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Computing the Inverse of an Invertible Matrix

If A= (a;;) is an n x n invertible matrix, there is an n x n matrix B such that AB = I, in which case
we write A™! = B. To compute an unknown B, we must solve the matrix equation AX = I for X = (z; ;).
Recall that the i*" entry in the j** column of the product matrix AX is obtained by multiplying the i** row
of A and the j*" column of X in the following way:

T1j
€2j
[ @i a2 -+ ain | : = ;1715 + Gi2%25 + 0+ AinTnj.
Tnj
Let X; denote the i column of X and write X = [x; | Xa | -+ | x,]. Then the j** column of AX is

11215 + 12225 + -+ + Q1pTnj
21T15 + Q22T25 + -+ + A2pTnj

AXj = . ’

Ap1T1j + 2oy + - - + Appnj

so that
AX =[Axy | Axa | -+ | Axy).

Denote the j** standard basis vector in R™ by

0
ej=| 1|« 4t position
0
and express the identity matrix as
I=le1|ex]| - |en].

Then the matrix equation AX = I can be rewritten in the form
[Axy | Axo |-+ | Axp] =[e1 | e |- -] en].
By equating columns we obtain n systems of linear equations
Ax; = e

whose solutions are the columns of the solution matrix X = B. Note that for each j, the row reduction
is determined by A and is independent of j. So we may perform all n row reductions simultaneously by
row-reducing the n x 2n matrix

(A1},

by which we obtain
11471,

Example 1 Let A =

2 -3
-1 _
A _[1 2].

— DN
N W

. The row reduction { ?

N W
O =
—= O

. 1 0 2 -3 i
0 11 -1 o | implies
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Simpson’s Rule

Given n distinct data points (a1,b1), ..., (G, b,) no two of which lie on the same vertical line, there is
a unique interpolating polynomial p (z) = ag + a1 + - - + a,_12" "1, called the interpolant, whose graph
passes through them. A proof of this fact in the case n = 3 appears in Example 3, p. 82 of Johnson, Riess,
and Arnold. Simpson’s Rule for numerically approximating the definite integral of a continuous function f
on a closed interval [a,b] is an important application.

For simplicity, let A > 0 and consider a continuous function f on |
interpolant p (z) = ag + a1 + azx? of the data points (0, f (0)), (h, f
ag, a1, and ao are the unique solution of the linear system

ao = f(0)
ao+ arth+ash®> = f (h)
ag + 2a1h + 4(12h2 = f (2h

0,2h]. Our goal is to find the quadratic
(h)), and (2h, f (2h)) . The coefficients

).
Row-reducing the augmented coefficient matrix gives:
0 0 f(0)

1
1 h h2 f (h) row&l}ucc
1 2h 4h? f(2h)

00 £ (0)
1 0 3 [=3f(0)+4f (h) — f (2h)]
0 1 5= [f(0)—2f(h)+ f(2h)]

OO =

Thus

2h 2h 2h QK3
/ f(z)de =~ / p(z)dx = / ap + a1z + asz’dz = (2h) ag + (2h°) a1 + (3) as
0 0 0

(2h) 1 (0) 4 h (=8 0) + 4F () — F (20)] + 2 [ (0) ~ 2 (h) + f (20)

w| =

[£(0) +4f (h) + £ (2h)].

Now to obtain the familiar formula from calculus, let f be continuous on [a,b] and let {a =zg <z <--- <
Zan = b} be the regular partition of [a,b] with 2n subintervals. Set h = z; — 2,1 = (b — a) /n and apply the
formula above on each of the subintervals [x;_2, ;] . Then

[ F@ = Bt i) + 4 i)+ S (@)

and we obtain

[rww=3[" 1w

k=1

b

~ ;Ta{[f (o) +4f (1) + f (x2)] + [f (x2) +4f (x3) + f (xa)] + -

+ [f (w2n—2) +4f (T2n—1) + [ (z20)]}

(zO) +f (zn) +2 [f ($2) +f (1'4) +--+f ($2n—2)]

+4[f (z1) + [ (23) + -+ [ (20-1)]} -
10-30-2010






Vector Spaces and Linear Independence

Let F be a field. Roughly speaking, a vector space over F' is an abelian group (V,+) on which F acts
by scalar multiplication, i.e., if v.€ V and a € F| then av € V. But before we give the precise definition of a
vector space, we need some preliminary definitions.

Definition 2 A group is a non-empty set G equipped with a binary operation * such that:
1. Closure: If a,b € G, then a*xb € G.
Associativity: If a,b,c € G, then (axb)xc=ax* (bxc).

Identity element: There is an element e € G such that axe =a =exa for all a € G.

Inverses: If a € G, there is an element b € G such that a b = e. The element b is called the inverse of

a and we write b = a1,

Definition 3 A group (G, x) is abelian if x is commutative: If a,b € G, then a xb = b * a.

Example 4 Some familiar examples of abelian groups are the integers with its usual addition (Z,+) and
the non-zero real numbers with its usual multiplication (R— {0} ,-).

Definition 5 A field is a set F' containing the distinct elements 0 and 1, and equipped with an addition +
and a multiplication - such that:

1. (F,4) is an abelian group.
2. (F—A{0},-) is an abelian group.
3. Multiplication distributes over addition: If a,b,c € F, then a (b+ ¢) = ab+ ac.

Example 6 Some familiar examples of fields are the rational numbers Q, the real numbers R, the complex
numbers C, and the integers modulo a prime Z,. Note that Zy = {0,1} is the smallest possible field.

Definition 7 Let F be a field. An abelian group (V,+) is a vector space over F (with coefficients in F)
if F acts on'V in the following way:

1. Ifae F andv €V, thenav=va € V.
If veV, then Iv=v.
Ifae F and v,w €V, then a (v +w) =av + aw.

Ifa,b € F and v € V, then(a+b)v = av + bv.

A T S

Ifa,b € F and v € V, then(ab) v =a (bv).

Elements of F' are called scalars; elements of V are called vectors.
Proposition 8 Let V' be a vector space over a field F. If v € V, then Ov = 0.

Proof. First, note that 0 = 0 4 0 since 0 is the additive identity element in F. Then by Axiom 4 above we
have
0v =(040) v =0v+0v. (1)

Since Ov € V by Axiom 1, we have 0v—0v = 0 € V. Thus subtracting Ov from both sides of (1) gives Ov = 0.

Example 9 Some familiar ezamples of vector spaces from Linear Algebra I are R™ = {(z1,...,z,) | z; € R}
and P, ={p(z) =apo+ a1z + -+ anz™ | a; € R and degp(z) <n}.



Linear independence is a fundamentally important idea in linear algebra. If V' is a vector space over a
field F, an element of a linearly independent set S C V cannot be written as a linear combination of the
other elements of S. Note that for any set {vq,...,v,} C V, the equation viz; + -+ + v, z, = 0 always has
the trivial solution z; =--- =z, = 0.

Definition 10 Let V be a vector space over a field F. A set {vi,...,v,} CV is linearly independent if
the equation vix, + -+ + vz, = 0 has only the trivial solution. Otherwise S is linearly dependent.

Linear independence in R™ is especially important. Let S = {vy,...,v;,} C R™ and express each v; € S
as a column matrix. Form the nxm matrix A = [vy | - - - | v;;,,] and express the equation viz1+- - 4+ vz, = 0
in matrix form as Ax = 0, where x = [#1 -+ @,]". Then {v1,..., v} is linearly independent if and only

Ime

if Ax =0 has only the trivial solution if and only if A row-reduces to [ 0(n—m)xm

} . Note that whenever

mXm
A row-reduces to on—m)xm | We automatically have m < n. It follows that every set containing more

than n vectors in R™ is linearly dependent.

1 3 10 1 3
Example 11 Since A= | 2 2 | row-reducesto | 0 1 |, theset<vi=1|2 |, vo=] 2 18 lin-
31 0 0 3 1
1 2 1 1 0
early independent in R3. On the other hand, since A = | 2 3 1 | row-reduces to | 0 1 1 , the
3 4 1 0 0 O
1 2 1
set S vi= |2 |, vo=|3 |, vy=|1 s linearly dependent. The vector form of the solution of
3 4 1
1
Ax =0 isx =t | —1 |; by setting t = 1 we obtain the dependence relation vi — vy + vy = 0 so that
1

v3 = vg — vy, which is clearly evident by inspection.

9-6-2012
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Matrix Representation of Linear Maps

Let V and W be vector spaces over a field F.
Definition 12 A map T : V — W is linear if and only if
T(ax+by) =aT(x)+bT(y)
for all x,y €V and all a,b € F.

Definition 13 A subset S C V is a spanning set for V if every element of V' can be written as a linear
combination of elements of S. A basis for V is a linearly independent spanning set. Since every basis for
V' has the same cardinality, we define the dimension of V' to be the number of elements in any basis.

When V and W are finite dimensional, we can evaluate a linear map T : V' — W via matrix multiplication
in the following way. Choose ordered bases B = {vy,...,v,} for V and C ={wy,...,w,,} for W. Then each
vector x € V' can be expressed as a unique linear combination of elements in B, i.e.,

X =T1V] + -+ XpVp.
The (unique) coefficients x; are called the B-coordinates of x and the column matrix

T

(x]p =

is called the B-coordinate matriz for x. Evaluate T at each basis vector v;, write T (v;) in the basis C as
T(vi) =a1;w1 + - + @niWin,
and obtain the C-coordinate matrix for T' (v;) :

[T(Vz‘)]c =

Qi

Then

T(x)=T(z1v1 + -+ TpVa)
=x1T(vq1)+ - +x, T(vp)
=z1(an1W1 4+ + 01 W) + - FTp (@1 W1 + -+ G W)

- (xlall + -+ xnaln) W1 + -+ (xlaml + -+ xnamn) Wi,
and the C-coordinate matrix for T' (x) is

[ zia11 + -+ 2pan,
[T(X)]c =

L T1Gm1 + ** + Tnlmn

=[TOle |- HTVa)le] X5



The matriz for T in the bases B and C is

ailz - Q1in

Am1  *  OGmn

In summary, we have
[T}C,B x]5 = [T'(x)]c-

Example 14 Let V = P3 with ordered basis Bz = {1,x,m2,x3} and let W = Py with ordered basis By =
{l,x,mz}. Then polynomial differentiation is a linear map D : P3 — Po, which acts on basis elements as

follows:
D(1)=0, D(z)=1, D(2?) =2z, D(2%) =32>

Thus
0 1 0 0
DM]g, =] 0|, D@lg,=]01], [D@E)]z=|2]|, [PE*)]s=1]0],
0 0 0 3

01 0 0
[D}BQ’&: 00 2 0
0 0 0 3
Let p(z) = 6 + 5x + 42 + 323; then
6
5
[p(w)]Bg‘,: 4
3
and
01 00 g )
1D (0 (#))]s, = [Dls, s, @], = | 0 0 2 0| | 2| =|5].
00 0 3 3 9

Indeed, by translating this column matriz into a polynomial in Py we see that

D (6 + 5z + 42® + 32°) = 5 + 8z + 92°.

9-11-2012
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Geometry of Linear Operators on R?

Definition 15 A linear operator on a vector space V is a linear map T : V — V.

Let T be a linear operator on R2. To represent T in the standard basis {e1 = [(1)] ,€9 = m } , we evaluate
T (e1) = [?] and T (e3) = [Z] and write

[ﬂ=M@ﬁ|T@u=[gg]

Note that [T] has no subscript specifying the basis (the standard basis is the default). Then for x = [z] € R?,
we have

o= = | [0

Proposition 16 Let T be a linear operator on R? and let | be a line. Then T (1) is either a point or a line.

Proof. The equation of the line [ is az 4+ By + v = 0, where « and § are not both zero. We set
| | a b z | | ax+by
v | | e d y | | cx+dy

Case 1. Assume [T is invertible. Then

MR A R I L A et o

Substituting for z and y in the equation of [ gives

and consider two cases.

a (7ad£bc (dx' — by’)) +5 (ﬁ (—cz’ + ay’)) +7=0
or equivalently,
(da—cB) " + (=ba+aB)y + (ad — be)y = 0.

Thus [Z:} satisfies the equation
(doo—cB)x + (=ba + af) y + (ad — bc)y = 0,

which is the equation of a line if da — ¢f8 and —ba + a8 are not both zero. But if both coefficients were zero,
the homogeneous system

du —cv=0

—bu+av=20

would have the non-trivial solution [g], which is impossible since

d —c
‘ a =ad —bc # 0.

—b

Therefore T (1) is a line, and its equation is

(da—cB)x + (—ba+ apf) y + (ad — be) v = 0.

Case 2. Assume [T is not invertible. This case is left as an exercise for the reader. m

Exercise 17 Let T be a linear operator R? and let | be a line. Prove that if [T is not invertible, then T (1)
is either a point or a line.

13



Proposition 18 Let S and T be linear operators on R™. Then
[T'o S] = [T][S]-
Proof. Note that
[ToS)x] = [(T'o8) (x)] = [T (S (x)] = [TT{(S (x))] = [TT([S] [x]) = ([TT[S]) [x]

Therefore [T o S] = [T][S]. =
A 2 x 2 elementary matrix E is the result of performing a single elementary row operation on the 2 x 2
identity matrix. Thus E has one of the following forms:

1k 10 0 1 k0 10
GRS PR TR H B R R R

Suppose that T is a linear operator on R?whose matrix representation [T] in the standard basis is an
elementary matrix £. When k£ > 0, multiplication by

e F; shears by a factor of k in the x direction;

e F), shears by a factor of k£ in the y direction;

e F3 reflects in the line y = x;

e F, compresses by a factor of k in the z-direction when 0 < k < 1;
e F5 compresses by a factor of k in the y-direction when 0 < k£ < 1;
e F, expands by a factor of k£ in the z-direction when k > 1;

e F5 expands by a factor of k£ in the y-direction when k£ > 1.

When k = —1, multiplication by

e F, reflects in the y-axis;

e [5 reflects in the z-axis.

When k£ < 0 and k # —1, write

s [ ][ Va0 S0 ]

Then multiplication by

e F, compresses or expands by a factor of |k| in the z-direction then reflects in the y-axis;

e F5 compresses or expands by a factor of |k| in the y-direction then reflects in the x-axis.

To summarize: Multiplication by an elementary matriz represents
e a shear parallel to a coordinate axis
e a compression or expansion parallel to a coordinate axis

e q reflection in the line y = x

a reflection in a coordinate axis

e a compression or an expansion parallel to a coordinate axis followed by a reflection in a coordinate axis.

14



To determine the geometric effect of multiplication by a nonsingular matrix A, use multiplication by
elementary matrices to row reduce A to I then solve for A :

ExEp_1---E1A=1

A=E "By BT

Then multiplication by A is the sequence of the actions given by multiplication by E, ! then by Ek__ll, then
by E,;_lz, and so on.

Example 19 To describe the geometric effect of multiplication by

12
R

row reduce A to I as follows:
1 0 1 2 1 2

ElA:_—s 1“3 4}[0 —2}

1 0 1 2 1

san-[3 4][3 4]-(:

) 1 2
B (BE14) = | 1“0 1

Solving for A we obtain
wemss=[3 0] %[0 2]
:[1 0H1 0 H1 oHl 2]
31 0 -1 0 2 0 1|°

Thus multiplication by A is equivalent to performing the following sequence of geometric operations:

e shear by a factor of 2 in the x-direction;

e expand by a factor of 2 in the y-direction;

e reflect in the x-axis;

e shear by a factor of 3 in the y-direction.

Example 20 (Rotations as a product of elementary operators) Let k € Z. A rotation about the origin through
an angle of 2km is the identity map, whose matriz is the identity matriz. The matriz for rotation through

an angle of (2k + 1) m is
1 0] [-107[1 0
0 -1 | 0 1 0 -1}’

which represents a reflection in the x-axis followed by a reflection in the y-axis. If @ # kn, then the matrix
for rotation through an angle 0 is

cos —sinf | |1 0 0 1 1 0 1 0 1 coté
sin 0 cosf | | 0 sinf 1 0 cosf 1 0 —cscl 0 1 ’

This identifies a rotation through an angle of 6 with the following sequence of geometric operations:

e shear by a factor of cot 8 in the x-direction;

15



e cxpand by a factor of —csc@ in the y-direction;
e shear by a factor of cos@ in the y-direction;

o reflect in the line y = x;

e compress by a factor of sin @ in the y-direction.

This decomposition is not unique and depends on the sequence of elementary row operations we choose in
the course of our row reduction.

9-11-2012
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Change of Coordinates

Let A = {uy,...,u,} and B = {vy,...,v,} be two ordered bases for a vector space V over a field F.
Given x € V, express x as (unique) linear combinations of vectors in A or B :

X=au; +---+a,u, =byvy+---+b,v,.
This provides two different ways to label the vector x :

ai bl
pla=| : | and [xs=

On by,

Our goal is to use matrix multiplication to replace the system of coordinates given by A4 with the one given
by B, which amounts to representing the identity transformation I : R™ — R™ defined I (x) = x as a matrix
relative to the bases A and B.

Think of A as the basis for the domain of the identity I and think of B as the basis for its range. Then
I sends a vector x labeled in basis A to itself but relabeled in basis B. The matrix for I in bases A and B
is called the transition matriz from A to B coordinates and is given by

Lpga= [ (a)lg |- [T (un)]g] = [[wi]g -~ [[un] ]
This establishes the following relationship between vectors written in the bases A and B :
x| = lp.alx]4-
Since [I]; 4 is nonsingular, we multiply both sides by [/ ]l;lA and get
Hpa X5 = [x] 4
Thus the transition matrix from B to A coordinates is the inverse and we have
Mg =Uas:

When A is the standard basis, as it is in our next example, we usually suppress the subscript A. But for
purposes of demonstration, we’ll display the subscript to help elucidate the general principle that applies to
any basis A.

Example 21 Let A = {e1,e>} be the standard basis for R? and let B = {v1,va2}, where [v1] , = [5'] and
[val 4 = [1]- To compute the transition matriz []5.4 = [le1]s | [e2]5] we solve the linear systems

1 -1 1 0 -1 1
and obtain [e1]z = [_1/2] and [e1]z = [1/2}. Then the transition matriz from A to B-coordinates is

1/2 1/2

]pa=

~1/2 1/2
1/2 1/2}’

and the B-coordinate matriz [v]gz of the vector [v] 4 = [_42} is given by

M = g 4 v
-1k -]

17



Furthermore, since

we can recover the A-coordinates from B-coordinates:

Via=UlasVs

BT

Note that the columns of [I] , 5 in the example above are exactly the coordinate matrices [vq] , = [7']

and [vo] 4, = [ﬂ This suggests the following general fact:

Theorem 22 Let B={vy,...,v,} be an ordered bases for R™. The transition matriz P from B-coordinates
to standard coordinates is

P={val - [vall-

Transition matrices between orthonormal bases are always orthogonal matrices. This is especially nice
because orthogonal matrices A preserve the Eucildean inner product (hence distance and angle) and are
easy to invert: A~! = AT For this reason, we will use transition matrices between orthonormal bases when
defining general rigid motions such as reflections and rotations.

Let B ={vi,...,v,} be an ordered bases for R", and let P be the transition matrix from B-coordinates
to standard coordinates. Let 7" be a linear operator on R™ and consider its matrix representation [T ;. Then

[Tl P~ x| = [Tlg x| = [T(x)]5 = P~ [T(x)] = P~ [T] [x].

Multiplying both sides by P gives
P[T)z P~ [x] = [T][x].

Since this holds for all x € R™ we have
P[T]z P~' =[T]

and we have recovered the matrix [T'] from [T]5; by conjugation. Now det(P~')det(P) = det(P~'P) =
det(I) =1 implies

det [T] = det(P~" [T]z P) = det(P~ ") det [Tz det(P) = det [T],

which proves:

Theorem 23 Let B be an ordered basis for R" and let T be a linear operator on R™. Then
det [Tz = det [T7,

i.e., the determinant of the matrix for T is independent of the choice of basis.

It makes sense, therefore, to talk about the “determinant” of a linear operator.

Definition 24 Let T be a linear operator on R™. The determinant of T is defined by
det(T) = det [T].

The operatorT is nonsingular whenever det(T) # 0.

18



Example 25 Let B = {u, v} be the ordered basis for R* with [u] = [ﬂ and [v] = [_12] Define a linear

operator T : R? — R2 by
T(u) =3u—4v and T(v) = —u+3v.

[T]B: [ _34 _31 }

and the transition matriz P from B to standard coordinates is

Then

2 1
|t ]
Consequently,
112 1
-1 _
o2 ]

Therefore the matrix for T in the standard basis is
[T]_P[T]Bpl_“ —12H—34 _31};“ —12]_“) (5)}
Observe that det [T] = det [T]z = 5.
Let T be a nonsingular linear operator on R". Let b € R™ and consider the linear system
[T]x =b.
Since [T1] is invertible, equation (2) has the (unique) solution

x=[T]""b,

which holds for all b € R?. Therefore T is surjective. Furthermore, if [T]x = [T]y, then multiplying both

sides on the left by [T]_1 gives x =y and the map T is also injective. This proves:

Theorem 26 Fvery nonsingular linear map is bijective.

Definition 27 Let V and W be vector spaces over a field F. A bijective linear map T : V — W is called an

tsomorphism. When T : V — W is an isomorphism, the spaces V and W are said to be isomorphic.

9-12-12
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Reflections in R? and Rotations in R?

Reflections in R2.

Let B = {e1,e2} be the standard basis and let B'={vy,vs} be an orthonormal basis. Note that the
B’-matrix for the reflection F' in the axis of v; is simply

[F]B’_[(l) _01}

Thus changing coordinates from B to B’, reflecting in B’ coordinates, and changing from B’ back to B, makes
it easy to reflect in any line £ through the origin with angle of inclination #. Construct the basis B’ as follows:

Let

cos —sind
cosf |’

il = | ooy and el = |

Then £ is the axis of v and is perpendicular to vo. The orthogonal transition matrix from B’ to B coordinates
is

sin 0

)

cosf) —sinf
[I]Bvs' - [ sinf  cosf }

its transpose is the transition matrix from B to B’ coordinates. Think of a point (z,y) in the plane as the
terminal point of the vector [x]; = [Z] To find the coordinates of its image F (z,y) = («',y") when reflected
in line ¢, perform the following computation:

[F s = U [Fls Hss X5

' | | cosf® —sinb 1 0 cosf sind x
y | | sind cosf 0 -1 —sinf cosf Y
| cos20 sin26 z | | xcos20 +ysin26
" | sin20 —cos26 y | | xsin20 —ycos20 |’

Thus we have proved:

Theorem 28 Let { be a line through the origin of R? with angle of inclination 6. The equations for the
reflection in line £ are

2’ = x cos 20 + y sin 20
Yy = xsin20 — y cos 20.

Example 29 Let £ be the line with 0 = 7. Then as one expects,
=y
"=z

Rotations in R3.

Rotations in space about an arbitrary axis ¢ through the origin can be described in a similar way. Let
B = {e1,e3,e3} be the standard basis and let B'={v1, v, v3} be an orthonormal basis. The B’-matrix for
the rotation R about the axis of v through angle 6 is simply

1 0 0
[Rlg=| 0 cosf —sind
0 sinf cosf

21



Thus changing coordinates from B to B’, rotating in B’ coordinates, and changing from B’ back to B, makes
it easy to rotate about ¢. Choose a point (a, b, ¢) on ¢ with a and b not both zero, and let v; be the vector

1 a

Vilg=—+———| b
[ 1]3 /7a2+b2+02 .
Let
vl = = | @
Vol|p = ————
2l8 a2 + b2 0
and let v3 = vi X vo. Then
1 —ac

V3lg = —bc
vals V(@2 +02+c2) (@ +02) | 242

and B’ = {v1,va,v3} is an orthonormal basis. The transition matrix from B’ to B coordinates is
g = [[Vilg | [Vals | [vslgl

1 -b 1 —ac

a
1
= b ||l——1 a —be
VR + R+ |, |\/a2+b2 0 | V@T 2+ &) @@ +0%) | g2y

x

Think of a point (z,y, z) in space as the terminal point of the vector [x]z; = | v | . To find the coordinates
z

of its image R (z,y,2) = (2/,4',2") when rotated about the line ¢ through angle 0, perform the following

computation:

[R(x))g = Upp [Rlg pp X5

Then
x’ 1 0 0 x
Yy | =Ulpgp | 0 cosd —sinf [I]Z;‘B, Yy
2 0 sinf cosf ' z

Example 30 Let’s rotate through an angle 8 about the line £ through (a,b,c) = (1,1,1). Using the transition
matric

1 =1 =1
V3 V2 V6
Qo= | L 1 =1
VR
we obtain
x’ 1 0 0 T
y | =Ulgp | 0 cos —sin [I]g,B, Yy
2z 0 sinf cosf z

%er %er %z+ %xcos@ — %ycos@ — %zcosﬁf %y(sin@) V26 + %z (sin6) v2v6

= %x—i— %y—l— %z — %mcos@—&— %ycos@— %zcos@—i— %x(sin@) V26 — %z(sin@) V26
iz +3y+ 52— swcosf — tycosf+ 2zcosf — px (sinf) v2V6 + Sy (sin6) vV2V6

To view an animation of this, click on the link "Rotations in 3-space” on the class web page and download the
associated Mathematica notebook file. Load the file and click on [Fvaluate] -> [Fvaluate notebook]. Enjoy!

