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Objectives

In this lesson we will learn:
» the multivariable form of Taylor’s theorem,
» to determine the order of convergence of various ODE solvers.



Taylor’s Theorem

Theorem

Suppose f(t, y) and all of its partial derivatives of order n + 1 and lower are
continuous on the rectangle D = {(t,y)|a<t < b, c <y < d} and let

(o, ¥o0) € D. Then for every (t,y) € D there exist¢ € (a,b) and i1 € (¢, d)
such that

f(t,y) = f(to, ¥o) + (t — 1) F O (to, yo) + (v — o) (b0, yo)

t—t — o)
( 2°) 29(t0,10) + (t ~ 0)(y — o) (t0,30) + L1021, yo)

2
] Z ( ) )"y = oY 17D (1o, o)

n+1
nt1 y et
n+1 ! Z ( i > — )"y = o) fH(E ).

+

Remarks:
» The last term is the Taylor remainder.

. a/+kf
> 10t y) = DHayk



Example: f(t,y) =y — 2 + 1

Expand f(t, y) about the point (0, 1/2).

f(t,y)=y— 2 +1
00t y) = —2t
Ot y) =1
At y)=0
@0t y) = -2
fO2(t,y) =0

All higher order derivatives vanish.

f(0,1/2) =
f0:9(0,1/2) =0
f09(0,1/2) = 1
f:1(0,1/2) =0
f20(0,1/2) = -2
f02)(0,1/2) =0

N W

All higher order terms vanish.



Example: f(t,y) =y — 2 + 1

The Taylor expansion can be written as:

f(t,y) = £(0,1/2) + (t — 0)f(19(0,1/2) + (y — 1/2)f>1)(0,1/2)

(t—0)
2

+ f29(0,1/2) + (t = 0)(y — 1/2)f"1(0,1/2)

i %f@@(o, 1/2) + R(&, 1)

2 _ 2
— 0+ (v -5 (1)+%(—2)+t(y—%)(0)+7(y ;/2) 0)

Note: for this example the Taylor remainder is identically zero.



Solving an IVP

The solution to the IVP:
y'(t) =1(ty)
y(t) = ¥o

can be written as a Taylor polynomial expanded about f.

h? h3
y(to + h) = y(to) + y'(b)h + Y”(tO)E + Y”'(tO)g + O(h*)

Each derivative of y(t) can be replaced by an expression involving
partial derivatives of f(, y).



Partial Derivatives

y'(t)=1(t,y)
y'(t) = % [F(t.y)] = 1Ot y) + FOD(L, y)y' (1)
= 01, y) + FON (L, y)f(t, y)
y"(t) = 2Ot y) + fO0(t, )AL, y)
+ O, y) [f(ho)(t’ y) + FON(, (e, y)}
+ [100(ty) + 109t ).y (1.y)
= @Ot y) + 2D (¢t y)f(t, y) + FOA(t, y)(f(t, ¥))?

2
+ 0Dt )L, y) + (FON (1, y)) F(L,y)



Re-write Taylor Expansion

hZ
Yo +h) = y(t) + Fh+ (109 4 7O07) =

+ (f<2’°) Forf g OR(P2 4 fONF10) o (fO0)F f) %3 +O(h*)

Note: each instance of f or one of its partial derivatives is evaluated at
(to, Yo)-



ODE Solvers

All of the methods for approximating solutions to an IVP have taken
the form:

ki = f(to, ¥o)
ko = f(fo + f2h, o + B2h k1)
ks = f(to + Bah, yo + fah ko)

ks = f(fo + Bsh, yo + Bshks_+)
y(to + h) = y(t) + (a1ki + agke + - - - + asks) h.

Use Taylor’s theorem to expand each expression for k; about (o, o).



