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Goal of the talk

e To identify a space X such that H = H* ((0X; Z,) comes equipped
with an induced operation

wi:HOH - H®H
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Goal of the talk

e To identify a space X such that H = H* ((0X; Z,) comes equipped
with an induced operation

wi:HOH - H®H

@ We assume existence of biassociahedra KK = {KK,, »} and
bimultipliheda JJ = {JJym }

@ The operation w% will be defined in terms of Jh 1 = JJ; 2 and Jh o
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The Free Matrad

o He is matradically generated by {67, | mn # 1}
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The Free Matrad

o He is matradically generated by {67, | mn # 1}

@ H is realized by cellular chains C, (KK)
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The Free Matrad

o He is matradically generated by {67, | mn # 1}
@ Ho is realized by cellular chains C, (KK)

e Top dim'l cell of KK, is identified with the matradic generator

n outputs

m inputs
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The Free Matrad

@ Cells of KK are identified with certain fraction product monomials

AA
YYY

< a vertex of KKz 3

(Modern Algebra and its Applications) Non-operadic Operations September 19, 2011 4 /40



The Free Matrad

@ Cells of KK are identified with certain fraction product monomials

AA
YYY

e KK,1 = KKi,n = K, (Stasheff’s associahedron)

< a vertex of KKz 3
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The Free Matrad

@ Cells of KK are identified with certain fraction product monomials

AA
YYY

e KK,1 = KKi,n = K, (Stasheff’s associahedron)

< a vertex of KKz 3

o dim(KKym)=m+n—3
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The Free Matrad

Cells of KK are identified with certain fraction product monomials

AA
YYY

KKn1 = KKi.n = K, (Stasheff's associahedron)

< a vertex of KKz 3

dim (KKp,m) = m+n—3

e KK, m is contractible
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The Biassociahedron KK(2,2):
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The Biassociahedron KK(2,3):
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A-infinty Bialgebras

o Let (A d) be a DGM over a commutative ring R with unity
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@ Endry is a matrad with respect to ©-product
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A-infinty Bialgebras

o Let (A d) be a DGM over a commutative ring R with unity
@ Endry is a matrad with respect to ©-product

o (A, d) together with a family of multilinear operations
w = {wh, € Hom (A®™, A®") | mn > 1}

is an As-bialgebra iff either
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A-infinty Bialgebras

o Let (A d) be a DGM over a commutative ring R with unity
@ Endry is a matrad with respect to ©-product

o (A, d) together with a family of multilinear operations
w = {wh, € Hom (A®™, A®") | mn > 1}

is an As-bialgebra iff either

e wOw=~0o0r
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A-infinty Bialgebras

o Let (A d) be a DGM over a commutative ring R with unity
@ Endry is a matrad with respect to ©-product

o (A, d) together with a family of multilinear operations
w = {wh, € Hom (A®™, A®") | mn > 1}

is an As-bialgebra iff either

e wOw=~0o0r

o w is the image of map Heo — Endrp of matrads sending 67, — w7,
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A-infinty Bialgebras

o Let (A d) be a DGM over a commutative ring R with unity
@ Endry is a matrad with respect to ©-product

o (A, d) together with a family of multilinear operations
w = {wh, € Hom (A®™, A®") | mn > 1}

is an As-bialgebra iff either

e wOw=~0o0r

o w is the image of map Heo — Endrp of matrads sending 67, — w7,
o An Ay-bialgebra (A, d, w) is an algebra over Heo
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The Free Relative Matrad

0 JJ« is an He-bimodule generated by {fn }
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0 JJ« is an He-bimodule generated by {fn }

o JJw is realized by cellular chains C, (JJ)
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The Free Relative Matrad

0 JJ« is an He-bimodule generated by {fn }
o JJw is realized by cellular chains C, (JJ)

e Top dim'l cell of JJ, p, is identified with the Ho-bimodule generator
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The Free Relative Matrad

@ Cells of JJ are identified with certain fraction product monomials

A* < an edge of Jh>
Y'Y
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The Free Relative Matrad
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A* < an edge of Jh>
Y'Y

e JJp1 = Jh n = Jp (the multiplihedron)
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The Free Relative Matrad

@ Cells of JJ are identified with certain fraction product monomials

A* < an edge of Jh>
Y'Y

e JJp1 = Jh n = Jp (the multiplihedron)

o dim (JJpm)=m+n—2
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The Free Relative Matrad