9-16-10
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Inner Product Spaces and Orthogonal Transformations

Definition 31 An F-inner product space is a vector space V over a field F' equipped with a scalar-valued
function < , >:V xV — F, called an inner product, that satisfies following conditions for all a,b,c € V

1. {(a,b) = (b, a)

2. {a+bc)={a+cb+c)

3. (ta,b) = (a, tb) =t (a, b)

4. {a,a) >0 and (a,a) = 0 if and only if a = 0.

Scalar valued functions on a vector space are called forms. Axiom (1) says that the form ( , ) is symmetric.
Axioms (2) and (3) tell us that (,) is a bilinear form, i.e., for each fixed element z € V, the functions
(z,):V—Rand (,z) : V— R are linear. Axiom (4) says that ( , ) is positive definite (never negative) and
non-degenerate (the inner product of a non-zero vector with itself is never zero). In these terms, we say that
an inner product is a symmetric, positive definite, non-degenerate bilinear form on V x V.

Definition 32 Let (V,(, )) be an inner product space. The morm on V induced by ( , ) is the form
||l : V— R defined by |la| = v/{a,a). The distance d between two vectors a,b € V relative to { , ) is
defined by d (a,b) = |la — || .

Definition 33 The Euclidean inner product (often called the “dot product”) of two vectors x =[xy - - 2] "
andy =[y; - yn]T in R™ is defined by
Y1
xy)=x"y=[zi-z, ]| ¢ | =z 4+ Tuln.
Yn
We sometimes use the notation x ey to denote (x,y).
Note that if A is an n X n matrix, then
Axey = (AX)T y=xTATy =xe ATy. (3)

Theorem 34 (The Polarization Identity) Letx,y be elements of an inner product space (V,( , )). Then

(o y) =g I+l = 5 =yl (1)
Proof.
Ix+yl*=(x+y.x+y) = (xx)+2(xy)+y,y) =z +2 x,¥) + |yl
and
Ix -yl = (x -y, x—y) = (x,x) =2 (x,y) + (y,y) = |lz]|* =2 (x,y) + [[y]|*.
Therefore

(lel* =2 (=, 3) + 1y 11*) = (%)

-

(el +2 6, 3) + lIyl1*) -

A~ =

1 1
2yl = 7 Ix =y =

Definition 35 A square matriz A is orthogonal if AT = A1
Theorem 36 Let A be an n X n real matriz. The following statements are all equivalent:

1. A is an orthogonal matriz.
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2. || Ax|| = ||x|| for all x €R™, i.e., multiplication by A preserves Fuclidean norm.
3. Ax e Ay =x ey for all x,y €R", i.e., multiplication by A preserves Euclidean inner product.
Proof. (1) = (2). Let x €R™. Using the fact that AT A = I and the identity in equation (3),
[Ax|? = Ax e Ax =x 0 ATAx = x o x = ||x||*.

(2) = (3). Let x,y €R™. By the polarization identity (4) and assumption (2),

1 2 1 2 1 2 1 2
Axe dy =[xty = Ax-ayl? = LAty - LAyl

= Iyl = e -yl =xey.
(3) = (1). Let x,y €R™. By assumption (3) and equation (3),
0=Axe Ay —xey=x0ATAy —x0ly=xeo (ATAy—Iy) =Xe (ATA—I) y.
Since this holds for all x €R"™, it holds in particular when x = (ATAfI ) y.Thus
0= (A"A-I)y e (ATA-D)y =||(ATA-1)y|’

in which case
(ATA—I ) y=0.
This is a homogeneous system of linear equations satisfied by all y €R"™. In particular, this holds for y = e;,

in which case the i*" column of (AT A—1T) is 0. Since this is true for all i = 1,...,n, the matrix ATA-I =0
and A is orthogonal. m

Definition 37 A linear map L : R — R" is an orthogonal transformation if and only if its matriz in
the standard basis is an orthogonal matriz.

Example 38 Rotations about the origin and reflections in lines through the origin are orthogonal transfor-
mations of the plane.

Unlike the determinant, orthogonality is somewhat basis dependent. Since the purpose of the Euclidean
inner product is to measure Euclidean length and angle, it makes sense to study orthogonality relative to
coordinate matrices of vectors in an orthonormal basis, i.e., a basis of pairwise orthogonal unit vectors.
Consider R™ with its Euclidean inner product and an orthonormal basis

B:{ulv"'7un}7

where each u; is a coordinate matrix in the standard basis. The associated transition matrix P from B-
coordinates to standard coordinates is

P=u |- |u],
and by orthonormality of the u;’s we have

T T T
T uju; ujuy -+ ujuy,

uy T T T
T . U2 up UQ U UQ Uy,

PP = Do a | ] = , . ) =1
T . . .
u

" ulu; ulfuy, -+ ulu,

Therefore P is orthogonal and so is is the transition matrix P! = PT from the standard basis to the
orthonormal basis B. But multiplication by P and P! preserve the Euclidean inner product by Theorem
36, so if L is an orthogonal transformation, then [L] is orthogonal by definition and

)5 1L1E = (P (L] P)(PT [L] )" = P (L] PPT [L}" P =1,

which proves that [L], is orthogonal. In summary:
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Theorem 39 The matrixz of an orthogonal transformation in any orthonormal basis is orthogonal.
Corollary 40 If L : R™ — R" is an orthogonal transformation, then
det(L) = +£1.

Proof. Recall that for all square matrices A and B, det(A) = det (A”) and det (AB) = det Adet B.
Therefore
[det(L)]? = det ([L]) det ([L}T) = det ([L} [L]T) = det(I) = 1.

Let (V,{,)) be an inner product space over a field F, and let W be a subspace of V.

Definition 41 The orthogonal complement of W is the subset
WH={veV|(v,w)=0 forallwecW}.

Note that W+ is a subspace of V. If v,v/ € W+ then for all w € W we have (v +v/,w) = (v,w) +
(v/,w) =0+ 0 = 0 so that v + v/ € W=, Furthermore, for all ¢t € F we have (tv,w) =t (v,w) =t0 = 0 so
that tv € W+. Therefore W+ is a subspace of V.

Also observe that WNW = {0} . Of course 0 EWNW " since W and W are subspaces of V. Conversely,
if u GWOWL, then (u,u) = 0 since u € W+ and u €W, and u = 0 by definition of inner product. Therefore
Wnw  ={o}.

Exercise 42 Given V and W as above, let v € V. Prove that there exist unique elements w € W and
w’ € W+ such that v =w + w'.

Exercise 43 GivenV as above, let v € V. Let A and B be arbitrary subspaces of V' such that span (AU B) =
V and AN B ={0}. Then there exist unique elements a € A and b € B such that v =a + b.

This leads to the notion of “direct sum”.

Definition 44 Let W and W' be subspaces of a vector space V' such that W N W' = {0}. The direct sum
of W and W' is the set
WaoaW ={w+w |weW andw € W'}.

Exercise 45 Prove that W @ W' is a subspace of V.

Example 46 Let V = R" with its Euclidean inner product. Let S = {wy,...,wi} C R"™, let W = span (95),
and let

wi
A= :
Wi
Then x € W+ if and only if
wix =0
for all i if and only if
Ax = 0.

Thus W is exactly the null space of A and R* =W @ W,

11-14-12
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The Fibonacci Sequence and Golden Ratio:
An Application of Diagonalization

Consider a rectangle of width 1 and length ¢ with the following property: If a unit square is removed
from one end, the ratio length/width for the remaining rectangle is ¢, i.e.,

1/(¢—=1)=¢.

¢

The ratio ¢ is called the golden ratio. Let’s calculate ¢. Cross-multiplying gives

P—p—1=0

" _14+V5 1-+5
v="3 2
Let S denote the vector space of complex sequences. Addition and scalar multiplication are defined
component-wise, i.e., {a,} + {b,} = {an +b,} and s{a,} = {sa,}. Let L : S — S be the lag operator
defined by

and ¢ =

L {an}zo:o = {an+1};’°:o .

Then L (s{an}, o+ t{bn}, o) = L{sa, +tby}, > = {sant1 +thni1}re g = s{ans1}ro +t{bns1}rg =
sL{a,},_o+tL{b,} -, and L is a linear operator on S. Let L? = Lo L; then L? — L — I acts on a sequence

n=0

in the following way:
(L? = L= D) {an}nzg = {ant2}nzo — {ans1}nsy — {anknsy
= {an+2 — On41 — an}zo:o .

Thus the kernel of L? — L — I consists of all sequences {a, },-, such that a,42 — ap+1 —a, = 0 for all n > 0,
ie.,

E=N(L*-L—-1)={{an}p_y | nt2 = ani1 +an}.
Definition 47 An element of E is called a Fibonacci-like sequence.
The classical Fibonacci sequence
{fuloo=1{1,0,1,1,2,3,5,8,...}

is an element of E since fn4+2 = fnt1 + fn, and a Fibonacci-like sequence {a, } can be expressed in terms of
{fn} in the following way:

ag = lag + Oaq

ay = Oag + laq

as = lag + laq

as = lag + 2a4

aq = 2aq + 3aq

as = 30.() + 5CL1
{an}iozo = Qo {fn}ff:o + ail {fn}ff:o .

Thus every Fibonacci-like sequence is a linear combination of {f,} and L{f,}. Since {f,} and L{f,} are
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linearly independent, E is a 2-dimensional subspace of S with basis B={{f,}, L{f.}}. Let’s determine
the matrix M for L in the basis B. Since L? {f,} = {fn} + L{f.} we have

M =Ly = [[L{fu}p | [L*{fa}] 5] = [ (1) 1 } '

Proposition 48 M"™ = { Fuo I ] for allm > 1.
Jot1 fnie

Proof. First note that the statement holds for n = 1:
0 1 i f2
M = = :
[ 11 ] [ f2 f3
Inductively, if the statement holds for all k¥ < n, then

n+1l _ n _ fn fn+1 0 1 _ fn+1 f77,+fn+1 _ fn+1 fn+2
M= MEM = [ frn+1 foto } { 11 ] B { Int2  fot1+ fage } B [ Jnr2  fois }

Corollary 49 )
nl O
fa=[1 0| 7],

Now to compute the powers of M explicitly, we will diagonalize. The characteristic equation of M is

- 1

N2 oy 1 —
Do = A-1=0,

det (M — M) = det [

so quite remarkably, the eigenvalues of M are ¢ and ¢. We need two linearly independent eigenvectors:

A= ¢:
—¢ 1 row reduce 1 1- ¢
1 1-6¢ — 0o o0 |’

and a corresponding eigenvector is

and a corresponding eigenvector is
Now form the matrix

and note that det P = ¢ — ¢ = v/5. Thus

o L[ 1 1-9
gl AT
and 5 5

P‘lMP:[O 0

< 1O
-
< 1O
-
3

or equivalently, M = P [
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Hence

n ¢ 0] ,0\" [o-1 ¢6-1][¢" 0] 1 [ 1 1-¢
we= (e8] = S sl e
_1[ * ¢"—¢"}
BV AT A
By Corollary 49 we have
_ W[0]_ 1 « ¢t =¢" 1[0 _¢"—¢"
[ B TR P R

and we have proved:

Theorem 50 Let {f,} —, be the Fibonacci sequence {1,0,1,1,2,3,5,...}. Then

oot = "9
V5
Example 51 Note that ¢¢ = —1 and ¢ + ¢ = 1. Thus

siogt (0-9) (9" + 6% +00" +3")

fo= T = =7
= ¢’ —0-6+¢" =¢"+6" -1
= (6+0) (¢* —06+0") -1

4

We conclude with a proof of the following remarkable fact:

Theorem 52 lim % = ¢.

n—0o0

Proof. By Theorem 50 we have
ft _ (wa") Vi \_ -3
fn \/5 (bnfl _ &"—1 ¢n71 _ &n_l '

To simplify notation, let a = 14+ +/5 and b = 1 — /5. Then ¢" = /2" and ¢" = b™/2", and the expression
above reduces to

far1 1 am—b"  1(a—b)(a"+a" b+ 4 ab" 20"
fn  2anl—pn-1l 2 (a—0b)(a"2+a"3b+--- + abn—3 4 bn—2)

S la T (I4bjat 402 a2 b e a0 (b/a)"
20 2(L4bfat 003 anm2 b2 fan2) 2502 (g gk

Now b/a = (V5 —3) /2 ~ —0.38197, so the geometric series Y~ (b/a)" converges and we have

lim Y720 (b/a)”

1. fn+1 _ a4 noo _ a _
un =357 n_2 E~ 9
n—oc fp 2 nlirr;o w_o (b/a)
[
9-30-2010
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Orthogonal Diagonalization

Problem 53 Given a real n x n matrix A, under what conditions does there exist an orthogonal matriz P
that diagonalizes A?

Proposition 54 An orthogonally diagonalizable real matriz A has the following properties:

1. A is symmetric.

2. A has an orthonormal set of eigenvectors.

Proof. Since A is orthogonally diagonalizable, there exists an orthogonal matrix P and a diagonal matrix
D such that
PTAP = D. (5)

(1) Solving for A we have A = PDPT. Thus AT = (PDPT)" = (PT)" DTPT = PDPT = A, and A is
symmetric.
(2) Multiplying both sides of (5) on the left by P gives AP = PD. Let P = [p1 | --- | Pn] = [pi;] - Then

AP =A[py |-+ | pn] =[Ap1 | - | Apn];

on the other hand,

A 0 -
P10 Pin 0 A . PLIAL  * Plndn
PD=| : =] | =upil o apal.
Pni T Pnn : R O pnl)\l et pnnAn
0o .. 0 M\,

Therefore Ap; = \;p; for all 4, and each p; is an eigenvector for A. Furthermore, the p;’s are orthonormal
by assumption. m
Each of these properties is also sufficient.

Proposition 55 A matriz with an orthonormal set of eigenvectors is orthogonally diagonalizable.

Proof. Suppose that A has an orthonormal set of eigenvectors {p1,...,pn}. Then Ap; = A;p; for each 4,

and the matrix P = [p;1 | - -+ | pn] diagonalizes A. Since {p1,...,pn} is an orthonormal set, we have
. 1 0 - 0
P: P1-P1 - P1°Pn 01 :
pz; Prn-P1 - Pn Pn : -0
0 0 1

Therefore P is orthogonal matrix. m
The proof that a real symmetric matrix is orthogonally diagonalizable requires two preliminary results.

Proposition 56 A real symmetric matriz has real eigenvalues.

Proof. Let A be an n X n real symmetric matrix and suppose that Ax = Ax with x # 0 and possibly
complex. To isolate A, we first note that

2T (Ax) = 2T (\x) = A\xTx.

On the other hand,
7 (4Ax) = (4x)"' %
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T

(since uTv = vTu for complex vectors u and v). Therefore

AxTx = (Ax)" x = xTATx = x7 4%,
where the last equality follows from the symmetry of A. Now A = A since A is real, hence
AxTx =xT Az =xT (E) =x7 (H) =xT (5\)_() =Tz

T

Since x7x = xT% # 0 we have

0= x"x—X\xTx = ()\ — 5\) Tx.

il

Therefore A = A so that A € R. m

We also need the following special case of Schur’s Triangularization Theorem (see Theorem 151). We
defer the proof.

Theorem 57 If a real matrix A has real eigenvalues, there is an orthogonal matriz QQ and an upper triangular
matriz T such that QTAQ =T.

Theorem 58 A real symmetric matrix is orthogonally diagonalizable.

Proof. Let A be a real symmetric matrix. Then Proposition 56 implies that the eigenvalues of A are real
and Theorem 57 implies that A is upper triangularizable, i.e., there is an orthogonal matrix () and an upper
triangular matrix M such that QT AQ = M. Applying the transpose and the fact that A is symmetric we
obtain

MT = (QTAQ)" = QTAT (Q")" =QTAQ = M.
Thus M is a symmetric upper triangular matrix and is consequently a diagonal matrix. m
We collect these results and summarize them in the following theorem:

Theorem 59 Let A be a real n x n matriz. The following are equivalent:

1. A is symmetric.
2. A has an orthonormal set of eigenvectors.

3. A is orthogonally diagonalizable.

11-15-12

32



Spectral Decomposition and Quadratic Forms

Recall that all of the terms in a homogeneous polynomial have the same degree. For example, xy +
2% is homogeneous, while zy + 2 is not. Note that if p(xy,...,2,) is homogeneous of degree k, then
p(axlr"aaxn) = akp(zla"'vxn)'

Definition 60 A form is a homogeneous polynomial function p: R™ — R.
Example 61 Here are examples of linear and quadratic forms:
l(z,y,2) =2z —y+ 3z

3
q(e,y) =22 +3zy —4y* = [ = y}[g 2 Hx]
2 4Ly

Notice that the 2 x 2 matrix in Example 61 is symmetric; the entries along the main diagonal are the
coefficients of 2 and y? and the entries off the main diagonal are half the coefficient of zy. In general, a
quadratic form in variables z1,...,z, is uniquely encoded by an n x n symmetric matrix A = (a;;) whose
diagonal entry a;; is the coefficient of xf and whose off-diagonal entry a;; is half the coefficient of x;2;. Thus
a quadratic form ¢ (x) in n variables can be expressed uniquely in terms of an n x n symmetric matrix A as

q(x) =xTAx.
Note that the Euclidean inner product (a,b) can be expressed in terms of matrix multiplication as
(a,b) = a’b.

Thus ¢ (x) can also be expressed as
q(x) = (Ax,x) = (x,Ax) .

Question #1: If A = (a;;) is a real symmetric non-diagonal matriz, the quadratic form q(x) = x' Ax
has non-zero cross-terms of the form 2a;;x;x; for some © # j. Is there change variables x =Py so that
xTAx = (Py)" A(Py) =y” (PTAP)y has no cross-terms?

The answer to Question #1 is the content of our next theorem:

Theorem 62 (Principle Axis Theorem) Let q(x) = xT Ax be a quadratic form in variables x1, ..., Ty,.
Let P be an orthogonal matrixz that orthogonally diagonalizes A. If \1,..., A, are the eigenvalues of A and
Y1,--.,Yn are new variables such that x = Py, then

XTAX = yT (PTAP) Yy :)\ly% +---+ /\nyi'
Recall the following procedure to orthogonally diagonalize A:

1. Find a basis for each eigenspace of A.
2. Apply Gram-Schmidt and obtain an orthonormal basis for each eigenspace.

3. Form the matrix P whose columns are the basis vectors constructed in step 2.

4 2 2
Example 63 Consider the matric A = | 2 4 2 | whose eigenvalues are Ay = 8, Ay = 2 and A3 = 2.
2 2 4
Canonical bases for the eigenspaces are
1 -1 1
AM=8:¢(x1=|1 and Ao =2:{ X9 = 0 X3 = 1
1 1 0
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Note that (x1,%2) = (x1,%x3) = 0. Applying Gram-Schmidt gives

. 1/V3 N ~1/V/2
vy = —— 1/V3 |, vy =

_ _ 0 X3 — (X3, V2) V2 _1/\/6
1| 1/V3 (2] 1/V2

y V3 = = 2/\/6
[[x5 — (x3,Vv2) V2| VG

Thus
1/V3 —1/vV2 —1/v6 8 00
P=11/V3 0 2//6 and PPAP=10 2 0
V3 1VZ —1/V6 0 0 2
4 2 2
Example 64 Let A= | 2 4 2 |. By our calculations in Example 63,
2 2 4

202 + 4o 4 4xd + dwyxo + dxy w3 + dagws = X Ax =y T (PTAP) y =8y? + 2y3 + 2y2.

Question #2: If q(x) = xT Ax is a quadratic form in two or three variables and c is a constant, is there
a nice way to describe the level set defined by q (x) = c?

Theorem 65 If q(x) = xT Ax is a quadratic form in two variables and c is a constant, the level curve
defined by q (x) =c is a conic. If q(x) = xT Ax is a quadratic form in three variables and c is a constant,
the level surface defined by q (x) =c is a quadric.

1/vVZ —1/V2
1/vV2 1/V2

1 0

Example 66 Refer to Fxample 70, and let P = 0 -1

} : then PTAP = [ } and

2122 = x" Ax =(Py)" A(Py)=y" (PTAP)y =y" [ (1) _01 } y=vi—¥.
Thus the level curve defined by 2x1x2 = 1 is the hyperbola y3 —y3 = 1. Similarly, our calculations in Example
64 imply that the level surface defined by
233% + 433% + 4x§ 4+ dx1x9 + 42123 + 4073 = 1
is the ellipsoid 8y3 + 2y3 + 2y3 = 1.
Let S™~1 denote the (n — 1)-dimensional unit sphere in R", i.e.,
Sl = {x eR" : ||x|| = 1}.

Since S™~! is a closed and bounded subset of R", the Extreme Value Theorem tells us that continuous
functions on S™! attain their maximum and minimum values at some point of S~ .

Question #3: What are the mazimum and minimum values of a quadratic form q(x) = 2T Az as x ranges
over S"~Y? At which points x € S"1 are the mazimum and minimum values of q attained?

The answer is a consequence of the Spectral Decomposition Theorem.

Theorem 67 (Spectral Decomposition) Let A be annxn a real symmetric matriz with eigenvalues A1, . .., Ay.
Let {uy,...,u,} be an orthonormal basis for R™ such that Au; = A\;u;. Then

A= Aluluf + 4 )\nunuz:.
Proof. Let C = \jujuf + -+ + A\, u,uZ. Then for each i,
(A= C)u; = Au; — My (ulTu,Lv) + o Au; (uiTui) 4+ AU, (ugui)
= Au; — \;ju; = 0.

Furthermore, for each i, let €, =[0 ---1 --- O]T with 1 in the 4" position and write e; = (e;fpul) u +---+
(efun) u,,. Then the i*" column of A — C' is

(A-C)e; =(A-C)[(efu)uy + -+ + (e] uy) uy]
=(efwm)(A-C)ui+- + (e]u,) (A-C)u, =0,

by our previous calculation. It follows that A — C' is the zero matrix, and A=C. m
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Theorem 68 Let A be an n X n a real symmetric matriz with eigenvalues Ay > A > -+ > \,. As X ranges
over S™1 we have:

1. M >xTAx > \,.
2. If Ax =)\;x, then xT Ax = \;.

Proof. (1) Choose an orthonormal basis for R” consisting of eigenvectors {uy, ..., u,} such that Au; = \;u;

and write x = (XTu1) u; +---+ (xTun) u,,. To simplify notation, let b; = x”u;; then

xT'x — (blul 44 bnun)T (b1u1 + -+ bnun)
= (byuf + -+ bul) (brug + - + byuy)

n n

n
= E E bibjulrujz E bfu?ui
i=1

i=1 j=1
=bi 4.+ b2

T

Since xTx = ||x||* = 1 we have

(xTul)2 + -+ (xTun)2 =xT'x=1.
Consider the spectral decomposition
A= )\1u1u{ + 4 )\nunu,TL.
Using the fact that ul'x = xTu;, we have

xT Ax=x" (AlululT 4+ -+ )\nunUZ) b
T

:Aleulu?x + e+ )\nxTununx
=)\ (xTul)2 TN, (xTu")Z
Now replace each \; with the smallest eigenvalue A, ; then
xTAx >\, (xTul)2 +o A, (xTun)2 =\, [(XTul)Q 4ot (XTun)Q] = .
Similarly, replace each A; with the largest eigenvalue A;; then
K Ax < M (K)o A () = [(Tw) e ()] = A
(2) xTAx = xT (\x) = \ixTx =)\;. m

Corollary 69 As x ranges over S~ the quadratic form q(x) = xT Ax attains its mazimum \; at +u,
and its minimum A\, at +u,,.