Taylor Expansion of f(f + 5jh, yo + Bih ki_1)

ki = f(to + Bjh, yo + Bjh ki_1)

= f(to, ¥o) + Bih F-O(to, yo) + Bih ki—1fO D (1o, yo)
2 02

2 3
+ T]f(z’o)(fod’o) + H2 7k F0D (o, yo)

H232k2.
5 102 (. yo) + O(K)



Taylor Expansion of k;

When j = 1 then 8y = 0 and

ki = f(to + B1h, Yo + B1hko) = f(to, ¥0)-



Taylor Expansion of k»

When j = 2,
ke = f(fo + B2h, Yo + Bz2h ki)

2 2 02,2
— 4 Bh O 4 Boh FO 4 /72252 2.0 4 224 fD) 4 h 522/(1 102 | oK)

2 02
=+ Boh(f0 4 FFO1) 4 %(f@"’) +2f {1 4 (£)2F°2) 1 O(h®)



Taylor Expansion of k3 (1 of 2)

When j = 3,
ks = f(to + Bsh, yo + fsh k2)
2 2 02,2
= f+ 53hf(1’0) + ﬁshsz(o’u + @f@o) + h2ﬁ§k2f(1,1) + @f@ﬂ?) + O(hs)
h2/82
= f+ Bah(f"? + ko fON) 4 f(f@") + 2k 1D 4 K2F©2)) 4 O(R®)

We still must substitute k, but we need only the terms which will contribute
powers of hless than 3.



Taylor Expansion of k3 (2 of 2)

H 52

ko = f+ Boh(fT0 4 £ Oy 4 (f@0 p2£ 1D 1 (1)2F02)) 1 O(h%)

= f+ Boh(FVO 4 £ FOD) 4 O(hz)
= f+0(h)

i
K2 = (f + Boh(fM 4 Oy 4 52

2
(f 72,00 4 of f1,1) (f)zf(o,z)) + O(h3)>
= (A% + O(h)

Therefore,
_ (1,0) o1 . PP 0 (1) | ,20,2) 3
ko = -+ Bah(F0 4 ko) 4 23 (120 4 20pr ) 4 O + O()
hZBZ
= f+ Bah(f"O 4 [f + Boh(fO) 4 £ FO D)0y 4 Ta(ﬂ“) +2(H"Y 4 (12102 4 o(h%)
= F Beh(FTO 4 £ O | g [ﬁ’z(f“’o) +FAODYAON 53( ) 4 2(f) ) 4 (f)zf(o,z))}

+O(h*)



Summary

We have found the Taylor expansion of the first-order ODE:

h2
Yo +h) = ylto) + Fh+ (119 4 7V7) =

2 \
+ <f<2‘°> + 2014 {02 ()2 4 (010 (f<°’1)) f) 5 + ot

and the Taylor expansion of the ODE solver:

Y(to + h) = y(lo) + (ki + azke + azks)h
=y(k) + asfh

hﬁz

2<f+[32h(f O 4 A0y 4 (F®0 L of (1D 4 (f)zf(o’z))+0(h3)>h

+ag (F+ Boh(F"O 4 FO) 4 gt [Bp(F10 + £ £OD) D
ia( ) 42t 4 (f)2f<°v2))} + 0(h3)> h

Subtract the first equation from the second to determine the truncation error.



Subtraction (1 of 3)

It is easier to organize the subtraction by grouping like powers of h.
M y(to) = y(t) =0
h': arf + aof + agf — f
1P (02 + agfo)(F10) + £ FO) — (fLO) 4 ££OD)
h3:

2
%(f(?,()) —|—2ff(1’1) + (f)Qf(OaZ))
+ aszfs {52(#1 0 4 £ FODYFOD 4 53(f(2 0 4+ 2(f)f1) 4 (f)2f(0,2))]

- % <f(2’0) +2f(0f 4 fOR(£)2 4 FODFIO 4 (ﬂo,ﬂ)2 f>



Subtraction (2 of 3)

If the difference contains no h' term, then
0=oaif+aof+asf—f= (a1 + ao + az — 1)f

which implies oy + a2 + az = 1.



Subtraction (2 of 3)

If the difference contains no h' term, then
O:a1f+a2f+a3f—f: (a1 + ap + a3 — 1)f

which implies oy + a2 + az = 1.

If the difference contains no A? term, then
0 = (azfs + agB)(0) + ££O0) — L(f10) 1 770D

1
= (a252 + OZ3B3 — 2) (f(170) + ff(0,1))

which implies a8, + azfs = 3.



Subtraction (3 of 3)

We will collect the terms in the coefficient of h®.

