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Objectives and Background

In this lesson we will learn to obtain high accuracy approximations to
definite integrals using the Composite Trapezoidal Rule.

j=1

n—1 "
/b f(x)dx = g [f(a) + 22 f(x) + f(b)] — whz

where h = aandx/:a—|—jhforj:0,1,...,n.




Objectives and Background

In this lesson we will learn to obtain high accuracy approximations to
definite integrals using the Composite Trapezoidal Rule.

n—1 "
/b f(x)dx = g [f(a) +22 f(x) + f(b)] — whz

j=1

where h = aandx/:a—|—jhforj:0,1,...,n.

We will use Richardson’s Extrapolation to develop O(h?™)
approximations to the definite integral.



Alternative Truncation Error

If f € C*°|a, b] then we may write the truncation error of the
Composite Trapezoidal Rule as

b
h
flx)dx = =
| 1 ;
+ Kih? + Koh* + Kah® + - ..

n—1
ﬁm+2§:myy+ﬂm]

=1

where the coefficients K; are constants.

The truncation error contains only even powers of h and we have
seen Richardson’s extrapolation be very effective in this situation.

Extrapolation applied to this quadrature formula is called Romberg
integration.



Richardson’s Extrapolation

Forj =2,3,...the O(h%) truncation error approximation is given by
the formula

NI =N (5) + gy (N (5) - M)



Outline

leen/ f(x) dx, use the Composite Trapezoidal rule with

n=1,24.28,. ... to form approximations labeled respectively

Ri1, Roq, Ra 1, Raqt, .o Rkia1, - -

Since these are O(h?) approximations we can combine them using
Richardson’s extrapolation to form O(h*) approximations.



Outline

leen/ f(x) dx, use the Composite Trapezoidal rule with

n=1,24.28,. ... to form approximations labeled respectively
Ri1, Rev, A31, Ra, oo Riya1, - -

Since these are O(h?) approximations we can combine them using
Richardson’s extrapolation to form O(h*) approximations.

For example,
Rk2 = Ry 1 +3(Rk1 — Rk_11),
fork=2,3,....



Test Case

Throughout this presentation we will use the following definite integral
to evaluate the performance of the various approximations.

T X=m
/ Xcos3xdx = 1cosSX—lesinSX
0 9 3 x=0
_ 2
o 9
~ —0.222222

Remark: the antiderivative was found using integration by parts.



Example (1 of 5)

Approximate the definite integral using the Composite Trapezoidal

Rule.
n Rri1.1 Abs. Err.
20 —4.9348 4.71258
21 —2.4674 2.24518

22 -0.361343 0.13912
2% -0.249811 0.0275889
24 —-0.228761 0.0063855



Example (2 of 5)

Now form the O(h*) approximations using the formula

Note that

]
Rk2 = Rk 1+ 3 (Rk,1 — Rk—1,1)

n ka+1,1 Rk+1,2 Abs. Err.
20 —4.9348
21 —2.4674 —1.64493 1.42271

22 -0.361343 0.340677 0.562899
23 -0.249811 -0.212634  0.00958818
2%  -0.228761 —0.221744 0.000478242

1
Rop = Roq+ §(R2,1 —Ri1)

]
= 24674+ 5(-~2.4674 — (~4.9348))
= —1.64493



Example (3 of 5)
Now form the O(h®) approximations using the formula

1

Rk3 = Rk2 + 15 (Rk2 — Rk-1.2)
n Rk+171 Rk+172 Rk+173 Abs. Err.
20 —4.9348
2! —2.4674 —1.64493
22 -0.361343 0.340677 0.473051 0.695273

23  —-0.249811 —-0.212634 —0.249521 0.0272992
24  -0.228761 —0.221744 —0.222351 0.000129087

Note that

1
Riz = R4p+ E(Fﬁ,z — Rs>)

—-0.212634 + %(—0.21 2634 — 0.340677)
= —0.249521



Example (4 of 5)

Now form the O(h®) approximations using the formula

1

R.s=R Ry 3 — Rk_
k.4 k3 + 63( %3 — Ak—13)
n Rk+1,1 Fl'k+172 Rk+113 Fi’k+174 Abs. Err.
20 —4.9348
21 —2.4674  —1.64493
22 —0.361343 0.340677 0.473051
23 —0.249811 —0.212634 —0.249521 —0.260991 0.0387686
24 —0.228761 —0.221744 —0.222351 —0.22192 0.000302185
Note that
1
R = R —(Rs3 — R
4.4 43+ 63( 4,3 3,3)

—0.249521 + 61—3(—0.249521 —0.473051)
—0.260991



Example (5 of 5)

Now form the O(h'%) approximations using the formula

Rxs = Rka+ 5z= (Rka — Bk—1.4
255 ( E) ] )
n Rii1,1 Rki1.2 Rki13 Rri14 Rii15 Abs. Err.
20 —4.9348
21 —2.4674 —1.64493

22 _0.361343 0.340677 0.473051
28 _0.249811 —-0.212634 —0.249521 —0.260991
24 _0.228761 —0.221744 —0.222351 —0.22192 —-0.221767 0.000455403

Note that

Rss = HRsa+ Rs4 — Raa)

;
255!
]
~0.22192 + 5= (~0.22192 — (~0.260991))
—0.221767



Remarks

» Since nincreases by a factor of 2 each time, Rk 1 uses all the
function evaluations of Ry 1 and adds the function evaluations
half-way between the previous nodes.