Note that the absolute extrema of ¢ when restricted to S™~! are terminal points of pair-wise orthogonal unit
vectors in R”.

Example 70 Consider the quadratic form

q(z,y)=2ay=[x y}[(l) éHx]

0

Since the eigenvalues of A = [ 10

] are A1 = 1 and Ao = —1, the mazimum and minimum values of ¢ on

1/v2

the unit circle S* are 1 and —1. Furthermore, the mazimum value 1 is attained at + [ 1/\/5 ] , which are

~1/v3

the unit eigenvectors associated with A1, and the minimum value —1 is attained at + [ 1/\/5 } , which are

the unit eigenvectors associated with Ao.
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Definition 71 A quadratic form x* Ax is positive definite if and only if x" Ax > 0 for all x # 0 and
xTAx = 0 iff x = 0. A symmetric matriz A is positive definite if and only if x* Ax is positive definite. A
quadratic form xT Ax is negative definite if and only if xT Ax < 0 for all x # 0 and xT Ax =0 iff x = 0.
A symmetric matriz A is negative definite if and only if xT Ax is negative definite.

Example 72 The Fuclidean inner product is a positive definite quadratic form since

2242 = (x,x) =xTx=x"Ix.
Question #4: When is a quadratic form positive definite?

Theorem 73 A symmetric matriz A is positive definite iff all of the eigenvalues of A are positive.

Proof. Let \; > --- > A, be the eigenvalues of A. If A is positive definite, consider an eigenvalue A\; and a
corresponding eigenvector x. Then

0 < xTAx = xT (\x) = AxTx =) x|,

where ||x|| is the Euclidean norm. But [|x||* > 0 since x # 0, therefore \; > 0. Conversely, if A, > 0 and
x # 0, let y = x/||x||. Then by Theorem 68,

b 1 7

T
0<An§yTAy—(x> A= —
bS] =l x|

Multiplying both sides by ||x|* gives x” Ax > 0. m

2 4
definite by Theorem 73. Indeed, if x # 0 and 0 is the angle between x and ey, let v = ||x| cosf and
y = ||x||sin . Then

Example 74 The eigenvalues of the matriz A = [ 42 ] are \y = 6 and \o = 2. Therefore A is positive

xT Ax = 42? + dzy + 492
= 4|x|? (0052 6 + cos 0 sin 0 + sin? 9)
= 4|x|]* (1 + Lsin26) > 0.

Definition 75 For 1 < k < n, the k'" principal submatriz of an n x n matriz A = [a;;] is

Theorem 76 A symmetric matriz A is positive definite iff every principal subdeterminant of A is positive.

We omit the proof.

2 -1 -3
Example 77 The principal subdeterminants of the matrixr A= | —1 2 4 are:
-3 4 9
2 -1
det [2] = 2, det[ 1 9 } =3, and detA=1.

Therefore A is positive definite by Theorem 76.

Exercise 78 Since the quadratic form in Example 77 is positive definite, the quadric given by xT Ax =1

is an ellipsoid. Perform an orthogonal change of variables to eliminate the cross-terms and express this
2 2

ellipsoid in the standard form 2% + % + % = 1.
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Let us apply these results to prove the Second Derivative Test for differentiable functions of two variables.

Theorem 79 (Second Derivative Test) Let [ be differentiable with continuous mixed partials in some open
disk containing (0,0), and suppose that YV f (0,0) =0 and fuy (0,0) fyy (0,0) = [fay (0,0)]* > 0.

1. If fzs(0,0) >0, then f(0,0) is a local minimum.
2. If fz2(0,0) <0, then f(0,0) is a local maximum.

Proof. Given a unit vector u = (u,v), restrict f to the line through the origin parametrized by = = tu,
y =tv, t € R and consider the real valued function of one variable

g(t)=f(z,y) = f(tu,tv).
Then
g () = fu(z,y)u+ fy (2,9)v,
by the chain rule, and
9'(0) = f(0,0)u+ f, (0,0)v =0,

i.e., 0 is a critical number. Furthermore,

9" (1) = 8mmm] §m@w1
+ g s 5 U ol
o D 42y )04 1)

and
gN (0) = f:cac (07 O) u? + 2f:cy (07 O) uv + fyy (07 0) v?

If ¢” (0) > 0, then ¢ (0) is a local minimum by the single variable Second Derivative Test; and if ¢” (0) < 0,
then g (0) is a local maximum. Now g¢” (0) varies as u ranges over the circle S'. Thus f(0,0) is a local
minimum if ¢’ (0) > 0 for every unit vector u; and f (0,0) is a local maximum if ¢g” (0) < 0 for every unit
vector u. I claim that the quadratic form ¢ (u,v) = ¢” (0) is positive definite when f,, (0,0) > 0, in which
case f(0,0) is a local minimum, and negative definite when f;; (0,0) < 0, in which case f(0,0) is a local
maximum.

Let A= f3,(0,0), B = f3,(0,0), C = f,,, (0,0) and write

q(u,v) = Au® + 2Buw+Cv* = [ u v | [g g} {z}:uTSu.

To compute the eigenvalues of S, solve the characteristic equation

0=det(S—A)=(A-A)(C—A)—
=N —(A+C)X+ (AC - B?)
=X - (A+C)\+D.

Since D = AC — B? > 0 by assumption, we have
- % [A+Ci (A+C)2—4D} ‘

Since the eigenvalues of S are real, we have (A + C)* > 4D.
Case 1. Suppose A = f., (0,0) > 0. Then AC > B? > 0 implies C > 0 so that

1
M=g {A+C+ (A+C)24D} > 0.
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On the other hand, D > 0 implies (A + C)® > (A + C)* — 4D. Taking square roots of both sides gives

A4+C>\/(A+C)? —4D

or equivalently,
A+ C—\/(A+C)* —4D > 0.
Thus
AQ:% {A+c (A+C)24D} > 0.

Since A; and )\ are both positive, q (u,v) = u? Su is positive definite.

Case 2. Suppose A = f., (0,0) < 0. Then AC > B? > 0 implies C < 0 so that
1
A= [A%—C— (A+C)2—4D} <0.
On the other hand, D > 0 implies (A + C)* — 4D < (A + C)” and taking square roots of both sides gives

(A+C)° —4D < |A+C|=—(A+0)

or
A+C+\/(A+C)* —4D < 0.

Therefore )
A= 3 {A—FC—F (A+C)2—4D} < 0.

Since A\; and Ay are both negative, g’ (0) = u” Su is negative definite. m

Definition 80 A quadratic form q (x) = x* Ax is non-degenerate if all eigenvalues of A are non-zero.

Definition 81 The signature of a non-degenerate quadratic form q (x) = x* Ax, denoted by sig (A) , is the
number of positive eigenvalues of A minus the number of negative eigenvalues of A.

Theorem 82 Let q(x) = xT Ax be a non-degenerate quadratic form in two variables.
1. Ifsig (A) = 2, then xT Ax =1 is an ellipse.
2. Ifsig(A) =1, then xT Ax =1 is an hyperbola.
Theorem 83 Let x” Ax be a non-degenerate quadratic form in three variables.
1. Ifsig (A) = 3, then xT Ax =1 is an ellipsoid.
2. If sig (A) = 2, then xT Ax =1 is an hyperboloid of one sheet.
3. If sig(A) = 1, then xT Ax =1 is an hyperboloid of two sheets.

11-10-2010
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Space-Time: A Euclidean Pseudo-Inner Product Space

Recall that an inner product on a vector space V is a symmetric, bilinear, positive definite quadratic
form on V. In contrast, a pseudo inner product is indefinite, and as this lecture demonstrates, gives rise to
many surprising, interesting and counter-intuitive situations.

Definition 84 A Fuclidean pseudo-inner product on R™ is a symmetric, bilinear, indefinite quadratic
form (—, =) : R™ x R™ — R defined by

(@1, @), (Y15 Yn)) = 2191 + -+ 23y — Tit1Yio1 — 0 — Tl
for some 1 <7 < n.

Minkowski Space

For simplicity, we consider 2-dimensional space-time, or Minkowski space, which is the Euclidean pseudo-
inner product space
R = {(t,2): t,z € R}

with pseudo-inner product defined by
((t1,21), (t2, 22)) = tity — w172

The Minkowski norm
[t 2)]| = Vit? —a?

ranges over all non-negative real and positive imaginary values.
Curves of constant Minkowski norm « satisfy the equation

t? — 2?2 = a. (6)
The parameter a determines three families of such curves:

e When a =0, (6) defines the light cone x = %t.

e When a € RT, (6) defines a real hyperbolic circle of radius a, which is the hyperbola t? — 22 = a?

inside the light cone.

e When a = ib € iR, (6) defines an imaginary hyperbolic circle of radius ib, which is the hyperbola

2% — t2 = b2 outside the light cone.

e [sotropic vectors have zero Minkowski norm and live on the light-cone.
o Time-like vectors have positive real Minkowski norm and live inside the light-cone.

e Space-like vectors have positive imaginary Minkowski norm and live outside the light-cone.

Let C: (t(u),z (u)), a <u < b, be a parametrized curve in R? and define the hyperbolic arc length s of

C to be . .
s= [ 1 @) @)l du= [ - @)

Hyperbolic Circles

Recall that Euclidean angle § measures the arc length along the unit circle in R? from (1, 0) to (cos , sin ).
Note that the area of the sector subtending the arc from (cos ), —sin ) to (cos 8, sin #) is also 6. On the other
hand, the arc length from (1,0) to (cosh@,sinh@) along the real hyperbolic circle t? — z? = 1 is 6i, but
we’d like it to be #. Thankfully, the area of the real hyperbolic sector subtending the hyperbolic arc from
(cosh @, —sinh 6) to (cosh@,sinhf) is exactly 6. So let’s redefine Euclidean angle 6 to be the area of the
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sector subtending the arc from (cos €, —sin ) to (cos#,sin @) ; then analogously, define the hyperbolic angle
6 to be the area of the real hyperbolic sector subtending the real hyperbolic arc from (cosh#, —sinh ) to
(cosh @, sinh §). Note that (cos6,sin#) and (— cosf, —sinf) are antipodes on the unit circle, and likewise
(cosh §,sinh @) and (— cosh §, — sinh §) are antipodes on the real hyperbolic circle t> — 2% = 1.

Parametrize the imaginary hyperbolic circle C : 22 — t? = b% by t = bsinh, z = bcosh f. Then the arc
length function along C' is

0 0
s(0) :/ I(bcoshu, bsinhw)|| du = m/ du = bl
0 0

so that 0 = s/b. Now substituting for € in terms of s reparametrizes C by arc length and gives the position

function s s
r(s)=»o (sinh (5) , cosh (Z))
v(s) = (cosh (%) ,sinh (%))
v (s)| = \/cosh2 (%) — sinh? (%) =1.

Thus the unit tangent vector field T (s) along C is simply the velocity vector field v (s) along C, and the
curvature xk of C' is the magnitude of T’ (s), i.e., the instantaneous rate at which T changes direction. Thus

T (5) = v/ () = 3 (sinn (5) comn ()

k=T (s)] = 2\/sinh2 (%) — cosh? (%) = % = —%

is the negative reciprocal of the imaginary radius. Note that unlike Euclidean circular motion, in which the
acceleration and position have opposite directions, the acceleration and position of imaginary hyperbolic
circular motion have the same direction:

with velocity

and constant speed

and the curvature

b(s) =V (s) = o (s).
Nevertheless, hyperbolic and Euclidean circles have similar properties.

Exercises
1. Show that the length of the arc along the real hyperbolic unit circle from (1,0) to (cosh 8, sinh ) is 6i.

2. Show that the area of the real hyperbolic unit sector with angle 26, i.e., the plane region bounded
by the lines z = +ttanh§ and t? — 22 = 1, is exactly 6. (Your integration will require a hyperbolic
trigonometric substitution.)

3. Given a > 0, parametrize the real hyperbolic circle C' : t> — 22 = a? by t = acosh, z = asinh¥.

Reparametrize by arc length and show that the curvature x = % and that acceleration and position
have opposite directions.

The Poincaré Group

Recall that an isometry (fixing the origin) is a norm preserving linear transformation. Plane Euclidean
isometries are rotations py about the origin through angle 6 and reflections oy in lines through the origin
with inclination 6. Euclidean rotations fix circles centered at the origin and send lines through the origin
to lines through the origin; reflections fix their reflecting lines point-wise. Rotations p, are represented by
orthogonal matrices with determinant +1 :

o] = { cosf —sin&].

sin 6 cos
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Reflections oy are represented by orthogonal matrices with determinant —1:

3

log] = cos20 —sin20
900 = | _sin20 —cos20

-0 2]

Euclidean isometries are represented by elements of the orthogonal group O (2), which is the union of two
disjoint components

and in particular,

cos) —sind
sin 6 cos

ool = |

} and [pg] [o0] = [ cosf  sinf } .

sinf —cosf
The component

cosf) —sinf 1 0 . 0 -1
[ sin 0 COS9:|_C059 [0 1}+sm0 {1 ]

parametrizes the circle

in the 2-plane spanned by

L 0 0 -—-L
V2 V2

Note that the trivial rotation

[po] = [ 0 1| =V2u; + 0u,
is the point (\/i, O) on this circle in the basis B;. Similarly, the component
[ 1 0 . 0 1
]—COSH 0 _1}+sm€[1 0]

cos sin 6
sinf) —cosf

parametrize the circle
Cy:ui+uj =2

in the 2-plane spanned by

oS-
o&"_'

0 0
By =qu3 = 1 |sw= 1 :
V2 V2

Since By U By is linearly independent in R?*2, C; N Cy = @ and C; UCy = O (2).

The situation in Minkowski space is similar but a bit more complicated. Here the isometries are hyperbolic
rotations and hyperbolic reflections. The group of all such transformations, called the Poincaré group O (1, 1),
has four connected components, which appear as the branches of two hyperbolas in R?*X2. A hyperbolic
rotation Ry through angle 6 is represented by the matrix

cosh @ sinh6
[Re] = { sinh® cosh@ ]

and is given in coordinates by
Ry (t,x) = (tcosh§ + x sinh 6, ¢t sinh § + x cosh ) .
Note that Ry fixes hyperbolic circles: If (¢,Z) = Ry (¢, ), then

()* — (z)* = (tcosh @ + xsinh §)* — (tsinh 6 + 2 cosh §)* = t? — 22
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Furthermore, Ry sends lines through the origin to lines through the origin since
Ry (a,0) = a(coshd,sinh6).
Denote reflection in the t-axis by
So (t,z) = (¢, —x)

and reflection in the z-axis by
Soo (t,z) = (—t, ).

Then Sy and S, fix hyperbolic circles since
2 —a? =12 — (=)’ = (—t)* — 22

Let Iy be a line through the origin with inclination 6 # +m/4, and let Ry be the hyperbolic rotation that
rotates lg onto the t-axis if —7w/4 < § < 7/4, and rotates ly onto the x-axis if 7/4 < 6 < 37/4. The hyperbolic
reflection in line [ is the composition

5 - Ry 'SoRy, if —7w/4<0<T/4
™ Ry'SeoRe, ifm/4 <0< 3m/4

Hyperbolic reflections fix hyperbolic circles and fix their reflecting lines point-wise. Somewhat surprisingly
perhaps, there are no hyperbolic reflections in the lines = +t (see Exercise 7 below). The reflections Sy
and S, are represented by the matrices

[so]:[(l) _01} and [soo}:{‘ol (1’]

Minkowski isometries are represented by elements of the Poincaré group O (1, 1), which is the union of
four mutually disjoint components:

Rl = | oy ] s

—coshf —sinhé
—sinhf# —coshf |’

coshf —sinh6 }

—cosh@ sinh@
[Ro] [So] = { sinhf® —cosh@ } ’

[Ro] [Soc] = [ —sinh# coshé

The components
coshf sinh@ 1 0 . 0 1
[ }—coshe [O 1]+smh0 [1 O}

sinh® cosh@
and
0 . 0 1
1]—51nh0{1 0}

{ —coshf —sinh6

—sinhf —coshé ] - —cosh@[

O =

form the two branches of the hyperbola
Hy: u? — ui =2

1 0 0 1
V2 V2

The trivial hyperbolic rotation

in the 2-plane spanned by

o

1
[Ro] = [ 0 1 ] = V2u; + Ouy
is the point (\/§7 O) on this hyperbola in the basis B;. The components

coshf —sinh6 1 0 . 0 -1
sinhf® —cosh® } = cosh § {O -1 } +sinh ¢ [ 1 0 }

42



and

—coshf sinh@ 1 0 . 0 -1
[ —sinhf coshd } = —cosho [0 -1 } —sinhf [ 1 0 ]

form the two branches of the hyperbola

B;:{ugz }

Since B} U B} is linearly independent in R?*2, Hy N Hy = @ and H; U Hy = O (1,1).

Hy:ul—u3=2

in the 2-plane spanned by

=S

1 1
- 0 0 —
‘65_117“2:[1

V2 V2

Exercises
4. Find the matrices [Re_l] , [Ra_lsoRg} , and I:RG_ISOORQ] .
5. Prove that a hyperbolic reflection fixes its reflecting line point-wise.
6. Prove that Sy and S, are the only hyperbolic reflections that are also Euclidean reflections.
7. Prove that a Minkowski norm preserving linear transformation that fixes the line z = ¢ point-wise is

the identity transformation. Prove the analogous statement for the line z = —t¢.

Special Relativity

The speed of light ¢ ~ 3 x 10% m/sec.

e An event is a point (¢,x) in space-time.

The world-line of a particle P is a parametrized curve r (t) = (ct, x (1)) .

The relative velocity of P along its world line is v (t) = (¢, 2’ (t)) .

The ordinary velocity of P is x' (t) .

The relative speed of P along its world line is | v]| = /¢ — (z/)*.

The ordinary speed of P is |z'|.

Physical Assumption 1: The ordinary speed of a particle cannot exceed the speed of light.

Hence (z)* < ¢ and
IvI* = = ") > 0.

Thus vectors tangent to the world-line of a particle in motion are either time-like or isotropic.

Physical Assumption 2: A particle traveling at the speed of light has zero mass.

e The world-line of a particle at rest is a horizontal line inside the light cone.
e The world-line of a particle with non-zero mass is a curve inside the light cone.
e The world-line of a particle with non-zero mass and constant speed is a line inside the light cone.

e The world-line of a photon is a line on the light cone.
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Consider the world-line r (t) = (ct, x (t)) of a particle P with non-zero mass and constant ordinary velocity
v in the positive z-direction. The relative velocity of P is (¢,v) and its relative speed is v/¢? — v2. The arc
length function s for the world-line of P is

s(t):/o ||(c7v)||du:\/c2—v2/0 du = ty/c? — v?; (7)

hence
. s B s/e
V2= T2/

The proper elapsed time of P is the quantity
S ot/1- v2/c2.
c

If P is at rest, for example, its proper elapsed time is t.

Lorentz Transformations

“Lorentz transformations” are special elements of the Poincaré group that change coordinates from
reference frame K (ct,Z) to reference frame K (ct,z) or vice versa as K moves along a straight line with
constant velocity relative to K.

Physical Assumption 3: The speed of light c is the same in every frame of reference.

Assume that K moves in the positive z direction in K with constant speed v. A Lorentz transformation is

a hyperbolic change of coordinates
| |a B ct
2]-10s]1E] ®

_|a B
4= { v 9 }
lies in the component of I € O (1,1) since A — I as v — 0. Hence A is a hyperbolic rotation

Ry — cosh® sinh6 ]
%~ | sinh coshf |

Note that

and equation (8) becomes

T sinh® cosh¥d
Example. Let 6 = In2; then coshf = g and sinh § = %. Thus

51 | 5/4 3/4 4 and 0] [5/4 3/4 -3

3|1 | 3/4 5/4 0 4| [ 3/4 5/4 5"
This particular hyperbolic rotation moves the point (4,0) “counterclockwise” along the hyperbola t?—2? = 16
to the point (5,3), and the point (—3,5) “clockwise” along the hyperbola x? — ¢ = 16 to the point (0,4).

The flows along these two hyperbolas asymptotically approach the light cone z = t in the second quadrant
(see Figure 1).

S]]

Q
Sl
I
—~
N=]
~

[ ct ] _ [ coshf sinh@ } [
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Figure 1. Hyperbolic rotations fix hyperbolas.
Lorentz transformations change coordinates of

o time-like vectors (inside the light cone) from K-coordinates to K -coordinates and

e space-like vectors (outside the light cone) from K -coordinates to K -coordinates.

Let’s investigate the motion of a particle P with non-zero mass positioned at the origin O in the moving
frame K as it moves in the positive a-direction in frame K with constant speed v. Since P is at rest in frame
K, its world line in K is the parametrized curve (ct,0) contained in the ¢ axis. But when viewed from frame
K, its world line has positive slope inside the light cone and is parameterized by (ct, z) = (ct cosh 6, ct sinh 6)
via equation (9). Now dividing second components by first components gives

T vt v
tanhf = — = — = —. (10)
c ct c
Now using the fact that cosh# > 0, solve for cosh # in the identity
1 = cosh? @ — sinh? § = cosh? # (1 — tanh? 9)

and obtain
1 1

cosh = = .
V1—tanh?0 /1—v%/c?

Combining this with equation (10) gives

v/c

V1—v?2/2

sinh § =

and substituting in (9) we obtain

t= \/1—11)72/& (t+ (v/c®) @)
— i),

V1—wv2/c?
In matrix form this is

} . (11)

SIS

M=

Physical Implications:

Suppose that velocity v << ¢, i.e., v is small relative to the speed of light. Then v/c is negligible and
the Lorentz transformations in (11) reduce to

Kl o+
| I

or equivalently
t=t%t and z =vt+ 7.

These are the Galilean transformations of classical physics in which relativistic effects are not apparent. How-
ever, when relative speeds v are near ¢, the Lorentz transformations produce some surprising and dramatic
relativistic effects.

Length Contraction:

A spaceship flying through space along a line with constant speed v flies by the international space
station. At instant ¢ in the moving frame K (ct,Z) of the spaceship, the ship’s captain observes that the
endpoints of the space station are positioned at T; and Zs on the Z-axis; thus its ordinary length measured
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by the ship’s captain is AZ = Zs — Z;. Thinking of these measurements as events, their K-coordinates are
(t,Z1) and (t,Z2), and we can use equation (11) to change coordinates and calculate the ordinary length
Az = x9 — x1 in the fixed reference frame K (ct, x) of the space station. According to (11), the relationship
between the lengths AZ and Ax at instant £ is

vt + T vt + Ty 1

= — = A s
\/17112/(:2 \/17’02/02 m v

Az =29 — 11

or equivalently,
AT = /1 —v2/c2Ax.

Since /1 —v2/c? < 1, ordinary length in frame K appears to contract when viewed from from K. For

example, if v = .73¢, then
V1—.732 = /.47 =~ .69;

if Az = /34 ~ 5.83, then
AZ ~ (.69) (5.83) ~ 4.

So the ordinary length of the space station measured by the spaceship captain appears to be about 31% less
than the ordinary length measured by the space station manager.

Figure 2. Length contracts as imaginary hyperbolic rotation angle increases.

In summary, to an observer in a reference frame moving along a straight line with constant speed v
relative to a fized reference frame, the ordinary length of an object at rest in the fized frame appears to be
shorter than it does to an observer in the fized frame by a factor of /1 —v?/c?. And indeed, AZ — 0 as
v — c¢. This phenomenon is called the Lorentz length contraction.

Time Dilation:

Now suppose a clock on board the spaceship is positioned at the origin O in the moving frame K of the
spaceship. As the spaceship passes the space station, the captain takes two clock readings ¢; and f3 and
determines the elapsed time to be At = £, —#;. Thinking of these two readings as events, their K-coordinates
are (t1,0) and (%2,0), and the relationship between the elapsed time Af measured in the moving frame and
the elapsed time At in the fixed frame given by (11) is

b 0o N
V1—v2/c2 1—v2/c2  \/1—v2/c?
Since ﬁ > 1, elapsed time in frame K appears to dilate when viewed from K. For example, if
—v (&
v = .73c, then

At

1 1
Vi— 732 AT

~ 1.46;
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if At =4, then
At ~ (1.46) (4) = 5.84.

So as far as the space station manager can tell, space station clocks appear to run about 46% faster than
clocks on board the passing spaceship.

Figure 3. Time dilates as real hyperbolic angle increases.