O‘Lﬁg(f@:") +2f (1) 4 (£)2£02))
+ asfs {@(f“ 0 OO L 28 Bs (f(2 0 L 2(h) 4 (f)2f(°’2))]
- % <f<2’°> +2f(00f 4 fO2)(£)2 4 fODF0) 4 (f(‘”))z f)

— 5 |02+ aapd) - 5| (129 1 210 1 (12102

+ (asﬁzﬂs _ ;) (f(1,0)f(o,1) n f(f(o,1))2)

If the difference contains no A° term, then

a5 + azfs =

33233 =

CD\—LOO\—ﬂ



Summary

The truncation error will be O(h*) provided the following equations
are satisfied.

Oz1+052—|—0[3:1

1
apflo + azflz = >
]

o2 + sl = 3
]

332833 = 3

Let’s see if any of the ODE solvers we have tried satisfy these
conditions.



Half-Open Newton Cotes Solver (1 of 2)

1 3
y(ti+1) = Y(t/) +h <4k1 + 4k3>
where
ki = f(t, y(t))

h h
ko = f(t + §,y(t,-)+ §k1)

2h 2h

?7y(tl) + =

ngf(tj+ 3

ko),

Thus as = 1, a2 = 0,03 = §, 6 = 1, and 45 = .



Half-Open Newton Cotes Solver (2 of 2)

faptag= 210+ =1

Qq (0%) a3_4 4_

1 3 2 1
042,32+01353:0'§+1'§—§

1\2 3/2\? 1
a26§+a36§:0(3) +4<3) =3
31 2 1

azf2/33 Zgg 6

Thus the half-open Newton-Cotes ODE solver is (at least) O(h*).



Open Newton-Cotes: n =1 Solver (1 of 2)

The solution to the IVP is approximated by

Y(tar) = y(t) + b <1k2 + 1k3)

2 2
where
ky = (i, y(t))
h h
ko = f(ti + §,}/(ti) + 3 ki)
2h 2h
ks = f(t; + 57}’(1‘/) +t3 ko).

ThUSOﬁ=0sa2=%,0432%,,32=%,and,83:§_



Open Newton-Cotes: n = 1 Solver (2 of 2)

1 1
a1+a2+a3—0—|—§—|—§:1
11 1 2 1
06252+01353—§ §+§§—§
1 /1\? 1/2\% 1
2fy + asf; 2(3) +2<3) 7é§
31 2 1
asﬁzﬁs—z'g'g 6

Thus the open Newton-Cotes n = 1 ODE solver is O(h®).



Trapezoidal ODE Solver (1 of 2)

The solution to the IVP is approximated by
1 1
y(ti) =y(t)+h <2k1 + 2k2)

where

ki = f(t, y(t;))
ko = F(t + h, y(t) + h k).

Thus ay = 3, a2 = 3, a3 =0, B2 = 1, and 3 is undefined.



Trapezoidal ODE Solver (2 of 2)

1 1
a1 t+ast+az==+=+0=1

2 2
1 1
agfe tasfs=5-1+0-f3=75
1 1
g5 + aghf = 5(1)24-055#5

a352ﬂ3:0'1'5275%-

Thus the Trapezoidal ODE solver is O(h®).



Euler’s ODE Solver (1 of 2)

The solution to the IVP is approximated by

y(tiv1) = y(t) + hk

where
k1 = f(t/7 .y(tl))
Thus a1 =1, as = a3 = 0, 32 is undefined, and 35 is undefined.



Euler’s ODE Solver (2 of 2)

aj+az+az3=1+0+0=1
04252-5-04363:0-52-1-0.537&%
a25§+a35§:0~5§+0.5§7§%
azfefls =0 P23 # %

Thus Euler's ODE solver is O(h?).



Simpson’s ODE Solver (1 of 2)
The solution to the IVP:

y' =1(ty)
y(t) = ¥o

is approximated by

1 2 1
y(ti1) =y(t)+h (6’“ + 3k + 6k3>

where

(
(i + g,y(ti) + g ki)
(ti + h,y(t) + hk).

Thusa1:%’azz%’a3:%562:%1andﬁ3:1.



Simpson’s ODE Solver (2 of 2)

a1+ oo + a3z =

a2z + azfs =
2 /1\% 1
a5 + 04355 =3 <> + (1)2 =

Thus Simpson’s ODE solver is O(h®).



