenvectors of A.



Example

Find the eigenvalues and eigenvectors of A = [

N = W



Example

3 2
Find the eigenvalues and eigenvectorsof A= | 1 -2
2 0
3—-A 2 -1
det(A—AhB) = 1 -2-A 3
2 0 4-—)

0 = XN 45X24+2)\—24




Example

3 2
Find the eigenvalues and eigenvectorsof A= | 1 -2
2 0
3—-A 2 -1
det(A—AhB) = 1 -2-A 3
2 0 4-—)
0 = —X4+5X+2)\-24

= —(A+2)(A-3)(A—4)




Example

3 2
Find the eigenvalues and eigenvectorsof A= | 1 -2
2 0
3—-A 2 -1
det(A—AhB) = 1 -2-A 3
2 0 4-—)
0 = —X4+5X+2)\-24

= —(A+2)(A-3)(A—4)

Eigenvalues: A = —2,3,4.
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Eigenvector Corresponding to A = —2
Row-reduce A — (—2)/.

[ 3 2 -1 -2 0 0
A-(-2)k = 1 -2 3| - 0 -2 0
| 2 0 4 0 0 -2
[5 2 —1]
= 10 3
1 20 6 |
(1 0 3
— o 1 -8
1 00 0 |
We can choose x3 = 1 which implies xo = 8 and x; = —3. Thus the

eigenvector correspondingto A = -2 is

3]



Eigenvector Corresponding to A = 3

Row-reduce A — 3.

(3 2 —17 3 00
A-3L = 1 -2 3|-]1]030

|2 0 4 0 0 3
[0 2 -1

= 1 -5
|2 0 1]
(2 0 1

— 0 2 -1
|00 O

We can choose x3 = 1 which implies x = 1/2 and x; = —1/2. Thus

the eigenvector corresponding to A = 3 is

-1/2
x_[ 1/2].
1



Eigenvector Corresponding to A =4

Row-reduce A — 4.

3 2 —1 4 0 0
A-4ly = |1 -2 3|-|0 40
2 0 4 00 4

[ -1 2 -1

= 1 -6 3

2 0 0

10 0

— |0 2 —1

(00 O

We can choose x3 = 1 which implies x = 1/2 and x; = 0. Thus the
eigenvector correspondingto A = 3 is

0
x_{1/2].
1



Spectral Radius

Definition
The spectral radius of A € R™" is denoted

p(A) = max A

where ) is an eigenvalues of A.



Spectral Radius

Definition
The spectral radius of A € R™" is denoted

p(A) = max ||
where ) is an eigenvalues of A.

Example
In the previous example we learned that the eigenvalues of

3 2 -1
A=|1 -2 3 | are A= -2, 3,4, thus p(A) = 4.
2 0 4



Computing the kb-norm of a Matrix

Theorem
If A € R™" then
1/2

1. [|Al2 = [p(A'A)] 7,
2. p(A) < ||A|| for any induced norm || - ||.



Computing the kb-norm of a Matrix

Theorem
If A € R™" then

1/2
1. Al = [o(A'A)] ",
2. p(A) < ||A|| for any induced norm || - ||.

Proof.
(Of (2)):

> Suppose ) is an eigenvalue of A with corresponding eigenvector
X.

> Letz =x/|x| then
A=Azl = [[x2] = [|Az] < [|A]l [lz]] = [IA]l-

> Hence p(A) = max |\ < ||A|l.



Example

Find the h-norm of the matrix A = [



Example

3 2 -1
Find the b-norm of the matrix A= | 1 -2 3
2 0 4

3 2 17 3 1 27 14 4 8
AA = |1 —2 3 2 -2 - 4 8 -8
2

8 -8 26

A~ ODN



Example

Find the h-norm of the matrix A =

3 2 -1
AA = 1 -2 3

2 0 4

14 — ) 4
|AIA — \| = 4 8-\
8 -8

AW

A~ ODN

|

14
4
8

4 8
8 -8
-8 26



Example

3 2 -1
Find the b-norm of the matrix A= | 1 -2 3
| 2 0 4 |
3 2 -1 [ 3 1 2] 14 4 8
AIA = 1 -2 3 2 -2 0|= 4 8 -8
2 0 4| -1 3 4 | 8 -8 26
14 — )\ 4 8
|AIA — \| = 4 8-\ -8
8 -8 26—\

0 = —)3+48)%_540)\+576



Example

3 2 —1
Find the b-norm of the matrix A= | 1 -2 3
2 0 4
3 2 17 3 1 2] 14 4
AA = |1 -2 3 2 2 0|=| 4 8
2 0 4]| -1 3 4] 8 -8
14—\ 4 8
|AIA — \| = 4 8-\ -8
8 -8 26—\
0 = —X%448)\% 540\ +576

Eigenvalues: )\ =~ 1.18927,15.4378,31.3729 and thus

|All2 ~ v/31.3729 ~ 5.60115.



Remarks

> If Ais symmetric then ||A||2 = p(A).

» If ¢ > 0 then there exists an induced norm such that
p(A) < [JA] < p(A) + e



Sequences of Matrices

Definition
Matrix A € R"*" is convergent if
i ky.
Jim (A% = 0

foralli;j=1,2,...,n.



Sequences of Matrices

Definition
Matrix A € R"*" is convergent if
i ky.
Jim (A% = 0

foralli;j=1,2,...,n.

Example

Show that matrix A = [ 3/5 1 } is convergent.

0 3/5



Proof

A3

A4

An

[3/5 1 }

0 3/5

[9/25 6/5 ]

0 9/25

[ 27/125  27/25 }

0 27/125

[ 81/625 108/125 }

0 81/625

[ (3/5)" n(3/5)""" }

0 (3/5)"



Proof

A =

At =

A" =

Thus A — 02%2 as k — oo.

S 5]

[9/25 6/5 ]

0 9/25

[ 27/125  27/25 }

0 27/125

[ 81/625 108/125 }

0 81/625

[ (3/5)" n(3/5)""" }

0 (3/5)"



Main Result

Theorem
The following statements are equivalent:

. A is a convergent matrix.

—_

lim ||A”|| = 0 for some induced norm.
n—oo

lim ||A"|| = 0 for all induced norms.
n—oo

p(A) < 1.
lim A"X =0 for allx € R".

n—oo



Homework

» Read Section 7.2.
» Exercises: 1,5,7,9