In summary, to an observer in a fized reference frame, the elapsed time measured in a reference frame
moving along a straight line with constant speed v appears to dilate by a factor of 1/4/1—v2/c?. And
indeed, At — 0o as v — ¢. This phenomenon is called the Lorentz time dilation.

Moral: Live fast; live long (relatively speaking...)!

Exercises

8. Consider a particle P positioned at the origin O in a frame K moving relative to a fixed frame K in
the positive x-direction. Prove that the world line of P in K lies inside the light cone.

9. Compute the factors of length contraction and time dilation when v = .9¢ and v = .99c.

11-18-2010

47



48



The Dimension Theorem

Let V and W be vector spaces over a field F, and let T : V — W be a linear map.

Definition 85 The kernel of T is the set ker (T) = {veV |T(v)=0}. The range of T is the set
range (T) ={w e W |w =T (v), for somev € V}.

Exercise 86 Prove that ker (T) is a subspace of V and range (T') is a subspace of W.

Given an m x n matrix A = [A; | ---| A,], consider the matrix transformation T4 : R™ — R™ defined
by T4 (x) = Ax. Then ker (T4) is the solution space of the homogeneous linear system Ax = 0, called
the nullspace of A, and is denoted by N (A). If y € range (T4), choose X = [z1 -+ ] € R™ such that
Ta(x)=y. Then

y=Ax = A1z + Agxp + - - + Apzy,

and range (T4) is the column space of A, which is denoted by R (A).

Definition 87 Given an m x n matriz A, the nullity of A is the dimension of ker (T'4) and the rank of A
is the dimension of range (T'4) .

Thus the nullity of A is the dimension of N (A) and and the rank of A is the dimension of R (A4).
Theorem 88 (The Dimension Theorem) Given a matriz A, let n be the number of columns. Then
rank (A) + nullity (A) = n.

Proof. The dimension k of the column space of A is the number of leading ones in any row-echelon form
of A, hence rank(A) = k. On the other hand, nullity (4) is the number of independent parameters in the
solution space of Ax = 0, i.e., the number of columns in any row-echelon form of A that do not contain a
leading 1. Therefore nullity (A) =n — k=n —rank (A). m

10-2-12
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Similarity Invariants

In this lecture we study some properties that are shared by similar matrices.

Definition 89 Let A and B be n X n matrices. Then B is stmilar to A if there is an invertible n X n
matriz P such that B = P~'AP. When B is similar to A we write B ~ A.

Example 90 If A is diagonalizable, there is a diagonal matrixz D similar to A.
Exercise 91 Prove that similarity is an equivalence relation on the set M, (R) of real n x n matrices.

Some of important properties shared by similar matrices are the determinant, trace, rank, nullity, and
eigenvalues.

Proposition 92 Similar matrices have the same determinant.
Proof. Suppose B = P~'AP. Then
det (B) = det (P~'AP) = det (P~") det (A) det (P)
= det (P~") det (P) det (A) = det (P~ P) det (A)
=det (I)det (A) = det (A).
|
Proposition 93 Similar matrices have the same trace.

Proof. First note that for all matrices G = (g,;) and H = (h;;) we have

Sz i e <
tr (GH) = tr -
* U Z?:l gnjhjn
=D gishii =YD hjigi; = tr (HG).
1=1j=1 j=11i=1

Now if B = P7'AP, then tr (B) = tr [(P7'A) P] = tr [P (P7'A)] = tr (A). =
Proposition 94 Similar matrices have the same nullity.

Proof. Suppose B = P 'AP and let {vy,...,vi} be a basis for the null space N (B). Then Bv; =
P~'APv; = 0 for each i, and A (Pv;) = 0. Hence Pv; € N (A) for all 4. I claim that S = {Pvy,..., Pvy}
is a basis for N (A). To show S spans N (A), let u € N (A). Then 0 = Au = PBP~!u, and multiplying
both sides by P~! gives B (P_lu) = 0so that P~'u € N (B). Since {v1,...,v.} spans N (B), there
exist ¢; € R such that P~'u = ¢;vy + -+ + ¢, vg. Then multiplying both sides by P gives u = P (¢;v1) +
o+ P(cpvy) = c1 (Pvy) + -+ + ¢ (Pvy) . Therefore S spans. To show S is linear independent, suppose
c1 (Pvy) + -+ + ¢ (Pvy) = 0. Multiplying both sides by P~! gives ¢;vy + -+ + cxvi = 0. Then ¢; = 0 for
all ¢ since {vy,..., vy} is linearly independent, and it follows that A and B have the same nullity k. m

Corollary 95 Similar matrices have the same rank.
Proof. By the Dimension Theorem, rank (B) = n — nullity (B) = n — nullity (A) = rank (A). =
Proposition 96 Similar matrices have the same eigenvalues.

Proof. Suppose B = P 1AP. Let A be an eigenvalue for A and let x be a corresponding eigenvector. Then
Ax =Xx so that PBP~'x =Ax. Multiplying both sides by P~' gives B (P7'x) =AP~!'x. But P~'x #0
since P is invertible, so A is an eigenvalue of B. The converse is similar and left as an exercise for the reader.

]

Note that if A is an eigenvalue of a nonsingular matrix A and x is a corresponding eigenvector, then Ax # 0
since the nullity of A is 0. But Ax = Ax # 0 implies A # 0. Therefore the eigenvalues of a nonsingular matrix
A are non-zero.

10-2-2012

51



52



Row-reduction to Hessenberg Form

Let A be an n X n matrix.

1. Let A = (a;;). If az1 = aa1 = -+ = an1 =0, set A1 = A and go to step 2. Otherwise, find a matrix
Ay = (af;) similar to A such that af; = a}y = --- = a},; = 0 as follows:

(a) If ag; # 0, set By = A and go to step 1b. Otherwise, choose row k > 2 such that ax; # 0. Let
P; be the permutation matrix obtained from I by interchanging rows 2 and k. Then P; A is the
matrix obtained from A by interchanging rows 2 and k. Note that P, 1 — P,. Multiplying P, A
by P on the right interchanges columns 2 and k. Let

By =P AP,.

(b) Given By = (b;;) with bg; # 0, use row 2 to eliminate all non-zero entries below be;. Let ()1 be
the matrix obtained by performing the same sequence of row operations on the identity matrix I
that you performed on B;. Then ()1 B is the matrix obtained from B; by eliminating all non-zero
entries below byy. Note that Qfl = 21 — Q1. Multiplying Q1B by Qfl on the right performs the
column operations on ()1 B; analogous to the row operations that determined @Q;. Let

Ay =Q1B1Q7 "
2. Let A1 = (a;5). If ass = aso = -+ = an2 =0, set Ay = A; and go to step 3. Otherwise, find a matrix
Ay = (aj;) similar to Ay such that a}y = afy = --- = a5 = 0 as follows:

(a) If aga # 0, set By = A; and go to step 2b. Otherwise, choose row k > 3 such that aps # 0.
Let P5 be the permutation matrix obtained from I by interchanging rows 3 and k. Then P, A; is
the matrix obtained from A; by interchanging rows 3 and k. Multiplying P, A by P, on the right
interchanges columns 3 and k. Let

BQ = P2A1P2.

(b) Given By = (b;;) with bsa # 0, use row 3 to eliminate all non-zero entries below bzs. Let Q2 be
the matrix obtained by performing the same sequence of row operations on the identity matrix I
that you performed on Bs. Then Q2 B5 is the matrix obtained from B by eliminating all non-zero
entries below bsy. Multiplying Q2 B2 by Q5 ! on the right performs the column operations on Q2 Bs
analogous to the row operations that determined Q5. Let

Ay = Q2B2Q5 "

3. Continuing in this manner, eliminate all non-zero entries below the subdiagonal in each successive
column until Hessenberg form is obtained.

10-25-2012
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Krylov’s Method — Characteristic Polynomials of Unreduced Hessenberg Matrices

Definition 97 Annxn Hessenberg matriz H is unreduced if all entries along the subdiagonal are non-zero;
otherwise H is reduced.

The objective of this lecture is to understand the mechanics of Krylov’s Method, which produces the
characteristic polynomial of an unreduced n x n Hessenberg matrix H. A proof that Krylov’s Method
produces the characteristic polynomial of a general unreduced n x n Hessenberg matrix is a consequence
of the Cayley-Hamilton Theorem (to come). From now on we’ll use Anton’s definition of the characteristic
polynomial:

Definition 98 Let A be an n x n matriz. The characteristic polynomial of A is defined pa (t) =
det (tI — A).

Definition 99 Let H be an unreduced n x n Hessenberg matriz and let e; = [1 0 --- O]T € R". The
Hessenberg chain of H is the sequence

Wo =€
W1 ZHWQ
Wo :HW1

w, = Hw, _1.

Proposition 100 If {wo,w1,...,w,} is the Hessenberg chain of an unreduced n x n Hessenberg matrix H,
the subset {wo,w1,...,Wy_1} is linearly independent.

Proof. Let H = (h;;) be an unreduced n x n Hessenberg matrix. The subset {wq,w1,...,w,_1} of the
Hessenberg chain is linearly independent if and only if the matrix [wq | wy | -+ | w,,—1] is upper triangular
with non-zero diagonal entries. First,

Wp =€e;] = [1 0 O]T
Second,
Wi = HWU = [ * hgl 0 ]T
Third,
* * «
h21 * h* *
h 21
wo = Hwy = 0 32 0 — | ha2ha
0 0
Fourth, ) ;
* * * « *
h21 * * * *
0 h x e *
w3 = Hwy = . * a2l hazhszzho1
0 his 0 0
Inductively, assume that
T
wii=[ % -+ % hyi_1---hghyy 0 -+ 0],
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where h; ;1 - - - hagha is the ith entry and the last n — i entries are zero. To determine the (7 + I)St entry of
w; = Hw;_1, first note that only the first ¢ entries of w;_1 can contribute to the (i + I)St entry of Hw;_1.
On the other hand, since the first ¢« — 1 entries of the (i + l)St row of H are zero, the only entries of the
(i +1)*" row of H that can contribute to the (i + 1)* entry of Hw,_; are hit1,; with j > i. Therefore the
(i +1)°" entry of Hw;_; is the product of the i*" entry of the (i + 1)* row of H with the i*" entry of w;_1,
ie.,

%
*
[0 -+ 0 higrs * - % || hig—1---hsoha | =hig1ihii1--- hsaho.
0
('H-I)St row of H :
L 0 -

Furthermore, if i + 2 < j < n, the first i entries of the j** row of H are zero and

[jth row of H] w;_1 =0.
Therefore .
wi=[% - % hij_1--hsghn 0 -+ 0],
completing the induction. Since H is unreduced, h; ;—1 # 0 for 2 < ¢ < n and the entry h; ;_1 - - - hgaho1 # 0.
[

A Hessenberg chain resembles a “Jordan chain”. When L is a nilpotent matrix of index k and L*~1x # 0,
the sequence {x,Lx,sz, ceey Lk’lx} is called the Jordan chain on x. Jordan chains play a key role in the
construction of the Jordan canonical form of L.

Algorithm 101 (Krylov’s Method) Let H be an unreduced n x n Hessenberg matriz. To compute the
characteristic polynomial py (t) :

1. Build the Hessenberg chain {wq,w1,..., Wy} of H.
2. Solve the linear system agwgo+ a1Wi + 4+ G 1Wp_1 = —Wy,.
3. Conclude that pg (t) = t" + ap_1t" "1 + - + ayt + ag.

Example 102 Find the characteristic polynomial of
5 —2
ne[s 2]

t—>5 2
-6 t4+2

Then by definition,
PH (t)zdet(tI—H):det[ =t* —3t+2. (12)

To apply Krylov’s Method, build the Hessenberg chain:

1 ) 5 —2 5 13
D H S A HE

Solve the linear system agwqo + a1 wp = —Wy :
1 5 —-13 row reduce 1 0 2
—
0 6 : —18 01 : =3
Then
ay = —3, apg = 2,
and

pr (t) =t2 — 3t + 2,

which agrees with our calculations in (12).
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Example 103 Find the characteristic polynomial of

2 2 -1
H=] -1 -1 1
0 2 1

Then by definition,

pu (t) =det (tI — H) = det 1 t+1 -1 (13)

=(t-2)[t+1)(t—1)—2]—(-2t+4)=(t—-2)(*—3) +2t —4=1t> -2 —t + 2.
To apply Krylov’s Method, build the Hessenberg chain:

1 2 2 4
Wo = €1 = 0 ; W1:HWO: -1 ; WQZHW1: -1 ] W3:HW2: -3
0 0 -2 —4
Solve the linear system agwgo + a1wW1 + aaWg = —W3 :
1 2 2 : —4 1 00 : 2
. row reduce .
0o -1 -1 : 3 - 01 0 : -1
0 0 -2 : 4 001 : =2
Then
ag = 72, a; = 71, ag = 2,
and

pr (t) =3 =2t —t + 2,

which agrees with our calculations in (13).

Example 104 Find the characteristic polynomial of

1 1 1 1
2 0 1 1
0o -1 -2 =2
0 0 2 2

H =

To apply Krylov’s Method, build the Hessenberg chain:

1 1 3 3 5
0 2| _ 2| _ 4 4
Wo = 0 , W1 = 0 ; Wao = —9 ; W3 = 9 ; Wy = O
0 0 0 —4 —4
Solve the linear system agwo + a1 W1 + aaWs + az3ws = —wy :
11 3 3 : =5 1 000 0
0 2 2 4 —4 row reduce 01 0 0 1
—
0 0 -2 2 0 0 01 0 -1
0 0 0 —4 4 0 0 0 1 -1
Then
0,32—1, azz—l, (11:1, (10:07
and
pr (t) =t* — 3 — 12 +¢.
10-28-2012
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Characteristic Polynomials of Reduced Hessenberg Matrices

Although Krylov’s Method is ineffective when H is a reduced Hessenberg matrix, there is always a
block decomposition of H in which unreduced Hessenberg blocks appear along the (block) diagonal, and the
characteristic polynomial of H is the product of the characteristic polynomials of these unreduced Hessenberg
blocks.

Proposition 105 Let M be a square matrix with block decomposition of the form

Amxm ‘ BmXxn
M = I: Qnxm ‘ cnxn :|
Then det M = det Adet C.
Proof. If m = n =1, then M is a 2 x 2 matrix and det 64 g = AC = det Adet C. Inductively, let

k > 2 and assume that the statement holds for all such decompositions of k x k matrices M. Consider a
(k4 1) x (k+ 1) matrix with block decomposition

Let B; be the matrix obtained from B by deleting its i" column. Let C; be the matrix obtained from C by
deleting its i*" column and last row. Cofactor expanding along the last row of M gives

A B A B, ABT]

det M = *c¢q det[ 0 0 C, 0 C,

]imdet[ ]i---icm-det[

A B

Since 0 C

is a k x k matrix for each i, we have det [ } = det Adet C; for each i by the

A B
0 G
induction hypothesis. Therefore

det M = +¢,1det Adet C1 £ ¢odet Adet Cy £ -+ - ¢, det Adet C,.

=det A (£c¢pp det Cy £ ¢odet Oy £ - -+ £ ¢ det Cy) = det Adet C.

|
Proposition 105 extends immediately to block matrices with k blocks along the diagonal. Let
A1 * - *
: *
0 0 Ay,
Ay | . *
and think of C' = | .| . . as a single block. Then det M = det A; det C. Inductively, det M =
0 Ay,
det Al - det A/C.
Example 106
¢ Z : I d * b x x
det S 0 e f =adet | 0 e f | —cdet| 0 e f | =ad(eh— fg)—be(eh— fg)
00 g h 0 g h 0 g h

_ _ a b e f
_adef—adfg—bceh—l—bcfg—det[c d}det[g h}
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We multiply block matrices the same way we multiply matrices with scalar entries. For example,

b c d A B C D

e f g h E F G H

i kol I J K L

m n | p g M N | P Q
f | a b AB+cd I J a b C’D+cd K L
e f E F g h M N e f G H g h P Q

i j A B n k1l I J T ] C D " k1 K L

L | m n E F P q M N m n G H P q P Q

[ aA+bE+cl+dM aB+bF+cJ+dN aC+bG+cK+dP aD+bH +cL+dQ
eA+ fE+gl+hM eB+ fF+gJ+hN eC+ fG+gK+hP eD+ fH+ gL+ hQ

iA+jE+kI+IM  iB+jF+kJ+IN iC+jG+kK+IP iD+jH +kL+1Q
mA+nE+pl+qM mB+nF+pJ+gN mC +nG+pK +qP mD+nH +pL +qQ

Theorem 107 Let T be a block triangular matriz of the form

SH

Then X is an eigenvalue of T if and only if A is an eigenvalue of either A or C.

]

X =|—

v

be a corresponding eigenvector partitioned so that block matrix multiplication on the left by 7" is defined.

Then on the one hand,
A ‘ B u | | Au+Bv
0|C v | Cv ’

el ol

Therefore the following equations hold:

Proof. Let ) is an eigenvalue of T', and let

and on the other,

Au+Bv=\u
Cv=J\v.
If v = 0, then u # 0 and the first equation reduces to Au =Au, in which case A is an eigenvalue of A.If

v # 0, the second equation implies that A is an eigenvalue of C.
Conversely, if X is an eigenvalue of A, choose a corresponding eigenvector u;. Then

A ‘ B up . Alll o )\lll -\ up

0|C o | | O Lo | 0
and A is an eigenvalue of T If A is not an eigenvalue of A but is an eigenvalue of C, choose a corresponding
eigenvector vi. Then for all vectors u we have

A ‘ B u | Au+Bvy | Au+Bvy
0|C vi | Cvy - Avi ’

60



Thus to show that A is an eigenvalue of T, we must find a vector u; such that Au;+Bv; = Auy, or
equivalently, Bvy = Au; — Au; = (Al — A) uy. But since A is not an eigenvalue of A, det (A] — A) # 0 and
Al — A is invertible. So choose u; = (Al — A)_1 Bvi. Then Au;+Bv; = Au; and

A ‘ B up _ AU1 +BV1 _ )\u1 —\ u;
0 ‘ C V1 o CV1 o )\Vl o Vi ’

in which case A is an eigenvalue of 7. =

Example 108 Consider the following reduced Hessenberg matrix H and the indicated block decomposition
with unreduced Hessenberg matrices along the diagonal:

Il
o olo o oot
o olooc o w
o olo o k|~
O Ol = oo o
O Ol N W =
N oo G w
W U= w b oo

By induction, the eigenvalues of H are the eigenvalues of the unreduced Hessenberg blocks along the diagonal.

11-1-2012
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Householder’s Method — Hessenberg Form via Orthogonal Transformations

In this lecture we use “Householder transformations” to reduce a general n X n matrix to Hessenberg
form. This technique is advantageous because it preserves symmetry, i.e., if A is symmetric and H is a
Hessenberg matrix obtained via Householder transformations, then H is symmetric. Note that a symmetric
Hessenberg matrix is tridiagonal, i.e., all non-zero entries lie on the subdiagonal, the main diagonal, and the
superdiagonal. We begin with some geometry.

Let u be a non-zero vector in C" with its Euclidean inner product, and recall that if v € C”, then

*

. u*v
proj,v=—-su
[[ull
Consider the matrix
=I1—- —suu".
[[ull

Proposition 109 Multiplication by P is orthogonal projection onto u™, i.e., if x € C", then
Px = proj,.x.
Furthermore, the null space N (P) = span {u}.

Proof. For all x € C" we have Px = x — proj,x = proj, . x. Furthermore, x € N (P) if and only if Px =0

*

if and only if x — L);u = 0 if and only if x =
[[ul] [[ul]
only if x € span{u}. ®

51 = proj,x if and only if x = tu for some ¢ € C if and

Definition 110 Let x,y,u € C" with u # 0. Then y is the reflection of x in the subspace u* if and
only if
X —y =2 proj,x.

Now consider the matrix )
Q=1—-—=uu".
[[ull

Proposition 111 Multiplication by Q is reflection in the subspace ut, i.e., if x € C*, then
X — Qx = 2 proj,x.

*

Proof. For all x € C" we have Qx = x — 2u—x2u =x — 2 proj,x. Thus x — Qx = 2 proj,x. =

[[ull

Definition 112 The Householder matriz associated with u is the n x n matrizc
2
Q=1—-—=uu".
[[all
The Householder transformation associated with u is the matriz transformation T (x) = Qx.
Theorem 113 Real Householder matrices are symmetric and orthogonal.
Proof. Let u be a non-zero vector in R™ and let @ the Householder matrix associated with u. Then
2 ’ 2 2
QT: (I—”2uuT) :I_j(uuT)T:I_W(uT)TUT:Q
u u

and @ is symmetric. Furthermore,

2
2 4 4 4
Q®=|I-—uul | =1- uu’ + uwuluu? =7 - uu’ +
2 2 1 2
[[all [[ul [[u [[all

and @ is orthogonal. m

[ulf?uu” =1

4
4
[[ul]
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Exercise 114 Generalize Theorem 113 for complex Householder matrices: Prove that a complex House-
holder matriz @ is Hermitian and unitary.

For the remainder of this lecture we’ll restrict our attention to real Householder transformations acting
on R". In practice, we rarely need to compute @) explicitly because @x is simply a difference of vectors in

R™:
2
Qx=x—| —u x| u
[[ul
—_——
scalar
More generally, if A={[a;y |---|a,] is an n X p matrix, and
2
W; = (2uT3i> u,
[[all
then
QA=[Qay | - | Qay] =[a1 —wi |- |ap —wp].
Example 115 Let
1 1 1 6
2 1 2 0
u=| . x=|, and A=la; |ag] = 1 5
1 3 -2 3

To compute Qx, first evaluate

Then
1 2 -1
1 4 -3
@x=x-—w=| 11|~ | 4
3 2 1

To compute QA = [Qa;|Qas], first evaluate

92 2
Wi = <2uTal> u=u and wg = <2uTa2> u = 3u.
[[ull [[ull

Then
QA = [Qa;|Qax]=[a; —w; |as —wy] =[a; —u|ay — 3u]
1 1 6 3 0 3
B 2| |2 ol 6] | _ | 0o -6
o 1 0 5 0 o 1 5
-2 1 3 3 -3 0

General Problem:

S
U1
Vo

Given v = . €R™ and 1 <k <mn, find a Householder matriz Q such that Qv = w?l
: k
Up, 0
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Solution:

_\/%7_;_1]3“ ok >0 and u= | vp—S; |. Then Qv =

Proof. First note that s7 = v + -+ v2. Then

T 2 2 2
U v = (Vg — Sk) Uk + Vg + o U, = S, — SkUk

U1

=V —u.

and
[ull? = (vp — si)? +vp vl = s) — 280 + s = 2 (s — skvk) -

Therefore

wulv _ 2 (Si — skvk) 1

lul®>  2(s} — skvr)
and

Qv=v-—u.

]

Example 116 Let

a. Let k =2. Then

and -
0 0
u— 12—(-13) | | 25
o 3 o 3
4 | 4
Let Q1 be the Householder matriz associated with u. Then
1
v=v—u= _lg
| O
b. Let k = 3. Then
$3=—v9+16= -5
and
0 0
u— 0 |0
Tl 3—=(=5) | | 8
4 4
Let Qo be the Householder matriz associated with u. Then
1
Qov=v—u= _1§
0
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Let

U O DN W

To compute Qox, first evaluate

0 0
2 T 2 310 0
4 6
Then -
4 0 4
2 0 2
@ox=x-—w=1| 5|~ 15|=| 71
5 ] 6 -1
and ~
1 4
12 2
QQ [V | X} - -5 _7
i 0 -1

We now have the tools we need to present Householder’s Method for orthogonally reducing a matrix A
to Hessenberg form.

Algorithm 117 (Householder’s Method)

Given
ailz a2 - Qln
a21 Q22 -+ G2p
Ag=lar|az | - [an] =
anl an2 Tt Ann

1. To reduce column 1:

(a) Compute sy = £+/a3; + a3, + -+ a2, and set

0
a21 — 82
ul = a’31
an1
(b) Let @1 be the Householder matrix associated with u;. For each ¢ = 2,3, ..., n, calculate
2 T
b; = Qia; = a; — U1 & | Uy
[y |
then
a1
52
Q140 = 0 |by|---| by,
0
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(¢) Calculate Q1 ApQ; as follows:
i. Form the matrix
Cr=ler|ca| | ca] = (Q1Ao)"

2
W; = (211{01‘) ui;
[ |

ii. For each i =1,2,...,n, calculate

then
QC1 = [Q1]Qica | | Qicy]
—wa] = Q1 (Q140)" .

