Generalized Eigenvectors and Systems of Linear Differential Equations

Math 422

Consider a system of linear first order differential equations x’ (t) = Ax (t) with initial value x (0) = xo,
and suppose that A is similar to a Hessenberg matrix H = S™'AS. Let

y ()=S""x(t) and yo=S5""x(0) =y (0);

then
y (t)=85"%(t) =5 Ax (t) = (S7'AS) S7'x (t) = Hy (t).

Thus the change of variables y (t) =S~!x(t) transforms the given initial value problem (IVP) into the
equivalent one

y'(t) = Hy (t) with y (0) =yo. (1)
-1 -8 1
For example, the matrix A= | —1 -3 2 | is similar to
-4 —-16 7
-1 -4 1 1 00 -1 -8 1 1 00
H=| -1 5 2(=10 10 -1 -3 2 010
0 -8 -1 0 —4 1 -4 —-16 7 0 4 1

Thus the change of variables above transforms the system

x) (¢) -1 =8 1] [z1(® z1 (0) 7

@) | = -1 =3 2 xs () with 22 (0) | = | -1

% (¢) —4 =16 7 | | w3(t) x3 (0) 5
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ys (1) 0 =8 —1 ][ us(®) ys (0) 9

When H is reduced, Jordan Canonical Form (the final topic in this course) is required to solve the IVP
in (1). When H is unreduced, however, we can solve the IVP in (1) by following the steps outlined below.
But first we need some important theoretical results.

Theorem 1 Let H = (h;j) be an unreduced n x n Hessenberg matriz. Then {el,Hel, .. .7H”_1e1} 18
linearly independent.

Proof. First note that

hyy h%, + hishar ]| [ by ]

By hai1hi1 + haahoy bo

0 9 hazho1 b3
He; = and H<e; = 0 = 0 |:

0 i 0 ] | 0 |

since H is unreduced, ho; # 0 and b3 = hzaha; # 0. Inductively, assume that H'"'e; = [c;---¢; 0 - O]T
with ¢; # 0. Then



[ hin hia .- hii oo ok o] ) ) [ hiier + -+ hiig
hor ho2 -+ hay o+ % % c1 haicy + - -+ + hajc;
0 hg - hgy o . ez ¥ i
He,=H(H 'e;)=| 0 0 . 1 ... 1} Gl = '
! ( 1) 0 hig1ici
0 0 - hi+1,i cee L : 0
R . ot Lo :
L 0 0o - 0 e w k| i 0 i
and hit1¢; # 0. Thus for 1 <¢ <n—1 the (i + 1)St component of H%e; is non-zero, and for 1 < i <n —2,
i4+2 < k < n, the k" component of H’e; is zero. Hence the matrix [el | Heq | - -+ | H"‘lel} is upper
triangular with non-zero diagonal entries, and it follows that {el, Heq,...,H "_1e1} is linearly independent.
]
Corollary 2 Let H be an unreduced n x n Hessenberg matriz. If [ag - an_l]T # 0, then

ape; + alHel + -+ an,lH"_lel 7é 0.

Definition 3 Let A be an nxn matriz and let X be an eigenvalue of A. A vector v.ER™ is a generalized eigen-
vector of order r associated with X if (A — X)""'v #0 and (A — )" v =0.

An usual eigenvector associated with A is a generalized eigenvector of order 1.

Definition 4 Let A be an n x n matriz with characteristic polynomial p (t) = (t — A1) -+ (t — \p)"™* , where
r1+---+ry =n and N\; € C. Then r; is the algebraic multiplicity of A;, and the dimension of the eigenspace
associated with \; is the geometric multiplicity of ;.

The geometric multiplicity of an eigenvalue is at least 1 and at most its algebraic multiplicity.

Definition 5 An n x n matriz A is defective if A has an eigenvalue whose geometric multiplicity is less
than its algebraic multiplicity.

