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Objective

Solve the linear system of equations Ax = b

Remarks:

» The forms of Gaussian elimination we have studied require
O(n®) operations to row reduce.

» Back substitution requires O(n?) operations to solve.



Matrix Factorization

Suppose we could write A as the product of two matrices, i.e.

A = LU
a2 - ain
axy d2 -+ dop

ant dnp2 - @m
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Matrix Factorization

Suppose we could write A as the product of two matrices, i.e.

A = LU
a2 - ain
axy d2 -+ dop

ant dnp2 - @m

hy 0 -0 Uy U2 -+ Uip

Then we can solve the linear system using forward and backward
substitution.



Forward and Backward Substitution

Ax = b

LUx = b
L(Ux) = b (letUx=Yy)
Ly = b (solvefory)
Ux = 1y (solve forx)
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Forward and Backward Substitution

AX
LUx
L(Ux)
Ly
Ux

Remarks:

b
b
b
b
y

(letUx=Yy)
(solve fory)
(solve for x)

> Forward and backward substitution require O(n?) operations.
> Not every square matrix A can be factored as L U.
» If A can be row reduced without pivoting, then A can be factored

as LU.



Factoring a Matrix (1 of 12)

ayn a2 -0 ain
8 azx -+ dop
Let A= ) . . and assume ayy # 0.
ant dn2 ---  @mn
. . a .
Forj=2,3,...,ndefine m;; = ai and define
11
1 o --- 0
) — 21 .

—Mp 0o ... 1



Factoring a Matrix (2 of 12)

Observe that

[ 0 0 ayy a2 -+ an
—mpy 1 0 8 a2 -+ amn
MDA = ) } . .
| My 0 - 1 dm  dp2 - dmn

[ a1 3(12) e @i

2 2

B 0 a; - aén)

2 2

L 0 &% aly)



Factoring a Matrix (3 of 12)

(2)
a
Forj=3,4,...,ndefine mp = % and define
a5
1 0 0
0 1 0
M(Z) — 0 —mgp 1



Factoring a Matrix (4 of 12)

Observe that
M3 () A
1 0 0 0 ain a2 ais
o 1 0 0 0 4@ 4@
— 0 —M32 1 0 22 23
S @ @
0 —mp 0 - 1 0 ay ag
[ a1 a2 a3 - an
2 2 2
0 & & &
= 0 0 ags) aéSn)
| O 0 af,? af,3n)




Factoring a Matrix (5 of 12)

()
After i — 1 repetitions define m; = % forj=i+1,...,nand define
ii

10 0 0 0 0
0 1 0 0 0 0
Gh_ |00 1 0 0 0
M 0 0 0 1 0 0
0 0 0 —Mijyqi 1 0
(00 0 —mn O 1|



Factoring a Matrix (6 of 12)

We can also think of this matrix in block form.

i 0
li_4 : oli=1)x(n—i)
0
MO =170 0 1 0
—Mitq,i
O(n—i)x(i—1) : lnfi
L _mn,i




Factoring a Matrix (7 of 12)

Multiplying by n — 1 such matrices yields
M= pp(n=2) DA = U

an upper triangular matrix.
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Factoring a Matrix (7 of 12)

Multiplying by n — 1 such matrices yields
M= pp(n=2) DA = U
an upper triangular matrix.

If M) is non-singular for each i = 1,2,...,n— 1 then

A = (MO)=T (M=) =1 (M=) =1 p(n=1) pp(n=2)

= (M= (M= =T (=T Yy

Questions:
1. Is MY non-singular?
2. Is (MM)=1 ... (M(n=2))=1 (M=)~ lower triangular?



Factoring a Matrix (8 of 12)

—_
o

MO =

o OO -

o o

[eNe]

Mitq,i

Mmp i

o o
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Factoring a Matrix (8 of 12)

10 0 0 0 0

1 0 0 0 0

-1 | 0 0 1 0 0 0
(M1 = 0 0 0 1 0 0
0 0 0 m,-+1,,-1 0

(00 0 my O 1

Remarks:
» This matrix is lower triangular.
» The product of lower triangular matrices is lower triangular.



Factoring a Matrix (9 of 12)

We can also think of the proposed inverse matrix in block form.

[ 0
li—+ : oUi=1)x(n=)
' 0
MO]=" = |0 . 0 1 0 . 0
Mit1,i
o(n—i)x(i—1) : I
L Mp




Factoring a Matrix (10 of 12)

Question: can we confirm [M(")]~" is the inverse of M()?

10 0 0 0 - O[T 0 0 o0
0 1 0 0 0 - 0|0 1 0o 0

o ]~ 0 0 o o olloo oo
M [M ] “loo -0 1 0 ollo o 0o 1
00 0 —mq 1 ollo o 0 M,

00 -0 —my; 0 - 1]l0 0 0 my

o o

oo -

o o



Factoring a Matrix (10 of 12)

Consider the dot product of the jth row of M) with i < j < nand the
kth column of [M()]~" with j < k < n.

Ifk i

<0,...,0,—m,-,-,...,1,-j,...,0>-(0,...,0,1kk,0,...,0>:5jk.