Remarks

We have so far explored five ODE solvers.
Euler: needs only one function evaluation, O(h?) error.

Trapezoidal: (also known as improved Euler) requires two function
evaluations, O(h®) error.

Open n =1 NC: requires three function evaluations, O(h®) error,
never used in favor of improved Euler method.

Half-open NC: (also known as Heun’s 3rd order method requires
three function evaluations, O(h*) error.

Simpson’s: requires three function evaluation, O(h®) error, never
used in favor of Heun’s method.

These are examples of Runge-Kutta methods named for Carl Runge
(1856-1927) and Martin Kutta (1867-1944).



Classic Runge-Kutta O(h°)
The solution to the IVP:

y' =1(ty)
y(t) = Yo

is approximated by
(b+h) =y()+h 1k +1k +1k +1k
Yl =Yyl gt T gt 3tk
ki = f(to, o)
h h
k2—f<to+2,}’0+2k1)

h h
ks="f (fo-i— 5 Yot 2k2)
ks = f(to + h, yo + hk3)



Derivation (1 of 9)

Expand y(t) about t, as a 4th-order Taylor polynomial.

/ h? " h " h* (4) 5
y(to+h) = y(to) + hy'(to) + - y"(fo) + &y () + 555 (fo) + O(F°)
We have already shown that

Y (to) = f(to, yo) = ki
Y (1) = 0 (to, yo) + O (to, yo)f(to, yo) = 10 + £Of
y///(to) — f(2,0) + 2f(1,1)f + f(0,2)(f)2 + f(1’0)f(0’1) + (f(0’1))2f,



Derivation (2 of 9)

_ % [f(Z,O)+2f(1,1)f+f(0,2)(f)2+f(1,0)f(0,1)+(f(0,1))2f]

_ f(3’0) + f(2’1)f+ 2(,;(2,1),;+ f(1’2)(f)2 + f(1’1)f(1’0) + f(1,1)f(0,1)f)
+ (f(1,2) + f(O,S)f)(f)Z + 2f(0,2)f(f(1,0) + f(0’1)f)
+(FO) 4 (070D | {10011 0.2)p)
+ 2f(0,1)(f(1,1) + f(0,2)f)f + (f(0,1))2(f(1,0) + f(0’1)f)
_ f(O,S)(f)S + 3f(1,2)(f)2 —|—4f(0’1)f(0’2)(f)2 + 3f(2,1)f+ 5f(2’°)f(°’1)f
+ (f(0,1))3f + f(1,0)f(0,2)f + f(1,0)(f(0,1))2 + f(Z,O)f(0,1) + f(S,O) + 3f(1’0)f(1’1)

y9(t)



Derivation (3 of 9)

h 111

Yllo+ ) = y(10) + 0y (1) + () + "Ly (1) + 2y 1) + o)

24y
= y(to) + hf+ ?(f("o) +1O0f)

+ %S(f(Z,O) +2f(1,1)f+ f(O,Z)(f)2+f(1,0)f(0,1) +(f(0,1))2f)

4
+ %(f J(1)° + 32 (£)7 + 4FOVFOR ()7 4 3BV 4 5rEOFODf
+ (f (0,1) )3f + f(1,0)f(0,2)f + f(1,0)(f(0,1))2 + f(2,0)f(0,1) + f(S,O) + 3,((1,0))((1,1))

+ O(F)



Derivation (4 of 9)

Expand f(f + Sjh, yo + Bih ki—1) as a 3rd-order Taylor polynomial about
(fo, ¥o) using the multivariable version of Taylor’s theorem.

f(to + Bih, yo + Bih kj—1)
=f+ B-hf("o) + Bihki_4 fO1

4 (ﬂth 20 +2h26 / 1f +5/h2k21f02)
L1 (ﬂ/h3 £(3.0) +3ﬂ,h3, ) +3ﬂ/h3 1f12)+ﬁlh3 1f(°’3))+O(h4)

212
_ f+ﬁjh(f(1’0) _}_quf(oﬂ))_’_ /2 (f(2»0) _,_2/(/71):(1,1) +kj2_1f(0’2))