Example 6 The characteristic polynomial of the unreduced Hessenberg matrix

H:“ ‘é] isp(t):det[lzt 3__1t}:(t—2)2;

the algebraic multiplicity of the eigenvalue A = 2 is therefore 2. To find a basis for the corresponding
etgenspace, solve the system
(H-2I)x=0

-1 -1 rowﬂi)uce 1 1 .
1 1 0o 0|’

_1 is a basis and the geometric multiplicity of the eigenvalue A = 2 is 1. Consequently H
is defective and is not diagonalizable.

then {vl =

Exercise 7 Show that the following matrices are defective:

-4 1 1 1
a [1 4} b -16 3 4 4
101 ' -7 2 21
-11 1 3 4



Theorem 8 Let A be an eigenvalue of an unreduced n x n Hessenberg matriz H. If the algebraic multiplicity
of X is m, then H has a generalized eigenvector v, of order r associated with A for each v =1,2,...,m.

Proof. Let p(t) be the characteristic polynomial of H. Repeatedly divide p(¢) by ¢ — A and until

p(t)=(t—N)"q(t) with g(\) #0.
Consider the polynomial

E—=N"""qt) =ag+art+ -+ an_ot" 2 +t"
whose vector of coefficients [ag -+ anp—2 l]T # 0. Thus
(H=X)"""'q(H)e, = age1 +arHey + -+ an_oH" e, + H" 'e; £ 0
by Corollary 2. Set v, = ¢ (H) e, then
(H—X)"""v,, #0.
On the other hand, p (H) = (H — X)™ q (H) implies
(H = A" vy = (H = \D)™ g (H) e = p(H)ey.
But p(H) = 0 by the Cayley-Hamilton Theorem, and we conclude that
(H—-M)"v,,=0.
Therefore v,, is a generalized eigenvector of order m associated with A. Finally, since (H — A\I )mf1 q(H)e, #
0and (H—M)"q(H)e; =0, let
v, =(H-X)"""q(H)ey;

then (H —AI)" "' v, # 0 and (H — M) v, = 0. Thus H has a generalized eigenvector of order r associated
with A foreach r=1,2,....,m. =

Theorem 9 An unreduced n X n Hessenberg matriz has n linearly independent generalized eigenvectors.
Proof. Let A, Ao,...,A\; be the eigenvalues of H and let m; be the algebraic multiplicity of \;. Then
p(t)=(t—X)"" (t—X2)™ -+ (t — \g)™" is the characteristic polynomial of H. By Theorem 8, each \; has

an associated generalized eigenvector v} of order r for each r =1,2,...,m;. Denote these by

1 mi 1 mo 1 M
Vi Vi v, Ve Vs, VR )

)\1 >\2 )\k

and suppose that
aivi 4+ aM VI Favy + o+ al? v 4 apvy s alt v = 0. (2)

Let q(t) = (t — Ag)™ -+ (t — A\x)™" ; since the factors of ¢ (t) commute, ¢ (H) v/ = 0 for all i and all j > 2.
Now multiply both sides of (2) by ¢ (H); then

q(H) (a1vi+ -+ +a"vi") +q(H) (advy + -+ ad?vi? + -+ apvi + -+ al™vi*) =0

0

reduces to
alq (H) v} + -+ al"q (H) v} = 0. (3)

Keeping in mind that (t — A;)” ¢ (£) = ¢ (£) (t — A1)”, multiply both sides of (3) by (H — A I)™ "' then
G H — M D)™ g () = 0 (W
#0




implies @™ = 0. Now multiply both sides of (4) by (H — A\ 1)"* 2 then

ay, o (H—MD)™2q(H)vi" " =0

mi—1

#0

implies a71n1—1 = 0, and so on inductively. Do this for each A\; and conclude that all coefficients vanish. m

Example 10 Continuing Example 6, Let’s find a generalized eigenvector vo associated with A = 2 such that
{v1,va} is linearly independent. Solve the system

(H-2I)x=wv,
-1 =1 1 row reduce 1 1 -1
—> ;
1 1 —1 0 0 0

the gemeral solution is
. -1 " -1
1 0|

-1 ] . Note that

Set t = 0 and obtain the particular solution vo = [ 0

(H—21)?vy = (H—2I)v, =0;

then va is a generalized eigenvector of order 2 associated with A = 2. Thus we obtain two linearly independent
generalized eigenvectors associated with A = 2 :

= e[ ]

Problem: Let H be a complex n x n unreduced Hessenberg matrix. Solve the IVP ¢ = Hy with y (0) = yo.

