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Motivation

» We have learned how to approximate a function using Lagrange
polynomials and how to estimate the error in such an
approximation.

» Sometimes we want to approximate a function at a particular
point x rather than along an interval [a, b].

» Today we will learn how to interpolate between data values found

in a table without knowing the function that generated the
values.

» We will see that we can perform the interpolation without
explicitly writing out the interpolating polynomial.



Lagrange Polynomials

Definition
If fis a function defined at xq, X3, ..., X, distinct real numbers and
my, mo, ..., My are k distinct integers with 0 < m; < n, then the

Lagrange polynomial that agrees with f at the k points xm,, Xm,, - - -,
Xm, is denoted Py, m,.... .my-



Example (1 of 3)

Letxo=1,x1 =2, X2 =4, x3 =5,and x4 = 7 and f(x) = Jo(x)
(Bessel function of the first kind of order zero).

Determine Py 3 4(x).



Example (1 of 3)

Letxo=1,x1 =2, X2 =4, x3 =5,and x4 = 7 and f(x) = Jo(x)
(Bessel function of the first kind of order zero).

Determine Py 3 4(x).

(x—2)(x—5)
+ m%ﬂ)
= [115x2 — gx+ ;} J(2) + [—;Xz + gX-F g Jo(5)

1, 7
+ [10)( 1ox+1]J0(7)



Example (2 of 3)

Letxo =1,x1 =2, % =4, x3 =5, and x4 = 7 and f(x) = Jo(x).

Use P; 3.4(3) to approximate Jy(3).



Example (2 of 3)

Letxo =1,x1 =2, % =4, x3 =5, and x4 = 7 and f(x) = Jo(x).

Use P; 3.4(3) to approximate Jy(3).

x=5x-7), (x=2)(x=7) (x=2)(x=5)
Pi3,4(x) = 2-5)2-7) Jo(2) + (5-2)(5-7) Jo(5) + m%(n
B-5B-7 B-2)B-7) B8-2)3-5)
P13.4(3) = 2-5)2-7) J(2) + 5-2)(5 7)J b(5) + mdoﬂ)
8

= 5@+ gJO(S) - %J0(7)

185(0 223891) + 2( 0.177597) — %(0.300079)

= —0.0590053



Example (2 of 3)

Letxo =1,x1 =2, % =4, x3 =5, and x4 = 7 and f(x) = Jo(x).

Use P; 3.4(3) to approximate Jy(3).

x=5x-7), x=2)x-7) (x—=2)(x—5)
Pi3,4(x) = 2-5)2-7) Jo(2) + (5-2)(5-7) Jo(5) + m%(n
B8-5B-7) 3-2)3-7) (8-2)38-5)
P1,3,4(3) = 2-5)2-7) Jo(2) + 5-2)(5 7)J b(5) + mdoﬂ)
= () + 2(5) — gh(7)
185(0 223891) + 2( 0.177597) — %(0.300079)

= —0.0590053

Actual value: Jy(8) ~ —0.260052



Example (3 of 3)

Letxg =1,x =2, x =4, x3 =5,and x4, = 7 and f(x) = Jy(x).

Use a simplified form of Py 3 4(3) to approximate Jy(3).



Example (3 of 3)

Letxg =1,x =2, x =4, x3 =5,and x4, = 7 and f(x) = Jy(x).

Use a simplified form of Py 3 4(3) to approximate Jy(3).

(x—2)(x - 7) (x—2)(x - 5)
62670 T T 5*"

x2 4x 7 x2 3x 7 x2  7x
(=D e IR BN 2y
(15 5+3> °()+< 6 T2 3) °()+<1o T

D(2) _ H(®) Jo(7)) X2 4 (_ 4h(2) | 3h(5) _ 7Jo(7)) X

x) = ST 2y +

15 6+10

7h(2)  74h(5) )
s 2 L (7
+( 5 5 T h(?)
Py 3.4(3) ~ — 0.0590053

5 2 10

Actual value: Jy(8) ~ —0.260052



Comments

(x=5)(x-7) x=2)(x-=7) (x=2)(x —

= 5)
Praal0 = (2-5)(2-7) ho(2) + (5-2)(5-7) Jo(5) + m%( )
Prast) = (2D ) b)Y 2 (46D, 34(E) T4,

N )

> The first form is easier to modify if we add more interpolation nodes, but more
difficult to evaluate.