33
+ /T(f(&o) + 3k;_4 e 4 3/(,-2,11‘(1’2) + kj371 f(0»3)) + O(h4)



Derivation (5 of 9)

ki = f(t, o)
2 b2
ko = f + Bah(f1°0 4 kq FO1)) 4 5;(#°+2kﬂ1+«%®%
+@ﬂfﬁm+3m#ﬂ+sﬁﬂﬂ+kww>+om
6 1 1

= f+ Boh(f(10) 4 ££O1) 4
s
"%

pEh? (2,0) (1,1) | £2£(0,2)
5 —=— (5% 2f f\11) 4 f2f59))

(f(S,O) + 3ff(2,1) + 3f2f(1,2) + f3f(0,3)) + O(h4)



Derivation (5 of 9)

ki = (o, ¥o)
2 b2
ko = f + Bah(f1°0 4 kq FO1)) 4 5;(#°+2kﬂ1+«%®%
+@£fﬁm+3m#”+sﬁﬂﬁ+kww>+om
6 1 1

= f+ Bah(f10) 4 £ Oy 4
s
"%

B2h2

5 (f(2 ,0) 4 2f f(1 1) + f2f(0 2))
(f(S,O) + 3ff(2,1) + 3f2f(1,2) + f3f(0,3)) + O(h4)
For future use note that

k2 = f2 + 2h Bo(f1°0 4 £ FODYF 1 O(h?)
K3 = 2+ O(h).



Derivation (6 of 9)

2h2
ks = f+ B3h(f(1:0) 4 ke f01)) 4 53?(;’(2»0) + 2k 1 1) 4 2702y

ol
6

=f+fsh <f(170) +

+ (30 4 3k, 21 4 3k22f(1a2) + kgf(073)) +0o(h")

2 2
f+ 32h(f(1,0) + ff(OJ)) + M(f(&o) +of (L) 4 f2f(072)):| f(071)>
2
2h2
4B
2

3 p3
LA
6

(f<2»°> 42 [f + Boh(f1:0) 4 ff(o"))] f [f2 4 2h By (000 4 ff<°»1>)f] £0:2)

(F30) 3721 1 372¢(12) 4 13£(0:3)) 1 O(h*)
= £+ Bgh(f(10) 4 ££O1) 1 BB PP (F(1:0) 1 £ £(0.1))£(0:1)

i BsBah®
2

+ T(f(2,0) +2f {1 4 2£(0.2)y 4 (£@0) 4 of f(1.1) 4 f2£(0,2)y(0.1)

33
+,32ﬁ§h3(f(1’0)+ff(0’1))(f(1’1)+ff(0’2))+ 636 (f(3’0)+3ff(2‘1) +3f2f(1‘2)+f3f(0’3);

+ O(h")



Derivation (6 of 9)

2h2
ks = f+ B3h(f(1:0) 4 ke f01)) 4 53?(;’(2»0) + 2k 1 1) 4 2702y

ol
6

=f+Bsh < 0.0

e
2

+ (30 4 3k, 21 4 3k22f(1a2) + kgf(073)) +0o(h")

2h2
f+ B ( (1,0) ¢ ff(OJ)) + ﬁZT(f(Z,O) +of (L) 4 f2f(072)):| f(071)>

+

53,-,3

+ s
6

O@m+2p+@mﬂwu4ﬂmhpﬂﬂ+[F+mwﬂﬂﬂu4ﬂwbdﬂﬂ

(F30) 3721 1 372¢(12) 4 13£(0:3)) 1 O(h*)
= £+ Bgh(f(10) 4 ££O1) 1 BB PP (F(1:0) 1 £ £(0.1))£(0:1)

N i BsBah®
2 2

(F20) 4 of f(1.1) 4 f2£(0.2)y 4 (£@0) 4 of f(1.1) 4 f2£(0,2)y(0.1)

+,32ﬁ§h3(f(1’0)+ff(0’1))(f(1’1)+ff(0’2))+ (f(3’0)+3ff(2‘1) +3f2f(1‘2)+f3f(0’3);

g3
6
+ O(h*)
For future use note that
K2 = f2 4+ 2h B3 (f1°0) 1 £ FODYf 4 O(H?)
k3 =1 1+ O(h).



