On the Transfer of Multiplicative Structure from Chains

to Homology

Joint work with Samson Saneblidze

Ron Umble, speaker
ron.umble@millersville.edu

Lehigh Geometry/Topology Conference

June 6, 2008

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008 1/29



Abstract

A chain map f : B — A of DG modules induces a cochain map
f: (Hom(B®", B);Vg) — (Hom(B®" A);V) via f (u) = fu.

Theorem 1. Let (A, d, u"),>2 be an Aw-algebra and let f : B — A be a
chain map. If f is a quasi-isomorphism, then

(i) f transfers the A-algebra structure from A to B; the induced
structure on B is unique up to automorphism.

(ii) There is a map F : B = A of Ac-algebras extending f.

This generalizes the work of Kadeishvili, Markl, and others, who assume
either that B is free or that f has a left-homotopy inverse. We give an
example of an A-algebra with torsion such that every cycle-selection
homomorphism f : H (A) — A fails to have a right-homotopy inverse.
Theorem 1 extends immediately to Aw-bialgebras.

Theorem 3. Let k be a field. Then H, (QX;k) is an Ac-bialgebra.
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, and a chain map f : A — B, a morphism
F=f+h+HhL+---:B=A

is defined in terms of parameter spaces {J,,},721 , called multiplihedra
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A—infinity Maps and Multiplihedra

@ Given Aw-algebras A and B, and a chain map f : A — B, a morphism
F=f+h+HhL+---:B=>A

is defined in terms of parameter spaces {J,,},721 , called multiplihedra

o Identify f with J; = x
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A—infinity Maps and Multiplihedra

@ Given Aw-algebras A and B, and a chain map f : A — B, a morphism
F=f+H+H+---:B=A
is defined in terms of parameter spaces {J,,},721 , called multiplihedra

o Identify f with J; = x

o Identify f, € Hom!' (B ® B, A) with J, = |
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A—infinity Maps and Multiplihedra

@ Given Aw-algebras A and B, and a chain map f : A — B, a morphism
F=f+h+Hh+---:B=A
is defined in terms of parameter spaces {J,,},721 , called multiplihedra
o Identify f with J; = x
o Identify f, € Hom' (B ® B, A) with J, = |
@ |dentify components of the coboundary
Vi =ps (FOF) —fug

with the endpoints of J,
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The Multiplihedra

o Identify 3 € Hom? (B®3, A) with the hexagonal plane region Js
S

L) £ (1@ uy)

k(. ®f) u(fef)

wifefef)
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The Multiplihedra

o Identify 3 € Hom? (B®3, A) with the hexagonal plane region Js
S

L) £ (1@ uy)

w(ef) w(fef)

uifefef)
o VAh =3B 4y (hOf —fQh)+h(Hg®1—1Qug) — fu}
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The Multiplihedra

o Identify 3 € Hom? (B®3, A) with the hexagonal plane region Js
S

L) £ (1@ uy)

k(. ®f) w(fef)

uifefef)
o VA =13fB 4y (bOf —fQh)+h(Hg®1—-1Qug) — fu}

e lIdentify f, with the (n — 1)-dimensional multiplihedron J,
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The Transfer Problem

e Q"2 =09J, — {interior of the cell identified with fu}
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The Transfer Problem

e Q"2 =9J, — {interior of the cell identified with fu}

@ O, € Hom"~2(B®" A) is the cochain identified with Q"2
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The Transfer Problem

e Q"2 =9J, — {interior of the cell identified with fu}
@ O, € Hom"~2(B®" A) is the cochain identified with Q"2

e Problem: Given {yj, fi},_,_ define f, and u} so that

Vi, =0, —fug
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The Transfer Problem

Q"2 = 9J, — {interior of the cell identified with fug}

S, € Hom"2 (B®", A) is the cochain identified with Q"2

Problem: Given {yj, fi},_,_, define f, and p} so that
Vi, =0, fug

@ Has a solution whenever f is a quasi-isomorphism
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First Transfer Theorem

Let A and B be DGMs over a commutative ring with unity

@ A chain map f : B — A induces a cochain map
f: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)

given by f (u) = fu
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First Transfer Theorem

Let A and B be DGMs over a commutative ring with unity

@ A chain map f : B — A induces a cochain map
f: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)
given by f (u) = fu