> The second form is easier to evaluate, but more difficult to modify if new
interpolation nodes are added.



Interpolation from Data

Suppose we had only the following table of data for f(x):

X f(x)
10.1  0.17537
222 0.37784
32.0 0.52992
41.6 0.66393
50.5 0.63608

Approximate f(27.5) using polynomial interpolation.



Interpolation from Data

Suppose we had only the following table of data for f(x):

X f(x)
10.1  0.17537
222 0.37784
32.0 0.52992
41.6 0.66393
50.5 0.63608

Approximate f(27.5) using polynomial interpolation.
Linear approximation:

(275 —22.2)
(32.0 - 22.2)

(27.5 — 32.0)

PI(27.5) = (555~ 320)

f(22.2) + £(32.0) ~ 0.46009



Higher Order Approximations

Quadratic approximation: (two choices)

(27.5 — 22.2)(27.5 — 32.0)
(10.1 —22.2)(10.1 — 32.0)
(27.5 - 10.1)(27.5 — 32.0)
(222 -10.1)(22.2 — 32.0)
(27.5 - 10.1)(27.5 — 22.2)
(32.0-10.1)(32.0 — 22.2)
. 27,5 — 32.0)(27.5— 4.6
Fe(27.5) = 522.2 - 32.03&22.2 — 41 .6;
(275 22.2)(27.5 — 41.6
T (320-222)(320 416
| (27.5-222)(27.5 - 32.0
(416 —222)(416—320

P5(27.5) = £(10.1)

f(22.2)

£(32.0) ~ 0.46141

f(22.2)

£(32.0)

£(41.6) ~ 0.46200

~— | — ~— |~

There are also two potential cubic interpolating polynomials and a
single quartic polynomial.



Remarks

> Without knowing f(x) we have no idea of the size of the errors in
these approximations.

» The highest degree polynomial does not necessarily deliver the
smallest error.

» Knowing the Lagrange Interpolating Polynomial of degree k does
not help us find the one of degree k + 1.

» Neville’s method (forthcoming) enables the interpolating
functions to be built recursively.



Theoretical Result

Theorem
Let f be defined at x, X1, ..., Xk and x; and x; be two distinct real

numbers in this set. Then the kth degree Lagrange polynomial that
interpolates f at xg, X1, ..., Xk IS

X — X
Pot,...j—1j1,..., k(X)_((X'_XI‘))POJ ,,,,, i—1,i41,... k(X)-
i X

P(X) — (X_Xf)

(Xi — X))




Theoretical Result

Theorem

Let f be defined at x, X1, ..., Xk and x; and x; be two distinct real
numbers in this set. Then the kth degree Lagrange polynomial that
interpolates f at xg, X1, ..., Xk IS

(x —X) (x —xi)
_ L _ P L _
P(x) (X _Xj)Po,1,...,; 1,j41,...k(X) (X —x) 04,0 sie 1,41,k (X)

This theorem allows us to build a Lagrange polynomial of degree k
from two Lagrange polynomials each of degree k — 1.



Proof
Let Q(x) = Po,...j—1,j41,...k(X)

.....



Proof
Let Q(X) = P0’1 ’’’’ /'71,j+1,...7k(x) and Q(X) = P0’1 ’’’’ i—1,i+1

.....