Derivation (7 of 9)

2h2
ke =1+ /34h(f(170) + k3f(071)) + %(f(&o) + 2Kz f151) 4 kgf(O’Z))

3h3
n 54T(ﬂ3,0) + 3k 4+ 3K2F12) | k370 | o(ht)
= £+ Bah(f10) 4 (f + Bgh(F0) 1 £ Oy 4 8,8 R2(£1:0) £ ((0,1))£(0.1)
5§h2 (2,0 (1,1) | £2£(0,2)y)#(0,1)
+ = (B0 g 2 1) 4 £20.2))) 0.1
Bihz (2,0) (1,0) (0,1) (1,1) 2 (1,0) (0,1) (0,2)
+ S (RO 2(f - ah(00) 1 O A 4 (2 4 23h(FC0) - ££OD) )02
B§h3 (3,0) (2,1) 2£(1,2) | £3£(0,3) 4
+T(f PP 3f A5 3 AHE) + AP + O(hY)
62,72
= f+ Bah(F10) 4 £ O 4 Ba g P (F1-0) 4 £ FOD)AOT) 4T(f(2*°) +2f (1) 4 £2(0,2

25,17
+ﬁzﬁ3ﬁ4h3(f(1,0) + ff(0’1))(f(0’1))2 + %U(z,o) +2ff(1’1) + f2f(0,2))f(0,1)

She
+ﬁ3ﬁ§h3(f(1’0)+ff(0’1))(f(1’1)+ff(0’2))+ 546 (f(s’o)—‘,—3ff(2‘1)—|—3f2f(1‘2)—|—f3f(0’3)}

+O(h*)



Derivation (8 of 9)

Thus far we have two expressions for y(fy + h):

h2
Y(to+h) = y(to) + hf+ ?(f("o) + fODF)
h3
+ E(f(2,0) + 2f(LDf 4 f0.2)(5)2 4 f(1L0)f(01) 1 (£(0:1))2f)

4
+ i(f(O,S)(f)S 4 3f(1»2)(f)2 + 4f(071)f(0»2)(f)2 + 3@ 4 57(2,0)£(0.1)f

24
+ (f(OJ))Sf + f(1.00.2)f f(170)(f(0,1))2 1+ f(2.0)£0.1) 4 £(3,0) 4 3f(1,0)f(171))
+ O(h®)

1 1 1 1
=y(t)+h| =ki + ko + —kg + =k o(n°
y(t) + (61+32+33+64)+ (h”)

Matching coefficients of h" for n = 0, 1, 2, 3, 4 produces 10 equations with 7 unknowns.



Derivation (9 of 9)

artoxtogtog=1

1
afo + azfBa + ayBy = 3
1
285 + agfi + aufl = 3
asfofz + a4f38s = % From the last equation
1
3 3 3 1
01252 + a3ﬁ3 + a4,34 = - ap=——.
4 24032334
0aBoE + cufaf? = 1
37203 T C4PsPe = g Eliminate a4 from the first
2 2 2 > 1 9 equations.
2038283 + 2014385 + a3f383 + B384 = 3
5
38205 + aaBaBs + a3Beps + aupiha = 24
1
a3B3Bs + aafifs = 12
1

a4PB2P3Bs =



Derivation (9 of 9)

1
=1
B Y NN
1 1
azfz + agfs + 2450 2
2 2 Ba 1
azﬁz +a3ﬁ3 + 24,5 = 5
21 3 ] From the 4th equation
+ ==
azf2033 245, 6 48, — 1
G 1 T 2485
3
02+ 00t s~ 4 ]
B4 1 Eliminate a3 from the
04352,332, + 245, =3 remaining equations.
1
20005 + 154 +oaf + 5o = 3
B B 5
0‘352ﬁ§ + ng + 0435553 + ﬁ = a
B: 1
a3f3fs + oo = —

243, 12



Derivation (9 of 9)

435 — 1 1
oy + oo + P2

48, — 1 1

2432 248,83

(482 —1)B3 LB
2432 245503

(48, —1)82 B2
3 3 4 _
P2t oumr T s,
(482 1)Bs  Ba _
24, 248,
(482 —1)B3 | Ba | 4B —1 Bs _
128, 126, | 24 ' 24p,
(482 —1)B3 | Ba | 4B —1 Bz
248, * 2453, T T 248,
462 -1 Pz _
24 248,

azBz +

04253 +

+ =1
248285 2483205304

‘_.rﬁ‘m W= o= A= W= N =

1

N

Solve the last equation for

B3,
By =3B, — 453

and eliminate 33 from the
remaining equations.