@ Theorem 1. Let A be an As-algebra and let f : B — A be a chain
map. If f is a quasi-isomorphism, then

(i) f transfers the As-algebra structure from A to B; the induced
structure on B is unique up to automorphism

(ii) There is a map F : B = A of A-algebras extending f
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008



Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely
@ However, the converse holds whenever B is free

@ Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al
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Remarks

If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free

Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion
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arks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free

Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion

@ Markl assumes that f has a left-homotopy inverse
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arks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free

Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion

@ Markl assumes that f has a left-homotopy inverse

We only assume that f is a quasi-isomorphism
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arks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free

Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion

@ Markl assumes that f has a left-homotopy inverse

We only assume that f is a quasi-isomorphism

@ B = H(A) is an interesting and important special case
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Proof of Theorem 1: Transfer of DGA Structure

Given (A, d, p, ") ,~5 and f : B — A such that f is a quasi-isomorphism

e Consider ©y = u (f ® f) € Hom® (B ® B, A)
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Proof of Theorem 1: Transfer of DGA Structure

Given (A, d, p, ") ,~5 and f : B — A such that f is a quasi-isomorphism

o Consider &y = u (f ® f) € Hom® (B ® B, A)

o Vor=du(ff)—u(fef)(de1l+1xdg)

=(dp—p(del+1ed)(faf)=0
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Proof of Theorem 1: Transfer of DGA Structure

Given (A, d, p, ") ,~5 and f : B — A such that f is a quasi-isomorphism

o Consider &y = u (f ® f) € Hom® (B ® B, A)

o Vo, =du(fef)—pu(fef)(dg®@1+1®dp)

=(dp—p(del+led)(fef)=0

o Using surjectivity of f,, choose jg such that £, [ug] = [©2]
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Proof of Theorem 1: Transfer of DGA Structure

Given (A, d, p, ") ,~5 and f : B — A such that f is a quasi-isomorphism

o Consider &y = u (f ® f) € Hom® (B ® B, A)

o Vo, =du(fef)—pu(fef)(dg®@1+1®dp)

=(dp—p(d®1+1®d))(Ff)=0
o Using surjectivity of f,, choose jg such that £, [ug] = [©2]

@ Then VB(VB):dB,uB_VB(dB®1+1®dB):O
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Proof of Theorem 1: Transfer of DGA Structure

Given (A, d, p, ") ,~5 and f : B — A such that f is a quasi-isomorphism

o Consider &y = u (f ® f) € Hom® (B ® B, A)

Vor=du(fef)—u(fef)(dg®1+1®dg)
=(dp—p(del+led)(fef)=0

o Using surjectivity of f,, choose jg such that £, [ug] = [©2]

Then Vg (]/lB) = dglg — Ug (dg®1+1®dg) =0

Cocycles fpg and ©; are cohomologous
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Proof of Theorem 1: Transfer of DGA Structure

Given (A, d, p, ") ,~5 and f : B — A such that f is a quasi-isomorphism

o Consider &y = u (f ® f) € Hom® (B ® B, A)

Vor=du(fef)—u(fef)(dg®1+1®dg)
=(dp—p(del+led)(fef)=0

o Using surjectivity of f,, choose jg such that £, [ug] = [©2]

Then Vg (]/lB) = dglg — Ug (dg®1+1®dg) =0

Cocycles fpg and ©; are cohomologous

@ Choose f, such that Vh = Gy — fug
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Transfer of DGA Structure (diagram chase)

A\
Hp(dg ®1+1®@dg) —dppg «— Hp

| Lf
flg
0 v { ©2

—f f;
©2 Up <7 2

@ (B,dg, ig)isa DGA and F = f + £, is an Ay-map
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o If ¢ € Hom' (B® B, B), then

V(h+fp) =02~ fug+Vfip=0r—f(ug+ Vgo)
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o If ¢ € Hom' (B® B, B), then
V(h+fp)=0r—fug+Vfp=0o—f(ug+Vap)

e Thus {multiplications on H} < Im (Vg) N Hom® (B ® B, B)
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o If ¢ € Hom' (B® B, B), then
V(h+fp)=0r—fug+Vfp=0o—f(ug+Vap)
e Thus {multiplications on H} «> Im (V)N Hom® (B ® B, B)