Cells of JJ are identified with certain fraction product monomials

A* < an edge of Jh>
Y'Y

JIp1 = Jh,n = Jy (the multiplihedron)

dim (JJym) =m+n—2

e JJ, m is a subdivision of KK, n X [
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The Free Relative Matrad

KK m embeds in JJ, ,, as a codim 1 cell two ways:

@ As KKpmx0 « — 0 (ﬁ)®m
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The Free Relative Matrad

KK m embeds in JJ, ,, as a codim 1 cell two ways:

n

o As KKnmx0 < oo ()"
m
n

o As KKypmx1 o O o (e
-
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The Free Relative Matrad

KK m embeds in JJ, ,, as a codim 1 cell two ways:

n

o As KKnmx0 < oo ()"
m
n

o As KKypmx1 o O o (e
-

@ This latter cell plays an important role in our transfer algorithm
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The Bimultiplihedra JJ(1,2) and JJ(2,1) :
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The Bimultiplihedra JJ(1,3) and JJ(3,1) :
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The Bimultiplihedron JJ(2,2) :

AA
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YY
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Morphisms of A-infinty Bialgebras

o Let (A, da,wa) and (B, dg, wp) be Aw-bialgebras
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Morphisms of A-infinty Bialgebras

o Let (A, da,wa) and (B, dg, wp) be Aw-bialgebras

e Uapg = Hom (TA, TB) is a relative matrad
(as an Endrp-EndTa-bimodule)
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Morphisms of A-infinty Bialgebras

o Let (A, da,wa) and (B, dg, wp) be Aw-bialgebras

e Uapg = Hom (TA, TB) is a relative matrad
(as an Endrp-EndTa-bimodule)

@ A morphism A = B of Aw-bialgebras is the image
G = {g! € Hom(A®™ B®")}

of a map JJ e — Ua g of relative matrads sending {5, — g,
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Morphisms of A-infinty Bialgebras

o Let (A, da,wa) and (B, dg, wp) be Aw-bialgebras

Uag = Hom (TA, TB) is a relative matrad
(as an Endrp-EndTa-bimodule)

@ A morphism A = B of Aw-bialgebras is the image
G = {g! € Hom(A®™ B®")}

of a map JJ e — Ua g of relative matrads sending {5, — g,

A morphism G : A = B is an He-bimodule
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Induced cochain map

e The differential V on f € Hom (V, W) is given by

Vf=dwf—(-1)fl fay,
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Induced cochain map

e The differential V on f € Hom (V, W) is given by
Vf=dwf—(-1)fl fay,

@ V-cocycles are chain maps V — W
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Induced cochain map

e The differential V on f € Hom (V, W) is given by
Vf=dwf—(-1)fl fay,

@ V-cocycles are chain maps V — W

@ A chain map g : A — B of DGMs induces a cochain map

g:&ndra — Uag

defined on u € Hom (A®™, A®") by g (u) = g®"u
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map that is also a homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map that is also a homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map that is also a homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or

o for each n > 1, there is a splitting B®" = A®" @ X(n) such that
H* Hom <A®k,X (n)) =0 forall k>1
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o A is free as an R-module, or

o for each n > 1, there is a splitting B®" = A®" @ X(n) such that
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o g induces an Ac-bialgebra structure wp = {w/y™} on A and
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map that is also a homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or

o for each n > 1, there is a splitting B®" = A®" @ X(n) such that
H* Hom <A®k,X (n)) =0 forall k>1
@ Transfer Theorem If g is a homology isomorphism, then

o g induces an Ac-bialgebra structure wp = {w/y™} on A and

o g extends to an A-bialgebra map G = {g | gl = g}: A= B

(Modern Algebra and its Applications) Non-operadic Operations September 19, 2011 16 / 40



The Transfer Algorithm: Given initial data

o ADGM (A da)
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The Transfer Algorithm: Given initial data

o ADGM (A da)

@ An As-bialgebra (B, dg, wg) and a map of matrads

n,m

apg : C.(KK) — Endrg sending 0], — wpy
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The Transfer Algorithm: Given initial data

o ADGM (A da)

