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Motivation

» The subject of this course is numerical analysis.

» Numerical analysis includes, but is not limited to, a study of
numerical methods.

» In addition to numerical methods we will use the tools of calculus
(real analysis) to understand the limitations and errors present in
given numerical methods.

» We begin with a review of single variable calculus, particularly
Taylor’s Theorem.



Limits

Definition

A function f defined on a set S of real numbers has a limit L at xg,
denoted

lim f(x) =L,

X—Xo

if for every € > 0, there exists a real number § > 0 such that

|f(x) — L <e, whenever xe€S and 0< |x— x| <.



Graphical Interpretation




Limit of a Sequence

Definition

Let {x,}>°, be an infinite sequence of real numbers. The sequence
has the limit L (or is said to converge to L) if, for every ¢ > 0 there
exists a positive integer N(e) such that whenever n > N(e) then

[Xp — L| < e.



Limit of a Sequence

Definition
Let {x,}>°, be an infinite sequence of real numbers. The sequence
has the limit L (or is said to converge to L) if, for every ¢ > 0 there
exists a positive integer N(e) such that whenever n > N(e) then
[Xp — L| < e.
The notations

lim x, = L, or

n—oo

X, — L asn— oo

denote the convergence of {x,}>°, to L.



Graphical Interpretation

L+e 'L.

L—e

N(e)




Continuity

Definition
Let function f be defined on a set S of real numbers and suppose
Xo € S. We say that f is continuous at xj if

lim f(x) = f(x).

X—Xo

The function f is continuous on the set S if it is continuous at each
x e S.



Continuity

Definition
Let function f be defined on a set S of real numbers and suppose
Xo € S. We say that f is continuous at xj if

XIer}O f(x) = f(xo)-

The function f is continuous on the set S if it is continuous at each
x e S.

Definition
The set of functions continuous on set S will be denoted C(S).



Continuity and Sequences

Theorem
Let f be a function defined on a set S and let xo € S, then the
following statements are equivalent.

1. Function f is continuous at xy.
2. If{xn}324 is any sequence in S converging to xo, then
nlim f(xn) = f(X0)-
— 00



Differentiability

Definition
Let f be a function defined in an open interval containing xp. Then f is
differentiable at x; if

i 00 = f(x0)

X—Xo X — XO
exists. Provided the limit exists we denote it f'(xp) and call it the
derivative of f at xp. If function f has a derivative at each x in a set S,
we say f is differentiable on S.



Differentiability

Definition
Let f be a function defined in an open interval containing xp. Then f is
differentiable at x; if

i 00 = f(x0)

X—Xo X — XO
exists. Provided the limit exists we denote it f'(xp) and call it the
derivative of f at xp. If function f has a derivative at each x in a set S,
we say f is differentiable on S.

Theorem
If function f is differentiable at xq, then f is continuous at xy.



Graphical Interpretation

f(x)

fxo) - slope: f'(x)

(%o, (%0))




Sets of Differentiable Functions

We will frequently use the following notation.

C"(S): the set of all functions that have n continuous
derivatives on set S.

C*°(S): the set of all functions that have derivatives of all orders
on set S.



Sets of Differentiable Functions

We will frequently use the following notation.

C"(S): the set of all functions that have n continuous
derivatives on set S.

C*°(S): the set of all functions that have derivatives of all orders
on set S.

Example

1. If p(x) is a polynomial, then p € C>=(R).
2. If f(x) =Inx, then f € C*>(0, c0).

X
3. If f(x):/ |t| dt, then f € C'(R).
0



Rolle’s Theorem

Theorem o=

Suppose f € Cla, b] and f 3
is differentiable on (a, b). If 3
f(a) = f(b), then there ] 3

exists ¢ € (a, b) such that
f'(c)=0.