Derivation (9 of 9)

artopt 2=l ! =1
"2 2a(353 —4B%) T 24(362 — 463)a
46, — 1 1
202t oumz T 2a(asE — 4%

(482 = 1)(8 —482)

Ba

23 +

2403,

24(385 —453)

A

2
a2B3 + (482 —1)(3 —4p2)

(482 —1)(8 —482)

12

(482 = 1)(8 —487)

24

24

e
1255
e
243,

24(3/55 — 4,33)
(482 —1)(3 — 482) P

24 245,

48, —1  3— 4B,
24 24

48, —1  3— 4B,
24 24

N‘U’l W= Ol—= p|= W= M=
A~

Solve the last equation for
Ba,

Bas = B2(16535 — 1653, +6)

and eliminate 34 from the
remaining equations.



Derivation (9 of 9)

a1 1
24(363 —483)  24(353 — 453)(165% — 165, + 6)
48, — 1 1

oy + oo +

apfe + 2472 +

2
a2y + 243, 24(38, — 4%2)

(482 — 1)(3 — 4B,)? | (1682 — 163, + 6)?

3
a2z + 24 24(3— 44,)

(452 —1)B —452) 1605 — 163, +6 _

24 24

(482 —1)(3 —4B) | 1685 — 165, +6 48 =1 348, _

12 12 24 24

1

24352 —483) 2
(482 — 1)(3 — 452) 1655*16,32+6: 1

W= o= M= I



Derivation (9 of 9)

1

W]l

topt a2 ml 1
(e}
M2 T 24(383 — 4p3) " 24(353 — 453)(1652 — 165, 1 6)
48, — 1 1 1
22t “oume "t oa@r—am) 2
a62+(452—1)(3—452) 1685 — 168, +6 1
a2 24, 24(36, — 42)
s, (482—1)(8—48p)* (1655 — 165, +6)° 1
a2l + 24 24(3—43)
(482 —1)(3 —4B2) 4 1665 — 16832 + 6
24 24

(48, —1)(3—4Bp) | 1655 — 168, +6 48 =1 348, _

12 12 24 24
Solve the 2nd equation for ay,

2 — 168, + 52532 — 4843
Qo =
2 24533(3 — 42)

and eliminate a, from the remaining equations.

W= ool—= |



Derivation (9 of 9)

2 — 168, + 5252 — 4843 485 — 1 1
a1 33 _ 3 g4 T 3 _ 433 2 _ =
2455(3 — 452) 24(33; —4B3)  24(385 —453)(16535 — 16532 + 6)
2160, + 5265 — 4853 (4B —1)(8—4Bp) , 1685 — 168 +6 1
24,(3 — 462) 243 24(33, —45%) 3
21683, + 5285 — 4833 (48, —1)(3 — 4B2)? . (1685 — 166, +6)% 1
24(3 — 4,) 24 24(3—4p3,) 4
(490 —1)(3—45p) 1665 — 1652 +6 1
24 24 ~8
(45, —1)(3—40p) 1685160, +6 45 —1 3-45 1
12 12 24 24 3



Derivation (9 of 9)

2 — 168, + 5235 — 4833 48, —1 1 _
“ 2433(3 — 482) 24(3p3 — 48%) + 24(333 — 433)(1662 — 166, +6)
2166, + 5232 — 4885 (48— 1)(3—4B,) 1685 — 163 +6 1
248,(3 — 452) 245, 24(33, - 465) 3
21683, + 5285 — 4833 (48, —1)(3 — 4B2)? . (1685 — 166, +6)% 1
24(3 — 4$3,) 24 24(3 — 485) 4
(490 —1)(3—45p) 1665 — 1652 +6 1
24 24 8
(45, —1)(3—40p) 1685160, +6 45 —1 3-45 1
12 12 24 24 3

The 2nd equation depends only on 3, and can be solved.