@ An As-bialgebra (B, dg, wg) and a map of matrads

n,m

apg : C.(KK) — Endrg sending 0], — wpy

@ A chain map/homology isomorphism g : A — B such that
g is a homology isomorphism
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The Transfer Algorithm: Objectives

o Define operations wy™ : A®™ — A" for all m, n, mn # 1
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The Transfer Algorithm: Objectives

o Define operations wy™ : A®™ — A" for all m, n, mn # 1

@ Define a map of matrads a4 : C.(KK) — Endra sending 6, — w)™
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The Transfer Algorithm: Objectives

o Define operations wy™ : A®™ — A" for all m, n, mn # 1
n,m

@ Define a map of matrads a4 : C.(KK) — Endra sending 6], — wy

o Define a map of A-bialgebras G = {g/" | gl =g} :A=B
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The Transfer Algorithm: Initialization

@ Define B : Gy (JJ1,1) — Hom (A, B) by

(Modern Algebra and its Applications) Non-operadic Operations September 19, 2011 19 / 40



The Transfer Algorithm: Initialization

@ Define B : Gy (JJ1,1) — Hom (A, B) by

o Define B on the vertex A of JJi12 by

03 f1®f1 A »—>w ‘(g®g)
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The Transfer Algorithm: Initialization

@ Define B : Gy (JJ1,1) — Hom (A, B) by

o Define B on the vertex A of JJi12 by

03 f1®f1 A »—>w ‘(g®g)

@ Define B on the vertex Y of Jh 1 by

A=Y ~oi's
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The Transfer Algorithm: Initialization

o Consider the V-cocycle w18'2 (g®g)
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The Transfer Algorithm: Initialization

o Consider the V-cocycle w18'2 (g®g)

@ Choose a cocycle wi"2 € E€ndty such that

&[wi’] = [wg’ (e ®g)]
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The Transfer Algorithm: Initialization

e Consider the V-cocycle w18'2 (g®g)
@ Choose a cocycle wi"2 € E€ndty such that
&lwy’] = [wi’ (g®g)]

o Define a : Gy (KK12) — Hom (A®2, A) by A — Wy
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The Transfer Algorithm: Initialization

@ Choose a cocycle wi"2 € E€ndty such that

Consider the V-cocycle w18'2 (g®g)

1,2]

Elwy ] = [wlléz (g®g)]

Define a4 : Gy (0KK1,3) — Hom (A®3, A) by

A — wkz (wi"2 ® 1) and A — wif (1 ®w1\'2)
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The Transfer Algorithm: Initialization

Consider the V-cocycle w18'2 (g®g)

Choose a cocycle wi"2 € E€ndty such that
&lwy’] = [wi’ (g®g)]

Define aa : Gy (KK12) — Hom (A®?, A) by A — Wy
Define a4 : Gy (0KK1,3) — Hom (A®3, A) by

A — wkz (wi"2 ® 1) and A — wif (1 ®w1\'2)

Extend B to the vertex * C Jhpvia * — gwi"2
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The Transfer Algorithm: Initialization

@ Dually, consider the V-cocycle wé’lg
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The Transfer Algorithm: Initialization

@ Dually, consider the V-cocycle wé’lg

@ Choose a cocycle wi’l € E€ndty such that

&[wi'] = [wg'e]
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The Transfer Algorithm: Initialization

@ Dually, consider the V-cocycle wé’lg

@ Choose a cocycle wi’l € E€ndty such that

&[wi'] = [wg'e]

o Define a : Gy (KKz,1) — Hom (A, A¥?) by Y — wy!

(Modern Algebra and its Applications) Non-operadic Operations September 19, 2011 21 / 40



The Transfer Algorithm: Initialization

Dually, consider the V-cocycle wé’lg

@ Choose a cocycle wi’l € E€ndty such that

&[wi'] = [wg'e]

Define aa : Co (KKz,1) — Hom (A, A®?) by Y — wy!

Define a4 : Gy (0KK3,1) — Hom (A, A®?) by

Y — (a)i-l &® 1) a)/24r1 and Y — <1®wi,l) wi‘,l
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The Transfer Algorithm: Initialization

Dually, consider the V-cocycle wé’lg

@ Choose a cocycle wi’l € E€ndty such that

&[wi'] = [wg'e]

Define aa : Co (KKz,1) — Hom (A, A®?) by Y — wy!