Mean Value Theorem

Theorem y
Suppose f € Cla, b] and f
is differentiable on (a, b).
There exists ¢ € (a, b) such
that er

f(b) — f(a)

slope: f'(c)




Extreme Value Theorem

Theorem
Iff € Cla, b] then there exist ¢, € [a, b] and ¢, € [a, b] such that
f(er) < f(x) < f(cp) for all x € [a, b]. If additionally f is differentiable

on (a, b), then the numbers ¢y and ¢, occur either at the endpoints of
[a, b] or where f'(c) = 0.



Extreme Value Theorem

Theorem

Iff € Cla, b] then there exist ¢, € [a, b] and ¢, € [a, b] such that

f(er) < f(x) < f(cp) for all x € [a, b]. If additionally f is differentiable
on (a, b), then the numbers ¢y and ¢, occur either at the endpoints of
[a, b] or where f'(c) = 0.

In the definition above f(cy) and f(c,) are referred to as the absolute
minimum and absolute maximum of f on [a, b] respectively.



Intermediate Value Theorem

Theorem

Iff € Cla,b] and K is any
number between f(a) and
f(b), then there exists a
number ¢ € (a, b) for which
f(c) =K.




Example

Show that p(x) = x> — 3x3 + 2x — 1 has a root in the interval [0, 2].



Example

Show that p(x) = x®> — 3x3 + 2x — 1 has a root in the interval [0, 2].
Function p is a polynomial and therefore is continuous on [0, 2].
p(0) = —-1<0
p2) = 11>0

Since p(0) < 0 < p(2) then by the IVT there exists ¢ € (0, 2) for
which p(c) =0



Generalized Rolle’s Theorem

On occasion we will need a stronger version of Rolle’s Theorem.

Theorem
Suppose f € Cla, b] is n times differentiable on (a, b). If f has n+ 1
distinct roots

axg<x<---<xp<b,

then there exists ¢ € (xo, X») C (&, b) such that f(")(c) = 0.



Riemann Integrals (1 of 2)

Definition
Let P = {xo, x1,...,Xn} be a set of numbers in [a, b] such that

a=x<xg<---<xp=b.
Set P is called a partition of [a, b]. If Ax; = x; — x;_1 then

77777



Riemann Integrals (2 of 2)

Definition

Let function f be defined on [a, b] and let P be any partition of [a, b]. If
Zj € [Xi—1,x] for i =1,..., nthen the Riemann integral of f on [a, b]
is

n
lim f(z)Ax;,
uPlHo; (z)x

provided the limit exists and is the same for every partition and choice
of z;.



Riemann Integrals (2 of 2)

Definition
Let function f be defined on [a, b] and let P be any partition of [a, b]. If
Zj € [Xi—1,x] for i =1,..., nthen the Riemann integral of f on [a, b]
is .
lim f(z)Ax;,

uPlHo; (z)x
provided the limit exists and is the same for every partition and choice
of z;.

b
If the Riemann integral exists, it will be denoted / f(x) dx.
a



Riemann Integral and Continuity

Theorem
Iff € Cla, b] then the Riemann integral of f on [a, b] exists and can be
evaluated as

b n
. b-a b—a.
/a f(x)dx_nI|_>r*r;o - ;f(a—i— - /)




Graphical Interpretation




Weighted Mean Value Theorem for Integrals

Theorem

Suppose function f € C|a, b] and suppose function g is Riemann
integrable on [a, b] and that g(x) does not change sign on |a, b].
There exists ¢ € (a, b) such that

b b
/ f(x)g(x)dx = f(c)/ g(x) dx.



Weighted Mean Value Theorem for Integrals

Theorem

Suppose function f € C|a, b] and suppose function g is Riemann
integrable on [a, b] and that g(x) does not change sign on |a, b].
There exists ¢ € (a, b) such that

b b
/ f(x)g(x)dx = f(c)/ a(x) dx.

If g(x) =1 0n [a, b] then f(c) can be called the average value of f on
[a, b].



Average Value: Graphical Interpretation
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Taylor’s Theorem

Theorem

Suppose function f € C"[a, b] and that f("*1) exists on [a, b] and let
Xo € [a, b]. Forevery x € [a, b], there exists a number z(x) between
Xo and x such that f(x) = Pn(x) + Rn(x), where

Po(x) = z": f(k)(Xo) (x — Xo)k

— k!

is called the nth Taylor polynomial for f about xy, and

A7+ (2(x)

AnX) = =55 9),

(X o Xo)n+1

is called the nth Taylor remainder.