Derivation (9 of 9)

2160, +5205 — 4863 (48, ~1)(3—4B,) 1605165 +6
2435(3 — 4B2) 248, 246,(3 —4p,) 3

2 — 160, + 5265 — 4803 + (482 — 1)(3 — 452)7 + 1655 — 1662 + 6 = 85(3 — 4;)
1663 — 1265 +48, —1=0
(262 —1)(883 — 262 +1) =0
]

5225




Derivation (9 of 9)

OL1-|—CM2+O£3+O(4

afo + a3fBa + auBy

285 + agfé + cufs

a3fB2B3 + asB3p4

283 + By + culs

2 2

a3fB2P3 + auafBafBy
2 2 2 2

2038283 + 201385 + a3fs 83 + B384
2 2 2 2

a3fB2B3 + cuf3By + a3fsB83 + B34
2 2

a3B583 + 3P4

a4 B2304

=1

Il Il Il Il Il Il Il
- N W)= 0] = D= O = W|—= N =
NPT | | | | |

]
oy = —
"6
]
ap = —
273
]
o — 1
373
]
o — 1
‘=5
]
52—5
]
63—5
Ba =1



Example

Consider the initial-value problem:

The exact solution is y(t) = (1 + ) — 1e'.

Approximate the solution to this IVP for 0 < f < 1 using the
Runge-Kutta method with error O(h*).



Results

t RK-5 Exact Error
0.0 0.50000 0.5 0.0
0.1 0.65741 0.657415 1.660 x 10~7
0.2 0.82930 0.829299 3.449 x 10~
0.3 1.01507 1.01507 5.378 x 10~7
0.4 1.21409 1.21409 7.455x 10~7
0.5 1.42564 1.42564 9.690 x 10~
0.6 1.64894 1.64894 1.209 x 10~
0.7 1.88312 1.88312 1.468 x 10~6
0.8 2.12723 212723 1.745x 10~
0.9 2.38020 2.3802 2.043 x 1076
1.0 2.64086 2.64086 2.362 x 1076




lllustration

y
25

20

— exact
1.5

10 o Runge-Kutta [O(h*)]

| / | |,

-1.0 =05 0.5 1.0

The ODE-solver based on the classic Runge-Kutta method appears
to give accurate results.



Order of Convergence (1 of 2)

Consider the absolute error in the calculation of y(1) for the various
ODE solving methods.

h Euler Trap Open 1/2-Open Simpson R-K

1/2 3909 x 10-7 1.252x 107 8.272x10° 4.430x10~° 3.992x 102 1.256x 103
1/4 2219x 107" 3537x10°2 1.723x 102 5876 x10~* 1.048 x 102 8.714x10°°
1/8 1195x 10" 9.367x10°% 3.755x107* 7.493x10° 2668x10° 5713x10°°
1/16 6219 x 1072 2407 x107° 8.617 x 1075 9.433x10°® 6.721 x 10°*  3.653 x 107
1/32 3176 x 1072 6.098 x 10~% 2.053 x 1075 1.182x 10~® 1.686 x 10~*  2.308 x 10~
1/64 1.605x 1072 1.534 x 10~* 5.003 x 10~¢ 1.480 x 10~7 4.221 x 10~5  1.451 x 10~°
1/128 8.070 x 103 3.849x 1075 1.234x10® 1.851x10°® 1.056x 10-° 9.092 x 10~

Divide the absolute error reported in each row by the absolute error in
the row above.



Order of Convergence (2 of 2)

Each entry in the table below is nearly an integer power of %

Euler Trap Open 1/2-Open  Simpson R-K

0.567759 0.282401 0.20827 0.132658 0.262451 0.069353
0.538382 0.264851 0.217939  0.12751 0.254687 0.065561
0.520562 0.256969 0.229501 0.125887 0.251879 0.063940
0.510663 0.253352 0.238256 0.125346 0.250812 0.063198
0.505432 0.251641 0.243687 0.125148 0.250372 0.062843
0.502742 0.250811 0.246723 0.125067 0.250178 0.062670

The entries in the R-K column are nearly (%)4, so R-K is often
referred to as a 4th order ODE solver.



Homework

» Read Section 6.4.