Define a4 : Gy (0KK3,1) — Hom (A, A®?) by
Y — (a)i"l ® 1) wi’l and Y — <1 ®w§"1) wi"l

Extend B to the vertex k(' C JJi 5 via k(' — (g ®g) wy!
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The Transfer Algorithm: Initialization

o Define as : Go (9KK22) — Hom (A®2, A®2) by

OO - (R k) ma (oF o)
X il

and
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The Transfer Algorithm: Initialization

o Note that [a)lB'z (g®g)— gwi\'z} =0
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The Transfer Algorithm: Initialization

o Note that [a)B (g®g)— gwi\'z} =0

e Choose a cochain g} such that Vgi = w (g@g) — gwi"2
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The Transfer Algorithm: Initialization

o Note that [a)B (g®g)— gwi\ﬂ =0

e Choose a cochain g} such that Vgi = wB (g@g) — gwi"2
o Define B: Ci (Jhp) — Hom (A2, B) by 5 = L — g
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The Transfer Algorithm: Initialization
o Note that [a)B (g®g)— gwi\'z} =0

e Choose a cochain g} such that Vgi = wB (g@g) — gwi"2
o Define B: Ci (Jhp) — Hom (A2, B) by 5 = L — g

@ Define B on dJJi3 N intKKi3 x 1:

> >
> > >
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The Transfer Algorithm: Initialization

@ Dually, note that [w%’lg —(g®g) wf\'l] =0
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The Transfer Algorithm: Initialization

@ Dually, note that [w%’lg —(g®g) wf\'l] =0

o Choose a cochain g? € Ua g such that Vg? = wi'g — (g ® g) w%’
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The Transfer Algorithm: Initialization

@ Dually, note that [w%’lg —(g®g) wf\'l] =0

o Choose a cochain g? € Ua g such that Vg? = wi'g — (g ® g) w%’

o Define B: Gy (Jhh1) — Hom (A, B®?) by f = Y +— g
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The Transfer Algorithm: Initialization

e Dually, note that [w%’lg —(g®g) wf\'l] =0

o Choose a cochain g? € Ua g such that Vg? = wi'g — (g ® g) w%’
o Define B: Gy (Jhh1) — Hom (A, B®?) by f = Y +— g

o Define fon dJJ31 NintKK3; x 1:
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The Transfer Algorithm: Initialization

Having defined 8 on * and Y define B on 0Jh N int KKy X 1:

5 X

X
X
X
A
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The Transfer Algorithm: Induction Hypothesis

Given m+ n > 4, assume for i 4+ j < m+ n, ij # 1, there exist maps

o ay: C (KKj;) — Hom (A®’,A®f) of matrads sending 9{ — wﬁ’.
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The Transfer Algorithm: Induction Hypothesis

Given m+ n > 4, assume for i 4+ j < m+ n, ij # 1, there exist maps
o ay: C (KKj;) — Hom (A®’,A®f) of matrads sending 9{ — wﬁ’.

o B: C.(JJ;;) — Hom (A%, B¥J) of rel. matrads sending f} — g
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The Transfer Algorithm: Induction Objectives

@ Define wp on the generator 0, € Cpin—3(KKnm)
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The Transfer Algorithm: Induction Objectives

@ Define wp on the generator 0, € Cpin—3(KKnm)

@ Define B on the monomial (ﬁ)®n 07 € Cmtn—3(dJom)
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The Transfer Algorithm: Induction Objectives

@ Define wp on the generator 0, € Cpin—3(KKnm)
@ Define B on the monomial (ﬁ)®n 07 € Cmtn—3(dJom)

o Define B on the generator {7, € Cpyyn—2(Jdpm)
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The Transfer Algorithm: Induction

Foreachi4+j=m+n, ij #1

@ Define ws on a monomial in C, (0KK,, m) to be its corresponding
fraction product of operations in {«/;'}; let

Z = KA (Cm+n—2 (aKKn,m))
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The Transfer Algorithm: Induction

Foreachi4+j=m+n, ij #1

@ Define ws on a monomial in C, (0KK,, m) to be its corresponding
fraction product of operations in {«/;'}; let

Z = KA (Cm+n—2 (aKKn,m))

o Define B on a monomial in C, (0, m \ int KK,y X 1_)‘ to be its cor-
responding fraction product of operations/maps in {«/;', g/, w’'}; let

¢ = B(Cpin-1(0Jdp,m N int KK, m X 1))
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The Transfer Algorithm: Induction

Foreachi4+j=m+n, ij #1

@ Define ws on a monomial in C, (0KK,, m) to be its corresponding
fraction product of operations in {«/;'}; let

Z = KA (Cm+n—2 (aKKn,m))

o Define B on a monomial in C, (0, m \ int KK,y X 1_)‘ to be its cor-
responding fraction product of operations/maps in {«/;', g/, w’'}; let