If x = x;, then P(x;) = Q(x;) = f(x;). If x = x;, then

P(x;)) = Q(x;) = f(x). If 1 € {0,1,..., k} with i # [ # j then
(xi — x)Q(x) — (xi — x)Q(x)

(Xi — ;)
_ (o= x)f0a) — (i —xi)f(x)

- (i %) -

P(X/) =




Proof
Let Q(X) = P0’1 ’’’’ /'71,/'+1,...7k(x) and Q(X) = P0’1 ’’’’ i—1,i+1,..., k(X), then

If x = x;, then P(x;) = Q(x;) = f(x;). If x = x;, then

P(x;)) = Q(x;) = f(x). If € {0,1,..., k} with i | # j then

(xi — x)Q(x) — (xi — x)Q(x)

P(X/) =

(Xi — ;)
_ (o= x)f0a) — (i —xi)f(x)
- ()/(i—X/)/ "= ).

Thus P(x) is a polynomial of degree at most k which interpolates f(x)
atx;fori=0,1,...,k and thus

P(x) = Po1,.. k(X).



Recursive Generation of Polynomials

_ (X — X0)P1(x) — (x — x1)Po(x)

Pl X1 — Xo
Po1a(x) = X=X ,2(2 - E()O( ~ %2)Po.1(x)
Po1.23(X) = (x = x0)P ’2’3(’)2 = E;‘ — x3)Po,1,2(X)

andsoon...



Neville’s Method

Define polynomial Q; j(x) = P it1,....i+j(X) where 0 < j <.
> jrepresents the degree of the polynomial.

> j determines the starting index of j + 1 consecutive values of x
used.

> Qio(x)=f(x;)fori=0,1,...,n.
> Q;;(x) can be found recursively.

— X)Qii i (X = X)) Qi
Qij(x) = (X = x1) Qi) 1(;L _(j((,- Xit) Qi j—1(X)




Tabular Calculation

Given xp, X1, ..., Xp and f(xo), f(x1), ... f(x,) we can arrange the
Lagrange interpolating polynomials in the following table.

Xo f(x0) = Qoo Po1 = Qo1 Po12 = Qo2 <+ Poa,...n=CQon
X1 f(x1) = Qi Pio= Q4 Pios= Qi

X2 f(x2) = Qo0 Paz=Qn4 Pazs= Qo2

Xn—2 f(Xn—2) = Qn20 Pno2n1=Qr21 Prnoni1n=CQn22
Xn—1  f(Xn—1) = Qn-10  Pno1,n= Qn-11
Xn f(Xn) = Qn,o



Neville’s Iterated Interpolation Algorithm

Goal: evaluate the interpolating polynomial P on n+ 1 distinct
numbers xo, ..., X, at x to approximate f(x).

INPUT values x, abscissas Xp, . . . , X5, ordinates f(xo), . .., f(xn)
STEP 1 Fori=0,1,...,nset Qo = f(x;).
STEP 2 Forj=1,2,...,n
Fori=0,1,....n—j
Set Q) — (X = X0) Qi1 — (X = X)) Qij1.
Xitj — Xi

STEP 3 OUTPUT table Q. STOP.

Qo,» will hold the desired value Pp(x).



Example

Approximate f(27.5) from the following data.

Xi f(X,‘)

10.1  0.17537
222 0.37784
32.0 0.52992
41.6 0.66393
50.5 0.63608

First task is to order x;’s by increasing distance from x = 27.5.



Solution (1 of 8)

The column of ordinate values has been re-headed as Qo = f(X;).

Xi Qio Qi1
32.0 0.52992
222 0.37784
416 0.66393
10.1  0.17537
50.5 0.63608

AWM 2O~

_ (X — Xo)Q1)0 — (X — X1)Qo)()

Qo1
X1 — Xo
Q. — (X —x1)Qo0 — (X — x2)Q1 0
11 = o
Q. — (X = X2)Q30 — (X — x3) Qa0
by = o
Q1 = (x — x3)Q40 — (X — X4)Q3 0

X4 — X3



Solution (2 of 8)