Steps in the solution:

1. Using Krylov’s method, compute the characteristic polynomial of H. Then
p()=(t =)™ (£ = A2)™ o (E = Ae)™ 5
the eigenvalue \; has algebraic multiplicity ;.

2. Find a maximal linearly independent set of eigenvectors {uy,...,u,}. Then each u; is associated with
some A;. Set y = e*'u;; then

y =Mt u; = et Hu; = H (eMtu;) = Hy
so that y is a particular solution.

3. Let m; be the geometric multiplicity of ;. If m; < «;, find ¢; = a; — m; generalized eigenvectors
{v1,va...,vg} of H in the following way: Set vi = uy and solve the following successive sequence of
linear equations in which v, is known and v, is unknown:

(H — )\lI) Vo = Vi
(H — )\lI) V3 = Vg
(H — )\lI) V4 = V3
(H = Xl)vg, = vg-1.



Then
(H=X\D%""vy, =(H-ND)"v, == (H-NI)vya=vy. (5)

Since (H — A\; 1) vi = 0, multiplying each expression in (5) by H — \;I gives

(H=X\D%vy =(H-N)"""vy, = =(H-=X\NI)>vy=(H—X\I)vy =0.
Then {vi,vy...,vg,} is linearly independent by Theorem 9 and v, is a generalized eigenvector of order
r associated with \; for each r =1,2,...,¢;. Let

Aot t2 t?”fl
yr=¢€" V7»+tV7-_1+§V7n_2+"'+ Vi)

then

2 t'r‘—l

t
A it o
Y, = e <vr +tv,e_1 + 2!VT,2 + + = 1)!vl

ot tr—2
+e vy Hitve o+ + . Vi

2 r—2

) t
= e>\7’t <(Vr—1 + Aivr) +1 (VT—2 + )\ivr—l) + E (VT—S + /\ivr—Q) +---+ r

t2 t’r‘fl
= eAit Hv,+tHv, 1+ —=Hv, o+ ---+ ——Hwv; :HYT
2! (r—1)!

so that y, is a particular solution.

4. Finally, the general solution of the given system of linear differential equations consists of all linear
combinations of the solutions found in steps 2 and 3. Given this, one can solve a system of linear
equations and find the particular solution that solves the IVP.

Example 11 Solve the system

Y= Y1— Y
Yo = y1+3y2

subject to the initial conditions y1 (0) = 5, y2 (0) = —7. Written in matriz form'y’ = Hy the IVP becomes

IR EH Pt ®

In Examples 6 and 10 we found the linearly independent generalized eigenvectors
-1 -1
V1=|: 1} and vz:[ 0}
associated with the eigenvalue A = 2 of the unreduced Hessenberg coefficient matriz

n=|1 5

2 .
Yy =€ Vvij

Let
differentiating we have
y =e* (2vy) = e*Hv, = Hy

so that y = e**vy is a particular solution. Now

(H-2I)va=vy = Hvy=vy+2vs.



Let
y =% (Vo +tvy);

differentiating gives

y = 2% (vo+tvy) +e?vy =X [(vi 4 2va) + 1 (2vy)]
e (Hvy +tHvy) = He* (vy +tvi) = Hy

so that y = €*' (vo +tvy1) is a particular solution. Thus the general solution of system 6 is
y = ae®'vi +be?t (vo +tvy), a,b €R.

To find the desired particular solution, solve avy + bvy =y (0) :

-1 1 : 5 row reduce 1 0 © -7
>

The solution of the IVP is therefore

y = —Te*v, — 22 (Vo +tvy).
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