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Goal of the Talk

e To identify a space X such that H = H* ((0X; Z,) comes equipped
with an induced operation

wi:HOH - H®H
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Goal of the Talk

e To identify a space X such that H = H* ((0X; Z,) comes equipped
with an induced operation

wi:HOH - H®H

@ We assume existence of biassociahedra KK = {KK,, »} and
bimultiplihedra JJ = {JJ, m}

@ The operation w% will be defined in terms of Jh 1 = JJ; 2 and Jh o
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The Associahedra

@ The associahedron K, is a contractible n — 2 dim’l polytope, n > 2
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The Associahedra

@ The associahedron K, is a contractible n — 2 dim’l polytope, n > 2

@ Single top dimensional (n — 2)-cell:

n leaves

o {Faces of K,} < {planar rooted trees with n leaves}
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The Associahedra

@ The associahedron K, is a contractible n — 2 dim’l polytope, n > 2

@ Single top dimensional (n — 2)-cell:

n leaves

o {Faces of K,} < {planar rooted trees with n leaves}

@ Vertices of K, <> {binary planar rooted trees with n leaves}

«— {associations of n indeterminants}
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The Associahedra

@ Cellular boundary:

0 (tree) = ) _ (all possible single edge insertions)
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The Associahedra

@ Cellular boundary:

0 (tree) = ) _ (all possible single edge insertions)
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The Associahedra

@ Cellular boundary:

0 (tree) = ) _ (all possible single edge insertions)

° Ky: A
| N
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The Associahedra

OK42
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The Associahedra

0K4:
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The Associahedra

0K4:

P
A
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The Associahedra

0K4:

A
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The Associahedra

0K4I
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The Associahedra

0K4I
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Homotopy Associativity

@ Let (A, d) be a DG module over a commutative ring with unity
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Homotopy Associativity

@ Let (A, d) be a DG module over a commutative ring with unity

e A multiplication on Ais a chain map y: A® A — A with unit

@ u is homotopy associative in 3 variables if there is a chain homotopy
gyt A= A

such that
Vig=p(lopu) —p(pol),

where V is defined on f € Hom (V, W) by Vf = dy f — (—1)fl fdy,
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Homotopy Associativity

o Let C. (K,) denote the cellular chains of K, i.e., the DGM generated
by faces of K, with differential the cellular boundary 9
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Homotopy Associativity

o Let C. (K,) denote the cellular chains of K, i.e., the DGM generated
by faces of K, with differential the cellular boundary 9

@ 1 is homotopy associative in 3 variables if for n = 2,3, there is a

chain map
a: C.(K,) — Hom (A®”,A)

A'_’P‘: /'\'_’P%v

and other trees to the corresponding composition

sending
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Homotopy Associativity

o Let C. (K,) denote the cellular chains of K, i.e., the DGM generated
by faces of K, with differential the cellular boundary 9

@ 1 is homotopy associative in 3 variables if for n = 2,3, there is a

chain map
a: C.(K,) — Hom (A®”,A)

A'_’P‘: /'\'_’P%v

and other trees to the corresponding composition

° Thenﬂ(1®u)—u(u®1)=“</g\_ ,&) :"‘a(/}\>
:er</}\) = Vi

sending
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A-infinity Algebras

o J. Stasheff
Homotopy Associativity of H-spaces |, I, Trans. AMS 108 (1963)

(Modern Algebra and its Applications) Non-operadic Operations 22 September 2011 21 /51



A-infinity Algebras

o J. Stasheff
Homotopy Associativity of H-spaces |, I, Trans. AMS 108 (1963)

@ We say that the chain map a preserves operadic structure

(Modern Algebra and its Applications) Non-operadic Operations 22 September 2011 21 /51



A-infinity Algebras

o J. Stasheff
Homotopy Associativity of H-spaces |, I, Trans. AMS 108 (1963)

@ We say that the chain map a preserves operadic structure

o Let K = LK,. An Aw-algebra is a DG module (A, d) together with a
family of operations
{u, A®" — A}

n>2
and a chain map

a: G (K) — Hom (TA, A)

AN

and preserves operadic structure

that sends
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A-infinity Algebras

o J. Stasheff
Homotopy Associativity of H-spaces |, I, Trans. AMS 108 (1963)

@ We say that the chain map a preserves operadic structure

o Let K = LK,. An Aw-algebra is a DG module (A, d) together with a
family of operations
{u, A®" — A}

n>2
and a chain map

a: G (K) — Hom (TA, A)