[c1—wi|ea—wal| - |c,

iii. Compute the transpose and obtain

@) = [ (@407 = (@47Q1)" = ido@r.

(d) To prepare for the next iteration, set
air @12 A1n
S22 a22 QA2n,
A =QiAQi=ai |as | ---|a,]=| O aa a3n
0 an2 Ann
2. To reduce column 2.
(a) Compute s3 = ++/a3, + a3y + - + a2, and set
_ 0 -
0
a3z — S3
uz = 42
L a/n2 -
(b) Let Q2 be the Householder matrix associated with ug. For each i = 3,4,...,n, calculate

2
b; = Q2a; = a; — <2U2Taz'> uy;
[[uz||

then 3 _
a11 a12
52 a2
0 S3
Q2A1 = 0 0 b3 e bn
L O 0 -

(c) Calculate Q2A41Q2 as follows:

i. Form the matrix
Co=ler|ca| | ca) = (Q2Ar)" .
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ii. Fori=1,2,...,n, calculate
2
W; = <2u2Tci> L )
[z

Q20> = [Q2¢1 | Qa2ca || Qacy]

= [c1—wi|ca—wa| | Cn—wWn] = Qs (Q240)".

and obtain

iii. Compute the transpose and obtain

[Q2 (QzAl)T}T = Q24:Qs.

(d) To prepare for the next iteration, set

i @11 a2 @13 - Gln ]

S22  G22 @23 -+ A2p

0 s3 ags - asn

Ay = Q2A1Q2 = [as |az | --- | a,] = 0 0 a3 -+ Gan
0 0 ans -+ apn |

3. Repeat this process until it terminates after n — 2 steps and produces the Hessenberg matrix

ailz a2 - A1p-—2 a1,n—1 Ain
S Q22 -+ A2n—2 as n—1 A2n
0 s3 -+ aspn—2 G3n-1 a3n
H= ~ Ag
0 0 e Sp—1 Up—1n—-1 0On—1n
L 0 0 e 0 Gp,n—1 Ann ]

Example 118 Let us orthogonally reduce the following matriz to Hessenberg form:

1 2 4 2
3 3 —4 2
A:[a1|a2|a3|a4]: 0 3 9 —1
0 —4 -2 8

To apply Householder’s Method and eliminate the —4 in column 2, set k = 3 then compute

s3=—1/33 4 (—4)> = =5

and
0 0
w— 0 _ 0
Tl 3=(=5) | 8
—4 —4
Let Q be the Householder matriz associated with u. Evaluate
0 0
2 7 2 0 0
’ (nw“ Q“(&Y%> s (=] 10
—4 -8
and
0 0
2 2 0 0
: <n|“‘4>“ (&cm)| 5= =
—4 4
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Then

4 0 4
—4 0 —4
@as=as=wa=1| o |~ | 15 | | _7
-2 -8 6
and
2 0 2
2 0 2
Qay = as—w3 = 17 s T |7
8 4 4
so that
1 2 4 2
3 3 —4 2
Qlai |az|as | a4 = 0 -5 —-7 7
0 0 6 4
To calculate QAQ), form the matrix
1 3 0
2 3 -5
C=lerlezlesled =@ =| | | )
2 2 7

and compute QC = [Qer | Qes | Qes | Qey] -

0
2 2 0| 3
= [ == — (2 .94 _2
W <|u||2u Cl) " (80 ) 8 | 73

0

2 7 2 0 21

_ . == .(-s4 - _-

e <||u2u Cd) ! (80 ( )> 8 10

-4

0 0

2 7 2 0 4 0

he <||u2Ul c4> " (80 ) s 75| s

—4 -4
1 0 1 3
| 2 0 2 . 3
C1 — W1 = 4 |~ 24 4 C2 — W2 = _4
2 152 25 D)

-5 5
0 0 0 0
Cn — Wa — -5 0| | —5 Cr — Wi — 0
3 — W3 = - 84 | = 49 4 — Wy =
-7 —= = 6
i N
7 2 —% 4
Therefore

1

2

QC=[ci—wi|ca—wa|ecz3—w3|cy—wy|= _4

23
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0
0
6
4
0
B 0
- 24
_i
5
0
0_
s | =
4

N b~ W W

o

o

|
[0

S

_84

i

DN o W W

S O O

m‘c"’



and

1

259_‘ 77_£75

<ho <t o), Nho
Sl

N MmO
I

— MmO O

H=QAQ=(Q0)" =

11-1-12
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Two Applications of Householder Transformations:
Least Squares Solutions and Approximate Eigenvalues

First, we revisit the problem of finding the least squares solution of an inconsistent system of linear
equations. Consider an m X n linear system Ax = b with m > n, and recall that a least squares solution x*
minimizes the quantity ||b — Ax| as x ranges over R"; thus

b — Ax*[| < [|b — Ax|| (14)

for all x € R™. The vector b — Ax* is the component of b orthogonal to the column space R (A), so of
course, if b € R(A), the component of b orthogonal to R (A) is 0 and Ax* = b.

Let @ be an orthogonal matrix, and recall that multiplication by @ preserves the Euclidean norm:
|@Qx]|| = ||x|| . Hence inequality (14) implies

[@b — QAX™|| = [|Q (b — Ax")|| = b — Ax™[| < [|b — Ax| = [|Q (b — Ax)[| = |@b — QAx]
for all x € R™. Conversely, if ||@b — QAx*| < ||@b — QAx|| for all x € R™, then
b — Ax™|| = [|@b — QAX™[| < [|@b — QAx|| = [[b — Ax|,
which proves:

Proposition 119 Let Ax = b be an m X n linear system with m > n and let Q be an orthogonal matriz.
Then x* is a least squares solution of Ax = b if and only if X* is a least squares solution of QAx = @b.

In particular, Proposition 119 applies when @ is a product of Householder matrices and QA has the
following especially nice form:

Definition 120 An m X n matriz with m > n has upper trapezoidal form if the first n rows form an
n X n upper triangular matrixz and the remaining rows are all zero:

X X X X
0 x x X
0 0 x x
0 0 0 x
0 0 0 O
0 0 0 O

Theorem 121 If A is an m X n matrix with m > n, there is an m X m orthogonal matrixz Q such that QA
has upper trapezoidal form.

Proof. Given as m x n matrix A = (a;;) with m > n, let

a11 — S1
a12 2 T
slziM» u = . ;o and @ =1—-—=uwuy.
: [ ]
Am1
Then
bin bz - bin
0 by - bop
Q1A = 0 bas -+ b3y
0 bmn tee bnn
Let
0
bas — 52
S0 = +4/b2 2 — b3,2 N S L r
5 = 2+ b2, uy= , and Qo =1 sU2u, .
: [[uz|]
bm,2



Then

i1 €12 €13 -+ Cin

0 ¢ co3 -+ cCop

Q1A= 0 0 ca - can
0 0 Com *°°  Cpn

Continuing this process until it terminates after n steps and produces the m X n matrix @, --- Q1A with
upper trapezoidal form. But Q = @, - - - Q1 is an orthogonal matrix, and QA has upper trapezoidal form. m

Example 122 Let us apply the procedure in the proof of Theorem 121 to the matrix

L -3
-1 3
A= [a1 | ag] = 0 -2
-1 1
1 0
Compute
1-(-2) 3
-1 -1
s1=—V14+1+141=-2 and u; = 0 = 0
-1 -1
1

Then ||uy||* = 12 and
1
Q1=1- éuluf.

Since uf'a; = 6 and uf'ay = —6 we have

1 1
Wi, = <6uira1> u; =u; and wy = (6ufa2) u; = —ug

so that ;
2 I
0 2
Q1A= [Q1a; | Qraz] =[a; —uy [ay +wy] = 0 -2
0 0
0 1
Let Q1A = [c; | co] . Compute
0 0
2 (~3) 5
So=—V4+4+1=-3 and uy = -2 =1 -2
0 0
1 1
Then |Juy||* = 30 and
Sg =1- %5112115.
Since ul'cy = 15 we have
L 7
Wy = (15112 Cg) U2 = U9
and -
-2 I
0 -3
Q2Q1A = [Q2c1 | Q2c2] = [c1 | ca —ug] = 0 0
0 0
0 0

Then Q = Q2Q1 is an orthogonal matriz and QA has upper trapezoidal form.
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Continuing our discussion of the m x n linear system Ax = b with m > n, let @ be an orthogonal matrix
such that QA has upper trapezoidal form

QA= [ . ] ,
where T is an n X n upper triangular matrix and 0 is the (m — n) x n zero matrix. Then
QAx = Qb
can be expressed in block matrix form as
[T c
o x=la]

where cisann x 1 and d is an (m —n) x 1. Thus

[T ] c Tx —c
o3 3]0

and _
Tx —c

IQAX-Qb|* = [ Tx—c —d ]| "7 4

} — | Tx — e + [d]® > |d]>.

Thus x* minimizes ||QAx—QDb|| if and only if x* minimizes ||Tx — c|. Combining this with the statement
in Proposition 119 we have:

Proposition 123 Let Ax = b be an m X n linear system with m > n. Let QQ be an orthogonal matriz such
that QA has upper trapezoidal form, and express QAx = Qb in block matriz form as

Lo J=La])

where T is an n X n upper triangular matriz and ¢ is a n X 1 matriz. Then x* is a least squares solution of
Ax = b if and only if x* is a least squares solution of Tx = c.

Theorem 124 Let A be an m X n matriz with m > n, let b € R™, and let Q) be an n X n orthogonal matrix

such that
T c
QA{O] ande{d],

where T is an n x n upper triangular matriz and c is a n x 1 matriz. If rank (A) = n, then T is invertible
and x* = T~ ¢ is the unique

1. solution of Tx = c.
2. least squares solution of Ax = b.

Proof. (1) Let A = [a;|---]|a,]. Since rank (4) = n, the set {a;,...,a,} is linearly independent. If
{Qay,...,Qa,} is linearly independent, then

@4=[Qar | 1Ga = | ¢ |

has linearly independent columns and so does T, in which case T is invertible and the system Tx = c has
the unique solution x* = T~ 'c. So to complete the proof, assume that b;Qa; + - - + b,Qa,, = 0, where
b; € R, then Q (b1a; + - - - + b,a,) = 0. Multiplying both sides on the left by the orthogonal matrix Q7 gives
bia; + -+ + bya, = QT0 = 0. But linear independence of {ay,...,a,} implies b; = 0 for all i. Therefore
{Qay,...,Qa,} is linearly independent.

(2) The fact that x* is the unique solution of Tx = ¢ implies || Tx*—c|| = 0 and ||Tx — ¢|| > 0 for all x # x*.
Therefore x* is the unique least squares solution of Tx = c. But x* is a least squares solution of Tx = ¢
if and only if x* is a least squares solution of Ax = b, by Proposition 123. Consequently, x* is the unique
least squares solution of Ax = b (distinct least squares solutions x’ and x* of Ax = b would be least squares
solutions of Tx =c). m
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Example 125 Find the equation of the regression line y = a+ bx that best fits the four points (0,1), (2,0),
(3,1), and (3,2).

The y-intercept a and slope b of the regression line are the components of the least squares solution x* = [Z]
of the inconsistent system Ax = b, where

10 1
1 2 0
A=la; |ag] = 13 and b= 1
1 3 2
Eliminate the second through fourth entries in the first column:
3 —4
1
$1=—V4=-2 u = ! ; Hu1|\2 =12; ulay =8, Qay=a, — = (8)u; = 2/3 : ul'b=6;
1 6 5/3
1 5/3
then
-2 —4 -2
_ 0 2/3 B | -1
QlA_ 0 5/3 and le—b—ul— 0
0 5/3 1
Eliminate the third and fourth entries in the second column:
0
4 25 25 246 4
S2 = — §+§ jz—\/é; u = 35/3 ; ||u2\|2:12_|_§\/6; uj (Q1b) =1 —V6;
5/3
then
-2 4 -2
| 0 —V6 B 3-2v6) | —iV6
Q2 (Q1A) = 0 0 and Q2 (Q1b) =b — (10) Uz = 1+ %\/6

Let Q = Q2Q1 and write QAx = Qb in block matriz form as { g } X = {

—2 —4 -2 Row reduce 1 0 2/3
—
0 —v6 @ —3V/6 01 : 1/6

Then x* is the unique solution of Tx = c :

The equation of the regression line is y = % + %x.

Definition 126 Let A be an m x n matrix of rank n. A QR-factorization of A is a factorization A = QR
with the following properties:

1. Q is an m X n matriz whose columns form an orthonormal set in R™.
2. R is an n X n nonsingular upper-triangular matriz.

3. RQ ~ A.

Given an m X n matrix with rank n and m > n, we apply Householder transformations to find a
Q) R-factorization of A use the fact that RQ) ~ A to numerically approximate the eigenvalues of A (the
QR-algorithm).
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Theorem 127 FEvery m X n matriz A with m > n and rank n has a QR-factorization.

Proof. By Theorem 121, there is an orthogonal m x m matrix S such that

T
sa=[7) "
where T is an n x n upper triangular matrix. Furthermore, since rank(A) = n, we know that T is nonsingular
by Theorem 124. Now multiply both sides of equation (15) by the orthogonal matrix ST = [sy | --- | 8],
whose columns form an orthonormal basis for R™. Then

T
A=lsr | sl | Dol | 3 |- (16)
Now when computing this matrix product, note that each entry of s, y1,...,s,, is multiplied by zero and
contributes nothing. Hence
A:[Sl | |Sn]T
is a factorization of A different from (16), but equally valid. Set @ =[s1 | --- | s,] and R = T, then A = QR.

Finally, note that R = QT A and RQ = QT AQ. Therefore RQ ~ A and A = QR is a (Q R-factorization. m

Example 128 Let’s compute the QR-factorization of

3 1 2
A:[a1|ag|a3]: 0 3 -1
4 8 6
First,
3—(-5) 8
s1=—V9+16=-5 and u;= 0 =10
4 4

Since |uy||® = 80 and uTay = uTas = 40, the Householder matriz associated with uy is

1
S1=1-— Eulu{
and
(1 8 =7
Slag = 3 - 0 = 3
L 8 4 4
[ 2 8 —6
Slag = -1 - 0 = -1
L 6 4 2
Thus
-5 -7 —6
S1A=[by | by|bs] = 0 3 -1
0 4 2
Second,
0 0
s5=—V9+16=-5 and uy= | 3—(=5) | = | 8
4 4

Since |uz||® = 80 and ulbs = 0, the Householder matriz associated with uy is

1
Sy =1-— Eung
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and
—6

52b3 = -1
2
Thus
-5 -7 -6
R=5,51A= 0 -5 -1
0 0 2

Set Q@ = 5251 and obtain the QR-factorization
A=QR.

If Ais an n X n matrix and A = QR is a QR-factorization, we can use the fact that RQ ~ A to
approximate the eigenvalues of A in the following way:

The QR-Algorithm.
Choose € > 0
Let A, .= A
Let £ :=0
Repeat
Let k:=k+1
Compute the QR-factorization Ay = Qr Ry,
Let Api1:= RpQx
Until sub-diagonal entries of Agy1 have absolute value less than €.

Example 129 Let’s use the QR-Algorithm to estimate the eigenvalues of

31 2
A=1(0 3 -1
4 8 )

The QR-factorization found in Example 128 is A = QR, where

1 1 1 1
Q= (I — 40u1u{> <I - 40u2u2T) =1- 4—0u2u7§ ~ oMW + Tog Y2

1 1 /1 1 1 1
T —wul o (u - cw)ul=T—— |0 |uf+— | —10 [uf
40“1“1+2o<5“1 2“2)“2 0| "t 5 e
and
5 -7 —6
R=| 0 -5 -1
0 0 2

Following the QR-Algorithm, set Ay = A, Q1 = Q, and Ry = R. Then

Ay = RQy = (QTR1T>T
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Let RT =[c; | ¢ | 3] and compute QT RT :

4 T
0 |ul'+ =] —10 | u?
10 | 4 50 | g
1|8 1|0
=I-g510[2 0 1]+ 8([4 —10 3]
4 4
2| 2 2 |0
=I-z|0[20 1]+12|[4 -10 =3]
1 1
and
[ —5 ] 2 0 = 7.8
32 136
Qler— | 7 | +2 0o =] &= s
| —6 | 1 1 32 5.84
[ 0] 52 w6 | 0 §7 0.8
Qlco=| =5 |+=1]0 — =| & | =| 348
5 25 3
| 1] 1 1 3 3.64
[0 2 0 -2 ~1.6
4 5
Qes=| 0| -1 - % 2 [=| -2 |=| -0
2 1 1 £ 0.72
Therefore
7.8  3.88 5.84
Ay =1 08

3.48 3.64

-1.6 —-0.96 0.72
Exercise 130 Continue the calculations in Fxample 129.

a. Perform the second iteration of the QR-Algorithm and produce As.

b. Write a Mathematica routine to calculate A,, and use it to compute Ayg.
11-3-2012
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Matrix Polynomials and the Cayley-Hamilton Theorem

The goal of this lecture is to prove the famous Cayley-Hamilton Theorem (Theorem 140), which asserts
that if p4 (¢) is the characteristic polynomial of an n x n matrix A, then pa (A) = 0. In the course of the
argument, we prove that Krylov’s Method produces the characteristic polynomial pg (t) of a Hessenberg
matrix H (Corollary 137).

Definition 131 Let p(t) = co + c1t + -+ + cpt™ and let A be an n X n matriz. The matrixz polynomial
p(A4) is defined
p(A) :=col + 1A+ +c,A".

Question: How are the eigenvalues of p (A) related to the eigenvalues of A?

Exercise 132 Let q(t) = co + cit + -+ - + cit® and let A be an n x n matriz such that Ax = \x, for some
x # 0. Prove that g (A)x =q(\)x

)

In particular, if p4 (¢) is the characteristic polynomial of A and X is an eigenvalue of A, then ps (A) =0
is an eigenvalue of pa (A), by Exercise 132. But p4 (A)x =0 and x # 0 implies that pa (A) is a singular
matrix (otherwise x = py (A)_1 0 = 0, which is a contradiction). In fact, ps (A) = 0 as we shall see.

As a first step towards a proof of the Cayley-Hamilton Theorem, let H be an unreduced n x n Hessenberg
matrix, and apply Krylov’s Method to obtain the polynomial

p(t)=ao+ait+---+a, 1"+ 1"

whose coeflicients ag, . .., a,_1 are the unique solution of the linear system
agWo + a1W1 4+ + Ap—1Wp_1 = —Wy,. (17)
Since w; = H'e; for i =0,1,...,n, we can rewrite equation (17) in the form

ape; +a1Hey + -+ ap_1H" 'e; + H'e; =0
and conclude that p (H)e; = 0.
Definition 133 A monic polynomial has the form q(t) = ag + ait + -+ + ap_1t" 1 +t".
Note that the polynomial p (¢) produced by Krylov’s Method is monic.
Proposition 134 The characteristic polynomial p (t) of an n X n matriz A is monic.

Proof. Let A be an n x n matrix and let B = (b;;) = tI — A. The characteristic polynomial

t—ain -  —ain
pa (t) = det B = det
—an1 e t— Ann
is a sum of n! products +by j, bs j, - - - by 5, , Where (j1,... jn) ranges over all permutations of {1,2,,...,n}.

Note that each of these products is a polynomial in ¢, exactly one of which has order n, namely, the monic
polynomial (¢t — a11) - - (t — anyn) . Therefore py (¢) is monic. m

Theorem 135 Let H be an n x n unreduced Hessenberg matriz, let p (t) = ap + a1t + -+ + A1t 4t
be the polynomial produced by Krylov’s Method, and let q (t) be any monic polynomial. Then

1. p(H)=0.

2. If q(H) =0, then degq (t) > n. Moreover, if degq (t) =n, then ¢q(t) =p(t).
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Proof. (1) By Proposition 100, {el, Heq,... 7H”_lel} is a linearly independent subset of R™ and is therefore
a basis. Given y € R", write
y =coer +c1Hei+ - +cp 1 H"  ley
= (cOI +cHA+ -+ cn_lanl) e.

Then multiplying both sides by p (H) gives

p(H)Y:p(H) (COI+61H+"'+Cn,1H"71) e,
— (cop (H) + cxp (H) H + -+ + coap (H) H" V) &
:COP(H)el +01p(H)He1 +"'+Cn71p(H)H"_1e1,

Note that p(H)H' = H'p (H) for 1 <i <n:
p(H)H' = (ap] +atH+ -+ +a,_H" '+ H") H'
= aOHi + alHi+1 + M + af’n—lHi+n71 + Hi+n
=H'(apl +a1H+ - +a,1H" '+ H")=H'p(H).
Hence for all y € R™ we have

p(H)y =cop(H)er+cHp(H)ei+ -+ c, 1 H" 'p(H) e
= (COI +cHA+- -+ cn_lanl)p(H) e; =0.
In particular, p (H)e; = 0 for all 4. Therefore p (H) = 0.

(2) Let q () = bo+bit+- - -+b,_1t*"1+t* be a monic polynomial such that q (H) = 0. Thenq (H)y =0-y =0
for all y € R”, and in particular we have

0 zq(H)e1 :boe1 —|—b1H91 +"'+bk_1Hkilel —|—er1
so that
_erl = b()el + blHel + 4 bklek_lel

and the set {el, Heq,..., erl} is linearly dependent. By Proposition 100, the set {el,Hel, ey Hiel} is
linearly independent if ¢ < n — 1. Therefore k > n. Furthermore, if k = n, the set {el7 Heq,... ,H”_lel} is
a basis for R™ and the coefficients bg, b1, ..., b,_1 uniquely determine the vector —H™e;. But

p(H)el =ape; + a1 Heq +...+an_1Hn71el+Hnel —-0
by part (1), and we have
_Hnel = apeq + alHel 4+ .4+ anlen_lel
=boe1 +b1Hey + -+ - + bn—lHnilel.

Therefore b; = a; for all i, and ¢ (¢) =p(t). m

Thus the polynomial p (¢) produced by Krylov’s Method is the unique monic polynomial of degree n such
that p (H) = 0.

Theorem 136 Let H be an nxn unreduced Hessenberg matriz and let p (t) be the monic polynomial produced
by Krylov’s Method. Then X is an eigenvalue of H if and only if p (A\) = 0.

Proof. Let ) is an eigenvalue of H and let x be a corresponding eigenvector; then Hx =Ax. Exercise (132)
and Theorem 135 imply

p(N)x=p(H)x=0.

X =
Therefore p (\) = 0. Conversely, if p(\) = 0, dividing p (¢) by A — ¢t produces a monic polynomial ¢ (t) of
degree n — 1 such that
p(t)=q@)(A—-1).
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Thus
p(H) = q(H) (A - H) = 0.

But Al — H is a singular matrix (otherwise ¢ (H) = (Al — H)~' 0 = 0 contradicts the assertion in Theorem
135, part (2), that degq (t) > n.) Therefore 0 = det (\] — H) = py (A) and A is an eigenvalue of H. m

Corollary 137 If H is an unreduced Hessenberg matriz, the monic polynomial produced by Krylov’s Method
is the characteristic polynomial of H.

Proof. Since the characteristic polynomial pg (t) and the polynomial p (¢) produced by Krylov’s Method
are monic, and have exactly the same roots by Theorem 136, py (t) = p(t). m

Theorem 138 If H is a Hessenberg matriz, then py (H) = 0.

Proof. If H is unreduced, the conclusion follows from Corollary 137 and Theorem 135. If H is reduced,
assume that H contains 2 unreduced Hessenberg blocks; the proof when H contains n unreduced blocks
follows by induction and is left to the reader. Let

| Hr W
H[O Hg]’

where Hi and Hy are unreduced Hessenberg blocks. Then
pu (t) = det (tI — H) = det (tI — Hy) det (tI — Ha) = pp, () pm, (t)

by Theorem 105. Furthermore,

e [H W _[H W
0 H 0 Hj

for some V5 and inductively,
HEF VW,
k _ 1 k
=[S i

for some Vj. Therefore if ¢ (t) = co+c1t+ -+ + citF is any polynomial, then

I, 0 H, W HF W,
_ E_ 1 1 1 1 k
g(H)=cl+c1H+ - +cH —Co|:0 IZ}—l—cl[ 0 H2]+ —i—ck{ 0 Hé}

_ | cola +e1Hy + -+ e HY w _ | q(H) W
0 colo +c1Hy + -+ + CkHé: 0 q(H2) |~

In particular,

pir (1) =, (B 1) = | G0 LT S =10 6] 8]

[
Corollary 139 Let A be an n X n matriz. If H is a Hessenberg matriz similar to A, then pg (t) = pa (t).