@ There is an induced DGA structure on H whenever f, is surjective
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Transfer of A-infinity Structure

olet o3 =B +u(hRF—FfRAH)+hH (@1 —1@pug)
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Transfer of A-infinity Structure

olet 3 =B +u(hRF—FfRAH)+hH (U1 —1®@pug)

o VO3 =fug (1®@pug —pug®1) € 0]
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Transfer of A-infinity Structure

olet 3 =B +u(hRF—FfRAH)+hH (U1 —1®@pug)
o Vo3 =fug (1®@pug —pug®1) €[0]

@ Hence £, (g (1@ g — g ®1)] = [0]
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Transfer of A-infinity Structure

olet 3 =B +u(hRF—FfRAH)+hH (U1 —1®@pug)
o VO3 =fug (1®ug —pug®1) € 0]
@ Hence £, [ug (1@ g — g ®1)] = [0]

o Since f, is injective, (g (1@ pug — g ®@1)] = [0]
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Transfer of A-infinity Structure

olet 3 =B +u(hRF—FfRAH)+hH (U1 —1®@pug)

VO3 =fug (1@ pug —pug®1) € 0]

Hence £, (g (1@ pug — g ®1)] = [0]

o Since f, is injective, (g (1@ pug — g ®1)] = [0]

Choose ¢ such that Vg = g (1@ pug —pg®1)
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Transfer of A-infinity Structure

olet 3 =B +u(hRF—FfRAH)+hH (U1 —1®@pug)

VO3 =fug (1@ pug —pug®1) € 0]

Hence £, (g (1@ pug — g ®1)] = [0]

o Since f, is injective, (g (1@ pug — g ®1)] = [0]

Choose ¢ such that Vg = g (1@ pug — g ®1)

Then Vos = va(f) = Vf(,b
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Transfer of A-infinity Structure

olet 3 =B +u(hRF—FfRAH)+hH (U1 —1®@pug)

VO3 =fug (1@ pug —pug®1) € 0]

Hence £, (g (1@ pug — g ®1)] = [0]

o Since f, is injective, (g (1@ pug — g ®1)] = [0]

Choose ¢ such that Vg = g (1@ pug — g ®1)

Then Vos = va([) = Vf(P

Implies V (&3 — f¢p) =0
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Transfer of A-infinity Structure (continued)

e Using surjectivity of f., choose z such that £ [z] = [©3 — f¢]
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Transfer of A-infinity Structure (continued)

e Using surjectivity of f., choose z such that £ [z] = [©3 — f¢]

@ Then ©3 — f¢ and fz are cohomologous
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Transfer of A-infinity Structure (continued)

e Using surjectivity of f., choose z such that £ [z] = [©3 — f¢]
@ Then ©3 — f¢ and fz are cohomologous

@ Choose f3 such that

Vh=03—fp—fz=03—Ff(p+2)

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008 13 /29



Transfer of A-infinity Structure (continued)

e Using surjectivity of f., choose z such that £ [z] = [©3 — f¢]

Then ©3 — f¢ and fz are cohomologous

@ Choose f3 such that

Vh=0C3—fp—fz=03—f(p+2)

Define u% = ¢ + z
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Transfer of A-infinity Structure (continued)

e Using surjectivity of f., choose z such that £ [z] = [©3 — f¢]

Then ©3 — f¢ and fz are cohomologous

@ Choose f3 such that

Vh=0C3—fp—fz=03—f(p+2)

Define u% = ¢+ z

o Then V3 = 63 — fu}
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Transfer of A-infinity Structure (diagram chase)

f fz
fug (g ®1—1®@ up) ? {64;;

—fp—f f
O3 —f¢ z o B

o ub=¢+z and Vh=03—fu}
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Transfer of A-infinity Structure (diagram chase)

f fz
fug (g ®1—1®@ up) ? {64;;

—fp—f f
O3 —f¢ z o B

oub=¢+z and VHh=063—fu}

o (B,dp pg, i}) is an As-algebra and F3 = f + f, + f3 is an Az-map
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Transfer of A-infinity Structure (diagram chase)

f fz
fug (g ®1—1®@ up) ? {64;;

—fop—fz «— f
O3 —fp—1z _—
O‘IJ%:(P—’—Z and Vf3263—fy?3

o (B,dg pg, i}) is an As-algebra and F3 = f + f, + f3 is an Az-map

o Continue inductively
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Example 1