¢ = B(Cpin-1(0Jdp,m N int KK, m X 1))

@ Then g (z) = V¢ implies [z] =0
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The Transfer Algorithm: Induction

Foreachi4+j=m+n, ij #1

@ Define ws on a monomial in C, (0KK,, m) to be its corresponding
fraction product of operations in {«/;'}; let

Z = KA (Cm+n—2 (aKKn,m))

o Define B on a monomial in C, (0, m \ int KK,y X 1_)‘ to be its cor-
responding fraction product of operations/maps in {«/;', g/, w’'}; let

¢ = B(Cpin-1(0Jdp,m N int KK, m X 1))
@ Then g (z) = V¢ implies [z] =0

@ Choose a cochain b such that Vb =z
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The Transfer Algorithm: Induction

o Note that V (g (b) — @) = Vg (b) —g(2) = (Vb—2z) =
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The Transfer Algorithm: Induction

o Notethat V(g (b) —¢)=Vg(b)—g(z) =(Vb—2) =0

e Choose a cocycle u € g1 [ (b) — ¢
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The Transfer Algorithm: Induction

o Notethat V(g (b) —¢)=Vg(b)—g(z) =(Vb—2) =0

e Choose a cocycle u € g1 [ (b) — ¢

o Define wa(6),) = wy™ :=b—u
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The Transfer Algorithm: Induction

Note that V (g (b) —¢) =Vg(b)—g(z) =8 (Vb—2z) =0

e Choose a cocycle u € g1 [ (b) — ¢

Define aa(6),) = wy™ :=b—u

Define  ((13) " 65,) = g™ e}y
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The Transfer Algorithm: The Induction

o Note that [g (w}™) — ¢] = [g (b—u) — ¢]
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The Transfer Algorithm: The Induction

o Note that [g (w}™) — ¢] = [g (b—u) — ¢]

@ Choose a cochain g/ such that

Ven =& (wi™) —9=g""wi" — ¢
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The Transfer Algorithm: The Induction

o Note that [g (w}™) — ¢] = [g (b—u) — ¢]

@ Choose a cochain g/ such that
Ven =& (wy™) —p=g""wy™ — ¢

o Define § (f7,) = g
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The Transfer Algorithm: The Induction

Note that [g (w}™) — ¢] = [g (b—u) — ¢]

Choose a cochain g} such that
Ven =& (wy™) —p=g""wy™ — ¢

Define B (i) = &nm

This completes the induction
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Application: Homology of Loop Spaces

@ Let k be a field and let X be a space
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o Consider the Hopf algebra S. (Q0.X; k) of singular chains on Moore
(base-pointed) loops
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Application: Homology of Loop Spaces

@ Let k be a field and let X be a space

o Consider the Hopf algebra S. (Q0.X; k) of singular chains on Moore
(base-pointed) loops

e Theorem. H, (QX;k) is an A-bialgebra
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Application: Homology of Loop Spaces

@ Let k be a field and let X be a space

o Consider the Hopf algebra S. (Q0.X; k) of singular chains on Moore
(base-pointed) loops

e Theorem. H, (QX;k) is an A-bialgebra

@ Proof. A cycle-selecting chain map g : H. (QX; k) — S, (X k)
induces a homology isomorphism g by Prop 1

(Modern Algebra and its Applications) Non-operadic Operations September 19, 2011 31/ 40



Application: Homology of Loop Spaces

@ Let k be a field and let X be a space

o Consider the Hopf algebra S. (Q0.X; k) of singular chains on Moore
(base-pointed) loops

e Theorem. H, (QX;k) is an A-bialgebra

@ Proof. A cycle-selecting chain map g : H. (QX; k) — S, (X k)
induces a homology isomorphism g by Prop 1

@ The Transfer Thm imposes an Ac-bialgebra structure on H (Q.X; k)
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Space with non-operadic operation on loop cohomology

Example

o Y =(52x 5% VECP?
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Example

o Y =(52x 5% VECP?

o Mult generators 3; € H' (5';Z5) and b € H* (XCP?; Z,)
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Space with non-operadic operation on loop cohomology

Example

o Y = (52 x S%) VEICP?
o Mult generators 3; € H' (5';Z5) and b € H* (XCP?; Z,)

o Let f: Y — K(Z,,5) be a map such that f*(i5) = 3,33 + Sq*b
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Space with non-operadic operation on loop cohomology

Example
oY= (52 X 53) V ZCP?

o Mult generators 3; € H' (5';Z5) and b € H* (XCP?; Z,)
o Let f: Y — K(Z,,5) be a map such that f*(i5) = 3,33 + Sq*b

o Consider the fibration p: X — Y induced by f
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Space with non-operadic operation on loop cohomology

Example

o Y =(52x 5% VECP?