» The old function evaluations do not need to be re-computed, only
the 2K—2 new values must be computed.



Remarks

» Since nincreases by a factor of 2 each time, Rk 1 uses all the
function evaluations of Ry 1 and adds the function evaluations
half-way between the previous nodes.

» The old function evaluations do not need to be re-computed, only
the 2K—2 new values must be computed.

» We can express the Composite Trapezoidal rule in a recursive
manner.



Recursion
Define hy = ——, then

R = 250 1@) + (o)

h
= 3 [f(a)+1(b)]



Recursion

Define hy = ———

Ry 4

Ra

then

b= 25a) + 1))

" trt@) + (o)

b—a b—a
ho

—szy+ﬂm+2ﬂa+MH

]
> [Ri1+ hif(a+ hp)]



Recursion

Define hy = ———

Ri 1

Ro 1

Rs 1

then

b-a [f(a) + f(b)]

" [f(@) + (o)

b-a b-a
22 K@) + f(b) + 2f <a+ 2)}
ho

- [f(a) + f(b) + 2f(a+ hp)]
% [Ri1 + Mf(a+ hy)]

%gﬁJ+hﬂﬂa+m)+Ka+3%H}

2k72
1 :
> [F?km + hk—1 Z fla+(2i - 1)hk)]

i=1



Romberg Table

Once we have calculated Ry 1 for k =1,2,...,nwe use the
extrapolation formula below to produce the O(hi’) approximation.

1
Rk = Rk,j—1+ y - (Rkj—1 — Rx—1j-1)
fork=j,j+1,....
k_O(f) O(hy) O(hy) O(hy) ---  O(hM
Ry 1
R 1 Ro5

Rs 1 Rs 2 Rs 3
R4 1 Ra o R43 Ra.4

A WO =

n Rn,1 Rn,2 Rn,s Rn,4 a an




Romberg Table

Once we have calculated Ry 1 for k = 1,2,..., n we use the
extrapolation formula below to produce the O(hi’) approximation.

1
Rk = Rk,j—1+ y - (Rkj—1 — Rx—1j-1)

fork=j,j+1,....

k O(hy) O(hpy) O(h) O(hg) ---  O(K

1 Ry

2  Roq R »

3 HRsq Rs 2 Rs 3

4 Ruq R4 Rs3 R4.4

n Rn,1 Rn,2 Rn,s Rn,4 T an

Remark: calculate the table one row at a time.



Example

Add another row to our previously calculated table.

k Ry 1 Ry 2 Rk3 R4 Ry s Rk 6
1 —4.9348

2 —2.4674 —1.64493

3 -0.361343 0.340677 0.473051

4 —-0.249811 —-0.212634 —0.249521 —0.260991

5 -0.228761 —0.221744 —0.222351 —-0.22192 -0.221767



Example

Add another row to our previously calculated table.

k Ry 1 Ry 2 Rk3 R4 Ry s Rk 6
1 —4.9348

2 —2.4674 —1.64493

3 -0.361343 0.340677 0.473051

4 —-0.249811 —-0.212634 —0.249521 —0.260991

5 -0.228761 —0.221744 —0.222351 —-0.22192 -0.221767

6 —0.223836 —0.222194 —0.222224 —0.222222 —0.222223 —0.222223




Example

Add another row to our previously calculated table.

Ry 1 Ry 2 Rk3 R4 Ry s Rk 6

—4.9348
—2.4674  —1.64493
—0.361343 0.340677 0.473051
—0.249811 -0.212634 —0.249521 —0.260991
—0.228761 —0.221744 —0.222351 -0.22192 —-0.221767
—0.223836 —0.222194 —-0.222224 —0.222222 —0.222223 —0.222223

OO WN =X

Remark: Romberg integration is efficient since only the entries in the
Ry 1 column are calculated by evaluating f(x). All others are found by
weighted averaging.



Romberg Algorithm

INPUT Endpoints a, b and integer n.
STEP1 Seth=b—a;set Ry = g(f(a) + f(b)).

STEP 2 OUTPUT Ry 1.
STEP 3 Fori=2,3,...,ndo STEPS 4-8.
2i—2
Ri1+h> f(a+(k—05)h)|.

k=1

1

STEP 4 Set FI’2’1 = 5

Roj_1— Ry 1

STEP 5 FOFj:2,37...,I'SGt RQJZ R27j_1 + T —

STEP 6 Forj=1,2,...,i OUTPUT Ry;.
STEP 7 Seth= g

STEP 8 Forj=1,2,...,iset Ry j = Rs.
STEP 9 STOP.



Homework

» Read Section 4.5.
» Exercises: 1ad, 3ad, 5ad, 18, 19



