
MATH 261 — CALCULUS III

FACTS AND FORMULAS FROM CHAPTER 13

Let R be a closed and bounded region in the xy-plane. The area A of the region
R is:

A =

ZZ
R

1 dA.

If ρ (x, y) is the density of the lamina R at (x, y) , the mass m of R is:

m =

ZZ
R

ρ (x, y) dA.

The first momentsMy andMx of the lamina R about the x-axis and y-axis are:

My =

ZZ
R

xρ (x, y) dA and Mx =

ZZ
R

yρ (x, y) dA.

The center of mass (x̄, ȳ) of the lamina R is:

(x̄, ȳ) =

µ
My

m
,
Mx

m

¶
.

If f is a non-negative continuous function on R, the volume V of the solid under
the graph of z = f (x, y) and above the region R is:

V =

ZZ
R

f (x, y) dA.

LetR be a typeRx region, i.e., R = {(x, y) : a ≤ x ≤ b and g1 (x) ≤ y ≤ g2 (x)} ,
where g1 and g2 are continuous functions on [a, b] . If f is a continuous function
on R, then ZZ

R

f (x, y) dA =

Z b

a

Z g2(x)

g1(x)

f (x, y) dy dx.

LetR be a typeRy region, i.e., R = {(x, y) : c ≤ x ≤ d and h1 (y) ≤ x ≤ h2 (y)} ,
where h1 and h2 are continuous functions on [c, d] . If f is a continuous function
on R, then ZZ

R

f (x, y) dA =

Z d

c

Z h2(y)

h1(y)

f (x, y) dx dy.

Let f be a non-negative function with continuous first partials defined through-
out a closed and bounded domain R in the xy-plane. The surface area A of the
graph of z = f (x, y) over R is given by

A =

ZZ
R

q
1 + (fx)

2
+ (fy)

2
dA
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Let R = {(r, θ) : g1 (θ) ≤ r ≤ g2 (θ) and α ≤ θ ≤ β} be a region in the polar
coordinate plane, where g1 and g2 are continuous functions on [α,β]. If f is a
continuous function on R, thenZZ

R

f (r, θ) dA =

Z β

α

Z g2(θ)

g1(θ)

f (r, θ) r dr dθ.

Let Q be a closed and bounded solid in space. The volume V of Q is given by

V =

ZZZ
Q

1 dV.

If δ (x, y, z) is the density of Q at (x, y, z) , the mass m of Q is given by

m =

ZZZ
Q

δ (x, y, z) dV.

LetQ = {(x, y, z) : a ≤ x ≤ b, h1 (x) ≤ y ≤ h2 (x) , and k1 (x, y) ≤ z ≤ k2 (x, y)} ,
where h1 and h2 are continous on [a, b] and k1 and k2 have continuous first par-
tials. If f is a continuous function on Q, thenZZZ

Q

f (x, y, z) dV =

Z b

a

Z h2(x)

h1(x)

Z k2(x,y)

k1(x,y)

f (x, y, z) dz dy dx.

To transform between rectangular and cylindrical coordinates:

x = r cos θ
y = r sin θ
z = z

To transform between rectangular and spherical coordinates:

x = ρ sinφ cos θ
y = ρ sinφ sin θ
z = ρ cosφ

Let Q = {(ρ,φ, θ) : a ≤ ρ ≤ b, c ≤ φ ≤ d, and e ≤ θ ≤ f} be a solid region of
space in spherical coordinates. If f is continuous on Q, thenZZZ

Q

f (ρ,φ, θ) dV =

Z f

e

Z d

c

Z b

a

f (ρ,φ, θ) ρ2 sinφ dρ dφ dθ.
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