Proof. Since H ~ A, the characteristic polynomials pa (t) and ppy (t) have exactly the same roots by
Proposition 96; hence pa (t) = cpg (t) for some scalar ¢. Since pa (t) and py (¢) are monic, c=1. m

Theorem 140 (Cayley-Hamilton Theorem) If A is an n X n matriz, then pa (A) = 0.
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Proof. Let H be an n x n Hessenberg matrix such that H = S~ AS. By Corollary 139, pa (t) = pg (t) =
ag + art + -+ a,_1t"" ' +t", and by Theorem 138 we have

pa(A) = pu (A) = pu (SHS™)
—aol +a,SHS ™ +---+a, , (SHSil)n_1 +(SHS™)"
=apSIS '+ a1 SHS '+ +a, 1 SH* 181 + SH"S™!
=S (apl +a1H + -+ +a,_H" '+ H") S~!
=S-py(H)-S'=5-05"1=0.

11-7-2012
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Generalized Eigenvectors and Systems of Linear Differential Equations

Given an n x n matrix A, consider the system of linear first order differential equations x' = Ax with
initial value x (0) = xg. Let H = S71AS be a Hessenberg matrix and let

x =Sy and x¢ = Syp.

Then x' = Sy’ and
Hy = (§7'AS)y =S""4x=5"'x' =y’

Thus the change of variables x = Sy transforms the given initial value problem (IVP) into the equivalent
one
y' = Hy with y(0) = yo. (18)

When H is unreduced, we can solve this IVP by following the procedure in this lecture; but when H is
reduced, we’ll need Jordan Canonical Form (the final topic in this course).

Example 141 Consider the IVP x' = Ax with x (0) = x¢, where

-1 -8 1 7
A=1| -1 -3 2 and xqg=| —1
-4 —-16 7 5
The change of variables x = Sy, where
1 00
S=101 0],
0 4 1

transforms this IVP into y' = Hy with y (0) = yo, where

-1 -4 1
H=81'4S=] -1 5 2
0 -8 -1
is an unreduced Hessenberg matriz and
1 00 7 7
y(0)=S"'x0)=|0 1 0 -1 |=] -1
0 —4 1 5 9

But before we can solve the IVP in Example 141, we need to develop some important theoretical ideas.

Definition 142 Let A be an n X n matriz with characteristic polynomial pa (t) = (t — A1) -+~ (t — )™,
where r1+---+71, =n and \; € C. The algebraic multiplicity of \; is r;, and the geometric multiplicity
of \; is the dimension of the eigenspace corresponding to \;.

The geometric multiplicity of an eigenvalue is at least 1 and at most its algebraic multiplicity.

Definition 143 An n xn matriz A is defective if A has an eigenvalue whose geometric multiplicity is less
than its algebraic multiplicity.

Example 144 The characteristic polynomial pa (t) = t> of the triangular matrix
0 1
[0 4]
has the single root A\ = 0, which is an eigenvalue of algebraic multiplicity 2. The eigenspace of X is one

dimensional and is spanned by the single vector [(1)], so the geometric multiplicity of \ is 1. Therefore A is
defective and is not diagonalizable.
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Exercise 145 Show that the following matrices are defective:

-4 1 1 1

-1 -1 -2
a. 14 b. 8 —11 -8 c. —16 3 44
0 1 0 1 7 -7 2 2 1
11 1 3 4

For purposes of the application in this section, it is necessary to express the characteristic polynomial of
an n X n matrix A in the form
pa(t)=(=1)"det (A —tI).

Definition 146 Let A be an nxn matriz and let A be an eigenvalue of A. A vector v € R™ is a generalized
eigenvector of order p corresponding to \ if (A — )\I)pfl v#0 and (A—X)’v=0.

A usual eigenvector corresponding to A is a generalized eigenvector of order 1. For future reference, note that
if A— Al is nilpotent with index of nilpotency k, andy = (A — NP ' v #£ 0, the set {y = (A — A" 'v,...,
(A= X)Pv,(A=X)v, v} is called the Jordan chain on 'y of length p.

Theorem 147 Let A be an eigenvalue of an unreduced nxn Hessenberg matriz H. If the algebraic multiplicity
of A is m, then for each p =1,2,...,m, there is a generalized eigenvector v,, of order p corresponding to A.

Proof. Let pg (t) be the characteristic polynomial of H. Since the algebraic multiplicity of A is m, we have
(up to sign)
pu () = (=1)" (t—XN)"q(t) with ¢()\) # 0.

Consider the polynomial
E=N"""qt)=ao+art+ -+ an_ot" 2"
and the corresponding matrix polynomial
(H=X)"""qH)=aol +a1H + -+ an_oH" >+ H" ',

Then
(H - )\I)m_l q(H)e; =age; +a Hey + -+ +ap, oH" %e; + H" 'e; #0

since {e17 Heq, ..., H"flel} is linearly independent by Theorem 100. On the other hand,
(H—X)"q(H)e; =py (H)e; =0

by the Cayley-Hamilton Theorem. Therefore the vector v, = q (H) e; is a generalized eigenvector of order
m corresponding to \. Finally, for 1 < p < m, let

vp=(H—-X)"""vp;

then (H — AP~ vp # 0 and (H — AI)” v, = 0. Thus for each p, there is a generalized eigenvector v, of
order p corresponding to A . ®

Theorem 148 An unreduced n x n Hessenberg matrix has n linearly independent generalized eigenvectors.

Proof. Let A\i, Ao, ..., Ax be the eigenvalues of H and let m; be the algebraic multiplicity of A\;. Then the
characteristic polynomial of H is

P (t) _ (_1)n (t _ )\1)m1 (t _ /\2)m2 . (t _ /\k)mk _ (t _ )\1)m1 q(t),

where m; + - -+ + my = n. By Theorem 147, )\; has a corresponding generalized eigenvector v; , of order p
for each p =1,2,...,m;. Denote these generalized eigenvector by

{Vl,lv s Vimg s V215 -5 V2imgy e o3 VT, - - ,Vk,mk}

A1 A2 Ak
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and suppose that
(@a11vig+ -+ a1 m Vim, ) +(a2,1Ve1 + -+ a2muVam,) + -+ (@61 Vi1 + -+ Gkymy Viem, ) = 0. (19)
Since the factors of q (t) = (t — X2)"? -+ (t — A\x)™* commute,
q(H)vij = (H=N\I) vi;j =0
for all j and all ¢ > 2. Now left-multiply both sides of (19) by ¢ (H) ; then
g(H)(@1,1v1i1+ -+ a1m Vim)

+q (H) (a2,lv2,1 +-+ a2,ms V2 mo + -+ Ak 1VE,1 + -+ afk,rnkvk,mk) =0

0

reduces to
a1,1q (H) vig+ -+ + a1,m,q (H) vim, = 0. (20)

Keeping in mind that (t — A\)?q(t) = ¢ (t) (¢t — A1) and (H — M\ I)™ ' vy, _j =0for 1 <j<my—1,
left-multiply both sides of (20) by (H — A;1)™ ™" ; then
@1, @ (H) (H =M 1)™ " vy, =0
#0

implies a1, = 0, and (20) reduces to
a11q(H)vig+ -+ a1m—19 (H) Vim, -1 = 0. (21)
Left-multiply both sides of (21) by (H — A;1)™ %} then

a1,m,—1q (H) (H — Alf)th Vim,-1=0
#0

implies a1 m,—1 = 0, and so on inductively. Do this for each A;. Conclude that all coefficients vanish and the
n generalized eigenvectors are linearly independent. m

Example 149 Since the characteristic polynomial of the unreduced Hessenberg matrix

H“ _:1))] is pH(t)det{lzt 3__1t}(2t)2,

the eigenvalue A = 2 has algebraic multiplicity 2. A basis for the corresponding eigenspace is found by solving
the system
(H-2)x=0:

-1 -1 rowﬂ)uce 1 1
1 1 0 0|
Then {v1 = [_11]} is a basis and the eigenvalue X = 2 has geometric multiplicity 1. To find a generalized
etgenvector vo corresponding to A = 2, solve the system

(H-2I)x=vy:
-1 =1 —1 row reduce 1 1 1
—>
1 1 1 0 0 0

The general solution s



set t =0 and obtain the particular solution vy = [(1)] Since
(H —2I)*vy = (H —2I) v, =0,
vy is a generalized eigenvector of order 2 corresponding to A = 2. Therefore

{n=lJve= Lo}

is a linearly independent set of generalized eigenvectors corresponding to X = 2.

Problem: Let H be a complex n x n unreduced Hessenberg matriz. Solve the IVP y' = Hy with y (0) = yo.

Procedure:
1. Use Krylov’s Method to compute the characteristic polynomial of H. Then
pr (1) = (=1)" (t = A)™ (£ = A2)™ - (£ = Ag) ™™
and the eigenvalue \; has algebraic multiplicity m;.

2. Find a maximal linearly independent set of eigenvectors {uy,...,u,} of H. Then each u; corresponds
to some eigenvalue \; and y = eAituj is a particular solution since

y =Mt () =M Hu; = H (e)‘ituj) = Hy.

3. Let d; be the geometric multiplicity of A;. If d; < m;, compute g; = m; — d; generalized eigenvectors
{v1,va..., vy} of H in the following way: Set vi = u;. Successively solve each of the following systems
of linear equations in which v, is known and v, is an unknown particular solution:

(H— )\»L‘I)VQ =vy = Hvo=vi+A\vy
(H—AiI)V:g:VQ = Hvsz=vy+ A\;V3

(H=-XNI)vy=vs = Hvy=vs+\vy

(H = Ail)vg, =vg1 = Hvg, =vg 1+ Xivg,.

Then
(H=X\D" vy, =(H—-XND%2vy == (H—=NI)vy=vy. (22)
Since (H — A\;I) vy = 0, left-multiplying each expression in (22) by H — A;I gives
(H—=XD)% vy =(H-ND"""vy == (H—=NI)’vy=(H—X\I)v, =0.
But {vi,va,..., vy} is linearly independent by Theorem 148 and v, is a generalized eigenvector of

order p corresponding to \; for each p=1,2,...,¢;. Let

Nt t2 tpfl
Yp=€" | Vptitvp 1+ ZVp o+ -+ v );

2! (p—1)!
then
/ At t2 tpil Ait tp*Q
yp:Aie Vp+tvp_1+avp_2+.”+(p—l)'V1 +e Vp—1 +th_2+..-+(p_2)'V1
t2
= it ((Vpl +Aivp) +t(Vp—a + Aivp1) + o (Vp—s + Aivp_a) + - -
tp—Q ( A ) tp—l A )
+ Vit AiVe) + A V1
(p—2)! (p— 1!
Ait t2 tp_l
=e HVp+tHVp_1+§va_2+"'+mHV1 :Hyp,
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and y, is a particular solution.

4. Finally, the general solution of the given system of linear differential equations consists of all linear
combinations of the solutions found in steps 2 and 3. Given this, one can find the initial vector y, that
solves the IVP by solving the system of equations obtained by setting ¢t = 0.

Example 150 Solve the IVP
/
Y1=Y1—Y2
Yo =1+ 3y2
with initial conditions y1 (0) = 5, y2 (0) = —=7. In matriz form y’ = Hy, this is
Yy 1 -1 Y1 . y1 (0) 5
= th = . 23
{y} [1 3“@/2]“” [92(0) -7 =

In Example 149 we found linearly independent generalized eigenvectors

4] e}

corresponding to the eigenvalue A = 2. Let

N~~~

2t .
y=¢€ Vi;

differentiating gives
y =¥ (2vy) =e*Hv, = H (eZtvl) = Hy;

thus y = e*tvy is a particular solution. Now
(H—QI)V2=V1 = Hvy =vi+ 2vs.

Let
y = €e* (va +tv1);

differentiating gives
y' =2 (vo +tvy) + e*vy = ¥ [(vi 4+ 2va) + 1 (2vy)]
=% (Hvy +tHv,) = He?' (vy + tvy) = Hy.
Then y = e (v + tvy) is a particular solution, and the general solution of (23) is

y = c1e®'vy + coe®t (vo +tvy), ¢ €R. (24)
To find the desired initial values, set t =0 in (24) and solve c1vi + cava =y (0) :
—1 1 5 row reduce 1 0 -7
—
10 @ -7 01 : =2

Therefore
y = —Te*v, — 22 (Vo +tvy)

solves the IVP.

11-11-2012
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Schur’s Triangularization Theorem

The characteristic polynomial p4 (t) of an n x n complex matrix A splits as a product of linear factors of
the form (t — \)™ . Of course, finding these factors is a difficult problem, but having factored pa (t), Schur’s
Triangularization Theorem tells us that A can always be triangularized whether or not A is diagonalizable.
In fact, we proved a special case of Schur’s Triangularization Theorem when A is a real matrix with strictly
real eigenvalues (see Theorem 57). As a consequence of Schur’s Triangularization Theorem, we’ll obtain
another proof of the Cayley-Hamilton Theorem.

Let v = (v1,...,v,) be a non-zero vector in C" and set x = Eiv Then x = (x1,...,x,) € C" is a unit

[orv]]

vector with z; € R. Set u = x — e; and note that
[ul” = (x —e1,x —e1) = (x,%) = (x,e1) — (e1,x) + (e1,e1) =2 — 221 = 2 (1 — 21)
and
u'x = (x,u) = (x,x —e1) = (x,x) — (x,e1) = 1 — 7.
If x # e, then u # 0 and we may apply the Householder transformation @ associated with u to x and ey:

2u*x 2(1—-=z
Qx:x—wu:x—Mu:x—u:x—(x—el):el; (25)

applying @ to both sides of (25) and using the fact that Q% = I we have
X = Qe;.
If x = e, set @ = I; then in either case
x = Qe; and e; = Qx.

Thus when x # e, the unit vectors x and e; are reflections of each other in the subspace (x — el)l. In

particular, if x is a unit vector in R?, the line (x — el)J‘ bisects the angle between x and e;.
We are ready to prove the main theorem in this lecture:

Theorem 151 (Schur’s Triangulation Theorem) FEvery n x n complex matriz A is unitarily triangu-
larizable, i.e., there exists a triangular matriz T and unitary matriz U such that U*AU =T.

Proof. We proceed by induction on the size of A. For n = 1 there is nothing to prove. So assume n > 1 and

that the result holds for all matrices of size less than n. Since every complex matrix has an eigenvalue, choose
vV

an eigenvalue A of A and an associated eigenvector v = (vy,...,v,). Let x = ﬁ and set u = x — ey;
V1V

if x # e, let @ be the Householder matrix associated with u; if x = e; let Q = I. Then x = Qe; by the

discussion above, and x is the first column of Q. By Exercise 114, @ is unitary and Hermitian, so x* is the

first row of Q. Since @ = @Q* we have

Q[XIV]EZ]

and

QAQ QARX|V]=Q[Ax | AV] = Q [Ax | AV] = A@x [ QAV]

- oo ] - [

Since B = V*AV is an (n — 1) x (n — 1) matrix, we may apply the induction hypothesis and obtain an
(n—1) x (n — 1) unitary matrix R such that T,,_1 = R*BR is upper-triangular. Let

o-ofbts]
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then

so that U is unitary, and

e[ 1]0O 1|0
UAU = |5 7 QAQ[O R}

_[1]o A | x*AV 1]o0
L0 R 0| B 0| R
~[1]o0 A | x*AVR
“LOo[R J[ 0] BR
[ A|xAVR ] [ XA | x*AVR
"l O] RFBR | | 0| T,.1 |’

is upper triangular. m
Since similar matrices have the same eigenvalues, the eigenvalues of A are the diagonal entries of every

Schur triangularization of A. In summary, every matrix is triangularizable but only non-defective matrices
are diagonalizable.

Example 152 In Ezxercise 145 you were asked to prove that the matriz

-1 -1 -2
A= 8§ —11 -8
—10 11 7

is defective, and hence not diagonalizable. Let’s numerically approximate the Schur triangularization of the
matriz. Since A is real with real eigenvalues Ay = 1, Ao = =3, A3 = =3, Schur’s Triangularization Theorem
tells us that A is orthogonally triangularizable. Arbitrarily choose an eigenvalue, say Ay = 1, then

-2 -1 -2 10 3
A—1= 8 —12 -8 | —=|0 1 1
-10 11 6 0 0 O
-1/3 —4/3 8
and x = | —2/3 | is a corresponding unit eigenvector. Letu=x —e; = | —2/3 | ; then ||[u|® = = and
3
2/3 2/3
the associated Householder matriz is
3 1 -1 -2 2
lel—zuuT:f -2 2 1 |=[x|V].
2 1 2
Then
3 64 13
17 — _
Q1AQ, = 3 0 —13 —1 | andVTAV = 3 [ 12 _é } .
0 16 -5
Now the 2 x 2 matrix B = VT AV has a single eigenvalue X\ = —3. To triangularize B, consider the unit
. o 1 1 . o _ _ 1 17\/ﬁ 2 o vV 17 — 1
etgenvector x = \/—17[74] corresponding to A = —3. Thenu =x —e; = \/—ﬁ[ ~ ], [lul|” =2 <\/ﬁ ,

and the associated Householder matriz (rounded to five decimal places) is

Qo1 VIT 5 [ 0.24254 0.97014]

VIT— 10 T —097014  —0.24254

90



Thus
= )

is a Schur triangularization of B. Finally, let

110 —1/3 —0.80845  0.48507
U= [ 00 ] ~ | —2/3 —0.16169 —0.72761 | ;
2 2/3 —0.56591 —0.48507

then UTU = [%‘2272] Q101 [%‘OQT} =1, so U is orthogonal, and

1 0.97025 —21.747
UTAU=~ | 0 =3.000 5.6667
0 0 —3.000

is an numerically approximate Schur triangularization of A.

Exercise 153 Following the proof of Schur’s Triangularization Theorem, find an orthogonal matriz P such
that PT AP is upper triangular:

(1 -1
a.A:_l 3}

[ 2 -1
boA=| 2]

13 -9
¢ 4= 14 —11}

11-15-12
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Another Proof of the Cayley-Hamilton Theorem

The Cayley-Hamilton Theorem is a direct consequence of Schur’s Triangularization Theorem giving a
proof quite different from our previous one. First we need a definition and a fact about products of upper
triangular block matrices.

Definition 154 An n x n matriz N is nilpotent if and only if N* = 0 for some positive integer k. If N is
nilpotent, its index of nilpotency is the smallest positive integer k such that N¥ = 0.

Example 155 Polynomial differentiation D is a nilpotent operator on Ps whose matriz in the standard basis
B = {1,3:,332,323} is

01 00 00 2 0 0 0 0 6
{0 0 20 2 [0 0 0 6 3 _ [0 0 0 0. 4 _
Pl=too0o0s|  P'=]0000| P'=|gog o o P =0
0 0 0 O 00 0O 0 0 0O
So the index of nilpotency of is 4.
Exercise 156 Nilpotent matrices are singular.
Exercise 157 Let T be an upper triangular block matriz of the form
Tl * e *
0 T
T = L ) . , where T; is an m; x m; block.
0o 0 - T,

Let Z; be the matriz obtained from T by replacing T; with the zero matriz. Then Z1Zs -+ Z = 0.

Theorem 158 (Cayley-Hamilton Theorem) If p(t) is the characteristic polynomial of a square complex
matriz A, then p (A) = 0.

Proof. By Schur’s triangularization Theorem there is a unitary matrix U and an upper triangular matrix
T such that U*AU = T, and we may construct U in such a way that the eigenvalues of A are distributed
along the diagonal in any order. So if A1,..., Ay are the distinct eigenvalues of A and m; is the multiplicity
of \;, construct U so that

T % - %
0 T2 e *
T=U"AU = . . . ,
0 O Ty,
where T; is the m; X m; matrix
)\i *
0 N
T; = .
0 O Ai

0 =x
0 0
T, — NI =
0 0 0 =
0 0 0 0
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is nilpotent with index of nilpotency < m; therefore p; (T;) = (T; — A\;1)™* = 0. Furthermore, the character-

istic polynomial pr (t) = (t — A\1)™" - -+ (t — A\x)™™* , and the matrix polynomial py (T') = (T' — A\ I)™ -+ - (T — M\ D)™
is a product Z,Z, - - - Z,, where the i*" block (T; — A I)™ of Z; = (T — A\;I)™" is 0. Then p (T) = 0 by Ex-

ercise 157. Now consider the matrix

Up(AYU=U" (A= X\ )™ - (A= XN D)™ U
and insert U*U between each adjacent pair of linear factors. Then
UpAU=U"(A-—NDHUU*---UU" (A=NDU---U (A= \HUU"---UU* (A= N D) U
my factors U*(A—X\1 1)U my, factors U* (A=A, 1)U

= (U*AU = MU*U)™ - (U* AU — MU U)™
=(T=M\I)™ (T = \I)™ =p(T) = 0.

Solving for p (A) completes the proof. m

Here are some more interesting fact about upper triangular block matrices:

Exercise 159 Let T be as above and let p (t) = ant™ + -+ + a1t + ag be any polynomial. Then

™" o« o x
0 1y
(a) T = . . for all n.
0 0 T
p(T1)  *
0 p(1I2) *
(8) p(T) = | |
0 0 p (1)

11-11-12
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The Range-Nullspace Decomposition of F™

Let A be a square matrix over a field F' (with entries from F'). Recall that the nullspace N (A) is the
solution space of the linear system Ax = 0 and the column space R (A) is the subspace spanned by the
columns of A. Since N (A) and R (A) are the kernel and range of the matrix transformation T4 (x) = Ax,
we use the terms “nullspace” and “kernel”, and “column space” and “range”, interchangeably.

Recall that if U and V are subspaces of a vector space W such that U NV = 0, the direct sum U & V
is the subspace {u+v|ueUandv € V} CW. When U®V = W we refer to U @V as a direct sum
decomposition of W and to U and V as complementary subspaces.

Exercise 160 Prove that if w € U @V, there exist unique vectorsu € U and v € V such that w =u+ v.

Example 161 The subspaces U = {(z,y,0) | z,y € R} and V = {(0,0,2) |z € R} are complementary
subspaces in R3 and U ®V is a direct sum decomposition of R3. An element w = (z,y,2) € R3 is the unique
sum w = u + v, where u = (2,4,0) € U and v = (0,0,z) € V. Note that V = U' with respect to the
Buclidean inner product. More generally, if U is a subspace of an inner product space V, then V =U @ U+.

Given an n X n matrix A over F, we wish to define a direct sum decomposition of the n-fold Cartesian
product F™ in terms of N (A) and R (A). Of course, if A is nonsingular, N (4) =0, R(A) = F", and there
is the trivial decomposition F™ = {0} & R(A). So for the remainder of this lecture, A is assumed to be
singular unless otherwise indicated.

To begin, observe that the nullspace and column space of a singular n X n matrix may intersect non-
trivially:

2 0 0 0
Example 162 Consider the (singular) matric A= | 0 1 1 | . A basis for N (A) is 1 and
0 -1 -1 -1
1 0
a basis for R(A) is 01, 1 ; hence N(A)NR(A) =N (A) #0.
0 -1

Theorem 163 (Range-Nullspace Decomposition) If A is an n X n matriz over F, there is a smallest
integer k > 1 such that
F" =N (A*) @ R (AF).

By the remark above, Theorem 163 holds trivially for nonsingular matrices with £ = 1; hence we must
prove Theorem 163 when A is singular. The proof follows from several propositions, which are independently
interesting and useful.

Proposition 164 Let A be an n x n matriz. There are the following sequences of inclusions:
{0} SN CN(4%) - CF"
F" 2D R(A)DR(A%) 2---2{0}.

Proof. To show that N (A¥) C N (A*!) | let x € N (A*) and show that x € N (A¥1). But x € N (AF)
if and only if A*x = 0, in which case A*"'x = A (A4Fx) = A(0) = 0 and x € N (AF*1). To show that
R (AF) D R (A*1), let y € R (A*"!) and exhibit a vector u such that A*u =y. But y € R (4*1) if and
only if y =AF1x = A¥ (Ax) for some x € F". Set u = Ax; then Afu=y. m

Proposition 165 Let A be an n X n matriz. There exist integers p,q > 1 such that N (AP) = N (APH)
and R(A7) = R (A7) .