M — 0 — M? — M3 - M* - 0 —

Z. Z>® Zoy Zy Z;
(32, bz) — (0, 233)
a3 — as

o A= Tal\/l/(ag—l—aa,, a2, ajas + azas, (amas + a3a)?, arby,
byay, azby, byas, b3)
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Example 1

M — 0 — M? — M3 - M* - 0 —

Z. Z>® Zoy Zy Z;
(32, bz) — (0, 233)
a3 — as

0 A= Tal\/l/(ag—l—aa,, a2, ajas + azas, (amas + a3a)?, aby,
byay, azby, bras, b3)

@ Ais an A-algebra with trivial higher order structure
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The Cup Product

Z n=0,
e H"(A) =< Zy n=257
0 otherwise
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The Cup Product

Z n=0,
e H"(A) =< Z; n=2,57
0 otherwise

u= [ag] € H?
° v = [3233 + 3332] € H®
w = |ax(aa3 + aza)] = [(apa3 + aza)ap] € H’
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The Cup Product

Z n=0,
e H"(A) =< Z; n=2,57
0 otherwise

u= [32] € H?
° v = [3223 + 3332] € H®
w= |ax(aa3 + aza)] = [(apas + azax)ap] € H’

oy (U@Vv)=py(veu) =w
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The Transfer Map

@ Define f: H(A) — A by

f(u)y= a
f(v) = apaz+ azar
f(w) = a(aa+aa)
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The Transfer Map

@ Define f: H(A) — A by

f(u)= a
f(v) = apaz+ azar
f(w)= ax(axa3+ aa)

e f has no right-homotopy inverse g
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The Transfer Map

@ Define f: H(A) — A by

f(u)= a
f(v) = apaz+ azar
f(W) = 32(8233 +a3a2)

@ f has no right-homotopy inverse g

@ Otherwise, fg (by) = Aay so that by — Aap = (1 — fg) (bo)

= (sd 4+ ds) (bp) = sd (by) = s(2a3) =2s(a3) =0
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The Transfer Map

@ Define f: H(A) — A by
f(u)= a
f(v) = apaz+ azar
f(w) = ax(azas + aza)

@ f has no right-homotopy inverse g

Otherwise, fg (by) = Aay so that by — Aap = (1 — fg) (bo)
= (sd 4+ ds) (bp) = sd (by) = s(2a3) =2s(a3) =0

e f is a quasi-isomorphism
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Transfer of Structure

@ Define F=f+fH+f+--- by
f, (u® u) = a3 and 0 otherwise

f, =0 for n>3
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Transfer of Structure

@ Define F=f+fH+FfH+--- by
fo (u® u) = a3 and 0 otherwise

f, =0for n>3

o Let f~1: A— H be projection; define u3, = f 1y, (L f —f@£h)
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Transfer of Structure

@ Define F=f+fH+f+--- by
fo (u® u) = a3 and 0 otherwise
f, =0for n>3
o Let f~1: A— H be projection; define u3, = f 1y, (L f —f @ h)

o Then y}, (U@ uU®uU) =V
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Transfer of Structure

@ Define F=f+fH+FfH+--- by
fo (u® u) = a3 and 0 otherwise

f, =0for n>3
o Let f~1: A— H be projection; define u3, = f 1y, (L f —f @ h)
o Then y}, (U@ uU®RuU) =V

@ Define uf, =0 forn =>4
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Transfer of Structure

@ Define F=f+fH+f+--- by
fo (u® u) = a3 and 0 otherwise
f, =0for n>3
o Let f~1: A— H be projection; define u3, = f 1y, (L f —f @ h)

Then 3, (U@ U U) =v

Define yuj, =0 for n > 4

(H, pyy, 13,) is an As-algebra and F is an Ax-map
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Consistency with Markl's theory

e Theorem (Markl). A left-homotopy inverse g of f extends to an
Asw-map G : A— H
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Consistency with Markl's theory

e Theorem (Markl). A left-homotopy inverse g of f extends to an
Asw-map G : A— H

e Example 1 (continued). Define g : A — H by

g(a)=u

g (aa3) =v

g (amazar) =w
and 0 otherwise
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Consistency with Markl's theory

e Theorem (Markl). A left-homotopy inverse g of f extends to an
Asw-map G : A— H

e Example 1 (continued). Define g : A — H by
g(a)=u
g (amas) =v
g (maa) =w

and 0 otherwise

@ Then gf =1y
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Consistency with Markl's theory

e Theorem (Markl). A left-homotopy inverse g of f extends to an
Asw-map G : A— H

e Example 1 (continued). Define g : A — H by
g(a)=u
g (amas) =v
g (amaza) =w
and 0 otherwise