Taylor’s Theorem

Theorem

Suppose function f € C"[a, b] and that f("*1) exists on [a, b] and let
Xo € [a, b]. Forevery x € [a, b], there exists a number z(x) between
Xo and x such that f(x) = Pn(x) + Rn(x), where

n

Po(x) = Z f(k)(Xo) (x — Xo)k

pare k!

is called the nth Taylor polynomial for f about xy, and

"D (2(x))

AnX) = =55 9),

( X — Xo)n+1
is called the nth Taylor remainder.

In the case where x; = 0 these are sometimes called Maclaurin
polynomials.



Example

Let f(x) =Inx and xo = 1.

1. Find the second Taylor polynomial and remainder for f about xp.
Use this polynomial to approximate In 1.1 and estimate the error
in the approximation from the remainder.

2. Find the third Taylor polynomial and remainder for f about xp.
Use this polynomial to approximate In 1.1 and estimate the error
in the approximation from the remainder.



Solution: n=2

Inx = Pa(x)+ Ra(x)

= O+m( x—1)—

= ()(—1)—%(x—1)2

1/12

( _




Solution: n=2

Inx = Pa(x)+ Ra(x)

= O+m( x—1)—

= ()(—1)—1§(x—1)2

1/12

(= 1)+ 2 (x - 12

If x=1.1then P»(1.1) = 0.095 and

_ 1 _
— g — _— < .
[In1.1 = Po(1.1)] = [Re(1.1)] = 0.0003 5 < 0.0003

since 1 < z(1.1) <1.1.



Solution: n=3

Inx = Ps(x)+ Rs(x)




Solution: n=3

Inx = Ps(x)+ Rs(x)
2 3
- o+%(x—1)_1g (x—1)2+%(x—1)3
_ 6/(24(|X))4 (X o 1)4
B Y | e
N 2 3 4(z(x))*
If x = 1.1 then P3(1.1) = 0.0953 and
lIn1.1 — Py(1.1)] = |Rs(1.1)] = 0.000025(2(11.1))4 < 0.000025

since 1 < z(1.1) <1.1.



Return to Course Objectives

Our use of Taylor's Theorem illustrates two of the objectives of
Numerical Analysis.
1. Given a problem, find an approximation to the solution to the
problem.

2. Determine a bound for the accuracy of the approximated
solution.



Example

Use the third Taylor polynomial and remainder for f(x) = In x about
Xo = 1 to approximate
1.1
/ In x dx
1

and determine a bound for the error in the approximation.



Solution (1 of 2)

1.1 1.1 1.1
/ Inxdx = / Ps(x) dx + / Rs(x) dx
1 1 1

/11.1 [(X—1)—;(X—1)2+;(X—1)3] dx

1.1 1 .
-] a1
_ {(x— 02 (x=1° (- 1)4}“'1
x=1

2 6 12

_1 1.1 (X* 1)4
i), (o *
(012 (0.1)3 N 0.1)* 1 T (x—1)*

2 6 12 4/, (z(x)*
B = 1 1.1 (X o 1)4
= 0.0048416 — /1 Eoa dx



Solution (2 of 2)

1.1
/ In x dx ~ 0.0048416
:

and the error is

11

/ Rs(x) dx
;

1 M (x—1)*
il G dx’
1 M (x—1)*
)

T4
(z(x))*

1 1.1

Z/ (x —1)* dx
1

= 5x1077.

/1'1(|nx_ Pa(x)) dx
1

IN

IN



Taylor Series

If function f € C*[a, b] and nli_}m Rn(x) = 0 then we may call

am P00 = 3 0

k=0

the Taylor series for f about x provided the infinite series converges.



Homework

» Read Section 1.1.
» Exercises: 1,4, 11,16, 17,19, 22, 28