Xi Qio Qi
32.0 0.52992 0.46009
22.2 0.37784 0.45600
416 0.66393 0.44524
10.1 0.17537 0.37380
50.5 0.63608

A WON—=2O ™

(27.5 — 32.0)(0.37784) — (27.5 — 22.2)(0.52992)

Qo1 =

222320
Q= (27.5 — 22.2)(0.66393) — (27.5 — 41.6)(0.37784)
; 416222
0. _ (27.5-41.6)(017537) — (27.5 — 10.1)(0.66393)
21— 10.1 — 41.6
Gy — (27.5 — 10.1)(0.63608) — (27.5 — 50.5)(0.17537)

50.5-10.1



Solution (3 of 8)

i X Qio Qi 1 Qi
0 32.0 0.52992 0.46009
1 222 0.37784 0.45600
2 416 0.66393 0.44524
3 101 0.17537 0.37380
4 505 0.63608
Qs (X = X0) Q11 — (X — x2)Qo 1
b2 =
X2 — Xo
Q> — (X =x1) Q1 — (X — X3) Q1 1
12 =
X3 — Xq
Qs (X = X2)Q31 — (X — X4) Q2.1
b2 =

X4 — Xo



Solution (4 of 8)

Xi Qio Qi Qi
32.0 052992 0.46009 0.46200
22.2 037784 0.45600 0.46071
416 0.66393 0.44524 0.55843
10.1 0.17537 0.37380

50.5 0.63608

A WON 2O ™

(27.5 — 32.0)(0.45600) — (27.5 — 41.6)(0.46009)

Qo2 =

416-320

Q. , _ (27:5—22.2)(044524) — (27.5 — 10.1)(0.45600)
, 101 -222

Q, _ (275 416)(0.37380) - (27.5 — 50.5)(0.44524)

50.5—-41.6



Solution (5 of 8)

Xi

Qio

Qi

Qi

Qs

A ON—=O ™

32.0
222
41.6
10.1
50.5

0.52992
0.37784
0.66393
0.17537
0.63608

0.46009
0.45600
0.44524
0.37380

0.46200
0.46071
0.55843

Qo,3

Qi3

_ (X — Xo)o1,2 — (X — X3)Q(),2

X3 — Xo

_ (X=Xx1)Qo2— (X —X4)Q1 2

X4 — Xq



Solution (6 of 8)

Xi

Qio

Qi1

Qi Qis

32.0
22.2
41.6
10.1
50.5

A WON—=O ™

0.52992
0.37784
0.66393
0.17537
0.63608

0.46009
0.45600
0.44524
0.37380

0.46200 0.46174
0.46071 0.47901
0.55843

(27.5 — 32.0)(0.46071) — (27.5 — 10.1)(0.46200)

Qo3 =

10.1 —32.0

(27.5 — 22.2)(0.55843) — (27.5 — 50.5)(0.46071)

Qi3 =

50.5-22.2



Solution (7 of 8)

i X Qio Qi1 Qi Qis Qia
0 32.0 0.52992 0.46009 0.46200 0.46174
1 222 0.37784 0.45600 0.46071 0.47901
2 416 0.66393 0.44524 0.55843
3 10.1 0.17537 0.37380
4 50.5 0.63608
Q . (X — Xo)Q1 3 (X — X4)Oo,3
o4 =

X4 — Xo



Solution (8 of 8)

Xi Qio Qi1 Qi Qi3 Qia

32.0 0.52992 0.46009 0.46200 0.46174 0.45754
22.2 0.37784 0.45600 0.46071 0.47901

41.6 0.66393 0.44524 0.55843

10.1 0.17537 0.37380

50.5 0.63608

AWN 2O~

(27.5 — 32.0)(0.47901) — (27.5 — 50.5)(0.46174)
50.5 — 32.0

Qo =



Example

Use Neville’s Iterated Interpolation to obtain the approximations for
Lagrange interpolating polynomials of degrees one, two, and three for
f(0).