@ Then gf =1y

@ g fails to be an algebra map since g (a2) g (a3) =0 # v = g (aza3)

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008 19 /29



Consistency with Markl's theory

e Theorem (Markl). A left-homotopy inverse g of f extends to an
Asw-map G : A— H

e Example 1 (continued). Define g : A — H by
g(a)=u
g (aa3) = v
g (2aa) = w
and 0 otherwise
@ Then gf =1y
@ g fails to be an algebra map since g (a2) g (a3) =0 # v = g (aza3)

@ But as expected, g extends to an Aw-map G =g+ +g3+ -
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The A-infinity

@ Define g : A— H by

g (2®al)=v
g(2®al)=w
and 0 otherwise
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The A-infinity map G

@ Define g : A— H by
g (2®a)=v

g(2®a3)=w
and 0 otherwise

e Since u3 =0, the “hexagon” relation reduces to

Vig)=p,(e0n+o2g)+e (uel+1lou)+u (exgg)
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The A-infinity map G

@ Define g : A— H by
g (2®a3)=v

g(2ea)=w
and 0 otherwise

e Since u3 =0, the “hexagon” relation reduces to
Vig)=p(g0a+o0g)+e@ol+lon +ul(gene)

@ The right-hand side is identically 0
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The A-infinity map G

@ Define g : A— H by
g (2®a3)=v

g(2ea)=w
and 0 otherwise

e Since u3 =0, the “hexagon” relation reduces to
Vig)=p(g0a+o0g)+e@ol+lon +ul(gene)

@ The right-hand side is identically 0

@ Define gi =0 for i > 3
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Second Transfer Theorem

The proof above extends immediately to As-bialgebras

@ In this case, f induces a cochain map
f: (Hom (B®m, B®”) ;VB) — Hom (B®m,A®"; V)

given by  (u) = f¥"u
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Second Transfer Theorem

The proof above extends immediately to As-bialgebras

@ In this case, f induces a cochain map
£ (Hom (B®m, B®") ;VB) — Hom (B®m,A®"; V)
given by  (u) = f¥"u

@ Theorem 2. Let A be an Aw-bialgebra and let f : B — A be a chain
map. If f is a quasi-isomorphism, then

(i) f transfers the Aw-bialgebra structure from A to B; the induced
structure on B is unique up to automorphism

(ii) There is a map F : B = A of A-bialgebras extending f
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Generalized Multiplihedra

o Transfer is controlled by generalized multiplihedra {JJp 5}, ,~1 of
which JJp1 = JJy p = Jy

(fef)ow;

The Multiplihedron JJ 2
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The General Transfer Procedure

@ The procedure is exactly the same as before
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The General Transfer Procedure

@ The procedure is exactly the same as before

e QM3 = 9JJ,m — {interior of the cell identified with f*"w}™}
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The General Transfer Procedure

@ The procedure is exactly the same as before
o QM3 =9JJ, m — {interior of the cell identified with O™}

e O € Hom™ =3 (B®m A®") s identified with @73

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008 23 /29



The General Transfer Procedure

The procedure is exactly the same as before

QM3 = 9JJy m — {interior of the cell identified with f®"wg™}

on € Hommtn=3 (B®m A®n) is identified with Qm+"3

; define £ and wyg™ for each (m, n)

Given {w’é’i, f-j}
1<i+j<k

with m+ n = k so that

Vil =on — fonwgm
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The General Transfer Procedure

The procedure is exactly the same as before

QM3 = 9JJy m — {interior of the cell identified with f®"wg™}

on € Hommtn=3 (B®m A®n) is identified with Qm+"3

define £ and wg™ for each (m, n)

Given {w’B", f/}
1<i+j<k

with m+ n = k so that

Vfrg — enm o f®nwré,m

Continue inductively
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Example 2: Transfer of A-infinity Bialgebra Structure

e Let (M, d) be as in Example 1
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Example 2: Transfer of A-infinity Bialgebra Structure

o Let (M, d) be as in Example 1

@ Extend primitive A on M to T?M as an algebra map

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008 24 /29



Example 2: Transfer of A-infinity Bialgebra Structure

o Let (M, d) be as in Example 1
@ Extend primitive A on M to T?M as an algebra map