95



Proof. By Proposition 164, dim N (AP) increases with ¢ while dim R (AY) decreases with j, i.e.,
0<dimN (4) <dimN (A%) < <dim N (AP) <+~ <n

n>dimR(A) > dimR (4*) > --- > dim R (A4%) > --- > 0.

These inequalities hold for all p,q > 0 and cannot always be strict (otherwise dim NV (AP) would eventually
exceed n and dim R (A9) would eventually become negative). Hence there exist p > 0 and ¢ > 0 such
that dim N (A7) = dim N (AP™!) and dim R (A7) = dim R (A7"!) . But N (4?) C N (AP*!) and R (A7) D
dim R (Aq“) by Proposition 164, and the subspaces on either side of these containments have the same
dimension. Therefore N (A?) = N (AP*1) and R(A?) = R(A?"!). m

In fact, the sequences of inclusions in Proposition 164 eventually stabilize at some k' power of A, which
means there exist smallest positive integer k such that NV (Ak) =N (A""”) and R (Ak) =R (Ak“) for all
i > 1. But proving this requires some notation and a lemma.

Notation 166 Let V' be an n-dimensional vector space over F, let U be a subspace of V, and let A be an
n X n matriz over F'. Then AU 1is the subspace

AU ={Au|ueU} CV.
0
1

For example, consider the x-azis U = {(z,0) | z € R} C R? and the matriz A = [ (1) ] ; then AU =

{(0,2) | x € R} is the y-axis.
Lemma 167 Let A be a square matriz. Then R (Ak'”) = AR (Ak) for all ik > 1.

Proof. First note that R (A**1) C AR (A*) for all k > 1: If y € R (AF*1) | there exists x € F™ such that
y = A¥lx = AAkx € AR (A%). Also, AR (A*) C R (A*!) for all k > 1: If y € AR (A*), there exists
x € R (Ak) such that y = Ax. Since x € R (Ak), there exists u € F™ such that x = A*u. Hence y =
Ax = AA%Mu = AF*luand y € R (A1) . Inductively, for each i > 1 we have R (A""*) = AR (AF+-1) =
AZR (ARFi=2) = ... = AR (A). m

Proposition 168 Let A be an n X n matrix and let k be the smallest positive integer such that R (Ak) =
R (A1) . Then
1. the sequences of inclusions in Proposition 164 stabilize at A*, i.e.,
{0} cN(A)c--cN(A) =N (A =...C P
F"D>R(A)D---DR(A*) =R (A*") =... D {0},
2. N (A*) N R (4%) =o.

Proof. (1) By Lemma 167 and Proposition 165 we have R (A*"") = A'R (A*) = AR (AF+1) = R (AFTiTL)
for each ¢ > 1. Therefore R (Ak) =R (Ak"”) for all ¢ > 0. Furthermore, by the Dimension Theorem,
dim N (Ak'”) =n—dimR (Ak'”) =n—dimR (Ak) =dim N (Ak) . Therefore N (Ak) =N (Ak'”). Thus if
i < k, then R (A’) DR (Ak) and consequently, N (AZ) CN (Ak) by the Dimension Theorem.

(2) Let y € R (Ak) NN (Ak) Sincey € R (Ak) , there exists x € F™ such that y = A*x. On the other
hand, sincey € N (Ak) we have 0 = AFy = AFAFx = A%*x. Then x € N (A%) =N (Ak) and consequently,
y = AFx = 0. Therefore R (Ak) NN (Ak') =0. m

Definition 169 Let A be an n X n matriz. If det A # 0, define the index of A to be 0. Otherwise, define
the index of A to be the smallest positive integer such that N (Ak) NR (Ak) =0.
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Example 170 Continuing Example 162, we have

4 0 0
A’=10 0 0 |;
0 0 0
0 0 1
a basis for N (AQ) is 11,10 and a basis for R (AQ) is 0 . Since N (AQ) NR (AZ) =0,
0 1 0

the index of A is 2.

If A is an n x n matrix of index k, Proposition 168 tells us that N (Ak) R (Ak) is a subspace of F™.
All that remains to be proved is that N (A’“) e R (A"’) =F".

Proposition 171 If A be an n X n matriz of index k, then N (Ak) &R (Ak') = F".

Proof. Choose bases X = {xi1,...,x,} for N (Ak) and Y = {y1,...,yq} for R (A"’) ; then p+q =
dim N (Ak) +dim R (Ak) = n by the Dimension Theorem. Since XUY has n elements, it is a basis for F'™ if
linearly independent. Suppose XU is linearly dependent. Then there exist coeflicients ay, ..., ap,b1,...,bq
not all zero such that

X1+ -+ apXp + by + - + by, =0.

Assume a; # 0 for some 4. Since X and Y are bases, z = ai1x; + -+ + apX, # 0; consequently, z =
—biy1— - —bgyq # 0. Therefore z is a non-zero vector in N (Ak) NR (Ak) , contradicting Proposition 168,
part (2). Therefore X UY is linearly independent. m

The proof of the Range-Nullspace Decomposition Theorem is now complete.
Proposition 172 If L is a nilpotent matriz with index of nilpotency p, then the index of L is p.

Exercise 173 Prove Proposition 172.

Exercise 174 Find the index of A and the corresponding Range-Nullspace decomposition of R :

h

Il
OO OO
OO OO =
OO O =
OO R
N = = =

11-24-12
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Nilpotent-Nonsingular Form of a Singular Matrix

ot~

In this lecture we observe that a singular matrix A is similar to a block diagonal matrix [

0
C )

Definition 175 Let A be an n X n matriz. A subspace S C F™ is invariant under multiplication by A
if AS C S.

where L is nilpotent and C' is nonsingular.

Proposition 176 If A is an n X n matriz of index k, then R (Ak) and N (Ak) are tnvariant under multi-
plication by A.

Proof. Of course, R (AF) is invariant under multiplication by A since AR (A*) = R (A**!) = R (4%) by
Lemma 167. To see that N (A*) is invariant under multiplication by A, let x € AN (A*) . Then there exists
w € N (4%) = N (AF1) such that x = Aw. Then AFx = A*"'w = 0 so that x € N (A*). Therefore
AN (Ak) CN (Ak) as claimed. m

Let A be a singular n x n matrix of index k and recall that N (Ak) &R (Ak) = F". Let
r=dimR (Ak) =n—dim N (Ak)

and choose bases X = {x1,...,x,_,} for N (A*) and Y = {y1,...,y,} for R(A*); then B=XUY is a
basis for F". Let T4 : F™™ — F™ be the matrix transformation T4 (x) = Ax. Since N (A*) and R (A*) are
invariant under multiplication by A, for all x € N (Ak) andy € R (Ak) we have

TA (X) = llxl + -+ ln—rxn—r and TA (y) =cay:r+- -+ ey
and in particular,
Ta(xi) =liixi+- - +lpriXn—r and T4 (y;) = c1;y1 + -+ Crj¥r,

forl<i<n-—randl<j<r Given u € F", consider the B-coordinate matrix [u]B and the change-of-
coordinates matrix

Q:[X|Y]:[X1|"'|X7L—’r"y1|"'|Y7']-

Then @ [u]; = u and we have

QT AQ ]z =Q M Au=Q T4 (0) = [T4 (0)]5 = [Talg [u]s -

Therefore
QrAQ = (Talg = [[Ta(x)lg |- [ [Ta (Xn-r)]g | [Ta(y)lg || [Ta(yr)ls]
[ Ly Ly o ... 0
— ln—r,l e ln—r,n—'r 0 cee 0 . L 0
= 0 e 0 c11 e Cl,r - 0o C
L 0 . 0 1t Crp |

Theorem 177 (Nilpotent-Nonsingular Form) Let A be a n x n singular matriz of index k and let
r = rank (Ak) . Then there exists a nonsingular matriz Q) such that

otae=|¢ o],

where L is nilpotent of index k and C' is nonsingular of rank r.
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U(n—T')X'rL

Proof. Let L, C and Q = [X]Y] as above, and let Q'= { yrxn

] . Since Aka =0 for all ] we have
Lk 0 L 0 b k
[ 0 Clc :| - [ 0O C :| - (Q 111@) - Q 1AkQ

_ m/xk X | Y] = m [AFX | AFY] = { 0 gﬁg } .

Therefore L*¥ = 0 and L is nilpotent with index of nilpotency is at most k. Before proving that the index of
nilpotency is exactly k, we compute the rank of C. Since rank is a similarity invariant we have

rank (C’k) = rank 0 0 1_ rank Lro rank (Q_lAkQ) = rank (Ak) =r
a o Cck |~ 0o Ck | o o

Hence C* is nonsingular since it is an 7 x 7 matrix of rank 7, and furthermore, [det (C)]* = det (C*) #0
implies det C' # 0 so that C is nonsingular and rank (CP) = r for 1 < p < k. Now suppose L has index of
nilpotency less than k. Then LF~! = 0 and

k—1
rank (Ak_l) = rank (Q_lAk_lQ) = rank{ LO C;?_l ] . rank{ g Cl?—l }

= rank (C’k_l) =r =rank (Ak)

so that dim R (Akfl) = dim R (Ak) . But R (Akfl) DR (Ak) by Proposition 168; hence dim R (Ak’l) >
dim R (Ak) , which is a contradiction. Therefore L has index of nilpotency k. =

Example 178 Let us compute the Nilpotent-Nonsingular form of the singular matrix

-2 0 —4
A= 4 2 4
3 2 2
-2 0 -2
A basis for N (A) is 2 and a basis for R(A) is 11, 2 ; hence N(A)NR(A) =
1 1 1
-8 -8 0 -1 0
N (A) # 0. Squaring gives A> = | 12 12 0 | . A basis for N (A?) is X = 11,10 and a
8 8 0 0 1
-2
basis for R(AQ) is Y = 3 . Thus N(AQ) N R(AZ) = 0 and A has index 2. Let
2
-1 0 -2
R=[X1Y]= 1 0 3 |; then the Nilpotent-Nonsingular form of A is
0 1 2
-2 4 0
Q'AQ=1| -1 2 0 |,
0 0 2
where L = [ :% 9 } is nilpotent of index 2 and C = [2] is nonsingular of rank 1.
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Exercise 179 In Exercise 17/ you computed the index of A and the corresponding Range-Nullspace decom-
position of R®. Find the Nilpotent-Nonsingular form of A.

2

o O OO

OO OO =
SO O ==
OO~~~
N = ==

11-24-12
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Jordan Form of a Nilpotent Matrix

Schur’s Triangularization Theorem tells us that every matrix complex A is unitarily similar to an upper
triangular matrix 7. However, the only thing certain at this point is that the the diagonal entries of T" are
the eigenvalues of A. The off-diagonal entries of T seem unpredictable and out of control. In the previous
lecture we observed that singular matrix A of index k is similar to a block diagonal matrix

L 0

o C |’
where L is nilpotent of index k and C' is nonsingular with the same rank as A*. Is it possible to simplify L and
C via similarity transformations and obtain triangular matrices whose off-diagonal entries are predictable?
The goal of this lecture is to do exactly this for nilpotent matrices.

Of course, the only nilpotent matrix of index 1 is the zero matrix, and the index of a non-zero nilpotent
matrix is greater than 1.

Proposition 180 An n x n nilpotent matrix L of index k > 1 has the following properties:

1. L has ezxactly one eigenvalue A = 0.
2. The eigenvectors of L are the non-zero vectors in N (L).

3. L is defective.

4. If P is an invertible n x n matriz, P~'LP has non-zero off-diagonal entries.

Proof. (1) First note that L¥=! £ 0 and L* = 0 since L has index k > 1. Let A be an eigenvalue of L and
let x be a corresponding eigenvector. Then

0="LFx=LF1(Ix)=LF1(\x) = \LFIx = ALF 2 (Ix) = N2 LF2x = ... = Mx.

But x # 0 implies A = 0.

(2) Since A = 0 is the only eigenvalue of L, we have L — AI = L, and it follows that the eigenvectors of L
are the non-zero vectors in N (L).

(3) Suppose L is diagonalizable. Then there exists an invertible matrix P and a diagonal matrix D =
P~1LPD whose diagonal entries are the eigenvalues of L. Since A = 0 is its only eigenvalue, D = 0 =P~1LP,
and solving for L gives L = 0. But L # 0; therefore L is defective.

(4) Since L is not-diagonalizable, P~ L P is a non-zero non-diagonal matrix, which has non-zero off-diagonal
entries. m

Definition 181 Let L be an n x n nilpotent matriz of index k and define L° = I. Let x € C™ such that
y=L""'x+#0 and let 1 < p < k. The Jordan chain ony of length p is the set { LP~'x,..., L'x, Lx}.

Exercise 182 Let L be an n x n nilpotent matriz of index k. If x € C" and y = L*¥~1x # 0, prove that the
Jordan chain on'y of length k is linearly independent.

Example 183 Consider the matrices

01 2 00 3
L=|00 3|, L*?=|0 0 0|, and L?>=0.
000 000

Thus L is nilpotent of index 3. The Jordan chain of length 3 on
3

y=L283: 0
0
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is the linearly independent set

3 2 0
L?e3=| 0|, L'es=| 3 |, L%3=| 0
0 0 1
Form the matrix
320 (3 20
P=|[L*x|Lx|x]=]0 3 0 ;thenP_1:§ 0 30
0 0 1 0 0 9
and
(320 01 2 3 =20 010
J=P‘1LP=§O3O 0 0 3 0 3 0|=|001
0 0 1 0 0 0 0 0 9 000

is the “Jordan form” of L.

When L # 0, the reduction algorithm presented in this lecture produces a triangular matrix P~'LP
whose non-zero entries lie exclusively on the first superdiagonal. Since L is defective, a basis for N (L)
contains fewer than n eigenvectors of L. So to construct the matrix P, we must appropriately extend a basis
for N (L) to a basis for C™. This process has essentially two steps:

e Construct a somewhat special basis B for N (L).
e Extend B to a basis for C" by constructing Jordan chains on the elements of B.

Definition 184 A nilpotent Jordan block is a matriz of the form

0 10 0
0 01 0
0 0O 0
Do o1
L0 0 0 -+ 0 |

A nilpotent Jordan matrix is a block diagonal matriz of the form

Ji 0 0
0 J 0 (26)
S 0
0o 0 - J,

where each J; is a nilpotent Jordan block.

When the context is clear we refer to a nilpotent Jordan block or matrix as a Jordan block or matrix. Note
that [0] is a 1 x 1 Jordan block and the n x n zero matrix is a Jordan matrix with exactly n Jordan blocks.

Theorem 185 (Jordan Structure of a Nilpotent Matrix) Fvery n X n nilpotent matriz L of index
k > 1 is similar to an n X n Jordan matriz J with the following properties:

1. The number of Jordan blocks is the nullity (L) .
2. The size of the largest Jordan block is k X k.
3. For 1< j <k, the number of j x j Jordan blocks is rank (LY=") — 2rank (L7) 4 rank (L/*1).

4. The ordering of the Jordan blocks is arbitrary.
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Proof. The essential ingredients in the proof appear in the Reduction Algorithm below. However, note that
(3) implies (1): The total number of Jordan blocks is
k
Z rank (Ljfl) — 2rank (Lj) + rank (Lj+1)

j=1

= rank (/) — 2rank (L) + rank (L?)

+ rank (L) — 2rank (L?) +

+ rank (Lz) —
+ + rank (Lk’l)
+ © —2rank (L1

+ rank (Lkil)
= n —rank (L) = nullity (L) .
[

Definition 186 A Jordan form of a nilpotent matriz L is a Jordan matriz J similar to L. The Jordan
structure of L is the number and size of the Jordan blocks in every Jordan form J of L.

Example 187 Continuing Example 183, note that

L =

o OO
S O =
O W N

has nullity (L) = 1. Therefore the Jordan form of L has exactly one Jordan block by Theorem 185, part (1),
and the (unique) Jordan form of L is
01 0
J=10 0 1
0 0 O
Since L has index 3, Theorem 185, part (2), confirms the fact that the largest (only) Jordan block has size
3 x 3, and Theorem 185, part (3), confirms the fact that the number of 3 x 3 Jordan blocks is

rank (L?) — 2rank (L?) + rank (L) =1—2(0) +0 = 1.

Theorem 185 tells us that Jordan form is unique up to ordering of the blocks J;. Indeed, given any
prescribed ordering, there is a Jordan form whose Jordan blocks appear in that prescribed order.

Definition 188 The Jordan Canonical Form (JCF) of a nilpotent matriz L is the Jordan form of L
in which the Jordan blocks are distributed along the diagonal in order of decreasing size.

Exercise 189 Compute the Jordan structure of the following 6 x 6 nilpotent matriz and find its JCF:

1 1 -2 0 1 -1
3 1 ) 1 -1 3
-2 -1 0 0 -1 0
2 1 0 0 1 0
-5 -3 -1 -1 -1 -1
-3 -2 -1 -1 0 -1
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This leaves us with the task of determining a nonsingular matrix P such that P~'LP is the JCF of L.
As mentioned above, this process has essentially two steps. A detailed algorithm follows our next definition
and two key exercises.

Definition 190 Let E be any row-echelon form of a matriz A. Let ¢y < ca < -+ < ¢4 index the columns
of E containing leading ones and let y; denote the ct" column of A. The columns y1, ... ,¥q are called the
basic columns of A.

Exercise 191 Let B = [by | --- | by] be an n X p matriz with linearly independent columns. Prove that
multiplication by B preserves linear independence, i.e., if {v1,...,vs} is linearly independent in CP, then
{Bv1,...,Bv} is linearly independent in C™.

Exercise 192 Let L be a nilpotent matric of index k > 1, let 1 <i < k—1, and let {b1,...,b,} be the basic
columns of L'=*. Form the matriz B = [by | --- | by] and prove that if {v1,...,vs} be a basis for N (LB),
then {Bvy,...,Bv,} is a basis for R (L") NN (L).

Algorithm (Nilpotent Matrix Reduction to JCF)

Given a nilpotent matrix L of index k, let Sp_1 = {y1,...,¥,} be the set of basic columns of L*~1.

1 Fori=k—1to1step —1:
If Sp_1U---US; is a basis for N (L) N R (Li_l) , let S;_1 = @ and go to step 1d.
Otherwise, extend Sg_1 U---US; to a basis for N (L) N R (Li_l) as follows:

(a) Form the matrix B = [by | -+ | b,] of basic columns of Li~1.

(b) Find a basis {vy,...,vs} for N (LB); then {Bvy,...,Bv,} is a basis for N (L) N R (L™!) (see
Exercise 192).

(¢) The basic columns {yl, Y, B, .., BV[;],} of thematrix [yq | -+ | yq | Bvi |-+ | Bv,] form
a basis for R (Li_l) N N (L) containing Sy—1 U---US;. Let

S,’_l = {BVﬁl, ce ,BVﬁj} ;
set ¢ = # (Sp—1U---US;_1),and let Sy U---US;_1 ={y1,...,¥q}-
(d) Next i.
Construct a matrix P such that P~'LP is the JCF of L as follows:
2 Forj=1togq:

(a) Let i be the positive integer such that y; € S;. Find a particular solution x; of Lix = Y-
(b) Build the Jordan chain {L’x;,...,Lx;,x;} and form the matrix
Pj = [Lin | |LXJ |X]] .

(¢) Next j.
Form the block matrix

P=I[P|---|P.

Consider the Jordan chain {Lixj, PN ij,xj} in the Reduction Algorithm above. Since Lix; =y, €
N (L), the vector y; is an eigenvector of L corresponding to A = 0, and L (Liilxj) = Lixj =y; implies that
Liilxj is a generalized eigenvector of L. Similarly, L (Lifzxj) = Li’lxj implies that Li*QXj is a generalized
eigenvector of L, and inductively, L'~"x; is a generalized eigenvector of L for each r = 1,2,...,4. Thus we
have proved:

Corollary 193 The columns of P form a basis for C™ consisting of generalized eigenvectors of L.
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Now consider the special case of an n x n nilpotent matrix L of index n > 1. Since the size of the largest
Jordan block is n x n, by the Jordan Structure Theorem, there is exactly one Jordan block and JCF of L is

010 --- 0
0O 01 --- 0
J=10 0 0O
Do o1
o0 0 --- 0

To construct the similarity transformation P~'LP = .J, note that L"~! # 0 implies that there is a smallest
positive integer i such that y = L""'e; # 0, and furthermore,

L" 'e; e N(L)NR (L")

L"%e; € N (L*) ~ N (L)

Le; € N (L")~ N (L"?)
e, € C"~ N (L").

Consequently, there are the following properly nested sequences of n subspaces, each with positive dimension:
N(L) < N(L*) c --- c N(L') c c»
R (L”fl) C R (L”*Z) c - C R(L) c C»

It follows that nullity (L?) = i and rank (L) = n — i for 1 <4 < n — 1. In particular, rank (L"7!) =1
implies L"~! has exactly one basic column, namely L" 'e; = y; rank (L"_l) = nullity (L) together with
y € N(L)NR (L""') implies N (L) = R (L") and N (L)NR (L*~') = N (L) for each i; and nullity (L) = 1
implies that S,—1 = {y} is a basis for N (L). Thus we proceed immediately to step 2 of the Reduction
Algorithm. Since e; is a particular solution of L™ !x = y, we build the Jordan chain on y of length n
and form the matrix P = [L" 'e; | --- | Le; | €;] . Then P~'LP = J. We summarize this discussion as a
corollary:

Corollary 194 Let L is an n x n nilpotent matriz of index n > 1, let i be the smallest positive integer such

that L 'e; # 0, and letP:[L”_lei|--~|Lei|ei]. Then the JCF of L consists of one n x n Jordan block
J=P1lLP.
Example 195 Let
01 2 3
0 0 4 5
L= 0 0 0 6
0 0 0 O
Then
0 0 4 17 0 0 0 24 00 0 O
. looo2| 5, looo0oo0of| 4 o000
L_OOOO’L_OOOO’L_OOOO
0 0 0 O 0 0 0 O 0 0 0 O

and L is nilpotent of index 4. Build the Jordan chain of length 4 on L3ey :

LPes=[24 0 0 0]
LPey=[17 24 0 0]"
Le,=[3 5 6 0]
es=[0 00 1]



and form the matrix

24 17 3 0
0 24 5 0
P:[L3e4|L2e4|Le4|e4]: 0 0 6 0
0 0 01
Then
01 00
.5 |00 10
J=P "LP= 00 0 1
0 0 00

Example 196 Let’s construct the matriz P such that P~'LP is the JCF of the 6 x 6 matriz L in Exercise
189. Row-reducing we find that the nullity (L) = 3 :

1 1 -2 0 1 -1 1 00 —§ % _é
3 1 5 1 -1 3 010 7 —§ 3
I = -2 -1 0 0 -1 0 rowﬁl)uce 0 0 1 3 -3 3
o 2 1 0 0 1 0 0 0 0 0 0 0
-5 -3 -1 -1 -1 -1 0 0 0 0 0 0
-3 -2 -1 -1 0 -1 0 0 0 0 0 0
Computing powers we find that the index of L is 3 :
6 3 3 1 1 2
-6 -3 -3 -1 -1 =2
L? = 0 0 0 0 0 0 and L3 =0.

0 0 0 0 0 0
-6 -3 -3 -1 -1 =2
-6 -3 -3 -1 -1 =2

Since L has index 3, we row-reduce L* and find that L? has one basic column:

yi=[6 =6 0 0 -6 —6]".
Let 8o = {y1}; since nullity (L) = 3, Ss is not a basis for N (L) . Hence we proceed to step 1 of the Reduction
Algorithm.

1. Extend Sz to a basis for N (L) R (L) as follows: Set i := 2.

(a) By row-reducing L, we find that its basic columns are its first three columns; thus we form the

matrix
1 1 -2
3 1 5
-2 -1 0
B=1 9 1 o
-5 -3 -1
-3 -2 -1

(b) Next we obtain a basis for N (LB) by solving LBx =0 :

1 1 -2 0 1 -1 1 1 -2 6 3 3

3 1 5 1 -1 3 3 1 5 -6 -3 -3

IB— -2 -1 0 0 —1 0 -2 -1 0 _ 0 0 0
2 1 0 0 1 0 2 1 0 0 0 0

-5 -3 -1 -1 -1 -1 -5 =3 -1 -6 -3 -3

-3 -2 -1 -1 0 -1 -3 -2 -1 -6 -3 -3

108



6 3 3 2 11
-6 -3 -3 0 0 O
0 0 0 rowﬂi}uce 0 0 O
0 0 0 0 00
-6 -3 -3 0 00
6 -3 -3 0 0 0

-1 -1

Vi = 2 , Vo = 0

0 2

Then {Bvi=[1 -1 0 0 =1 1], Bva=[-5 7 2 =2 3 1]} is a basis for
N(L)AR(L).