Mult generators a; € H' (5';Z5) and b € H* (XCP?; Z,)

o Let f: Y — K(Z,,5) be a map such that f*(i5) = 3,33 + Sq*b

Consider the fibration p: X — Y induced by f

3; — a; and b — b under p* : H*(Y;Z,) — H*(X;Z>)
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Space with non-operadic operation on loop cohomology

Example

o Y =(52x 5% VECP?

Mult generators a; € H' (5';Z5) and b € H* (XCP?; Z,)

o Let f: Y — K(Z,,5) be a map such that f*(i5) = 3,33 + Sq*b

Consider the fibration p: X — Y induced by f

3; — a; and b — b under p* : H*(Y;Z,) — H*(X;Z>)

e A= H* (X;Zg) = {1,32,33,b, dodi — qub,...}
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A homotopy Gerstenhaber algebra structure on A

o Induced by the attaching map in CP? and the twisting in X :

Epq: AP @ A®9 — A
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A homotopy Gerstenhaber algebra structure on A

o Induced by the attaching map in CP? and the twisting in X :
Epq: AP @ A% — A

e Nontrivial action Ejg = Ep; =1ds and Ej1(b;b) = aas
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A homotopy Gerstenhaber algebra structure on A

o Induced by the attaching map in CP? and the twisting in X :
Epq: AP @ A®9 — A
e Nontrivial action Ejg = Ep; =1ds and Ej1(b;b) = aas

@ Consider the Bar Construction BA with cofree coproduct A
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A homotopy Gerstenhaber algebra structure on A

o Induced by the attaching map in CP? and the twisting in X :
Epq: AP @ A®9 — A
e Nontrivial action Ejg = Ep; =1ds and Ej1(b;b) = aas

@ Consider the Bar Construction BA with cofree coproduct A

@ And the tensor product coalgebra BA ® BA with ) = 02, (A® A)
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A homotopy Gerstenhaber algebra structure on A

o Induced by the attaching map in CP? and the twisting in X :
Epg: AP @ A¥9 — A
e Nontrivial action Ejg = Ep; =1ds and Ej1(b;b) = aas

Consider the Bar Construction BA with cofree coproduct A

@ And the tensor product coalgebra BA ® BA with ) = 02, (A® A)

Induced map ¢ = E{ , + Ey; + E{ ; : BA® BA — A acts nontrivially:

¢([b] @ [b]) = ara3
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Induced multiplication on BA

@ ¢ lifts to a chain map p : BA® BA — BA of DG coalgebras given by
u= Zk . @+ ¢®k+1¢(k)
>

where 171(0) = Idgassa and 17J(k) is the left-iterated reduced coproduct
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Induced multiplication on BA

@ ¢ lifts to a chain map p : BA® BA — BA of DG coalgebras given by
§= Zk . @+ ¢®k+1¢(k)
>
where 171(0) = Idgassa and 17J(k) is the left-iterated reduced coproduct

o (BA dpa, A i) is a DG Hopf algebra
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Induced multiplication on BA

@ ¢ lifts to a chain map p : BA® BA — BA of DG coalgebras given by
u= Zk . @+ ¢®k+1¢(k)
>
where 171(0) = Idgassa and l]J(k) is the left-iterated reduced coproduct
o (BA dpa, A i) is a DG Hopf algebra

o Nontrivial product u ([b] ® [b]) = [aza3]
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Induced DG Hopf algebra structure on BA

o H=H*(BA) ~ H*(Q)X;Z,) as graded coalgebras
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Induced DG Hopf algebra structure on BA

o H=H*(BA) ~ H*(Q)X;Z,) as graded coalgebras

e Denote: wa;=cls[a]] B =cls[b]
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Induced DG Hopf algebra structure on BA

o H=H*(BA) ~ H*(Q)X;Z,) as graded coalgebras
e Denote: wa;=cls[a]] B =cls[b]
@ Choose a cycle-selecting map g : H — A such that

g (cspal---Pal) = [l [x
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g is homotopy multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u
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g is homotopy multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o u([b] @ [b]) = [a2a3] = dpa [a2]a3] implies ¢ (B® B) =0
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g is homotopy multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o 1 ([b] ® [b]) = [a2a3] = dpa[a2]a3] implies ¢ (B® B) =0
@ The Transfer Theorem implies the relation on JJ; » holds:

Vor=gp+nug®g)

(Modern Algebra and its Applications) Non-operadic Operations September 19, 2011 36 / 40



g is homotopy multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o 1 ([b] ® [b]) = [a2a3] = dpa[a2|a3] implies ¢ (B B) =0
@ The Transfer Theorem implies the relation on JJ; » holds:
Ve, =gp+u(g®g)

° (gp+u(g®g)) (B®P) = [aas] = dpa[a|a3] implies
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g is homotopy multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o ju([b]® [b]) = [a2a3] = dpa [a2]a3] implies ¢ (B® ) =0

@ The Transfer Theorem implies the relation on JJ; » holds:
Ver=gp+1u(g®eg)

° (g9p+u(g®g))(B®P) = [a2a3] = dpalazas] implies

@ There is a homotopy g» satisfying the relation above such that

8 (B®B) = [a]as]
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g is homotopy comultiplicative

@ Let Ay : H— H® H be the induced coproduct
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g is homotopy comultiplicative

@ Let Ay : H— H® H be the induced coproduct

@ The Transfer Theorem implies the relation on JJ, 1 holds:

Vg’ =0g+(g®g) Ay
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g is homotopy comultiplicative

@ Let Ay : H— H® H be the induced coproduct

@ The Transfer Theorem implies the relation on JJ, 1 holds:
Ve =0g+(g®g)An

@ 3 primitive implies

[Ag+(g®@g)An](B) =0
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g is homotopy comultiplicative

@ Let Ay : H— H® H be the induced coproduct
@ The Transfer Theorem implies the relation on JJ, 1 holds:
Vel =Ag+(g®g) A
@ 3 primitive implies
[Ag+(g©@g)Au](B) =0
e There is a homotopy g satisfying the relation on JJ»1 such that

g (B)=0
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Non-operadic operation defined

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(ERe) R+ ®gp) o2 (An @A)+ A
+(g®g) w3
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Non-operadic operation defined

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(ERe) R+ ®gp) o2 (An @A)+ A
+(g®g) w3

o (pon) o (hewg®+8°®(gReg)An) +8°9) (BRB) =0
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Non-operadic operation defined

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(e®eg) e+ ®egp) o (Ay @A) +Ag
+(g®g) w3

o (n@p) o2 (Mg’ +8°®(g®g)Aun) +8%9) (BRB) =0
o (H(eRg)R@+8®gp) o2 (An®@Ay)+Ag) (BRP)

= [a2] ® [a3]
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Non-operadic operation defined

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(e®eg) e+ ®egp) o (Ay @A) +Ag
+(g®g) w3

o (pon) o (hewg®+8°®(gReg)An) +8°9) (BRB) =0

o ((g®Eg) @+ & ®gp) o2 (An®Ay)+Ag) (BRB)

= [a2] ® [a3]

@ [ay] ® [a3] represents a non-zero class in BA® BA
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Non-operadic operation defined

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(e®eg) e+ ®egp) o (Ay @A) +Ag
+(g®g) w3

o (pon) o (hewg®+8°®(gReg)An) +8°9) (BRB) =0

o ((g®Eg) @+ & ®gp) o2 (An®Ay)+Ag) (BRB)

= [22] @ [a3]
@ [ay] ® [a3] represents a non-zero class in BA® BA

@ Thus no choice of g2 kills the obstruction [a;] ® [as3]
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Conclusion:

@ There is an operation w3 and a cochain homotopy g3 satisfying the
relation on JJ, o such that

w5 (BRP) = a2 ®az
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Conclusion:

@ There is an operation w3 and a cochain homotopy g3 satisfying the
relation on JJ, o such that

w5 (BRP) = a2 ®az

o Then (g ®g) w3 (B® B) = [a2] @ [a3] kills the obstruction
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Conclusion:

@ There is an operation w3 and a cochain homotopy g3 satisfying the
relation on JJ, o such that

w5 (BRP) = a2 ®az

o Then (g ®g) w3 (B® B) = [a2] @ [a3] kills the obstruction

@ We have identified the first non-operadic cohomology operation
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Thank you!
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