@ d is a coderivation of A since T?M is primitively generated
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Example 2: Transfer of A-infinity Bialgebra Structure

o Let (M, d) be as in Example 1

Extend primitive A on M to T?M as an algebra map

d is a coderivation of A since T?M is primitively generated

e (T°M,d,A) is a DG bialgebra
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Example 2: Transfer of A-infinity Bialgebra Structure

o Let (M, d) be as in Example 1

Extend primitive A on M to T?M as an algebra map

d is a coderivation of A since T?M is primitively generated

e (T°M,d,A) is a DG bialgebra

A=TM /(a3 +as, 33, asas + 3324, (233 + 3322)°, axbo,
byap, azby, bpas, b3)
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Example 2: Transfer of A-infinity Bialgebra Structure

o Let (M, d) be as in Example 1

Extend primitive A on M to T?M as an algebra map

d is a coderivation of A since T?M is primitively generated
e (T°M,d,A) is a DG bialgebra

A=TM /(a3 +as, 33, asas + azas, (233 + 3322)°, arbn,
byap, azby, byas, b3)

o H=H"(A)
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Example 2 (continued)

o All Aw-bialgebra relations hold; one holds non-trivially:

Ay = [py (y @1) @ pdy + iy @ pyy (1@ )] 02,30%3
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Example 2 (continued)

o All Aw-bialgebra relations hold; one holds non-trivially:
Apyy = [y (1 © 1) @ iy + 113y @ py (10 py)] 02,507

° (H,‘uH,y?_,,A) is an Ao-bialgebra and F is an A-bialgebra map
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Homology of Loop Spaces

@ Let k be a field and let X be a space

Theorem 3. H, (Q0X;k) is an Aw-bialgebra
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Homology of Loop Spaces

o Let k be a field and let X be a space

Theorem 3. H, ((0X;k) is an Aw-bialgebra

@ Proof. Choose a cycle-selection homomorphism

f:H. (QX; k) — C. (QX; k)
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Homology of Loop Spaces

o Let k be a field and let X be a space

Theorem 3. H, ((0X;k) is an Aw-bialgebra

@ Proof. Choose a cycle-selection homomorphism
f:H. (QX; k) — C. (QX; k)

@ f is a quasi-isomorphism since H, (QX; k) is free
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Homology of Loop Spaces

Let k be a field and let X be a space

Theorem 3. H, ((0X;k) is an Aw-bialgebra

Proof. Choose a cycle-selection homomorphism
f:H. (QX; k) — C. (QX; k)

@ f is a quasi-isomorphism since H, (QX; k) is free

Apply Theorem 2
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space

e H=H*"(QX;Q) is an Ax-coalgebra with operations A" : H — H®"

(Lehigh Geometry/Topology Conference) Transfer of Multiplicative Structure June 6, 2008 27 /29



Rational Cohomology of Loop Spaces

@ Let X be a simply connected space
e H=H*"(QX;Q) is an Ax-coalgebra with operations A" : H — H®"

@ The cup product u is compatible with A" in the following sense:
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space
e H=H*"(QX;Q) is an Ax-coalgebra with operations A" : H — H®"
@ The cup product u is compatible with A" in the following sense:

e Compatibility with A = A? is expressed by the classical Hopf relation

Ap=(p@u)op (A®A)
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space

e H=H*"(QX;Q) is an Ax-coalgebra with operations A" : H — H®"

The cup product p is compatible with A™ in the following sense:

Compatibility with A = A? is expressed by the classical Hopf relation

Ap=(p@u)o22 (A®A)

Compatibility with A3 is expressed by the relation

Np=pBr [(021)AA + A2 (12 A)A]
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — G (K) ® G (K)
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) = C. (K)® G, (K)

@ Let e"2 denote the top dimensional cell of K,
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — G (K) ® G (K)
o Let "2 denote the top dimensional cell of K,

@ Represent the Aw-coalgebra structure by

&: G (K) — Hom (H, H®")
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — G (K) ® G (K)
o Let "2 denote the top dimensional cell of K,
@ Represent the Aw-coalgebra structure by
&: G (K) — Hom (H, H®")
@ Then ¢ (e”*2) = A" and

Ap=p®"0,5 [(E®E) Ak (e"?)]
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Thank you!
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