(¢) Form the matriz

6 1 -5 1 L0
-6 -1 7 0 01
o 0 0 2 row-reduce 0 0 O
[yl | Bvl | BV2] - 0 0 —2 - 0 0 0
-6 -1 3 0 00
-6 -1 1 0 00
Since columns 1 and 3 are its basic columns, {y1,y2 = Bva} is a basis for N (L)NR (L) containing

Sy. Let Sy = {y2}.

(d) Set i:=1i—1; since i =1, we return to step Ia.

(a) The basic columns of L are its first three columns. Extend So U S1 = {y1,y2} to a basis for
N(L)NR(L°) = CS NN (L) = N (L):

(b) Since L° =1, we let B =1.

(¢) Since LB = L, we find a basis for N (LB) = N (L):

1 1 -2 0 1 -1 1002§—l
3 1 5 1 -1 3 0 1 0 i -2 2
-2 -1 0 0 -1 0 rqued)uce 0 0 1 % 7% %
2 1 0 0 1 0 0 0 O 0 0 0
-5 -3 -1 -1 -1 -1 0 0 0 0 0 0
-3 -2 -1 -1 0 -1 0 0 0 0 0 0
2 —4 1
—4 5 —2
V1 = -1 Vo = 2 V3 = -2
3|’ 0’ 0 ’
0 3 0
0 0 3
Then a basis for N (L) is
{Bvi,Bvy,Bvs} = {v1,va,v3}.
(d) Form the matriz
6 -5 2 —4 1 100 1+ -3
6 7 -4 5 -2 010 8 3
0 2 -1 2 =2 row-reduce 0 0 1 1 —1
ilyaIvilvalvsl=1" 5 3 § — 0000 0]}’
—6 3 0 3 0 0O 0 0 O 0
—6 1 0 0 3 0 0 0 O 0

its basic columns are columns 1,2, and 3, hence {y1,y2,Vv1} is the desired basis for N (L) con-
taining So U Sy. Let So = {v1} and set i := i — 1; then i = 0 and the process terminates having
produced the basis So US1 USy = {y1,¥2,¥3 = V1} withy; € Sa, y2 € 81, and y3 € Sp.
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2. For each j =1,2,3, build a Jordan chain on'y; € S; of length i +1 by finding a particular solution x;
of L'x =y;.

(a) Since y1 € Sa, we see by inspection that L?e; = y1. Thus

6 1 1
—6 3 0
0 -2 0
Plz[L2e1|Le1|e1}: 0 2 0
-6 -5 0
-6 -3 0
Since yo € 81, we solve Lx =ys:
[ | [ 2 4 1 i
1 1 -2 0 1 -1 -5 100 —3 3 —3 -1
4 5 2
3 1 5 1 -1 3 7 0 1 0 3 -3 3 0
2 =1 0 0 =1 0 2| vourduce |0 0 1 § =5 2 2
2 1 0 0 1 0 -2 0 0 O 0 0 0 0
-5 -3 -1 -1 -1 -1 3 0 0O 0 0 0 0
| -3 -2 -1 -1 0 —1 1 ] L0 0 O 0 0 0 0 ]
A particular solution is xXo = [ -1 0 2 0 0 O }T;hence
-5 -1
7 0
2 2
PQZ[LX2|X2]: _9 0
3 0
1 0

Since y3 € Sy and L° = I, the unique solution of L°x = y3 is x = y3. Hence the Jordan chain
on ys consists only of y3 and

2
—4
-1
P; = 3
0
0
(b) Form the matriz
6 1 1 -5 -1 2
—6 3 0 7 0 —4
0 -2 0 2 2 -1
P_[P1|P2|P3]_ 0 2 0 -2 0 3
-6 -5 0 3 0 0
| -6 -3 0 1 0 0
Then _
0 1 0|0 0|0
0 0 1/]0 01]0
0 0 0[]0 O01]0O
_ p—1 _
J=PLP = 0 0 0|0 110
0 0 0|0 00
|0 0 0]0 010
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Exercise 197 An unreduced Hessenberg matric H and a Jordan matriz J appear below. Find an invertible
matriz P such that J = P~YHP. (Note: Some texts define the Jordan form with ones below the main diagonal
as in H.)

0 0 0O 01 00O

1 0 0 0 0 01 0
H= 01 00 P = 0 0 0 1

0 01 0 0 0 0O

Exercise 198 Prove that the Jordan matrices

01 00 01 0O

0 01 0 0 01 0
=10 001|000 o0

0 0 0 O 0 0 0O

are not similar. (Hint: Show that if P = (pi;) is a 4 X 4 matriz such that PJy = JoP, then P is not
invertible.)

Exercise 199 For each of the matrices below:

e Show that L is nilpotent and determine its index.
e Find the JCF J of L.
e Find an invertible matriz P such that J = P~1LP.

(a)
33 2 1
2 -1 -1 -1
L=1"1 1 0o 1
5 —4 -3 -2
()
2 1 2 0 -1
3 1 3 -1 1
L=|-3 -1 -2 0 2
3.2 4 0 -1
2 1 2 0 -1
(¢) _
40 30 15 7T 4 6 1 3
~54 -39 -19 -9 -6 -8 -2 -4
9 6 2 1 2 1 0 1
;| 6 5 3 -2 1 -1 0 0
32 —24 —13 —6 -2 -5 -1 -2
-0 -7 -2 0 -3 0 3 -2
-4 -3 -2 -1 0 -1 -1 0
1712 6 3 2 3 2 1|
12-4-12
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Jordan Form of a General Matrix

Recall that if A is a singular matrix of index k and r = rank (Ak) , then the Nilpotent-Nonsingular form

of A is a block diagonal matrix
1 c o0

where C' is nonsingular of rank r and L is nilpotent of index k. In the previous lecture we determined the
Jordan structure of L and discussed an algorithm for constructing a similar Jordan matrix, which is a block
diagonal matrix whose diagonal blocks are Jordan blocks with ones along the first super-diagonal and zeros
elsewhere. In this lecture we’ll determine the Jordan structure of a general square matrix A and observe that
A is similar to a Jordan matrix whose diagonal entries are the eigenvalues of A, whose first super-diagonal
entries are ones or zeros, and whose other entries are zero. Since similar matrices have the same Jordan
structure, square matrices are classified up to similarity by their Jordan structure. We begin with some
notation and terminology.

Definition 200 Let A be an n x n matriz A. the function inds : C — NU{0}, called the index function
of A, is defined by
indy (2) = index (A — 2I).

Since the index of a nonsingular matrix is defined to be 0 and the index of a singular matrix is positive,
indg (z) > 0 if and only if z is an eigenvalue of A. Thus from our discussion of the Range-Nullspace
Decomposition of C™ we have:

Proposition 201 Let A be an eigenvalue of an n x n matriz A and let k = inda (X). Then k is the smallest
positive integer such that

1. R {(A - )\I)k] =R [(A - AI)’““}

2. N [(A - M)’*} =N [(A - M)k“]
3. R {(A - )\I)k] AN [(A - AI)’“] - {0}
4. CP=N [(A - )\I)k] &R [(A - )\I)k] .

Let A = Ay be an n x n matrix with distinct eigenvalues Ay,..., s, let k; =ind4 (\;), and let v, (A;) =
rank (A — X\;I)” . The Nilpotent-Nonsingular form of Ay — A1 produces a nonsingular matrix @1 such that

Q' (Ao —MI)Qy = [ l(/)l 001 },

where L; is nilpotent of index k; and Cj is nonsingular of rank rg, (A1). Let J (A1) denote the JCF of Ly;
there is a nonsingular matrix X; such that

Ji (A1) 0 0

» 0 Ja(\) 0

X L Xy = J () = :
0 0 g, (A1)

Since C is nonsingular, so are its powers, and for each p > 1 we have
B Ly o 1"\ LY o
rp (A1) = rank <[ 0 o } ) = rank ({ 0 cr
= rank (LY) + rank (C),
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or equivalently,
rank (L) = r, (A1) — rank (Cy) .

Therefore the number of j x j blocks in J (A1) is
vj (A1) = rank (L{_l) — 2rank (le) + rank (L{+1)

= [rj—1 (A1) —rank (C1)] — 2[rj (A1) + rank (C1)] + [rj+1 (M) — rank (C1)]
=rj—1 (M) = 275 (M) + 7541 (A1) -

Y1_Q1[)(()1 ?}

Let

Then Y7 is nonsingular and

Therefore
Y A - M =Y (Ag - MDY
[ X7t o] = X, 0
= 5 I}Qll(A_M)Ql{ 0 I]
[ x;tP o] o X, 0
B 0 I, 0 I
I xi'toxy o] _[J(q) O
il 0 cy | 0o
so that
1 . J()\l) 0 . J(/\l) + A1 0 B j(Al) 0
Y Aoyl_{ 0o ¢ |TM= 0 Gl T 0 A
where
Ji (M) 0 0
0 To (A1) 0
T (M) = :
0 0 Ji, (A1)
and
M 100 0
0 M\ 1 0

TJM)=Ji(M)+MI=] 0 0 X\
0 0 0 - N
Thus the Jordan structure of J (A1) is inherited directly from the Jordan structure of L.

Lemma 202 Let A be a square matriz, let A1 be an eigenvalue of A, and consider the Nilpotent-Nonsingular
form

L0 } 27)

1 . _
@a-ane=| g ¢
If the distinct eigenvalues of A are A1, ..., s, then the distinct eigenvalues of C' 4+ A1 are Ag, ..., As.

Proof. Given an eigenvalue A; of A, note that

(A—XMI)x=Xx if and only if Ax = (A1 + A) x.
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Thus A is an eigenvalue of A — A1 if and only if A; + A is an eigenvalue of A. Consequently, if Aq,..., As are
the distinct eigenvalues of A, then A\; + X € {A1,...,As} if and only if A € {0, A2 — A1, A3 — A1,..., As — A1}
and it follows that the distinct eigenvalues of A — A;I and its Nilpotent-Nonsingular form (27) are 0, Ao —

A1, A3 — A1, ..., As — A1. But L has exactly one eigenvalue A = 0 and every eigenvalue of C' is non-zero
(C is singular otherwise), therefore the distinct eigenvalues of C' are exactly Mg — A1, Az — Aq, ..., As — Aq.
Furthermore,

Cx = (A— A1) xif and only if (C+ M\I)x = Ax

so that A — A1 is an eigenvalue of C' if and only if A is an eigenvalue of C' + A1I. Consequently, the distinct
eigenvalues of C'+ A\1[ are exactly Ao,..., As. B

Now continuing the discussion above, apply Lemma 202 to the matrix Ay with distinct eigenvalues
A1, ..., As and obtain the matrix A; = C' + ;I with distinct eigenvalues Ao, ..., As. Continue inductively:
Find the Nilpotent-Nonsingular form of A; — AyI. Then

Q' (A1 — o) Qo = { 162 gz},

J1 (A2) 0 0
0 Ja (A2) 0
X Lo Xy =T (M) = )
0 0 Jt, (A2)
Let )
Xy O _ X, 0 _
}/2—Q2|:02 I:|7Y21_|: (2) I:| 21;
then . ()
v s [ X5'LXs 0] _[J(w) 0
}/2 ArYe = Aol = |: 0 Cy o 0 Cs
and () ()
1 . J(A2) + Ao 0 . J (A2 0
Y, A1Y2—{ 0 02+)\2I}—{ 0 A2},
where the distinct eigenvalues of Ay are {Ag,..., A},
Ao 1 o --- 0
J1(A2) 0 0 0 X 1 0
0 T2 (A2) 0 )
j(/\Q) = : . . and $ ()\2) = 0 0 )\2
0 0 v T (A2) Do o1
0 0 0 - X

Continue in this manner until all eigenvalues have been digested and obtain the sequence of matrices
{Yl,YQ, NN 7Ys} s where
J) 0

0 Ai}, 1<i<s—1

YflAilei = {

Let P, = Y7; then

[ TN) ], i=s
PrrAP = [

j(ﬂAl) 0 }

Fori=2,3,...,s, let
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then P; is nonsingular and

J (A1) 0 0 0
0 J(\) 0 0
: , 1<i<s—1
0 0 - JMN) O
PTTAP = 0 0 0 A,
J (A1) 0
: : , t=3s5
0 T (Ns)
Finally,
I o 0 Xy 0 0 O
0 X, 0 O
P _v I 0 I 0 _0 I 0 0 I 0 . .
sTH 0 Y, 0 Y, | “'[0 @ : ;
. 0 0 X, O
00 Qs 0 0 0o I
and
JA) -+ 0
J =P 'AP, = : :
0 T ()

Definition 203 The matriz J is called a Jordan Form of A. The matrix j()\j) is called the Jordan
segment associated with \;; its individual blocks J; (\;) are called the Jordan blocks associated with
Aj. The Jordan structure of A is the number of Jordan segments in J and the number and sizes of the
Jordan blocks in each segment.

To summarize:

Theorem 204 FEvery n X n matriz A with distinct eigenvalues {1, ..., As} is similar to a Jordan matriz
T (M) 0 0
0 A 0
j = . j( 2) . ’
0 0 T (As)
where
A 10 0
Ji(N) 0 0 0 A 1 0
0 T2 (Aj) 0
T (N) = : ' ‘ LTy =1 0 0 )
0 0 e Ty () Do |
! 0 0 0 -« X\
and

o the number t; of Jordan blocks in J (\;) is the nullity (A — \,;I);
o the size of the largest Jordan block in J (X\;) is kj X kj, where k; = inda (Aj);

o the number of i x ¢ Jordan blocks in J (A;) is

vi (Aj) = ric1 (Aj) = 2ri (Ag) + i1 (V) -
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e The Jordan structure of A is uniquely determined by the entries of A.
e Jordan Form is unique up to order of Jordan segments.

o Two matrices are similar if and only if they have the same Jordan structure.

Let A be an n x n matrix, and let A be an eigenvalue of A. If A — AI is nilpotent of index n, there is a
Jordan matrix J and an invertible matrix P such that

J=P ' (A-X)P=P AP -\,

and the Jordan form of A is

A1 0 0
0 X 1 0
JN=P'AP=J+X=|0 0 X
; 1
0 0 0 A
Example 205 Consider the 4 x 4 matriz
7 1 2 3
07 4 5
A= 0 0 7 6|’
0007

which has a single eigenvalue A = 7 with algebraic multiplicity 4. Let

01 2 3

0 0 4 5

L=A=T=19 9 0 6

0 0 0O

In Example 195, we computed the JCF

01 00 24 17 3 0
N 10 0 10 | 0 24 5 0
J=P 'LP= 000 1 , where P = 0 0 6 0
0 0 0O 0 0 01

The Jordan form of A, namely J (7) = P~LAP, is related to J in the following way:

J=P 'LP=P Y (A-T)P=P 'AP -7 =J (1)~ 71

so that
7 1 0 0
0 710
J(M)=J+71= 00 7 1
0 007
Example 206 The matriz
5 4 00 4 3
2 3 1 0 5 1
A 0 -1 2 0 2 0 ’
-8 -8 -1 2 -—-12 -7
o 0 00 -1 0
-8 -8 -1 0 -9 -5
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has two distinct eigenvalues \1 = 2 and Ay = —1. Hence a Jordan Form J of A has two Jordan segments
J(2) and J(-1):
J(2) 0

J=1"0 T (=1)

(
7o (2) =rank (A —21)° = 6 ro(—=1) =rank (A+ 1)’ = 6
r1(2) =rank (A —20)' = 4 r(=1) =rank (A+1)' = 4
5 (2) = rank (A —21)> = 3 7o (—1) =rank (A+1)* = 4
r3(2) =rank (A —2I)° = 2

)=r1 2

Thus ind4 (2) = 3 and ind4 (—1) = 1 implies that the largest Jordan block in J (2) is a 3 x 3 and the largest
in J(—1) is a1 x 1 (a diagonal matriz). Furthermore, the numbers of i X i Jordan blocks are

V3 (2) =T2 (2) — 27“3 (2) + 7y (4) =1
V2 (2) =T (2) — 27‘2 (2) + T3 (4) = 0
V1 (2) =To (2) — 27’1 (2) =+ 79 (4) =1

v (=1) =ro(-1)—=2r; (-1)+r(-1) =2
Thus

o O OO
OO OO

o
s}
o
el
|
—_
(e

is a Jordan Form of A.

Example 207 Since the matriz

30 1
A= -4 1 -2
-4 0 -1

has a single eigenvalue A\ = 1, its Jordan Form has one Jordan segment J (1). Let’s find the Jordan Form
J of A and a similarity transformation P~YAP = J. Let

2 0 1
L=A-I=| -4 0 -2 |;
-4 0 -2

then L? = 0 so L is nilpotent of index 2. Note that L is its own Nilpotent-Nonsingular form (there no
nonsingular part). Compute the JCF of L. Row reducing L gives

2 0 1] 1o 3
4 0 -2 wuﬂ)uce 00 0
-4 0 =2 0 0 O

so nullity (L) = 2 and there are two Jordan blocks in the JCF of L the largest of which is 2 x 2. Since L is
3 x 3, there is exactly one 2 X 2 and one 1 x 1 block. Thus the JCF of L is

0 1]0
J)=|0 0]o0
0 00

Next let’s a similarity transformation P~1LP = J. Following the Reduction Algorithm, set i := 1 and let
S1={y1} = {[2, —4, —4]T} be the basic column of L.
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1. Extend Sy to a basis for R (L°) NN (L) =C3*NN (L) =N (L).
(a) L° = I has three basic columns {e1,es,e3}; hence B = [e|es]es] = I.
(b) Solve LBx = Lx =0 and obtain the basis {vi, vy} = {[O7 1,0}T7 [,%,0, 1]T} for N (L).

(¢) Form the matriz

[yilvilve] = | —

1

—1 1
2
0 row-reduce 0
1 0

= N
o = O

0

1

0
The basic columns are {[27 —4,—4)" | [0,1, O]T} so Sy = {[07 1, O]T} .

(d) S1USy = {b1,bs} = {[2, —4,-4]" [, l,O]T} is the desired basis for N (L).

2. Now ey is a particular solution of Lx = [2,—4, —4]T. Since e € 81, we build the Jordan chain on ey
of length 2 and form the matriz

2 1
P1 = [Le1|e1] = —4 0
-4 0
Furthermore, ey is a particular solution of L% = Ix = [0, 1, O]T. Since e € Sy, there we set Py = esq.
Then ~
2 10 0 110
P=[P|P)=| -4 0 1| and JA)=P'LP=|0 00
-4 0 0 | 0 00
But J(1) =P 'LP=P 1 (A-1)P =P YAP — I. Therefore
1 1]0 7
J=P'AP=J(1)+I=|0 1|0
0 0|1 |
Example 208 The matriz
1 10 0 0
0 21 0 0
A=|1 -1 3 0 0
3 -3 3 -1 1
1 -1 1 -1 -1

has eigenvalues of A are A\ =2, Ao = =141 and Ao = —1 —i. Thus a Jordan Form [J of A has three Jordan
segments J (2), J (=1 +1), and J (—1 — i) . To find a nonsingular matriz P such that P~*AP = 7, digest
the eigenvalues of A one at a time, beginning with A\ = 2. The matriz A — 21 has index 3, and

o 0 0 0 0 1 -1 1 -1 0
o 0 0 0o 0} 10O 0 0 0 1
A-20*=| 0 0 0 0 o™= l0o 0 0 0 0
18 —18 18 —18 26 0 0 0 0 0
26 —26 26 —26 —18 0 0 0 0 0

The first and last columns of (A — 2])3 form a basis for its column space and one can read off a basis for its
nullspace from the row reduction. Using these basis vectors as columns, form the matriz

1 -1 1 0 0
1 0 0 0 0

Q=10 1 0 0 o0 |;
0 0 1 9 13
0 0 0 13 —9
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then the Nilpotent-Nonsingular form of A — 21 is

o

Q(A-21)Q =

o olo o
o olo o
o olo~o
- wo oo
wrlo oo
I
| —
<
S
S~—
Qo
—_

Quite fortunately, the 3 x 3 nilpotent block J (2) is in JCF. Since
QN (A-20)Q=Q'AQ-21

we have
0 1 0 0 0 2 0 0 0 O 2 1 0 0 0
0 0 1 0 0 0 2 0 0 O 0 2 1 0 0
Q'AQ=]0 0 0| 0 O|+]0 0 2 0 O [=[0 0 2| 0 0
0 0 0]-3 -1 0 0 0 2 0 0 0 0|-1 -1
0 0 0]—-1 =3 0 0 0 0 2 0 0 0] 1 -1
Now the eigenvalues of the nonsingular block
-1 -1
w=[7 3
are Ao = —1+14 and \3 = —1 —i. Let’s find bases for the associated eigenspaces. For Ay = —1 + i we have

. _ . _ _Z _1 row 7'8(lltC€ ]. _Z
A1(1+Z)IA1+(1Z)I|: 1 _i} LA [0 0},

S0 { m } is a basis for the associated eigenspace. Similarly, { hl] } 1s a basis for the eigenspace associated with

A3 = —1 —i. Consequently, neither eigenvalue is deficient and Ay is diagonalizable. Let X = { ; _1Z } .
Then

1 & L7r -1 4 i —i —1+i 0
cac= [T Al T ]
Finally, let
1 -1 1 0 0 1 0 0]0 0
I o 1 00 0 O 0 1 0[0 O
PQ{OX}Olooo 0 0 1[0 0
0 0 1 9 13 0 0 0[i —i
|0 0 0 13 -9 0 0 0|1 1
1 -1 1 0 0
1 00 0 0
=0 10 0 0
0 0 1 13+9 13-9i
0 0 0 —9+13 —-9-—13i
Then
2 1 0 0 0
0 2 1 0 0
J=P1'AP=| 0 0 2 0 0
0 0 0] -1+ 0
0 0 0 0 —1—i

120



Exercise 209 Consider the following Jordan matriz J :

41 0
0 4 1
0 0 4 0
i1
J = 0 4
3 1
0 0 3
2
L 2_.

1. List the eigenvalues of J.
2. Determine the algebraic multiplicity of each eigenvalue.
3. Determine the geometric multiplicity of each eigenvalue.

4. Determine ind s (X) for each eigenvalue \ of J.

Exercise 210 Find a Jordan Form of the following matriz A, whose eigenvalues are {—1,0,1}. Don’t let
the size of A frighten you!

[ —4 -5 -3 1 -2
4 7 3 -1 3
0 -1 0 0 0
-1 1 2 -4 2
-8 —14 -5 1 -6
4 7 4 -3 3

2 -2 -2 5 -3
6 7 3 0 2

OO OO oo
|
w
—

Exercise 211 Find a Jordan Form J of

-1 -18 -7
A= 1 —-13 -4
1 25 8

and a similarity transformation P~1AP = 7.

Exercise 212 Find a Jordan Form J of

4 -4 -11 11
3 —12 —42 42
-2 12 37 =34
-1 T 20 —-17

A:

and a similarity transformation P~1AP = 7.

Exercise 213 Find a Jordan Form J of

SO WO OO O oo
W OOoOOoOOoO oo

OO OO OO N
O OO OO N+
SO oo N OO
O OO NO OO
SO NN O OO

G ococococococow

and a similarity transformation P~1AP =
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Theorem 214 (Powers of a Jordan Block) Consider a Jordan block

a 1
a 1 0
a
J (a) =
1
0 a 1
- a -
The (i,§)™ entry of T (a)? is
(.p .)ap*(j*i)
Jj—i ’
where (ﬂl) =0 whenj—i<0orj—i>p.

Proof. The result holds trivially for p = 1. Assume {j (a)pil} = (’J’.j)a(p_l)_(j_i). Then
ij

7 (@], =7 @] 7@,

7,% >

J—t “th

- [ e (e DG (el =G ] :

o9 RO -
7
o

= (;771)a" 0 4 (7P D=G=Dg = (P )0,

Example 215 For the 5 x 5 Jordan block J (a) we have

Exercise 216 In Example 207 we observed that the Jordan Form of

30 1
A=1| —4 1 =2
-4 0 -1
18
1 1 0 2 1 0
J=P'AP=|0 1 0 |, whereP=| —4 0 1
0 0 1 4 0 0
Establish a formula for AP for each p > 1 and use your formula to evaluate A0 Write the entries of A%

in terms of powers of 10.

12-8-12
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