Factoring a Matrix (10 of 12)

Consider the dot product of the jth row of M) with i < j < nand the
kth column of [M()]~" with j < k < n.

If k #£i
0,...,0,—mj, ..., 14...,0)-(0,...,0,14,0,...,0) = 5.
Ifk=i
0,...,0,—my, ..., 15...,0) - (0,...,0, 15 Mig1,i,...,Mn;)

= (=mp)(1i) + (1) (my)
= 0.



Factoring a Matrix (12 of 12)

Define L") = [MD]~" fori=1,2,...,n— 1 and then

L= 1@ .. (1)

At last we have factored A = L U and proved the following theorem.

Theorem

If Gaussian elimination can be performed on matrix A without row
interchanges, then A can be factored as A= L U where L is a lower
triangular matrix and U is an upper triangular matrix.



Example

10 10
(1 — M — -1 = _
M [_21] and LYY =[M'"] {21}L.

We can check that

and



Remarks

» We must select u; and J; so that uj;l; = af,').
(1)

» For convenience we will choose /; = 1 so that u; = a;’.

> We are assuming that for i = 1,2,..., nwe have a\’ + 0.



Algorithm: L U Factorization

Given matrix A = [aj]i=1,....nj=1,....n

STEP 1 Set hy = 1; uy1 = ay4.
STEP2 Forj=2,...,nsetuwj=ay; [y = Zi.
11
STEP 3 Fori=2,...,ndo STEPS 4-5.
i—1
STEP 4 Setlj =1; u; = aj — Z lix Uk

k=1
STEPS5 Forj=i+1,...,nset

i1
aj— E I Uk
k=1

uj =
1 i1
o= —lai—> kgl
Ui k=1
n—1
STEP 6 Sethn = 1; Unm = am — D _ hkUin.
k=1

OUTPUT L = [li=1,...,mj=1

.....



Remarks

» We have assumed throughout our discussion that A can be L U
decomposed without row interchanges.

» In our discussion of pivoting strategies we saw that pivoting can
reduce round-off error.

» Fortunately, every non-singular matrix can be L U decomposed,
though some will require pivoting.



Permutation Matrices

Definition
An n x n permutation matrix contains exactly one entry in every row
and column whose value is 1. All other entries are 0.



Permutation Matrices

Definition
An n x n permutation matrix contains exactly one entry in every row
and column whose value is 1. All other entries are 0.

Example

o =+ O
oo =

- oo
| I



Multiplication by Permutation Matrices

Note the effect produced by multiplying a 3 x 3 matrix by P.

[0 1 0 aj1 ajx as | [ a1 an axs
1 0O 8 &8 a3 = a2 ais
10 0 1 as1 azp as | | @31 asxx as

dy1 a2  ais 0 1 0] [ ayp a1 a3
d>1 8op  8p3 1.0 0 = oo Aoy a3
| @31 az as3 0 0 1] | @32 a3 ass




Multiplication by Permutation Matrices

Note the effect produced by multiplying a 3 x 3 matrix by P.

010 aiy  ap as 1 A a3
100 ax a8 &3 = an a2z as

| 0 0 1 az1 aszp as | | @31 a2 as
a2 ag 010 [ aiz a3
a3 100 = a2 a3

i asz> as3 0 0 1] | as2 ass

» Left multiplying by P swaps rows 1 and 2.
» Right multiplying by P swaps columns 1 and 2.




Observations

» Every permutation matrix P is a permutation of the rows of the
identity matrix.
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» Every permutation matrix P is a permutation of the rows of the
identity matrix.

> P~ =Pt
» If pj = 1then P A swaps the ith and jth rows of A.
» If pj = 1then AP swaps the ith and jth columns of A.



Observations

>

vvyyvyy

Every permutation matrix P is a permutation of the rows of the
identity matrix.

P~ = P!,
If pj = 1 then P A swaps the ith and jth rows of A.
If pj = 1 then AP swaps the ith and jth columns of A.

For every non-singular matrix A there exists a permutation matrix
P such that P A can be L U decomposed without row
interchanges.

PA = LU
A = PLU



Observations

>

vvyyvyy

Every permutation matrix P is a permutation of the rows of the
identity matrix.

P~ = P!,
If pj = 1 then P A swaps the ith and jth rows of A.
If pj = 1 then AP swaps the ith and jth columns of A.

For every non-singular matrix A there exists a permutation matrix
P such that P A can be L U decomposed without row
interchanges.

PA = LU
A = PLU

If P # Ithen P! L is not lower triangular.



Example

Find a permutation matrix P so that the following matrix can be

factored as P! L U.
12 -1
A= 2 4 7
-1 2 5



Solution (1 of 4)

If we row reduce A then after the first stage we have



Solution (1 of 4)

If we row reduce A then after the first stage we have

00
01 |="p
10

and

1
_|L|\)_L
AN

[
o~ =
I
1
I

A DO



Solution (2 of 4)

N — =

o = 0O

- OO



Solution (2 of 4)

M —

So far we have
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|
1
co=
oaN

N — =

o = 0O
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Solution (3 of 4)




Solution (4 of 4)

PLLL@ Yy
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Homework

» Read Section 6.5.
» Exercises: 1, 3ab, 5ab