Xi f(X,‘)
—0.50 1.93750
—-0.25 1.33203

0.25 0.80078
0.50 0.68750




Solution (1 of 3)

Sort the abscissas in order of proximity to x = 0.

i Xi f(X,’) Qj,1
0 -0.25 1.33203
1 0.25 0.80078
2 —-050 1.93750
3 0.50 0.68750




Solution (1 of 3)

Sort the abscissas in order of proximity to x = 0.

i Xi f(X,’) Qj,1
0 -0.25 1.33203
1 0.25 0.80078
2 —-050 1.93750
3 0.50 0.68750

(0 — (~0.25))0.80078 — (0 — 0.25)1.33203

00,1 =

0.25— (—0.25)
o, , _ (0-0.25)1.93750 — (0 — (-050))0.80078
’ ~0.50 - 0.25
Q,, _ (0~ (-050))0.68750 — (0 —050)1.93750

0.50 — (—0.50)



Solution (1 of 3)

Sort the abscissas in order of proximity to x = 0.

Xi f(X,’) Qj,1
—0.25 1.33203 1.06641
0.25 0.80078 1.17969
—0.50 1.93750 1.31250
0.50 0.68750

WN = Ol -

(0 — (~0.25))0.80078 — (0 — 0.25)1.33203

00,1 =

0.25— (—0.25)

o, , _ (0-0.25)1.93750 — (0 — (-050))0.80078
’ ~0.50 - 0.25

Q,, _ (0~ (-050))0.68750 — (0 —050)1.93750

0.50 — (—0.50)



Solution (2 of 3)

Find the interpolation of order 2.

Xi f(X,‘) Qi71

—0.25 1.33203 1.06641
0.25 0.80078 1.17969

—0.50 1.93750 1.31250
0.50 0.68750

WN = O -




Solution (2 of 3)

Find the interpolation of order 2.

Xi f(xi) Qi Qi2
—0.25 1.33203 1.06641
0.25 0.80078 1.17969
—0.50 1.93750 1.31250
0.50 0.68750

WN = O -

(0 — (~0.25))1.17969 — (0 — (—0.50))1.06641

Qo2 = —0.50 — (—0.25)

(0 — 0.25)1.31250 — (0 — 0.50)1.17969
0.50 — 0.25

Q2=



Solution (2 of 3)

Find the interpolation of order 2.

i Xi f(x;) Qi1 Qi2
0 —025 1.33203 1.06641 0.953123
1 025 0.80078 1.17969  1.04687
2 -050 1.93750 1.31250
3 050 0.68750
o, — (0= (-0.25))1.17969 — (0 — (~0.50))1.06641
02~ —0.50 — (—0.25)
0., (0-025)1.31250 - (0 — 0.50)1.17969
1,2 —

0.50 -0.25



Solution (3 of 3)

Find the interpolation of order 3.

X f(x;) Qi Qi Qis
—0.25 1.33203 1.06641 0.953123
0.25 0.80078 1.17969 1.04687

i
0
1
2 —-050 1.93750 1.31250
3 0.50 0.68750




Solution (3 of 3)

Find the interpolation of order 3.

X; [[€9) Qi 1 Qi Qi3

i
0 -0.25 1.33203 1.06641 0.953123
1 0.25 0.80078 1.17969  1.04687
2 —-050 1.93750 1.31250

3 0.50 0.68750

(0 — (~0.25))1.04687 — (0 — 0.50)0.953123

Qs = 0.50 — (—0.25)




Solution (3 of 3)

Find the interpolation of order 3.

X; [[€9) Qi 1 Qi Qi3

i
0 —-0.25 1.33203 1.06641 0.953123 0.984373
1 0.25 0.80078 1.17969  1.04687

2 —-050 1.93750 1.31250

3 0.50 0.68750

(0 — (~0.25))1.04687 — (0 — 0.50)0.953123

Qs = 0.50 — (—0.25)




Homework

» Read Section 3.2.
» Exercises: 1a, 3, 5,7