AN

and preserves operadic structure

that sends

o C. (K) realizes the free operad A
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The Multiplihedra

@ The multiplihedron J, is a contractible n — 1 dim’l polytope, n > 1
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The Multiplihedra

@ The multiplihedron J, is a contractible n — 1 dim’l polytope, n > 1

@ Single top dimensional (n — 1)-cell:

n leaves

@ Controls the structure of an Aw-algebra morphism

(Modern Algebra and its Applications) Non-operadic Operations 22 September 2011 22 /51



The Multiplihedra

The multiplihedron J, is a contractible n — 1 dim’l polytope, n >'1

Single top dimensional (n — 1)-cell:

n leaves

@ Controls the structure of an Aw-algebra morphism

o C, (J) realizes the free relative operad Jw
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The Multiplihedra

The multiplihedron J, is a contractible n — 1 dim’l polytope, n >'1

Single top dimensional (n — 1)-cell:

n leaves

@ Controls the structure of an Aw-algebra morphism

o C, (J) realizes the free relative operad Jw

Jw is a free As-bimodule
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The Multiplihedra
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The Multiplihedra

OJ1:

0.]22
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The Multiplihedra

OJ3Z
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Morphisms of A-infinity Algebras

@ A morphism A = B of Aw-algebras is a family of maps
G = {g, € Hom(A®", B)} >1
together with a chain map

B:Ci(J) — Hom(TA, B)

/’\Hg”
n

and preserves relative operadic structure

that sends
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Morphisms of A-infinity Algebras

@ A morphism A = B of Aw-algebras is a family of maps
G = {g, € Hom(A®", B)} >1
together with a chain map

B:Ci(J) — Hom(TA, B)

/’\Hg”
n

and preserves relative operadic structure

that sends

@ Analogously, the free matrad Ho controls Ae-bialgebra structures

@ The free relative matrad 7 J « controls morphisms thereof
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The Free Matrad

@ Ho is realized by cellular chains C, (KK) of biassociahedra
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The Free Matrad

@ Ho is realized by cellular chains C, (KK) of biassociahedra

o KK, m is a contractible m + n — 3 dimensional polytope
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The Free Matrad

@ Ho is realized by cellular chains C, (KK) of biassociahedra
o KK, m is a contractible m + n — 3 dimensional polytope

e KK,1 = KKi, = K, (the associahedron)
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The Free Matrad

o Top dim'l cell of KK}, , is identified with the matradic generator

n leaves

m leaves
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The Free Matrad

o Top dim'l cell of KK}, , is identified with the matradic generator

n leaves

m leaves

o Cells of KK are identified with certain ©@-product monomials

AA
YYY

< a vertex of KKy 3
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The Biassociahedron KK(2,2):
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The Biassociahedron KK(2,3):
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A-infinity Bialgebras

o (A, d) together with a family of multilinear operations
w = {wh, € Hom (A®™, A®") | mn > 1}
is an As-bialgebra if there is a chain map

«: C, (KK) — Hom (TA, TA)

n
m

and preserves matradic structure

that sends
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The Free Relative Matrad

0 J T is an He-bimodule

(Modern Algebra and its Applications) Non-operadic Operations 22 September 2011



The Free Relative Matrad

0 J T is an He-bimodule

o JJ is realized by cellular chains C, (JJ) of bimultiplihedra
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The Free Relative Matrad

0 JJs is an Heo-bimodule
o JJ is realized by cellular chains C, (JJ) of bimultiplihedra

@ JJ, m is a subdivision of KK, , X |
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The Free Relative Matrad

0 JJs is an Heo-bimodule
o JJ is realized by cellular chains C, (JJ) of bimultiplihedra
@ JJ, m is a subdivision of KK, , X |

o dim(JJpm)=m—+n—2
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The Free Relative Matrad

0 J T is an He-bimodule

J J is realized by cellular chains C, (JJ) of bimultiplihedra

@ JJ, m is a subdivision of KK, , X |

dim (JJym) =m+n—2

JIp1 = Jh,n = Jyp (the multiplihedron)
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The Free Relative Matrad

e Top dim'l cell of JJ, p, is identified with the generator

n leaves

oo

XYy

m leaves
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The Free Relative Matrad

e Top dim'l cell of JJ, p, is identified with the generator

n leaves

oo

XYy

m leaves

o Cells of JJ are identified with certain fraction product monomials

A* < an edge of Jh o
Y'Y
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The Free Relative Matrad

KKp m embeds in JJ, ,, as a codim 1 cell two ways:
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Free Relative Matrad

KKp m embeds in JJ, ,, as a codim 1 cell two ways:

n
0 As KKpmx0 <

m

n
@ As KKpmx1l <
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The Bimultiplihedra JJ(1,2) and JJ(2,1) :
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The Bimultiplihedra JJ(1,3) and JJ(3,1) :

A A
e o)
At A A
e A
A A

<<€
{
<< <




The Bimultiplihedron JJ(2,2) :

AA X Y
VY X
QA YY X
gy
AAAA LYY |
TNt XX
M )| Yv X
YY | AA
8%
AA
V2% X X
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Morphisms of A-infinity Bialgebras

o Let (A da,wa) and (B, dg, wg) be Aw-bialgebras
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Morphisms of A-infinity Bialgebras

o Let (A da,wa) and (B, dg, wg) be Aw-bialgebras

@ A morphism A = B of Aw-bialgebras is a family of maps
G = {g} € Hom(A®™ B®")}
together with a chain map

B: C.(JJ) — Hom (TA, TB)

n
m

and preserves relative matradic structure

that sends
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Induced Cochain Map

@ A chain map g : A — B of DGMs induces a cochain map
g : Hom (TA, TA) — Hom (TA, TB)

defined on u € Hom (A®™, A®") by g (u) = g®"u
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map/homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either
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Let g : A — B be a chain map/homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map/homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or

o for each n > 1, there is a splitting B®" = A®" @ X(n) such that
H* Hom <A®k,X (n)) =0 forall k>1
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map/homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or

o for each n > 1, there is a splitting B®" = A®" @ X(n) such that
H* Hom <A®k,X (n)) =0 forall k>1

@ Transfer Theorem If g is a homology isomorphism, then

o g induces an As-bialgebra structure wp = {w)y™} on A
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The General Transfer Theorem — Generalizing the BPL

Let g : A — B be a chain map/homology isomorphism

o Proposition 1 Then g is a homology isomorphism if either

o A is free as an R-module, or

o for each n > 1, there is a splitting B®" = A®" @ X(n) such that
H* Hom <A®k,X (n)) =0 forall k>1
@ Transfer Theorem If g is a homology isomorphism, then

o g induces an As-bialgebra structure wp = {w)y™} on A

o g extends to an A-bialgebra map G = {g | gl = g}: A= B
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Remarks

@ The Transfer Theorem generalizes the seminal work of T. Kadeishvili
in which B is an A-algebra, its homology B = H (A) is free, and g
has a right-homotopy inverse f : B — A

On the Homology Theory of Fibre Spaces, Russian Math. Survey, 35
(1980), 131-138

(Modern Algebra and its Applications) Non-operadic Operations

22 September 2011 40 / 51



@ The Transfer Theorem generalizes the seminal work of T. Kadeishvili
in which B is an A-algebra, its homology B = H (A) is free, and g
has a right-homotopy inverse f : B — A

On the Homology Theory of Fibre Spaces, Russian Math. Survey, 35
(1980), 131-138

o Later, M. Markl replaced freeness with the assumption that B has a
Hodge decomposition

Transfering A (Strongly Homotopy Associative) Structures,
Rendiconti del Circolo Matematico di Palermo, Serie Il, 79 (2006)
139-151
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@ The Transfer Theorem generalizes the seminal work of T. Kadeishvili
in which B is an A-algebra, its homology B = H (A) is free, and g
has a right-homotopy inverse f : B — A

On the Homology Theory of Fibre Spaces, Russian Math. Survey, 35
(1980), 131-138

o Later, M. Markl replaced freeness with the assumption that B has a
Hodge decomposition

Transfering A (Strongly Homotopy Associative) Structures,
Rendiconti del Circolo Matematico di Palermo, Serie Il, 79 (2006)
139-151

@ In the conference proceedings, we apply our Transfer Theorem to an
Aco-algebra whose homology is not free, g has no right-homotopy
inverse, and B has no Hodge decomposition
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Application: Homology of Loop Spaces

@ Let k be a field and let X be a space
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(base-pointed) loops
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Application: Homology of Loop Spaces

@ Let k be a field and let X be a space

o Consider the Hopf algebra S. (Q0.X; k) of singular chains on Moore
(base-pointed) loops

e Theorem H. (Q)X;k) is an Ax-bialgebra

@ Proof. A cycle-selecting chain map g : H. (QX; k) — S, (X k)
induces a homology isomorphism g by Prop 1
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Application: Homology of Loop Spaces

@ Let k be a field and let X be a space

o Consider the Hopf algebra S. (Q0.X; k) of singular chains on Moore
(base-pointed) loops

e Theorem H. (Q)X;k) is an Ax-bialgebra

@ Proof. A cycle-selecting chain map g : H. (QX; k) — S, (X k)
induces a homology isomorphism g by Prop 1

@ The Transfer Thm imposes an Ac-bialgebra structure on H (Q.X; k)
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A Non-operadic Cohomology Operation

o Consider the following pullback of the path fibration:

K(Zy,4) — X — LK (Z,5)
pl !

(s2xs¥)vcP? - K(Z,5)
arasz + qul_) <f_* I

where 3; € H' (S, Z5) and b € H? (2CP?% Z,)
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(s2xs¥)vcP? - K(Z,5)
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A Non-operadic Cohomology Operation

o Consider the following pullback of the path fibration:

K(Zy,4) — X — LK (Z,5)
pl !

(s2xs¥)vcP? - K(Z,5)
arasz + qul_) <f_* I

where 3; € H' (S, Z5) and b € H? (2CP?% Z,)
@ 3; — a; and b — b under p*

e A=H"(X.2Z,) = {1,32,33,b, araz = Sq2b,...}

(Modern Algebra and its Applications) Non-operadic Operations 22 September 2011 42 /51



Homotopy Gerstenhaber Algebra Structure on A

@ The attaching in CP? and the twisting in X induce a HGA structure
Epq: AP @ A%9 — A
with nontrivial action

El,O = EO,l = IdA and E1,1(b; b) = apas
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The Bar Construction BA

o Consider BA with cofree coproduct A
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The Bar Construction BA

o Consider BA with cofree coproduct A

e Form tensor product coalgebra BA ® BA with ¢ = 02, (A® A)
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The Bar Construction BA

o Consider BA with cofree coproduct A
e Form tensor product coalgebra BA ® BA with ¢ = 02, (A® A)
o ¢p=FE+Ej;+Ef,: BA® BA— A acts nontrivially:

¢([b] ® [b]) = aras
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The DG Hopf Algebra BA

@ ¢ lifts to a chain map p : BA® BA — BA of DG coalgebras given by
u= Zk . @+ ¢®k+1¢(k)
>

where 171(0) = Idgassa and 17J(k) is the left-iterated reduced coproduct
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The DG Hopf Algebra BA

@ ¢ lifts to a chain map p : BA® BA — BA of DG coalgebras given by
§= Zk . @+ ¢®k+1¢(k)
>
where 171(0) = Idgassa and 17J(k) is the left-iterated reduced coproduct

o (BA dpa, A i) is a DG Hopf algebra
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The DG Hopf Algebra BA

@ ¢ lifts to a chain map p : BA® BA — BA of DG coalgebras given by
u= Zk . @+ ¢®k+1¢(k)
>
where 171(0) = Idgassa and l]J(k) is the left-iterated reduced coproduct
o (BA dpa, A i) is a DG Hopf algebra

o Nontrivial product u ([b] ® [b]) = [aza3]
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A Model for Loop Cohomology

o H=H*(BA) ~ H*(Q)X;Z,) as graded coalgebras
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A Model for Loop Cohomology

o H=H*(BA) ~ H*(Q)X;Z,) as graded coalgebras

e Denote: wa;=cls[a]] B =cls[b]
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A Model for Loop Cohomology

o H=H*(BA) ~ H*(Q)X;Z,) as graded coalgebras
e Denote: wa;=cls[a]] B =cls[b]
@ Choose a cycle-selecting map g : H — BA such that

g (cspal---Pal) = [l [x
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The Map g is Homotopy Multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u
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The Map g is Homotopy Multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o u([b] @ [b]) = [a2a3] = dpa [a2]a3] implies ¢ (B® B) =0
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The Map g is Homotopy Multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o 1 ([b] ® [b]) = [a2a3] = dpa[a2]a3] implies ¢ (B® B) =0
@ The Transfer Theorem implies the relation on JJ; » holds:

Vor=gp+nug®g)
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@ Let ¢ : H® H — H be the multiplication induced by u

o 1 ([b] ® [b]) = [a2a3] = dpa[a2|a3] implies ¢ (B B) =0
@ The Transfer Theorem implies the relation on JJ; » holds:
Ve, =gp+u(g®g)

° (gp+u(g®g)) (B®P) = [aas] = dpa[a|a3] implies
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The Map g is Homotopy Multiplicative

@ Let ¢ : H® H — H be the multiplication induced by u

o ju([b]® [b]) = [a2a3] = dpa [a2]a3] implies ¢ (B® ) =0

@ The Transfer Theorem implies the relation on JJ; » holds:
Ver=gp+1u(g®eg)

° (gp+n(g®eg)) (BP) = [ara3] = dpaar|as] implies

@ There is a homotopy g» satisfying the relation above such that

8 (B®B) = [a]as]
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The Map g is Homotopy Comultiplicative

@ Let Ay : H— H® H be the induced coproduct
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@ Let Ay : H— H® H be the induced coproduct

@ The Transfer Theorem implies the relation on JJ, 1 holds:
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The Map g is Homotopy Comultiplicative

@ Let Ay : H— H® H be the induced coproduct

@ The Transfer Theorem implies the relation on JJ, 1 holds:
Ve =0g+(g®g)An

@ 3 primitive implies

[Ag+(g®@g)An](B) =0

(Modern Algebra and its Applications) Non-operadic Operations 22 September 2011 48 / 51



The Map g is Homotopy Comultiplicative

Let Ay : H— H® H be the induced coproduct

@ The Transfer Theorem implies the relation on JJ, 1 holds:

Vg’ =0g+(g®g) Ay

B primitive implies

[Ag+(g®@g)An](B) =0

e There is a homotopy g satisfying the relation on JJ»1 such that

g (B)=0
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Triviality of a Non-operadic Operation is Obstructed

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(ERe) R+ ®gp) o2 (An @A)+ A
+(g®g) w3
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Triviality of a Non-operadic Operation is Obstructed

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(ERe) R+ ®gp) o2 (An @A)+ A
+(g®g) w3

o (pon) o (hewg®+8°®(gReg)An) +8°9) (BRB) =0
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Triviality of a Non-operadic Operation is Obstructed

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(e®eg) e+ ®egp) o (Ay @A) +Ag
+(g®g) w3

o (n@p) o2 (Mg’ +8°®(g®g)Aun) +8%9) (BRB) =0
o (H(eRg)R@+8®gp) o2 (An®@Ay)+Ag) (BRP)

= [a2] ® [a3]
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Triviality of a Non-operadic Operation is Obstructed

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(e®eg) e+ ®egp) o (Ay @A) +Ag
+(g®g) w3

o (pon) o (hewg®+8°®(gReg)An) +8°9) (BRB) =0

o ((g®Eg) @+ & ®gp) o2 (An®Ay)+Ag) (BRB)

= [a2] ® [a3]

@ [ay] ® [a3] represents a non-zero class in BA® BA
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Triviality of a Non-operadic Operation is Obstructed

@ The Transfer Theorem implies the relation on JJ » holds:

Ve = (n@p)oe (Mg’ +8°®(g®g)An) +8&°¢
+(H(e®eg) e+ ®egp) o (Ay @A) +Ag
+(g®g) w3

o (pon) o (hewg®+8°®(gReg)An) +8°9) (BRB) =0

o ((g®Eg) @+ & ®gp) o2 (An®Ay)+Ag) (BRB)

= [22] @ [a3]
@ [ay] ® [a3] represents a non-zero class in BA® BA

@ Thus no choice of g2 kills the obstruction [a;] ® [as3]
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A Non-operadic Cohomology Operation Defined

@ There is an operation w% and a cochain homotopy g22 satisfying the
relation on JJ » such that

w5 (B®P) =tz ® a3
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@ There is an operation w% and a cochain homotopy g22 satisfying the
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A Non-operadic Cohomology Operation Defined

@ There is an operation w% and a cochain homotopy g22 satisfying the
relation on JJ » such that

w5 (B®P) =tz ® a3

o Then (g ®g) w3 (B® B) = [a2] ® [a3] kills the obstruction

@ w3 is the first nontrivial non-operadic operation on loop cohomology
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Thank you!
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